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M
athematics, rightly viewed, possesses not only truth, but supreme beauty – a beauty

cold  and austere, like that of sculpture, without appeal to any part of our weaker

nature, without the gorgeous trappings of painting or music, yet sublimely pure,

and capable of a stern perfection such as only the greatest and can show.
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✜✙✢✣✖✶✮ ✬✓ ❢✵✢✖✖●❑ ✏▲✩✳✓ ✬✭✙✻

✼✽✾✿❀ ❁❂▼
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✸
✲☎✆

✶✝✝

✷✷
✞✼✺✟ ✠ ✾

✆❩✸

☎✆

✶✝

✡✹

✺

✟
✻☛✠

☞✌✌

✍✎
✆

✏✑

✒✓✔✓
✕✖✖✗✘✙

✚✛
✜

✢✣

✡✤

✥
✦✧

★✩

✪✫✬ ✭

✮✵✯ ✰✱
✳✴

✧
❲

✽
✿❀

❁❂

❃❄

❅

❆❇❈❉
❊❋●❍

■❏
❀❑▲
▼

❃▼▼◆

❖

✈P ◗❘❙ ❚❯❱❳❨ ✈❘❬ ❭❪❫❴❘ ❵❛❫❘❘ ❬❵ ❜❚❙❘ ❬❝❘❵❪❞❘ ❡❵❢❛ ❣❤❪ ✈❘❤❵ ✐❥❦❧ ❭❪❫❴❘✈❘❛❪ ❡❘❛

❨❡❱♠❘❢ ❡❵❢❛ ❳❘ ❵❣❛ ❣❤❪♥ ♦❭ ❭❪❫❴❘✈❘❛❪ ❡❘❛ ❵❫❘❙❛ ✐❛❦ ❱❚❨ ❨❡ ♣❘❤❚❘ ❢❤❴❘❵ ❵❱❫❘❨q

❭❪❞❘✐ ❣❤ ❱❡ ✈❘❬ rs ts ✉ ✈❘❱✇ ❳❤❭❯ ✐❛❦✐❚ ❬❝❘②❢

❭❪❫❴❘✈❘❛❪ ❡❘❛ ③④❘❙❘ ❬❝❘❵❪❞❘ ❡❵ ❵❣❛ ❣❘❛❪♥ ✈❘❬ ❳❘❙❢❛ ❣❤❪ ❱❡

❴❣ ❭⑤❜❯ ❭✇❤✐ P⑥⑦❢❯ ❣❯ ❳❘❢❯ ❣❤♥ ⑧⑨❴❘ ✈❘❬ P❢❘ ❭❡❢❛

❣❤❪ ❱❡ ❨❛❭❘ ⑨❴❘❛❪ ❣❤⑩❶ ✈❢❷ ✈P ✈❘❬ ✐❛❦ ♣❘❤❚❛ ◗❛❪ ✈❬❱❵❱◗❢

❸❬ ❭❛ ✈❙❛❡ ❬❝❘②❢ ❭❪❫❴❘❨❹ ❞❘❵ ❳❘❢❯ ❣❤❪q ✈❘❬❡❘❛ ❴❘✇

❣❘❛❺❘ ❱❡ ❣◗ ♦❭ ❭❪❺❝❣ ❡❘❛ ❬❝❢❯❡ N ❭❛ ❬❝❡❻ ❡❵❢❛ ❣❤❪♥

✈P ✈❘❬ ❼❘⑤◗ ❳❘♦❨ ✈❘❤❵ ❱✐❬❵❯❢ ❱✇❽❘❘ ◗❛❪ ❜❚❢❛ ❣❥❨

❽❘⑤❾❴ ❡❘❛ ③④❘♦❨ ✈❘❤❵ ③❭❛ ❞❘❯ ♣❘❤❚❛ ◗❛❪ ❵❫❘ ✇❯❱❳❨♥ ✈P

✈❘❬❡❘❛ ❿➀➁➂➃ ➄➅➆➇➂➈➂➉➅ (whole numbers) ❡❘ ❨❡ ❭❪❺❝❣

❬❝❘➊❢ ❣❘❛ ❳❘❢❘ ❣❤♥ ❱❳❭❛ ❬❝❢❯❡ W ❭❛ ❬❝❡❻ ❱❡❴❘ ❳❘❢❘ ❣❤♥

✈Ps ✈❘❬❡❘❛ ✈❙❛❡➋✈❙❛❡ ➌➍❘❘➎◗❡ ❬⑤➍❘❘➏❡ ❱✇❫❘❘♦➐ ✇❛❢❛ ❣❤❪♥ ✈❘❬ ♦❙ ❭❞❘❯ ➌➍❘❘➎◗❡

❬⑤➍❘❘➏❡❘❛❪ ❡❘❛ ✈❬❙❛ ♣❘❤❚❛ ◗❛❪ ➑❘❚ ✇❯❱❳❨♥ ⑨❴❘ ✈❘❬ P❢❘ ❭❡❢❛ ❣❤❪ ❱❡ ✈❘❬❡❘ ❴❣ ❙❴❘ ❭❪❺❝❣

⑨❴❘ ❣❤⑩ ✈❘❬❡❘❛ ❴❘✇ ❣❘❛❺❘ ❱❡ ❴❣ ❭❞❘❯ ❿➀➁➂➂➒➓➂➉➅ (integers) ❡❘ ❭❪❺❝❣ ❣❤ ✈❘❤❵ ♦❭❛ ❬❝❢❯❡

Z ❭❛ ❬❝❡❻ ❱❡❴❘ ❳❘❢❘ ❣❤♥

⑨❴❘ ✈❞❘❯ ❞❘❯ ❵❛❫❘❘ ❬❵ ❭❪❫❴❘❨❹ P❜❯ ❵❣❢❯ ❣❤❪⑩ ❱❙❱❽❜❢ ❸❬ ❭❛ ❣❯s ❵❛❫❘❘ ❬❵ ❭❪❫❴❘❨❹

P❜❯ ❵❣❢❯ ❣❤❪♥ ❴❛ ❭❪❫❴❘❨❹  
1 3

,
2 4

, ❴❘  
2005

2006

−
 ❳❤❭❯ ❭❪❫❴❘❨❹ ❞❘❯ ❣❤❪♥ ❴❱✇ ✈❘❬ ♦❭ ❬❝❡❘❵ ❡❯

❭❞❘❯ ❭❪❫❴❘✈❘❛❪ ❡❘❛ ❞❘❯ ♣❘❤❚❛ ◗❛❪ ➑❘❚ ✇❛❪s ❢P ❴❣ ❿➔→➣➉➇ ➄➅➆➇➂➈➂➉➅  (rational numbers)

Z ↔↕✂➙➛ ➜
Z ➝➞➟➠ ➡✂➢➤ “zahlen”

➥➝➙➦➧➨➠➩ ➫➙ �➧↕✂ ①↕✂ ➦➭➯

�➝➫➲✂ ➳➵✂➟ ➦➭ ➸➸�①➠➠✂➺➺

➳✂➭➻ “zahl” ➥➝➦➧➩ �➝➫➲✂

➳➵✂➟ ➦➭ ➸➸➫➛➼↕✂➺➺➽
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◗

✦✻✟✠✡✡✠

✶
✸

☛☞
✾

✽✌
✍✎ ✏

✹

✷✵✵✺✷✵✵✑ ✒✓
✒✔

✕
✖✗

✘✙✙✚✛

✲✜✢
✣✤

✥✧

✥✧

★★★

✩ ✪✫ ✼✚✬ ✭✮

✷✵✵✺✷✵✵✑

✯

✰✱

✳✴

✿❀

❁❁❁
❂

❃❄
❅❆❆❇❈

❉❊

❋
❇●

❍■

✡✟
❏❑✡

☛☞▲☞▼

◆❖

P❘
❙

❚
❯

✕
✖✗

❱

❞❲ ❳❨❩❬❭ ❭❲❪ ❫❲❴❩❲❵ ❛❜❝❡❪❢ ❳❨❣❢❲❤❲❪❨ ✐❪❥ ❳❨❩❬❭ ❞❲❪ Q ❳❪ ❛❬❞❦ ❜❞❢❲ ❫❲♠❲ ❭♥❵ ❤❨❩❬❪❫♦ ♣❲qr

“rational” ❞♦ s❢t✉❛❜✈❲ ❤❨❩❬❪❫♦ ♣❲qr “ratio” ❳❪ ❭t✇① ❭♥ ❤❲♥❝ ❤②❲❝ Q ❤❨❩❬❪❫♦ ♣❲qr ‘quotient’

❳❪ ❜③❢❲ ❩❢❲ ❭♥❵

❤④ ❤❲❛❞❲❪ ❢❲r ❭❲❪❩❲ ❜❞ ❛❜❝❡❪❢ ❳❨❣❢❲❤❲❪❨ ❞♦ ❛❜❝⑤❲❲⑥❲❲ ✇❳ ❛❬❞❲❝ r♦ ❫❲♠♦ ❭♥ ⑦

❳❨❣❢❲ ‘r’ ❞❲❪ ❛❜❝❡❪❢ ❳❨❣❢❲ ❞❭❲ ❫❲♠❲ ❭♥⑧ ❢❜r ✇❳❪
p

q
 ✐❪❥ ⑨❛ ❡❪❨ ❜③❣❲❲ ❫❲ ❳❞♠❲

❭❲❪⑧ ❫❭❲⑩ p ❤❲♥❝ q ❛❶❷❲❲❸❞ ❭♥❨ ❤❲♥❝ q ≠ 0 ❭♥ ❹❢❭❲⑩ ❭❡ ✇❳ ④❲♠ ❛❝ ④③ ❺❢❲❪❨ r❪♠❪ ❭♥❨ ❜❞

q ≠ 0 ❭❲❪❻❲ ❼❲❜❭❴❽❵

❤④ ❤❲❛ ✇❳ ④❲♠ ❞♦ ❤❲❪❝ ❾❢❲❻ r♦❜❫❴ ❜❞ ❿❲♥③❪ ❡❪❨ ❝❣❲♦ ❳⑤❲♦ ❳❨❣❢❲❤❲❪❨ ❞❲❪
p

q
✐❪❥

⑨❛ ❡❪❨ ❜③❣❲❲ ❫❲ ❳❞♠❲ ❭♥⑧ ❫❭❲⑩  p ❤❲♥❝ q ❛❶❷❲❲❸❞ ❭♥❨ ❤❲♥❝ q ≠ 0 ❭♥❵ ➀r❲❭❝❷❲ ✐❪❥ ❜③❴⑧  –25

❞❲❪ 
25

1

−
 ✐❪❥ ⑨❛ ❡❪❨ ❜③❣❲❲ ❫❲ ❳❞♠❲ ❭♥➁ ❢❭❲⑩ p = –25 ❤❲♥❝ q = 1 ❭♥❵ ✇❳ ♠❝❭ ❭❡ ❢❭ ❛❲♠❪

❭♥❨ ❜❞ ❛❜❝❡❪❢ ❳❨❣❢❲❤❲❪❨ ✐❪❥ ❤❨♠❩①♠ ❛❬❲➂♠ ❳❨❣❢❲❴⑩⑧ ❛❶❷❲① ❳❨❣❢❲❴⑩ ❤❲♥❝ ❛❶❷❲❲❸❞ ⑤❲♦ ❤❲♠❪ ❭♥❨❵

❤❲❛ ❢❭ ⑤❲♦ ❫❲❻♠❪ ❭♥❨ ❜❞ ❛❜❝❡❪❢ ❳❨❣❢❲❤❲❪❨ ❞❲ 
p

q  ✐❪❥ ⑨❛ ❡❪❨ ❤❜➃♠♦❢ (unique)

❜❻⑨❛❷❲ ❻❭♦❨ ❭❲❪♠❲ ❭♥⑧ ❫❭❲⑩  p ❤❲♥❝ q ❛❶❷❲❲❸❞ ❭♥❨ ❤❲♥❝ q ≠ 0 ❭♥❵ ➀r❲❭❝❷❲ ✐❪❥ ❜③❴⑧
1

2
 = 

2

4
 =

10

20
 = 

25

50
 = 

47

94
, ❤❲❜r❵  ❢❪ ❛❜❝❡❪❢ ❳❨❣❢❲❴⑩ ➄➅➆➇ ➈➉➊➋➌➇ ➍➎➏➇➐➑➒ ➓➇➐ ➉➔➐→➣↔ ❭♥❨❵ ❜❛❥❝

⑤❲♦⑧ ❫④ ❭❡ ❢❭ ❞❭♠❪ ❭♥❨ ❜❞  
p

q
 ❴❞ ❛❜❝❡❪❢ ❳❨❣❢❲ ❭♥ ❢❲ ❫④ ❭❡ 

p

q
 ❞❲❪ ❴❞ ❳❨❣❢❲
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❥☎✆✝✝ ✞❥ ✟✠✡✟✞☛ ☞❥☛☎ ✌✍✎✏ ☛✑ ✌✒ ✓✌ ✒✝✠ ✔☎☛☎ ✌✍✎ ✟☞ q ≠ 0 ✈✝✍❥  p ✈✝✍❥ q ☞✝ 1 ♦☎✕

✈✟☛✟❥✖☛ ✈✗✓ ☞✝☎✘✙ ✚✛✝✓✟✠✜✢ ✣✤✥✝✠✆✝✎✦ ✠✌✧✎ ✌✍ [✈★✝✝✙☛✩ p ✈✝✍❥ q ✈✪✌✛✝✝✫✓ ✪✎✆✓✝✬✭

(coprime numbers) ✌✍✎❣✮ ✈☛✯ ✪✎✆✓✝ ❥☎✆✝✝ ✞❥
1

2
 ♦☎✕ ☛✤✰✓ ✈✞✟❥✟✒☛ ✡✞ ✪☎ ✈✠☎☞ ✟✛✝✗✠✝☎✎

✒☎✎ ✪☎ ✌✒
1

2
 ✔☎☛☎ ✌✍✎ ②✝☎ ✪✛✝✧ ☞✝☎ ✟✠✡✟✞☛ ☞❥☛✧ ✌✍✮

✈✝✘✬ ✈✑ ✌✒ ✟♦✟✛✝✗✠ ✞✱☞✝❥ ☞✧ ✪✎✆✓✝✈✝☎✎✏ ✟②✠☞✝ ✈✲✓✓✠ ✈✝✞ ✟✞✳✔✧ ☞✴✝✝✈✝☎✎ ✒☎

☞❥ ❞✤♦☎✕ ✌✍✎✏ ✪☎ ✪✎✑✎✟✵☛ ♦✤✕✳ ✚✶✝✌❥✥✝ ✌✔ ☞❥☎✎✮

♠✷✸✹✺✻✸ ✼ ✽ ✠✧❞☎ ✟✶✬ ✣✬ ☞★✝✠ ✪✉✓ ✌✍✎ ✓✝ ✈✪✉✓✾ ☞✝❥✥✝ ♦☎✕ ✪✝★✝ ✈✞✠☎ ✚✿✝❥ ✶✧✟②✬✮

(i) ✞✱✉✓☎☞ ✞✐✥✝✙ ✪✎✆✓✝ ✬☞ ✞✱✝❀☛ ✪✎✆✓✝ ✌✝☎☛✧ ✌✍✮

(ii) ✞✱✉✓☎☞ ✞✐✥✝✝❁☞ ✬☞ ✞✟❥✒☎✓ ✪✎✆✓✝ ✌✝☎☛✝ ✌✍✮

(iii) ✞✱✉✓☎☞ ✞✟❥✒☎✓ ✪✎✆✓✝ ✬☞ ✞✐✥✝✝❁☞ ✌✝☎☛✧ ✌✍✮

✹❂ ✽ (i) ✈✪✉✓ ✌✍✏ ✖✓✝☎✎✟☞ ❃✝✐✗✓ ✬☞ ✞✐✥✝✙ ✪✎✆✓✝ ✌✍ ✞❥✗☛✤ ✞✱✝❀☛ ✪✎✆✓✝ ✠✌✧✎ ✌✍✮

(ii) ✪✉✓ ✌✍✏ ✖✓✝☎✎✟☞ ✞✱✉✓☎☞ ✞✐✥✝✝❁☞ m ☞✝☎ 
1

m
 ♦☎✕ ✡✞ ✒☎✎ ✟✔✆✝✝ ②✝ ✪☞☛✝ ✌✍ ✈✝✍❥ ✘✪✟✔✬

✓✌ ✬☞ ✞✟❥✒☎✓ ✪✎✆✓✝ ✌✍✮

(iii) ✈✪✉✓ ✌✍✏ ✖✓✝☎✎✟☞ 
3

5
 ✬☞ ✞✐✥✝✝❁☞ ✠✌✧✎ ✌✍✮

♠✷✸✹✺✻✸ ❄ ✽ ❅ ✈✝✍❥ ❆ ♦☎✕ ✑✧❞ ☞✧ ✞✝✭❞ ✞✟❥✒☎✓ ✪✎✆✓✝✬✭ ❇✝☛ ☞✧✟②✬✮

✘✪ ✞✱❃✠ ☞✝☎ ✌✒ ☞✒ ✪☎ ☞✒ ✶✝☎ ✟♦✟✵✓✝☎✎ ✪☎ ✌✔ ☞❥ ✪☞☛☎ ✌✍✎✮

✹❂ ✼ ✽ ✈✝✞☞✝☎ ✓✝✶ ✌✝☎✣✝ ✟☞ r ✈✝✍❥ s ♦☎✕ ✑✧❞ ☞✧ ✬☞ ✞✟❥✒☎✓ ✪✎✆✓✝ ❇✝☛ ☞❥✠☎ ♦☎✕ ✟✔✬

✈✝✞ r ✈✝✍❥ s ☞✝☎ ②✝☎✦❈☛☎ ✌✍✎ ✈✝✍❥ ✚✪☎ ✶✝☎ ✪☎ ✛✝✝✣ ✶☎ ✶☎☛☎ ✌✍✎✏ ✈★✝✝✙☛✩  
2

r s+
,  r ✈✝✍❥ s ♦☎✕ ✑✧❞

✟❢★✝☛ ✌✝☎☛✧ ✌✍✮ ✈☛✯ 
3

2
,  1 ✈✝✍❥ 2 ♦☎✕ ✑✧❞ ☞✧ ✬☞ ✪✎✆✓✝ ✌✍✮ ✘✪✧ ✞✱✟❜✓✝ ✒☎✎ ✈✝✞ ❅ ✈✝✍❥

❆ ♦☎✕ ✑✧❞ ❞✝❥ ✈✝✍❥ ✞✟❥✒☎✓ ✪✎✆✓✝✬✭ ❇✝☛ ☞❥ ✪☞☛☎ ✌✍✎✮ ✓☎ ❞✝❥ ✪✎✆✓✝✬✭ ✌✍✎ ✯

5 11 13 7
, ,

4 8 8 4
❉❦❙❊ ✮
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❣✟ ✠ ✡ ✱☛ ☞✌✍ ✎✏☛✑✒ ✓✔ ✎☛ ✱☛ ✓✕ ✖✗✘✙ ✚✛✜ ✢✣✙✕ ✒✙✤✖ ✒✎✗✚✛✍ ✢✜✥✍✙☞✙✛✜ ☛✙✛ ✦✙✧

☛✗ ❞✛✜★ ✩✍✙✛✜✎☛ ✓✚ ✒✙✤✖ ✢✜✥✍✙✱✤ ✦✙✧ ☛✗✪✙ ✖✙✓✧✛ ✓✔✜✫ ✬✢✎❞✱ ✓✚ ✭ ✮ ✯ ☞✰✙✙✲✧✳✫ ✴ ☛✙✛

✓✗ ❞✛☛✗ ✯ ☞✙✔✗ ✵ ☛✙✛ ✒✎✗✚✛✍ ✢✜✥✍✙☞✙✛✜ ✏✛✶ ✷✒ ✚✛✜ ✎❞✥✙✧✛ ✓✔✜★ ☞✰✙✙✲✧✳  1 = 
6

6
 ☞✙✔✗  2 = 

12

6

✓✔✜★ ✧✸ ☞✙✒ ✍✓ ✹✛✥✙ ✢☛✧✛ ✓✔✜ ✎☛ 
7 8 9 10

, , ,
6 6 6 6

 ✈✺✻✼ 
11

6
 ✢✣✙✕ ✯ ☞✙✔✗ ✵ ✏✛✶ ✸✕✖ ✎✽✰✙✧

✒✎✗✚✛✍ ✢✜✥✍✙✱✤ ✓✔ ✜★ ☞✧✐ ✯ ☞✙✔✗ ✵ ✏✛✶ ✸✕✖ ✎✽✰✙✧ ✢✜✥✍✙✱✤ ✓✔✜ ✐
7 4 3 5

, , ,
6 3 2 3

 ✈✺✻✼ 
11

6
❆

❢✾✿❀❁❂❃ ✡ è✍✙✪ ✹✕✎❄✱ ✎☛ ❅✹✙✓✗✘✙ ✵ ✚✛✜ ✯ ☞✙✔✗ ✵ ✏✛✶ ✸✕✖ ✎✽✰✙✧ ✏✛✶✏❞ ✒✙✤✖ ✒✎✗✚✛✍

✢✜✥✍✙✱✤ ✓✕ ✦✙✧ ☛✗✪✛ ✏✛✶ ✎❞✱ ☛✓✙ ❇✍✙ ✰✙✙★ ✒✗✌✧❈ ☞✙✒✪✛ ✍✓ ☞✏❉✍ ☞✪❈✣✙✏ ✎☛✍✙ ✓✙✛❇✙

✎☛ ✏✽✧❈✧✐ ✯ ☞✙✔✗ ✵ ✏✛✶ ✸✕✖ ☞✒✎✗✎✚✧ ✷✒ ✢✛ ☞✪✛☛ ✒✎✗✚✛✍ ✢✜✥✍✙✱✤ ✓✙✛✧✕ ✓✔✜★ ❊✍✙✒☛

✷✒ ✚✛✜✫ ❢❋●❣❃❍ ■❂❏ ■❃ ❣❑▲▼ ❀❢◆❖❏P ◗❍❘P❂❙❂❏❍ ❚❏❯ ❱❃❲ ❙❀❢◆❢❖❳ ❨❀ ◗❏ ❙❩❏❋ ❀❢◆❖❏P

◗❍❘P❂❬❭ ❣❂❏❳❃ ❣❪❍❫

☞✙✬✱ ✓✚ ✢✜✥✍✙ ✗✛✥✙✙ ☛✙✛ ✒❈✪✐ ✹✛✥✙✛✜★ ✩✍✙ ☞✙✒✪✛ ✬✢ ✗✛✥✙✙ ✒✗ ✎✽✰✙✧ ✢✣✙✕ ✢✜✥✍✙☞✙✛✜ ☛✙✛

❞✛ ✎❞✍✙ ✓✔② ☞✣✙✕ ✧☛ ✧✙✛ ✪✓✕✜★ ✱✛✢✙ ✓✙✛✪✛ ☛✙ ☛✙✗✘✙ ✍✓ ✓✔ ✎☛ ✢✜✥✍✙ ✗✛✥✙✙ ✒✗ ☞✒✎✗✎✚✧

✷✒ ✢✛ ☞✪✛☛ ☞✙✔✗ ✢✜✥✍✙✱✤ ✸✖✕ ✗✓✧✕ ✓✔✜★ ☞✙✒ ❴✙✗✙ ❅❵✙✍✕ ❇✬✲ ✢✜✥✍✙☞✙✛✜ ✏✛✶ ✽✰✙✙✪✙✛✜ ✏✛✶ ✸✕✖

✎✗✩✧ ✽✰✙✙✪ ✓✔✜ ☞✙✔✗ ✎✗✩✧ ✽✰✙✙✪ ✪ ✏✛✶✏❞ ✱☛ ✍✙ ✹✙✛✛ ✓✔✜✫ ✸✎✑☛ ☞✒✎✗✎✚✧ ✷✒ ✢✛ ☞✪✛☛

✓✔✜★ ☞✙❉✖✍✲❄✪☛ ✸✙✧ ✧✙✛ ✍✓ ✓✔ ✎☛ ✎☛✌✓✕ ✹✙✛ ✎✗✩✧ ✽✰✙✙✪✙✛✜ ✏✛✶ ✸✕✖ ☞✒✎✗✎✚✧ ✷✒ ✢✛ ☞✪✛☛

✢✜✥✍✙✱✤ ✎✽✰✙✧ ✓✙✛✧✕ ✓✔✜★

☞✧✐✫ ✓✚✙✗✛ ✢✙✚✪✛ ✎✪❛✪✎❞✎✥✙✧ ✒❜❉✪ ✸✖✛ ✗✓ ❄✙✧✛ ✓✔✜✐

1. ✢✜✥✍✙ ✗✛✥✙✙ ✒✗ ✸✖✕ ✓❈✬✲ ✢✜✥✍✙☞✙✛✜ ☛✙✛ ✩✍✙ ☛✓✙ ❄✙✧✙

✓✔②

2. ✬✌✓✛✜ ✓✚ ✎☛✢ ✒❜☛✙✗ ✒✓✖✙✪✧✛ ✓✔✜② ☞✰✙✙✲✧✳ ✬✪ ✢✜✥✍✙☞✙✛✜

☞✙✔✗ ✒✎✗✚✛✍ ✢✜✥✍✙☞✙✛✜ ✏✛✶ ✸✕✖ ✓✚ ✎☛✢ ✒❜☛✙✗ ✣✙✛✹

☛✗✧✛ ✓✔ ✜②

✬✪ ✒❜❉✪✙✛✜ ☛✛ ❅❝✙✗ ☞❇❞✛ ☞✪❈❡❤✛✹ ✚✛✜ ✎✹✱ ❄✙✱✤❇✛★
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✐☎✆✝✞✟✠✡ 1.1

1. ❉☛✂ ☞✂✌✍☛ ✎✏ ✑�✒✓✔☛ ✕✖✗☛✂ ✘✙✚ ❉☛✂ ✛✕✔ ✜✂✑
p

q
 ♦✔✢ ✣✑ ✓✔✖ �✤✗✂ ✕✏✄✔ ✘✙✖✥ ✦✘✂✧

p ✜✂✙✒  q  ✑✌✁✂✂★✏ ✘✙✖ ✜✂✙✒ q ≠ 0 ✘✙?

2. ✸ ✜✂✙✒ ✩ ♦✔✢ ✪✫✬ ✓✔✖ ✭✮ ✑�✒✓✔☛ ✕✖✗☛✂✎✧ ✯✂✄ ✏✫�✦✎✰

3.
3

5
 ✜✂✙✒ 

4

5
 ♦✔✢ ✪✫✬ ✑✂✧✬ ✑�✒✓✔☛ ✕✖✗☛✂✎✧ ✯✂✄ ✏✫�✦✎✰

4. ✉✫✬✔ �✱✎ ①✎ ✏✲✂✉ ✕✳☛ ✘✙✖ ☛✂ ✜✕✳☛✚ ✏✂✒✁✂ ♦✔✢ ✕✂✲✂ ✜✑✉✔ ✴✵✂✒ ✱✫�✦✎✰

(i) ✑✶✳☛✔✏ ✑✶✂✷✄ ✕✖✗☛✂ ✎✏ ✑✌✁✂✹ ✕✖✗☛✂ ✘✂✔✄✫ ✘✙✰

(ii) ✑✶✳☛✔✏ ✑✌✁✂✂★✏ ✎✏ ✑✌✁✂✹ ✕✖✗☛✂ ✘✂✔✄✫ ✘✙✰

(iii) ✑✶✳☛✔✏ ✑�✒✓✔☛ ✕✖✗☛✂ ✎✏ ✑✌✁✂✹ ✕✖✗☛✂ ✘✂✔✄✫ ✘✙✰

1.2 ✺✐✻✼✽✾✿ ❀❁❂✿✞❃❄

❢❅❆❇❈ ❊❋●❍❆❈■ ❏❈❑▲ ▼❏❋❈ ◆▼ ■❈❖PP ▼◗ ❢❘ ❙❑❖◆P ❚❈❖PP ❅❚ ❯❈❙❱ ❙❑❖◆P❯❲ ❳P❱ ▼P❈ ❙❘❨❱ ▼◗❑

tP❈ ❅❢❚❏❈◆ ❙❑❖◆P❯❲ ❋▼❱❑ ▼◗❑❩ ❬❙ ❊❋●❍❆❈■ ❏❈❑▲ ❊❭ ▼❏ ❬❋ ❙❑❖◆P❊P❈❑ ❅❚ ❪❪P❫ ❘❚❈❑❴❈❩ ❊❳P❱

❨❘ ▼❏❋❈ ❢t❋ ❙❑❖◆P❊P❈❑ ❅❚ ❪❪P❫ ❘❱ ▼◗▲ r❈
p

q  r❈❵ ❛❅ ❘❱ ❚▼❱ ▼◗❑▲ t▼P❲ p ❊P◗❚ q ❅❜❝PP❞❘

▼◗❑ ❊P◗❚ q ≠ 0 ▼◗❩ ❊❨❣ ❊P❅ ◆▼ ❅❡❤❋ ❘❚ ❙❘❨❈ ▼◗❑ ❢❘ ❥◆P ❯❈❙❱ ❳P❱ ❙❑❖◆P❯❲ ▼◗❑ tP❈ ❬❙

❛❅ ❘❱ ❋▼❱❑ ▼P❈❨❱ ▼◗❑❦ r❧❨●❨❣ ❯❈❙❱ ❙❑❖◆P❯❲ ▼P❈❨❱ ▼◗❑❩

✤①②✂① ✩♠♠ ✛✹♥✑✌♥✥ ①✶✫✕ ♦✔✢ ✑✶�✕♣ ①�✁✂✄✯ ✜✂✙✒ ✱✂☞✂✹�✉✏

✑✂✛✲✂✂①✂✔✒✕ ♦✔✢ ✜✉q☛✂�☛☛✂✔✖ ✉✔ ✛✉ ✕✖✗☛✂✜✂✔✖ ✏✂ ✕✪✕✔ ✑✘✤✔ ✑✄✂

✤①✂☛✂ ✲✂✂✰ ✛✉ ✕✖✗☛✂✜✂✔✖ ✏✂✔ ✈s✇③④⑤⑥ ⑦⑧⑨⑥⑩❶❷ (irrational

numbers) ✏✘✂ ✦✂✄✂ ✘✙✥ ❉☛✂✔✖�✏ ✛✍✘✔✖ ✑✌✁✂✂★✏✂✔✖ ♦✔✢ ✜✉q✑✂✄ ♦✔✢ ✣✑

✓✔✖ ✉✘✫✖ �✤✗✂✂ ✦✂ ✕✏✄✂ ✘✙✰ ✑✂✛✲✂✂①✂✔✒✕ ✏✔ ✎✏ ✜✉q☛✂☛✫✥ ❸✂✔❹✂✔✉

✏✔ �✘✑✂❉✕ ❺✂✒✂ ✑✄✂ ✤①✂☛✫ ①✛✹ ✜✑�✒✓✔☛ ✕✖✗☛✂✜✂✔✖ ✏✔ ✕✖✪✖❻ ✓✔✖

✜✉✔✏ �✏✖♦✱✖�✄☛✂✧ ✘✙✖✰ �✘✑✂❉✕ ✏✂ ✎✏ ✱q②✂✂✹❼☛✑✌✁✂✹ ✜✖✄ ✒✘✂✥ ✬✂✘✔

✛✕✏✂ ✏✂✒✁✂ ✛✕ ✪✂✄ ✏✫ ✗✂✂✔✦ ✘✂✔ �✏ 2   ✎✏ ✜✑�✒✓✔☛ ✕✖✗☛✂

✘✙ ☛✂ ✛✕ ✗✂✂✔✦ ✏✔ ✪✂✒✔ ✓✔✖ ✪✂✘✒✫ ✱q�✉☛✂ ✏✂✔ ✴✦✂①✒ ✏✒✉✂ ✘✂✔✰

❽❾❿➀❾❾➁❾➂➃➄
(569 ❿➅➆ ❽➇➆ – 479 ❿➅➆ ❽➇➆)

➈❾➉➊➋ ➌➍➎
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✷✟✟✠✷✟✟✻
✸

✺

✶✡

☛✵

✾✾✾
✹

✦✽
☞✌✌✍✎

✏✑

✒
✍✓

✼✔
✕✖

✗✘✕
✙✚
✙✛
✜✢

✣✤ ✥

✧
★

✩
✪✫

✲✬✭✮✯✯
✰✯

✲✱✭

✳✴✿

❀❁

❘

✈❂❃❄ ✈❅ ❆❇ ❃❈ ❉❊❋●❂✈❂❍❊ ■❏ ✈❂❑▲▼❂◆❖■ ▲◆❖P❂❂◗❂❂ ❙❍❊❚

❉❊❋●❂ ‘s’ ■❂❍ ❯❱❲❳❨❩❬ ❭❪❫❬❴ (irrational number) ■❆❂ ❞❂❵❂ ❆❑❛ ●◆❙ ❃❉❍
p

q
 ♦❍❜

❝▲ ❇❍❊ ❈ ◆❡❋❂❂ ❞❂ ❉■❵❂ ❆❂❍❛ ❞❆❂❢ p ✈❂❑❖ q ▲✐❣❂❂❤■ ❆❑❊ ✈❂❑❖ q ≠  0 ❆❑❚

✈❂▲ ●❆ ❞❂❈❵❍ ❆❑❊ ◆■ ✈▲◆❖◆❇❵ ❝▲ ❉❍ ✈❈❍■ ▲◆❖❇❍● ❉❊❋●❂❄❢ ❆❂❍❵❏ ❆❑❊❚ ❃❉❏ ▲❥■❂❖❛

✈▲◆❖❇❍● ❉❊❋●❂❄❢ P❂❏ ✈▲◆❖◆❇❵ ❝▲ ❉❍ ✈❈❍■ ❆❂❍❵❏ ❆❑❊❚ ❃❈♦❍❜ ♦❦❜♠ ♥❙❂❆❖❣❂ ❆❑❊♣

2 , 3, 15,  π, 0.10110111011110...

❲qr❱s❴t ✉ ✈❂▲■❂❍ ●❂❙ ❆❂❍✇❂ ◆■ ❞❅ ■P❂❏ ❆❇ ▲❥❵❏■ ‘‘ ’’ ■❂ ▲❥●❂❍✇ ■❖❵❍ ❆❑❊❛ ❵❅ ❆❇

●❆ ❇❂❈■❖ ▼❡❵❍ ❆❑❊ ◆■ ●❆ ❉❊❋●❂ ■❂ ①❈❂②❇■ ♦✇③❇✐❡ ❆❑❚ ✈❵♣ 4  = 2 ❆❑, ●④◆▲ ⑤

✈❂❑❖ ⑥⑤ ❙❂❍❈❂❍❊ ❆❏ ❉❊❋●❂ ⑦ ♦❍❜ ♦✇③❇✐❡ ❆❑❊❚

➴▲❖ ❙❏ ✇❃③ ♦❦❜♠ ✈▲◆❖❇❍● ❉❊❋●❂✈❂❍❊ ♦❍❜ ❅❂❖❍ ❇❍❊ ✈❂▲ ❞❂❈❵❍ ❆❑❊❚ ♥❙❂❆❖❣❂ ♦❍❜ ◆❡❄❛ ➴▲❖

◆❙❄ ✇❄ ✈❈❍■ ♦✇③❇✐❡❂❍❊ ✈❂❑❖ ❉❊❋●❂ π ❉❍ ✈❂▲ ▲◆❖◆▼❵ ❆❂❍ ▼❦■❍ ❆❑❊❚

▲❂❃⑧❂❂✇❂❍❖❉ ♦❍❜ ✈❈❦●❂◆●●❂❍❊ ❈❍ ●❆ ◆❉⑨ ◆■●❂ ❆❑ ◆■ 2  ❄■ ✈▲◆❖❇❍● ❉❊❋●❂ ❆❑❚

❅❂❙ ❇❍ ❊ ⑦⑤⑩ ❃③❶▲✐❶ ♦❍❜ ✈❂❉⑥▲❂❉ ❉❂❃❖❏❈ ♦❍❜ ◆⑧❂●❂❍❷❂❍❖❉ ❈❍ ●❆ ❙❸❂❂③●❂ ⑧❂❂ ◆■

3, 5, 6, 7 , 10 , 11, 12, 13,  14, 15  ✈❂❑❖ 17  P❂❏ ✈▲◆❖❇❍● ❉❊❋●❂❄❢ ❆❑❊❚

2 , 3 , 5 , ✈❂◆❙ ■❏ ✈▲◆❖❇❍●❵❂ (irrationality) ■❏ ♥▲▲◆❹❂●❂❍❊ ▲❖ ▼▼❂③ ■❺❂❂ ❻❼ ❇❍❊ ■❏

❞❂❄✇❏❚ ❞❆❂❢ ❵■ π ■❂ ❉❊❅❊① ❆❑❛ ❆❞❂❖❂❍❊ ♦◗❂❂❍❤ ❉❍ ◆♦◆P❂❽❈ ❉❊❾❿◆❵●❂❢ ❃❉❉❍ ▲◆❖◆▼❵ ❖❆❏ ❆❑❊❛

▲❖❽❵❦ ❻➀❼❼ ❃③❶ ♦❍❜ ✈❊❵ ❇❍❊ ❆❏ ❡❑➁❅➂③ ✈❂❑❖ ❡❍❞❂❽❷➃❍ ❈❍ ◆❉⑨ ◆■●❂ ⑧❂❂ ◆■ ●❆ ❄■ ✈▲◆❖❇❍●

❉❊❋●❂ ❆❑❚ ✈✇❡❍ ✈❈❦➄♠❍❙ ❇❍❊ ❆❇ ❃❉ ❅❂❵ ▲❖ ▼▼❂③ ■❖❍❊✇❍ ◆■ ❼❶❻❼❻❻❼❻❻❻❼❻❻❻❻❼... ✈❂❑❖

π ✈▲◆❖❇❍● ➅●❂❍❊ ❆❑❊❚

✈❂❃❄ ❆❇ ◆▲♠❡❍ ✈❈❦➄♠❍❙ ♦❍❜ ✈❊❵ ❇❍❊ ♥➆❂❄ ✇❄ ▲❥❸❈❂❍❊

▲❖ ▲❦❈♣ ◆♦▼❂❖ ■❖❍❊❚ ❃❉■❍ ◆❡❄ ▲◆❖❇❍● ❉❊❋●❂✈❂❍❊ ♦❂❡❂

⑧❂❑❡❂ ❡❏◆❞❄❚ ✈❅ ●◆❙ ❆❇ ⑧❂❑❡❍ ❇❍❊ ❉P❂❏ ✈▲◆❖❇❍●

❉❊❋●❂❄❢ P❂❏ ❷❂❡ ❙❍❊❛ ❵❂❍ ➅●❂ ✈❅ P❂❏ ❉❊❋●❂ ❖❍❋❂❂ ▲❖

■❂❍❃③ ❉❊❋●❂ ❅▼❏ ❖❆❍✇❏➇ ❃❉■❂ ♥❹❂❖ ❆❑ ➈❈❆❏❊➉❚ ✈❵♣❛

❄■ ❉❂⑧❂ ❡❏ ✇❃③ ❉P❂❏ ▲◆❖❇❍● ❉❊❋●❂✈❂❍❊ ✈❂❑❖ ✈▲◆❖❇❍●

❉❊❋●❂✈❂❍❊ ♦❍❜ ❉❊✇❥❆ ❉❍ ❞❂❍ ▲❥❂➊❵ ❆❂❍❵❂ ❆❑❛ ♥❉❍ ➋❴➌➍❲➋➎

❭❪❫❬❴❯❴❩ ❪ (real numbers) ■❂ ❈❂❇ ◆❙●❂ ❞❂❵❂
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❣☎✆ ✝✞✟✠ R ✟✠ ❧✡☛☞ ✝☛✌✍ ✞✍✎✍ ❣☎✏ ✈✑✒ ✓✔✕✑✖✓✗ ✘✙✚✛✔ ✛✔ ✑✔✜ ✢✖✣✤✜✛ ✛✔ ✈✢✖✣✤✜✛

✘✙✚✛✔ ✥✔✜ ✘✗✑✦ ✥✧★ ✈✑✒ ✥✤ ✛✥ ✗✥ ✘✗✑✜ ✥✧✙ ✖✗ ✢✩✪✛✜✗ ✓✔✕✑✖✓✗ ✘✙✚✛✔ ✗✔✜

✘✙✚✛✔ ✣✜✚✔✔ ✗✜ ✫✗ ✈✖✬✑✦✛ ✖✭✮✯✰ ✘✜ ✖✱✲✖✢✑ ✖✗✛✔ ✳✔✑✔ ✥✧★ ✘✔✴✔ ✥✦✵ ✘✙✚✛✔ ✣✜✚✔✔

✗✔ ✢✩✪✛✜✗ ✖✭✮✯✰ ✫✗ ✈✖✬✑✦✛ ✓✔✕✑✖✓✗ ✘✙✚✛✔ ✗✔✜ ✖✱✲✖✢✑ ✗✣✑✔ ✥✧★ ✌❣❀ ☛✍✶✷✍

❣☎ ✝☛ ✟✸✹✌✍ ✶✠✹✍✍ ☛✍✠ ✓✔✕✑✖✓✗ ✘✙✚✛✔ ✣✜✚✔✔ (real number line) ✗✥✔ ✳✔✑✔ ✥✧★

✺✻✼✽ ✾✿❁ ❂✂✿ ❃✾❄❅ ①�✁✂✄❆ ❇❈❉❊❋● ❍✂❈●

▼✿▼✿�❇❁❉▼ ❅✿ ■❏✿ �❑✂❊❅▲�❑✂❊❅ �❇�◆❖✂✿❁

❏✿ �❏P �◗❖✂ ❘✂✂❙ ❚❊❯✂✿❁❅✿ ❖❯ �❂❱✂✂❖✂

❘✂✂ �◗ ❲❳❨❖✿◗ ❇✂❩✄�❇◗ ❏❁❱❖✂ ❇✿❉

❏❁①✄ ❇✂❩✄�❇◗ ❏❁❱❖✂ ●✿❱✂✂ ❲● ❬◗

�❢❊❂❭ ❯✂✿✄✂ ❯❈ ❍✂❈● ❏❁❱❖✂ ●✿❱✂✂ ◗✿

❲❳❨❖✿◗ �❢❊❂❭ ❇✿❉ ❏❁①✄ ❬◗ ❍�✐✄❪❖

❇✂❩✄�❇◗ ❏❁❱❖✂ ❯✂✿✄❪ ❯❈❙

❫✍❴❵ ❛✠✹✍✠✸ ✝☛ ✟✸✹✌✍ ✶✠✹✍✍ ❧✶ ❣❜ ❝❞❡❤ ❫❧✝✶❜✠✌ ✟✸✹✌✍❫✍✠✸ ☛✍ ❥❦✍✍♠ ✝♠♥✍♦✶✷✍ ✝☛✟

❧✡☛✍✶ ☛✶ ✟☛✎✠ ❣☎✸✏

♣✯✔✥✣q✔ r ✒ ✟✸✹✌✍ ✶✠✹✍✍ ❧✶ 2  ☛✍ ❥❦✍✍♠ ✝♠♥✍♦✶✷✍ s☛✍✠ ✝♠t✝❧✎✉ ☛❀✝✞❵✏

✥✇ ✒ ✌❣ ✟✶②✎✍ ✟✠ ❛✠✹✍✍ ✞✍ ✟☛✎✍ ❣☎ ✝☛ ✝☛✟ ❧✡☛✍✶ ✌③♠✍✝♠✌✍✠✸ ♠✠ 2

☛✍ ❧✎✍ ②④✍✌✍ ❣✍✠④✍✏ ❵☛ ❵☛☛ s❜✍⑤✍☛✉ ☛❀ ②✸⑥✍❴♦ ☛❀ ⑦✍❞✞✍ ❝✍②✍ ❝④♦

OABC ②❀✝✞❵ s❛✠✝✹✍❵ ❫✍⑧✝✎ 1.6✉✏ ✎⑥ ❫✍❧ ❧✍❴❦✍✍④✍✠✶✟ ❧✡❜✠✌ ②✍④③

☛✶❝✠❡ ✌❣ ❛✠✹✍ ✟☛✎✠ ❣☎✸ ✝☛ OB =  2 2
1 1 2+ =  ❣☎✏ ✟✸✹✌✍ ✶✠✹✍✍ ❧✶

❣❜ 2  ☛✍✠ ✝☛✟ ❧✡☛✍✶ ✝♠t✝❧✎ ☛✶✎✠ ❣☎✸⑨ ❵✠✟✍ ✟✶②✎✍ ✟✠ ✝☛✌✍ ✞✍ ✟☛✎✍ ❣☎✏ ❴✟ ⑥✍✎

☛✍ ⑩✌✍♠ ✶✹✍✎✠ ❣❞❵ ✝☛ ❶✍❀❷✍♦ O ❶✍③❸✌ ❝✠❡ ✟✍❦✍ ✟✸❧✍✎❀ ⑥♠✍ ✶❣✠✆ ❫✍⑧✝✎ ❹❺❻ ☛✍✠ ✟✸✹✌✍ ✶✠✹✍✍

❧✶ ❥❦✍✍♠✍✸✎✝✶✎ ☛❀✝✞❵ (❛✠✝✹✍❵ ❫✍⑧✝✎ ❹❺❼)✏

❽❾❿➀➁ ➂➃➄

❽❾➅➃ ➆➇➆➇➀➈➉➊➆ ➋➂➌➍➂➎➂➏➂➐➑
❽❾❿➀➁ ➂➃➒

➓➔➃ ➈→➊➣↔➅ ➋➂➌↕➒➎➂➏➂➌➑

❽❾❿➀➁ ➂➃↕

❽❾❿➀➁ ➂➃➐
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✈✟ ✠✡ ✈ ✠☛☞✌ ✍✌ ✎✠✠ ✏✑ ✒✓ OB = 2  ✏ ✑ ❣ ✱ ✓ ☛✔✓✠✔ ✓ ✡ ✕✏ ✠✖✗✠ ✕ ✌ O ✓✠✌ ♦✌✘✙ ✍✚ ✈✠✑✔

OB ✓✠✌ ✒❞✠ ✛✖✠ ✜✠ ☞✓✔ ✱✓ ✢✠ ☛ (arc) ✎✠ ✡❬ ✒✢✱ ✣✠✌ ✕ ❬✎ ✖✠ ✔✌ ✎✠✠ ✓✠✌ ✒✤✙ ✍✥ P ☛✔ ✓✠✐✗ ✠ ✏✑❣ ✗ ✤

✒✤✙ ✍✥ P ✕ ❬✎ ✖✠ ✔✌ ✎✠✠ ☛✔ 2  ♦✌✘ ✕ ❬✦✗ ✏ ✠✌✗✠ ✏✑ ❣

♠ ✧★ ✩✪ ✫★ ✬ ✭ ♦✠ ✮✗ ✒♦✓ ✕ ❬✎ ✖✠ ✔✌ ✎✠✠ ☛✔ 3  ✓✠ ✮✯✠✠ ☞ ✒☞ ✰✠ ✲✔ ✳✠ ✓ ✡✒✣ ✱❣

✩✴ ✭ ✈✠✵✱ ✏ ✜ ✈✠✶✒✗ 1.7 ✓✠✌ ☛✥ ☞ ✷ ✸✌ ❬❣

✹ ✺ ✻✼ ✽ ✾✿❀

OB ☛✔ ✱✓✓ ✸ ❬✤✠✵ ✲ ♦✠✸✌ ✸ ❬✤ BD ✓✡ ✔ ✢☞✠ ✓ ✡✒✣✱ ( ✣✑✕ ✠ ✒✓ ✈✠✶ ✒✗ t❁❂ ✜✌ ❬ ✒✍✎✠✠ ✖✠

✦✖✠ ✏ ✑)❣ ✗ ✤ ☛✠✵ ✯✠✠✦✠✌✔ ✕ ☛✚ ✜✌ ✖ ✸✠ ✦r ✓✔ ☞✌ ☛✔ ❃ ✏ ✜✌ ❬ OD = ( )2
2

2 1 3+ =  ☛✚✠❄✗ ✏✠✌✗✠ ✏✑❣

✱ ✓ ☛✔✓✠✔ ✓ ✡ ✕✏✠ ✖✗ ✠ ✕✌ O ✓✠✌ ♦✌✘✙ ✍✚ ✈✠✑✔ OD ✓✠✌ ✒❞✠ ✛✖✠ ✜✠ ☞✓✔ ✱ ✓ ✢✠ ☛ ✎✠ ✡❬ ✒✢✱ ✣✠✌

✕ ❬✎ ✖✠ ✔✌ ✎✠✠ ✓✠✌ ✒✤✙ ✍✥ Q ☛✔ ✓✠✐✗ ✠ ✏✑❣ ✗✤ Q, 3  ♦✌✘ ✕ ❬ ✦✗ ✏✑❣

✵✕ ✡ ☛✚ ✓✠✔ 1n −  ✓✠ ✮ ✯✠✠ ☞ ✒☞✰✠ ✲✔ ✳✠ ✏✠✌ ✣✠ ☞✌ ♦✌✘ ✤✠ ✍ ✈✠ ☛  n  ✓✠ ✮✯✠✠ ☞ ✒☞ ✰✠ ✲✔ ✳✠ ✓✔

✕✓✗✌ ✏✑ ❬❃ ✣✏✠ ❅ n ✱ ✓ ✰☞✠❆✜✓ ☛r ✳✠✠❇✓ ✏✑❣

❈ ❉❊❋★ ●✴ ❍ 1.2

1. ✉■❏❑ ✝▲▼ ◆▼ ❖ P✄✉ ❧ ◗✂ ❘ ❙� ✂ ✄ ❚❧◗✂ ❘ ❙�❯ ❖ ✄❱❲ ✄ ❳ ❑❨ ❧ ✄P✄ ❚ ☎✉❑ ❩ ❭ ✄❱ ▲■✝❪▼❯

(i) ☎❫◗✂ ❑❖ ❚ ☎✝❱❴ ❑✂ ❧ �✁✂ ✄ ▼❖ ❳ ✄❵ ✞✝❳❖ ❧ �✁✂ ✄ ❘ ✄❑✞■ ❘❙❯

(ii) ❧ �✁✂ ✄ ❱❑✁✄✄ ❖ ✄ ☎❫◗✂ ❑❖ ✝❛❜ ▲❝ m ❖ ❑ ❡ ☎ ❖ ✄ ❘ ✄❑✞✄ ❘❙❢ ❪ ❘✄❤ m ▼❖ ☎❫ ✄❥ ✞ ❧ �✁✂ ✄ ❘ ❙❯

(iii) ☎❫◗✂ ❑❖ ❳✄❵ ✞✝❳❖ ❧ �✁✂ ✄ ▼❖ ❚ ☎✝❱❴ ❑✂ ❧ �✁✂ ✄ ❘ ✄❑✞■ ❘❙❯

2. ❦✂ ✄ ❧ ♥✄ ■ ♣ ✉✄◗❴❖ ☎q ❲ ✄✄s❖ ✄❑� ❳❑ ❨ ❳◆ ✇❴q ① ❚ ☎ ✝❱❴ ❑✂ ❘ ✄❑✞❑ ❘ ❙�② ✂ ✝▲ ✉❘ ■�❢ ✞✄ ❑ ▼❖ ▼ ❑❧ ■ ❧ �✁✂ ✄ ❳ ❑❨

❳◆ ✇❴q① ❖ ✄ ❩ ▲✄❘ ❱❲ ✄ ▲■✝❪▼ ❪ ✄❑ ▼❖ ☎✝❱❴ ❑✂ ❧ �✁✂ ✄ ❘ ❙❯
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3. �❢☎✂✂✆✝ �✞ ✟✠☎✡✂ ☛☞☎✂✂ ✌☛ 5  ✞✂☞ �✞✟ ✌❞✞✂☛ �✍✎�✌✄ �✞✡✂ ✏✂ ✟✞✄✂ ✑✒✓

4. ✔✕✖✖ ✗✘✙ ✚✛✜ ✚✢✣✖✔✛✖✤ ✥✗✦✧★✩✛ ✪✚✤✧✛ ✔✫

❥✬✭✖✮ ✯ ✞✂①✏ ✞✰ ✝✞ ✱✲✳✰ ✴✂✰✵ ✶✰�✏✝ ✷✂✒☛ ✍✰✸☞

❢✰ ①✆♥ �✹�✺ ✟☞ ✻✹①♥✼✽✶ ✟�✌♥✶✾ (square root spiral)

✞✰ ☛✸✍✂ ✞✰�✏✝✓ ✟✱✟☞ ✌✑✶☞ ✝✞ �✱✿❢❀ O ✶✰�✏✝ ✷✂✒☛

✝✞✞ ✶✠✱✂✆♥ ✞✂ ☛☞☎✂✂☎✂✠✲ (line segment) OP ☎✂✰✠�✸✝✓

✝✞✞ ✶✠✱✂✆♥ ✹✂✶☞ OP
1
 ✌☛ ✶✠✱ ☛☞☎✂✂☎✂✠✲ P

1
P

2
 ☎✂✰✠�✸✝

(❢☞�☎✂✝ ✷✂❁�✄ ❂❃❄)✓ ✷✱ OP
2
 ✌☛ ✶✠✱ ☛☞☎✂✂☎✂✠✲ P

2
P

3

☎✂✰✠�✸✝✓ ✄✱ OP
3
 ✌☛ ✶✠✱ ☛☞☎✂✂☎✂✠✲ P

3
P

4
 ☎✂✰✠�✸✝✓

✆✟ ✌❞�❜✡✂ ✞✂☞ ✏✂☛✰ ☛☎✂✄☞ ✑❀✝ OP
n -1 
✌☛ ✝✞✞ ✶✠✱✂✆♥ ✹✂✶✂ ✶✠✱ ☛☞☎✂✂☎✂✠✲ ☎✂✰✠✸✞☛ ✷✂✌

☛☞☎✂✂☎✂✠✲ P
n–1

P
n
  ✌❞✂✐✄ ✞☛ ✟✞✄☞ ✑✒✠✓ ✆✟ ✌❞✞✂☛ ✷✂✌ �✱✿❢❀ O, P

1
, P

2
, P

3
,..., P

n
,... ✌❞✂✐✄ ✞☛ ✶☞✠①☞

✷✂✒☛ ✈✿✑☞✠ �✼✶✂✞☛ 2, 3, 4, ... ✞✂☞ ❢✴✂✂♥✍☞ ✹✂✶✂ ✝✞ ✟❀✠❢☛ ✟�✌♥✶ ✌❞✂✐✄ ✞☛ ✶☞✠①☞✓

1.3 ❅❆❇❈❉❅❊ ❋●❍■❆❏❑ ▲❆▼◆ ❖P❅◗❘ ❙❚❆❯❱❅ ❲❳❋❆◆

❨❩ ❬❭❪❫❴❵❛ ❝❵❡❣ ❤❝ ❦❧ ❬♠♦ ❛♣qrs❧t❵✉t ❩❵ ✇q②❝❵③ ❬t④② ❬✇q②❝❵③ ❩❡⑤③t❬t❵❡ ❧t ❬⑥③③❭

❧②❵❡♦❵⑦ ❨❩⑧❵⑨ q♠❦ ❤❝ ⑧t⑩❶q⑧❧ ❩❡⑤③t❬t❵❡ ⑧❵⑨ ❛❷t❝♠⑧ ✇❸❩t② (expansions) ✇② q⑧❹t②

❧②❵❡♦❵ ❬t④② ❛❵⑤t❵❡♦❵ q❧ ❺③t ❤❝ ✇q②❝❵③ ❩❡⑤③t❬t❵❡ ❬t④② ❬✇q②❝❵③ ❩❡⑤③t❬t❵❡ ❝❵❡ ❻t❵❛ ❧②❭❵ ⑧❵⑨

q♠❦ ❨❭ ✇❸❩t②t❵❡ ❧t ✇❸③t❵♦ ❧② ❩❧❶❵ ❤④❡ ③t ❭❤❼❡⑦ ③❤t❽ ❤❝ ❨❩ ❾t❶ ❧❼ ❻t❼ ❿③t⑤③t ❧②❵❡♦❵

q❧ ⑧t⑩❶q⑧❧ ❩❡⑤③t❬t❵❡ ⑧❵⑨ ❛❷t❝♠⑧ ✇❸❩t② ❧t ✇❸③t❵♦ ❧②⑧❵⑨ q❧❩ ✇❸❧t② ❩❡⑤③t ②❵⑤tt ✇②

⑧t⑩❶q⑧❧ ❩❡⑤③t❬t❵❡ ❧t❵ ✇❸❛q❷t➀❶ q❧③t ➁t❶t ❤④⑦ ❺③t❵❡q❧ ❤❝ ❬✇q②❝❵③ ❩❡⑤③t❬t❵❡ ❧❼ ❶❪♠❭t

❝❵❡ ✇q②❝❵③ ❩❡⑤③t❬t❵❡ ❩❵ ❬q➂❧ ✇q②q❹❶ ❤④❡❣ ❨❩q♠❦ ❤❝ ❬✇❭❼ ❹❹t➀ ❨➃❤❼❡ ❩❡⑤③t❬t❵❡ ❩❵ ✇❸t②❡❻t

❧②❵❡♦❵⑦ ③❤t❽ ❨❭⑧❵⑨ ❶❼❭ ➄❛t❤②✉t q❛❦ ♦❦ ❤④❡ ➅
10 7 1

, ,
3 8 7

⑦ ❷t❵rt✇⑨♠t❵❡ ✇② q⑧❷t❵rt ⑥③t❭ ❛❼q➁❦

❬t④② ❛❵q⑤t❦ q❧ ❺③t ❬t✇ ❧t❵❨➀ ✇❸q❶➆✇ (pattern) ✇❸t➇❶ ❧② ❩❧❶❵ ❤④❡⑦

❖❙❆➈◆➉❆ ➊ ➋ 
10

3
, 

7

8
 ❬t④②  

1

7
 ⑧❵⑨ ❛❷t❝♠⑧ ✇❸❩t② ➌t❶ ❧❼q➁❦⑦

➍➎➏➐➑➒➓ 1.9 : ➏➔→➣↔↕ ➙➛➜↕
➝➞ ➟➠➡➎
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❣✟ ✠

    3.333...     0.875       0.142857...

3 10 8 7.0 7 1.0

     9     64         7

     10       60         30

      9       56         28

     10         40           20

       9         40           14

       10          0             60

         9             56

         1              40

             35

               50

               49

       1

✬✡☛☞✡ : 1, 1, 1, 1, 1... ✬✡☛☞✡ : 6, 4, 0 ✬✡☛☞✡ : 3, 2, 6, 4, 5, 1,

❍✡✡✌✍ : 3 ❍✡✡✌✍ : 8 3, 2, 6, 4, 5, 1,...

❍✡✡✌✍  : 7

❀✎✡✏ ✑✡✒✓☛ ✔✍✓✕✔✍✓ ✖✡✗✡☛✘ ✒✙ ✚❀✡✓ ✔✛❀✡ ✎✜✢ ✑✡✒✍✡☛ ✍✣ ✤☛ ✍✣ ✗✥✓ ✖✡✗✡☛✘ ✒✙ ✚❀✡✓

✛☛✓✡ ♥✡✔✎✦✧

(i) ♦★✩✪ ♥✙✫✡ ♦☛✩ ✖✡✛ ✬✡☛☞✡ ❀✡ ✗✡☛ ✭ ✎✡☛ ✌✡✗☛ ✎✜✘ ❀✡ ✮♦❀✘ ✍✥ ✒★✓✙✡♦✯✔✰✡ ✍✙✓✡ ✒✱✡✙✘❍✡ ✍✙

✛☛✗☛ ✎✜✘✧

(ii) ✬✡☛☞✡✡☛✘ ✍✥ ✒★✓✙✡♦✯✔✰✡ ✲✡✯✘✳✡✴✡ ✣☛✘ ✒✱✔♦✔☞✵❀✡☛✘ (entries) ✍✥ ✤✘✳❀✡ ❍✡✡✌✍ ✤☛ ✍✣ ✎✡☛✗✥ ✎✜

✶
1

3
 ✣☛✘ ✦✍ ✤✘✳❀✡ ✍✥ ✒★✓✙✡♦✯✔✰✡ ✎✡☛✗✥ ✎✜ ✑✡✜✙ ❍✡✡✌✍ ❡ ✎✜✷

1

7
 ✣☛✘ ✬✡☛☞✡✡☛✘ ✍✥ ✒★✓✙✡♦✯✔✰✡

✲✡✯✘✳✡✴✡ ✣☛✘ ✪Ü ✒✱✔♦✔☞✵❀✡✏ ❡✸✹✺✻✼ ✎✜✘ ✑✡✜✙ ❍✡✡✌✍ ✽ ✎✜✾✧

(iii) ❀✔✛ ✬✡☛☞✡✡☛✘ ✍✥ ✒★✓✙✡♦✯✔✰✡ ✎✡☛✗✥ ✎✡☛✷ ✗✡☛ ❍✡✡✿✒✩✴ (quotient) ✣☛✘ ✑✘✍✡☛✘ ✍✡ ✦✍ ✒★✓✙✡♦✯✔✰✡

✳✡✘❬ ✒✱✡❁✗ ✎✡☛✗✡ ✎✜ ✶
1

3
♦☛✩ ✔✴✦ ❍✡✡✿✒✩✴ ✣☛✘ ❡ ✍✥ ✒★✓✙✡♦✯✔✰✡ ✎✡☛✗✥ ✎✜ ✑✡✜✙

1

7
 ♦☛✩ ✔✴✦

❍✡✡✿✒✩✴ ✣☛✘ ✒★✓✙✡♦✯✔✰✡ ✳✡✘❬ ✼✺✸❂✻✽ ✒✱✡❁✗ ✎✡☛✗✡ ✎✜✾✧
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❀ ☎✆✝ ✞✟✠✞✡ ☛ ✝☞ ✆✌✍ ✎✍ ✏✌✑✒ ☞✓ ✑✑✟ ✔ ✕✟ ✒ ✖✗✟ ❀ ✒ ✝✘✆✙✚ ✝ ✝✘ ✑✛ ✙ ✆✜❀ ✑ ✒ ✢✣ ✝☞✤✙✥ ❀✒
p

q

(q ≠ 0) ✞✟✠ ✚ ✝ ✜♦ ✕✦ ✑♦ ✝✆ ☞✖✟❀ ✕✔✧❀ ✑★ ✑✟ ✔ ✝☞ ✡✑✎ ✩ ✒ ✑✟ ✙ ✑ ✒ ✢✪ q ✕✟  p ✞✠✑✟ ✦ ✑✑✎ ✌✟✗ ✟ ✝☞ ✌✑✟ ✖✥ ✧❀

❝ ✑✙✟ ✔ ✫✑✬✙♦ ✒ ✢✔ ✭ ❀ ✑ ✙✑✟ ✮ ✑✟✯ ✑ ✮ ✑✩✤❀ ✒ ✑✟ ✰ ✑✙ ✑ ✒ ✢ ❀ ✑ ✜✦ ✑♦ ✦ ✑♦ ✮ ✑✩✤❀ ✗✒ ♦✔ ✒ ✑✟ ✙ ✑ ✒ ✢ ★ ✑✢☞ ✙❝ ✒ ✖✟ ✔

✮ ✑✟✯ ✑✝✠✡ ✑✟ ✔ ✜♦ ✍ ✜ ✝✥✗ ☞✑✞✱✆✲ ✑ ✳✑✱✔✧ ✑✡ ✑ ✝✘ ✑✛ ✙ ✒ ✑✟ ✙♦ ✒ ✢✪ ★ ✑✴✍ ✒ ✖ ✝✘ ✵❀✟ ✜ ✆✶ ✷ ✑✆✙ ✝☞ ★✡✎✭★✡✎

✆ ✞❢ ✑☞ ✜☞✟ ✔✪

✸ ✹✺✻✸✼ (i) ✽ ✾ ✻✿❁ ✻ ✾ ✻❂❃❄ ❅ ✻✿ ❆ ✻✼ ✻ ❅❇❈
7

8
 ✞✑✡✟ ✏ ✌✑✒ ☞ ✓✑ ✖✟ ✔ ✒ ✖✗✟ ❀ ✒ ✌✟ ✧✑✑ ✒ ✢ ✆ ✜ ✞✥✠❉ ❢☞ ✓✑✑✟ ✔ ✞✟✠ ❝ ✑✌ ✮ ✑✟✯ ✑ ✮ ✑✩ ✤❀ ✒ ✑✟ ✰ ✑✙ ✑ ✒ ✢ ★ ✑✢☞

7

8
 ✜✑ ✌✮ ✑✖✡ ✞ ✝✘ ✕ ✑☞ ❞❊❋●❍ ✒ ✢✪ ★ ✤❀ ✏ ✌✑✒ ☞ ✓✑ ✒ ✢✔ ■ 

1

2
 = 0.5, 

639

250
 = 2.556 ✒ ✢ ✪ ✴✗ ✕✦ ✑♦

✆✶ ✷✑✆ ✙❀ ✑✟ ✔ ✖✟ ✔ ✞✥✠❉ ✝✆ ☞✆ ✖✙ ❢ ☞✓✑✑✟ ✔ ✞✟✠ ❝ ✑✌ ✌✮ ✑✖✡ ✞ ✝✘ ✕ ✑☞ ✜✑ ★ ✔✙ ✒ ✑✟ ✰ ✑✙✑ ✒ ✢✪ ✒ ✖ ✍✟ ✕♦

✕✔✧❀ ✑★ ✑✟ ✔ ✞✟✠ ✌✮ ✑✖✡ ✞ ✝✘ ✕✑☞ ✜✑✟ ❧✻❏✼ (terminating) ✌✮ ✑✖✡ ✞ ✜✒ ✙✟ ✒ ✢✔✪

✸ ✹✺✻✸✼ (ii) : ✾ ✻✿❁ ✻ ❑▲ ✻▼ ▲ ✻▼ ✾ ✻❂❃❄ ◆❅▼ ❏ ❅ ✻ ✿✼ ✻ ❅ ❇❈

1

3
 ★ ✑✢☞ 

1

7
 ✞ ✑✡✟ ✏✌✑✒ ☞✓✑✑✟ ✔ ✖✟ ✔✣ ✒ ✖ ❀ ✒ ✝✑✙✟ ✒ ✢✔ ✆ ✜ ✞✥✠❉ ❢☞ ✓✑✑✟ ✔ ✞✟✠ ❝ ✑✌ ✮ ✑✟✯ ✑ ✜♦ ✝✥✗ ☞✑✞✱✆ ✲ ✑ ✒ ✑✟✗✟

✡✎ ✙♦ ✒ ✢✣ ✆✰ ✕✕✟ ✌✮ ✑✖✡ ✞ ✝✘ ✕ ✑☞ ✆✗ ☞✔✙ ☞ ✰ ✑☞♦ ☞✒ ✙✑ ✒ ✢✪ ✌✩✕☞✟ ✮ ✑② ✌✑✟ ✔ ✖✟ ✔✣ ✒ ✖✟ ✔ ✦✑✑✎ ✝✠✡ ✖✟ ✔ ★ ✔✜✑✟ ✔

✜✑ ✍ ✜ ✝✥✗ ☞ ✑✞✱✆ ✲✑ ✧✑✔❖ ✝✘ ✑✛ ✙ ✒ ✑✟ ✙✑ ✒ ✢✪ ✙❝ ✒ ✖ ❀✒ ✜✒ ✙✟ ✒ ✢✔ ✆ ✜ ❀✒ ✝✘ ✕✑☞ ✈◆P❧ ✻ ◆▼

✈ ✻P ✼ ▼ ◗ (non-terminating recurring) ✒ ✢ ✪ ✏ ✌ ✑✒ ☞ ✓ ✑ ✞✟ ✠ ✆ ✡✍ ✣  
1

3
 = 0.3333... ★ ✑✢ ☞

1

7
 = 0.142857142857142857... ✒✢✪

❀✒ ✆ ✌✧✑✑✗✟ ✞✟✠ ✆✡✍ ✆ ✜
1

3
 ✞✟✠ ✦✑✑✎ ✝✠✡ ✖✟ ✔ ❘ ✜♦ ✝✥✗ ☞✑✞ ✱✆✲ ✑ ✒ ✑✟ ✙♦ ✒ ✢✣ ✒ ✖ ✴✕✟ 0.3  ✞✟✠ ✚ ✝

✖✟ ✔ ✆✡ ✧✑✙✟ ✒ ✢✔✪ ✴✕♦ ✝✘ ✜✑☞✣ ❡❀ ✑✟ ✔✆✜ 
1

7
 ✞✟✠ ✦ ✑✑✎✝✠✡ ✖✟ ✔ ★ ✔✜✑✟ ✔ ✞✟✠ ✧✑✔❖ ❙❚❯❋ ❍● ✜♦ ✝✥✗ ☞✑✞✱✆ ✲✑

✒ ✑✟ ✙♦ ✒ ✢✣ ✴✕✆✡✍ ✒ ✖ 
1

7
 ✜✑✟ 0.142857  ✞✟✠ ✚ ✝ ✖✟ ✔ ✆✡ ✧✑✙✟ ✒ ✢✔✣ ✰✒ ✑❱ ★ ✔ ✜✑✟ ✔ ✞✟✠ ☛ ✝☞ ✡✎✑❀ ✑

✎❀ ✑ ✌✔❖ ✣ ★ ✔✜✑✟ ✔ ✞✟✠ ✏✕ ✧ ✑✔❖ ✜✑✟ ✝✘ ✜✬ ✜☞ ✙✑ ✒ ✢ ✆✰ ✕✜♦ ✝✥✗ ☞✑✞✱✆ ✲ ✑ ✒ ✑✟ ✙♦ ✒ ✢✪ ✕✑✷✑ ✒ ♦✣

❘❊❍● ❯● ❯ ❊ ❊ ❊ ✜✑✟ 3.572  ✞✟✠ ✚ ✝ ✖✟ ✔ ✆✡ ✧✑✑ ✰ ✑ ✕✜✙✑ ✒ ✢✪ ★ ✙■ ✴✗ ✕✦ ✑♦ ✏✌✑✒ ☞✓✑✑✟ ✔ ✕✟

★✗ ✞✕ ✑✗♦ ★ ✑✞ ✙❲ ❳✝✥✗ ☞✑✞✱✆ ✲ ✑❨ ✌✮ ✑✖✡ ✞ ✝✘ ✕ ✑☞ ✝✘ ✑✛ ✙ ✒ ✑✟ ✙✟ ✒ ✢✔✪ ✴✕ ✙☞✒ ✒ ✖ ❀✒ ✌✟ ✧✑✙✟ ✒ ✢✔ ✆ ✜

✝✆☞ ✖✟❀ ✕ ✔✧❀ ✑★ ✑✟ ✔ ✞✟✠ ✌✮ ✑✖✡ ✞ ✝✘ ✕✑☞ ✞✟✠ ✞✟ ✠✞✡ ✌✑✟ ✆✞ ✜✐✝ ✒ ✑✟ ✙✟ ✒ ✢✔ ❀ ✑ ✙ ✑✟ ✞✟ ✕ ✑✔✙ ✒ ✑✟ ✙✟ ✒ ✢✔

❀ ✑ ★✗ ✞ ✕✑✗ ♦ ❳★ ✕✑✔✙ ❨ ★ ✑✞ ✙♦ ❲ ✒ ✑✟ ✙✟ ✒ ✢✔✪
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❜✟✠✡☛ ☞✠✌✍✎✏ ✑✒ ✑✓✌ ✔✕ ✖✓✗ ✘✎☞✙✚ ☞✛ ✟✜✢✔✓ ✍✡✢✓✓ ✌✍ ✣✘✗✡ ✌✍ ✑✓✌✛✓✡ ✤✥✦✧★✩✪✫

✙t✟✎ ✟✜✢✔✓✚✬ ✌✭✓✮✏ ✕✓✡✏✎ ✕t✜ ☞✙✟✛✓ ✯✰✓✖✘✠ ✌✭✟✓✍ ✟✓✜✏ ✕✓✡✏✓ ✕t ✔✓ ✦✥★✪★✪★✪✥✥✥✱ ✑✲✓✓✳✏✴

1.27  ✙t✟✎ ✟✜✢✔✓ ✌✭✓✮✏ ✕✓✡✏✎ ✕t✱ ☞✙✟✛✓ ✯✰✓✖✘✠ ✌✭✟✓✍ ✑✗✠✟✓✗✎ ✑✓✠✏✎✳ ✕t✵ ❜✟✟✡ ✶✔✓

✑✓✌ ✔✕ ☞✗✈✛✈✓✳ ☞✗✛✓✘ ✟✛✏✡ ✕t✜ ☞✛ ✔✕ ✚✛ ✌☞✍✖✡✔ ✟✜✢✔✓ ✕t✷ ❜✟✛✓ ✸✹✓✍ ✕t✱ ✕✓✬✺ ❜✟✡

✕✖ ☞✟❣ ✗✕✎✜ ✛✍✡✜✻✡✱ ✌✍✼✏✽ ✠✽☛✾ ✸✯✓✕✍✿✓ ✘✡✛✍ ❜✟ ✏✲✔ ✛✓✡ ✌✭✯☞✰✓✳✏ ✛✍✡✜✻✡✵ ✟✓✜✏ ☞❀✲✓☞✏✔✓✬

✏✓✡ ✟✍✘ ✕t✜✵

♠❁❂❃❄❅❂ ❆ ❇ ☞✯✢✓✓❜✚ ☞✛ ✤✥✦✧★✩✪✫ ✚✛ ✌☞✍✖✡✔ ✟✜✢✔✓ ✕t✵ ✯❢✟✍✡ ✰✓❈✯✓✡✜✱ ✖✡✜ ✤✥✦✧★✩✪✫

✛✓✡
p

q
 ✠✡☛ ♦✌ ✖✡✜ ❉✔✶✏ ✛✎☞✙✚✱ ✙✕✓✬ p ✑✓t✍ q ✌❢✿✓✓✐✛ ✕t✜ ✑✓t✍ q ≠ 0 ✕t✵

❃❊ ❇ ✔✕✓✬ 3.142678 = 
3142678

1000000
 ✕t✵ ✑✏❋ ✔✕ ✚✛ ✌☞✍✖✡✔ ✟✜✢✔✓ ✕t✵

✑✓❜✚ ✑✒ ✕✖ ✸✟ ☞❀✲✓☞✏ ✌✍ ☞✠✣✓✍ ✛✍✡✜✱ ✙✒☞✛ ✯✰✓✖✘✠ ✌✭✟✓✍ ✑✗✠✟✓✗✎ ✑✓✠✏✎✳ ✕✓✡✵

♠❁❂❃❄❅❂ ● ❇ ☞✯✢✓✓❜✚ ☞✛ ❍✥✤✤✤✤✥✥✥   = 0 3.  ✛✓✡
p

q  ✠✡☛ ♦✌ ✖✡✜ ❉✔✶✏ ☞✛✔✓ ✙✓ ✟✛✏✓ ✕t✱

✙✕✓✬ p ✑✓t✍ q ✌❢✿✓✓✐✛ ✕t✜ ✑✓t✍ q ≠ 0 ✕t✵

❃❊ ❇ ✶✔✓✡✜☞✛ ✕✖ ✔✕ ✗✕✎✜ ✙✓✗✏✡ ✕t✜ ☞✛ 0 3.  ✶✔✓ ✕t✱ ✑✏❋ ✑✓❜✚ ❜✟✡ ✕✖ ‘x’ ✖✓✗ ✘✡✜✵

x = 0.3333...

✑✒✱ ✔✕✎ ✠✕ ☞❀✲✓☞✏ ✕t ✙✕✓✬ ✕✖✡✜ ✛✽✾ ✔✽☞✶✏ ✘✻✓✗✎ ✌■❏✡✻✎✵

✔✕✓✬✱ 10 x = 10 × (0.333...) = 3.333...

✑✒✱ 3.3333... = 3 + x, ✣❢✬☞✛ x = 0.3333... ✕t✵

❜✟☞✘✚✱ 10 x = 3 + x

x ✠✡☛ ☞✘✚ ✕✘ ✛✍✗✡ ✌✍✱ ✕✖✡✜ ✔✕ ✌✭✓✮✏ ✕✓✡✏✓ ✕t❋
9x = 3

✑✲✓✓✳✏✴✱ x =
1

3

♠❁❂❃❄❅❂ ❑ ❇ ☞✯✢✓✓❜✚ ☞✛ 1.272727... = 1 27. ✛✓✡ 
p

q
 ✠✡☛ ♦✌ ✖✡✜ ❉✔✶✏ ☞✛✔✓ ✙✓ ✟✛✏✓

✕t✱ ✙✕✓✬  p ✑✓t✍ q ✌❢✿✓✓✐✛ ✕t✜ ✑✓t✍ q ≠ 0 ✕t✵
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❣☎ ✆ ❡✝✞ ✟✠✡☛☞  x = 1.272727... ✌✍✎ ❉✏✝✑✒✡✓ ✏✌✝✔ ✕✝✑ ✖✒✓✝✑✒ ✓✠ ✗✘✞✙✝✚✛✡✜✝ ✌✍✢ ✣✤✡✟☞ ✌❡

x ✓✝✑ 100 ✤✑ ❧✘✥✝✝ ✓✙✦✑ ✌✍✒✎ ☞✑✤✝ ✓✙✞✑ ✗✙✢ ✌❡✑✒ ✏✌ ✗✧✝★✦ ✌✝✑✦✝ ✌✍ ✩

100 x = 127.2727...

✖✦✩✢ 100 x = 126 + 1.272727... = 126 + x

✣✤✡✟☞✢ 100 x – x = 126, ✖✈✝✝✪✦✫ 99 x = 126

✖✈✝✝✪✦✫✢ x =
126 14

99 11
=

✖✝✗ ✣✤✚✑✬ ✣✤ ✡✚✟✝✑❡ ✓✠ ☛✝✔✭ ✓✙ ✤✓✦✑ ✌✍✒ ✡✓
14

11
 = 1 27.  ✌✍✎

♠✮✯❣✰✱✯ ✲ ✆ ✡✕❢✝✝✣☞ ✡✓ 0.2353535... = 0 235.  ✓✝✑
p

q
 ✚✑✬ ♦✗ ❡✑✒ ✳✏❉✦ ✓✙ ✤✓✦✑ ✌✍✒✢

☛✌✝✔   p ✖✝✍✙ q ✗✐✥✝✝✪✒✓ ✌✍✒ ✖✝✍✙ q ≠ 0 ✌✍✎

❣☎ ✆ ❡✝✞ ✟✠✡☛☞ x = 0 2 35.  ✌✍✎ ✏✌✝✔ ✏✌ ✕✑✡❢✝☞ ✡✓ ❀ ✓✠ ✗✘✞✙✝✚✛✡✜✝ ✞✌✠✒ ✌✝✑✦✠ ✌✍✢ ✗✙✴✦✘

❢✝✒❬ ✵✶ ✓✠ ✗✘✞✙✝✚✛✡✜✝ ✌✝✑✦✠ ✌✍✎ ❉✏✝✑✒✡✓ ✕✝✑ ✖✒✓✝✑✒ ✓✠ ✗✘✞✙✝✚✛✡✜✝ ✌✝✑ ✙✌✠ ✌✍✢ ✣✤✡✟☞ ✌❡

x ✓✝✑ ❞✷✷ ✤✑ ❧✘✥✝✝ ✓✙✦✑ ✌✍✒✎ ☞✑✤✝ ✓✙✞✑ ✗✙✢ ✌❡✑✒ ✏✌ ✗✧✝★✦ ✌✝✑✦✝ ✌✍ ✩

100 x = 23.53535...

✣✤✡✟☞✢ 100 x = 23.3 + 0.23535... = 23.3 + x

✖✦✩✢ 99 x = 23.3

✖✈✝✝✪✦✫✢ 99 x =
233

10
, ✡☛✤✤✑ x = 

233

990
 ✌✘✖✝✎

✖✝✗ ✣✤✚✑✬ ✡✚✟✝✑❡✢ ✖✈✝✝✪✦✫  
233

990
 = 0 235.  ✓✠ ✸✝✠ ☛✝✔✭ ✓✙ ✤✓✦✑ ✌✍✒✎

✖✦✩ ✖✞✚✤✝✞✠ ✖✝✚✦✠✪ ✕✹✝❡✟✚ ✗✧✤✝✙ ✚✝✟✠ ✗✧✺✏✑✓ ✤✒❢✏✝ ✓✝✑
p

q
 (q ≠ 0) ✚✑✬ ♦✗ ❡✑✒

✳✏❉✦ ✡✓✏✝ ☛✝ ✤✓✦✝ ✌✍✢ ☛✌✝✔  p ✖✝✍✙ q ✗✐✥✝✝✻✓ ✌✍✒✎ ✖✝✣☞ ✌❡ ✖✗✞✑ ✗✡✙✥✝✝❡✝✑✒ ✓✝✑ ✤✒✼✝✑✗ ❡✑✒

✣✤ ✗✧✓✝✙ ✳✏❉✦ ✓✙✑✒✩

✽✾ ✿❁❂❃❄❅ ❆❇❈❅❊ ✾❊ ❋●❊❃❍■ ✿❏❆❊❂ ❅❊ ❑❊❄ ❆❊❇❑ ▲❊❄❑❊ ▲▼ ❅❊ ◆❖■❆❊❖P ◆❊■❑P◗ ▲❊❄❑❊ ▲▼❘

❆❊❙❊ ▲P❚ ■▲ ❆❇❈❅❊❚ ❁❯❆✾❊ ❋●❊❃❍■ ✿❏❆❊❂ ❆❊❇❑ ❅❊ ◆❖■❆❊❖P ◆❊■❑P◗ ▲▼❚ ✽✾ ✿❁❂❃❄❅

❆❇❈❅❊ ▲❊❄❑P ▲▼❘
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✈✟ ✠✡ ☛✠ ☞✌✍✎✏ ✠✑✒ ✓✔ ✕✓✖✡✏☛ ✗✒✘☛✌ ✔✌ ✙✚✌✡✛✜ ✕✢✗✌✖ ✣☛✌ ✠✌✏ ✗✔✎✌ ✠✑✤ ✈✟ ✕✢✚✍

♠✥✎✌ ✠✑✒ ✓✔ ✈✕✓✖✡✏☛ ✗✒✘☛✌✈✌✏✒ ✔✌ ✙✚✌✡✛✜ ✕✢✗✌✖ ✣☛✌ ✠✌✏✎✌ ✠✑✦ ✧✕✖ ✟✎✌★ ✩★ ✩✪✫✌ ✜✏✬

✈✍✪✗✌✖ ✠✡ ☛✠ ✓✍✭✔✭✌✮ ✓✍✔✌✛ ✗✔✎✏ ✠✑✒ ✓✔ ✯✍ ✗✒✘☛✌✈✌✏✒ ✜✏✬ ✙✚✌✡✛✜ ✕✢✗✌✖ ✰✱✲✳✴✱✵

✰✱✴✲✶✵✷ (non-terminating non-recurring) ✠✑✒✤ ✈✎❣ ✧✕✖ ✕✓✖✡✏☛ ✗✒✘☛✌✈✌✏✒ ✔✏ ✓✛★

✟✎✌★ ✩★ ✩✪✫✌ ✜✏✬ ✗✡✌✍ ✈✕✓✖✡✏☛ ✗✒✘☛✌✈✌✏✒ ✔✌ ✩✪✫✌ ☛✠ ✠✌✏✎✌ ✠✑❣

✸✹ ✺✻✼✽✾✿❀ ❁❂❃❀❄ ✹❄ ❅❆❄✾❇❈ ✻❉❁❄✽ ✺❊❈❁❄❊❋ ✺❊❄❈●❋❍ ■❄✿●❄ ■❏❑ ✼❈❇❄✿✾●▲ ❈■ ❁❂❃❀❄

✼❢❁✹❄ ❅❆❄✾❇❈ ✻❉❁❄✽ ✺❊❈❁❄❊❋ ✺❊❄❈●❋❍ ■❄✿●❄ ■❏▼ ✺✻✼✽✾✿❀ ■❄✿●❋ ■❏❑

✓✕◆✛✏ ✈✍✪❖◆✏✙ ✡✏✒ ✠✡✍✏ ★✔ ✈✕✓✖✡✏☛ ✗✒✘☛✌ 0.10110111011110... ✔❞ PP✌✮ ✔❞ ◗✌❞✤ ✡✌✍

✛❞✓☞★ ✓✔ s = 0.10110111011110... ✠✑✤ ❘☛✌✍ ✙❞✓☞★ ✓✔ ☛✠ ✈✍✜✗✌✍❞ ✈✍✌✜✎❞✮ ✠✑✤ ✈✎❣

✧✕✖ ✟✎✌★ ✩★ ✩✪✫✌ ✜✏✬ ✈✍✪✗✌✖ ☛✠ ✈✕✓✖✡✏☛ ✠✑✤ ✗✌◗✌ ✠❞➴ ☛✠ ❙✌❞ ❘☛✌✍ ✙❞✓☞★ ✓✔ ✈✌✕

s ✜✏✬ ✗✡♦✕ ✈✕✓✖✓✡✎ ♦✕ ✗✏ ✈✍✏✔ ✈✕✓✖✡✏☛ ✗✒✘☛✌★❚ ☞✓✍✎ ✔✖ ✗✔✎✏ ✠✑✒✤

✗✪✕✢✓✗❯ ✈✕✓✖✡✏☛ ✗✒✘☛✌✈✌✏✒ 2  ✈✌✑✖ π ✜✏✬ ✗✒✟✒❱ ✡✏✒ ✈✌✕ ✣☛✌ ☞✌✍✎✏ ✠✑✒✦ ☛✠✌❚ ✜✪✬◆ P✖✫✌

✎✔ ♠✍✜✏✬ ✙✚✌✡✛✜ ✕✢✗✌✖ ✓✙★ ✩★ ✠✑✒❣

2  = 1.4142135623730950488016887242096...

π = 3.14159265358979323846264338327950...

❲❘☛✌✍ ✙❞✓☞★ ✓✔ ✠✡ ✕✢✌☛❣ 
22

7
 ✔✌✏ π ✔✌ ★✔ ✗✓❳✍✔❨ ✡✌✍ ✡✌✍✎✏ ✠✑✒➴ ☞✟✓✔ π ≠ 

22

7
✠✑✤❩

✜✭✌✌✏❬ ✗✏ ✩✓✫✌✎❭✌✏✒ ✍✏ ✈✕✓✖✡✏☛ ✗✒✘☛✌✈✌✏✒ ✜✏✬ ✙✚✌✡✛✜ ✕✢✗✌✖ ✡✏✒ ✈✓❱✔ ✗✏ ✈✓❱✔ ✈✒✔✌✏✒

✔✌✏ ♠❪✕❳✍ ✔✖✍✏ ✔❞ ✓✜✓❙✌❳✍ ✎✔✍❞✔ ✓✜✔✓✗✎ ✔❞ ✠✑✒✤ ♠✙✌✠✖✫✌ ✜✏✬ ✓✛★➴ ✗✒❙✌✜✎❣ ✈✌✕✍✏

✓✜❙✌✌☞✍ ✓✜✓❱ (division method) ✗✏ 2  ✜✏✬ ✙✚✌✡✛✜ ✕✢✗✌✖ ✡✏✒ ✈✒✔✌✏✒ ✔✌✏ ❭✌✎ ✔✖✍✌

✈✜✚☛ ✠❞ ✗❞✘✌✌ ✠✌✏✩✌✤ ☛✠ ★✔ ✖✌✏P✔ ✟✌✎ ✠✑ ✓✔ ✗✪❫✟✗❴❵✌✌✏✒ ❲☞❞✜✌❛✓✍☛✡✌✏✒❩ ✡✏✒➴ ☞✌✏ ✜✑✓✙✔

☛✪✩ ❲❜❝❝ ✯✮❡✕❴❡ ❛ ❤❝❝ ✯✮❡✕❴❡❩ ✔✏ ✩✓✫✌✎❞☛ ✩✢✒◗✌ ✠✑✒➴ ✠✡✏✒ 2  ✔✌ ★✔ ✗✓❳✍✔❨ ✡✌✍ ✕✢✌✐✎

✠✌✏✎✌ ✠✑➴ ☞✌✏ ☛✠ ✠✑❣

2  = 
1 1 1 1 1 1

1 1 4142156
3 4 3 34 4 3

.
� � � �+ + × − × × =� � � �
� � � �

❘☛✌✍ ✙❞✓☞★ ✓✔ ☛✠ ✜✠❞ ✠✑ ☞✌✏ ✓✔ ✧✕✖ ✕✢◗✌✡ ✕✌❚P ✙✚✌✡✛✜ è◗✌✌✍✌✏✒ ✎✔ ✜✏✬ ✓✛★ ✓✙☛✌

✩☛✌ ✠✑✤ π ✜✏✬ ✙✚✌✡✛✜ ✕✢✗✌✖ ✡✏✒ ✈✓❘✌✔ ✗✏ ✈✓❱✔ ✈✒✔ ✕✢✌✐✎ ✔✖✍✏ ✔✌ ✯✓✎✠✌✗ ✔✌✕✬❞

✖✌✏P✔ ✖✠✌ ✠✑✤



16 ①�✁✂✄

❀☎✆✂✆ ✝✂ ✞✟✠✡☛ ☞ ❀�✌✄ ✍✂✎ ✏✑�✒✓✔✕ ✖ ✔ ✎ ✖ ✞✖✗✂ ☞❀�✌✄ ✘✂✂

�✕ ❢✆ ✙ π ✎ ✙ ✑ ♦✚✂ ✒✗ ✎ ✞ ✟❢✂ ✛ ✒✙✜ ✍ ✜✝✂ ✙✜ ✝✂ ✙ ✍� ✢✂ ✝�✗ ✄ � ✝❀✂

✘✂✂❋ ✣❢✆ ✙ ❀✖ � ♦✤✂✂❀✂ �✝ 3.140845 < π < 3.142857 ✖✂✙✄✂ ✖❣❋
✍✂ ❀✏✢✂ ✈✥✈  (476 – 550  ❜ ✏✦) ✆ ✙ ✕✂ ✙ ✉ ✝ ✒✖✂✆ ✢✂✂ ✛✄✔❀ ①�✁✂ ✄✧

✍✂ ❣✛ ✤✂①✂✙✗ �✎ ♦ ✘✂ ✙★ ✩✂ ✛ ♦✚✂✒✗✎ ✪✘✂✂✆✂✙✜ ✄ ✝ ✚✂ ✡☛  π ✝✂ ✒✂✆

✭✫ ✬✮ ✯ ✮✰ ✱ ✧✂✄ � ✝❀✂ ✘✂✂❋ ✣✲✩ ✩✂✗ ✎ ✜✑✳ ❀☎ ✈✛✂ ✙✜ ✍✂ ❣✛ ✣✴✆✄

✝✗✆ �✎ �❞❀✂ ✙✜ (algorithms) ✝✂ ✞ ✟❀✂ ✙① ✝✛✎ ✙✑ ✵✶✷✸ � ✈✹�✗ ❀✆

❢ ✙ ✢✂ ✔ ✍� ❞ ✝ ♦✚✂ ✒✗ ✎ ✪✘✂✂✆✂ ✙✜ ✄ ✝ π ✝✂ ✒✂ ✆ ✍� ✢✂ ✝�✗ ✄

� ✝❀✂ ✕✂ ✩✡✝✂ ✖ ❣❋

✺ ✻✼✽ ✺ ✾ ✿❁ ❂❃❄ ✻❃ ❅ ❆❇ ❆❇❈ ❉❊❇✻● ✺ ❉❆●❁❃ ❍ ❈ ❅❄ ❍✻✽ ■ ❉❊ ✻❏ ❑ ❇▲ ▼ ✻❑▲ ✿◆❅❖

♠ P ◗❘❙ ❚ ◗ ❯ ❱ ❲ 
1

7
 ✺ ✻◆● 

2

7
 ❳❃ ❨ ✾ ▲❩ ❇▲ ✽❇ ✺❉ ❆●❁❃ ❍ ❈ ❅❄ ❍✻ ❬✻❑ ❇ ▲❆▼ ✽ ❖.

❘ ❭ ❲ ✿❁❪❃ ❂❃❄ ✻✻ ✿ ◆ ❆❇
1

7
 = 0142857.  ✿ ◆ ❖

✺ ❑❫ ✿❁ ❈ ●❴❑ ✻ ❈ ❃ ❍✿ ❉ ❆●❇ ❆❴❑ ❇● ❈❇ ❑❃ ✿ ◆❅ ❆❇ 
2

0 285714
7

.=  ✿ ◆ ❖

1

7
 ✺ ✻◆●

2

7
 ❳ ❃ ❨ ✾ ▲❩ ❇▲ ✽❇ ✺❉ ❆●❁❃ ❍ ❈ ❅❄ ❍✻ ❬✻❑ ❇●❪❃ ❳❃ ❨ ❆❴✽ ❵ ✿❁ ✽ ❇ ✽ ❃❈ ▲ ❈ ❅❄ ❍ ✻ ❬✻❑

❇ ●❑❃ ✿ ◆❅ ▼ ✻❃ ✼❪ ❂✻❃❪ ✻❃ ❅ ❳ ❃ ❨ ✾ ▲❩ ❆❛ ❝ ✻❑ ✺❪ ❳❈ ✻❪ ▲ ✺❪ ✻❳ ❑▲❡ ✿✻❃ ❑▲ ✿◆❖ ✼❈ ❉❊❇ ✻● ❳ ❨▲ ✺ ✻❉

✺❉ ❆●❆❁❑ ❤❉ ❈❃ ✺❪ ❃❇ ❈ ❅❄ ❍✻✽ ■ ❬✻❑ ❇ ● ❈❇ ❑❃ ✿ ◆❅❖ ✼❈ ❉❊❇ ✻● ❇ ▲ ❈ ❅❄ ❍✻ ❇ ✻ ✽❇ ✐❂✻✿●❥ ✻

❦ ❧ ♥ ♣❦ ♥♣❦ ❦ ♥♣❦ ❦ ❦ ♥ ♣❦ ❦❦ ❦ ❧ ❧ ❧ ✿ ◆ ❖

qrst◗✇ ❭②  1.3

1. �✆③✆�✗ � ✤✂✄ � ✢✂ ✴✆✂ ✙✜ ✝✂ ✙ ♦✚✂ ✒✗ ✎ ④ ✞ ✒✙✜ �✗ � ✤✂✉ ✍✂ ❣✛ ✠✄✂ ❜✉ � ✝ ✞ ✟⑤ ❀✙✝ ✝✂ ♦✚✂ ✒✗ ✎ ✞✟❢✂ ✛

� ✝❢ ✞✟✝✂ ✛ ✝✂ ✖❣ ⑥

(i)
36

100
(ii)

1

11
(iii)

1
4

8

(iv)
3

13
(v)

2

11
(vi)

329

400

2. ✍✂✞ ✕✂✆✄✙ ✖ ❣✜ � ✝ 
1

7
 = 0142857.  ✿◆❖  ✎✂✪✄✎ ✒✙✜★ ✗ ✜✠✂ ✢✂✂① �♦✉ �✠✆✂ ✌❀✂ ✍✂ ✞ ❀✖ ✠✄✂ ❢ ✝✄✙

⑦⑧ ⑨⑩❶❷ ❸❹❺❻ ❼❽❾❿ ➀⑩ ➁➂➃➁➄❽ ➅❽ ➀ ⑩ ➁➂➃➆
⑦⑧ ➇❷ ➈ ➅➁➅➉
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❣✟� ✝✠
2

7
, 

3

7
, 

4

7
, 

5

7
, 

6

7
 ♦✡☛ ☞✌✄✍✎♦ ☎✏❧✄✑ ✒✂✄ ❣✟�✓ ✂✝☞ ❣✄✔✕ ✞✄✡ ♦✟☛❧✡✓

[✖✗✘✙✚✛ ✜
1

7
 ✠✄ ✍✄❞ ✢✄✞ ✠✑✞✡ ❧✍✂ ✌✄✡✣✄☎☛✎✄✡� ✠✄ ✤✥✂✂❞ ❧✄♦✦✄❞✧ ❧✡ ✠✧✝★✩✪]

3. ✝❞❢❞✝✎✝✁✄✞ ✠✄✡
p

q
 ♦✡☛ ✫☎ ✍✡� ✬✂✒✞ ✠✧✝★✩✕ ★❣✄✔ p ✤✄✟✑ q ☎✭✮✄✄✯✠ ❣✟� ✞✰✄✄ q ≠ 0 ❣✟✱

(i) 06. (ii) 0 47. (iii) 0001.

4.  0.99999. . . ✠✄✡ 
p

q
 ♦✡☛ ✫☎ ✍✡� ✬✂✒✞ ✠✧✝★✩✪ ✒✂✄ ✤✄☎ ✤☎❞✡ ✲✳✄✑ ❧✡ ✤✄✌✴✂✵✴✝✠✞ ❣✟✓

✤☎❞✡ ✤✥✂✄☎✠ ✤✄✟✑ ✠✈✄✄ ♦✡☛ ❧❣✂✄✡✝✶✂✄✡� ♦✡☛ ❧✄✰✄ ✲✳✄✑ ✠✧ ❧✄✰✄✵✠✞✄ ☎✑ ✴✴✄✵ ✠✧✝★✩✪

5.
1

17
 ♦✡☛ ☞✌✄✍✎♦ ☎✏❧✄✑ ✍✡� ✤�✠✄✡� ♦✡☛ ☎✷❞✑✄♦✸✝✳✄ ✁✄�✹ ✍✡ � ✤�✠✄✡� ✠✧ ✤✝✦✠✞✍ ❧�✁✂✄ ✒✂✄ ❣✄✡

❧✠✞✧ ❣✟✓ ✤☎❞✡ ✲✳✄✑ ✠✧ ★✄✔✴ ✠✑❞✡ ♦✡☛ ✝✎✩ ✝♦✺✄✄★❞✻✝✼✂✄ ✠✧✝★✩✪

6.
p

q
 (q ≠ 0) ♦✡☛ ✫☎ ✠✧ ☎✝✑✍✡✂ ❧�✁✂✄✤✄✡� ♦✡☛ ✤❞✡✠ ✲☞✄❣✑✮✄ ✎✧✝★✩✕ ★❣✄✔ p ✤✄✟✑  q ☎✭✮✄✄✵�✠

❣✟�✕ ✝★❞✠✄ ✽ ♦✡☛ ✤✝✞✝✑✒✞ ✤✾✂ ✠✄✡✿✵ ✲✺✄✂✝❞✣❀ ✶✷✮✄❞✁✄�✹ ❞❣✧� ❣✟ ✤✄✟✑ ✝★❧✠✄ ❧✄�✞ ☞✌✄✍✎♦

✝❞✫☎✮✄ ❁☎✏❧✄✑❂ ❣✟✪ ✒✂✄ ✤✄☎ ✂❣ ✤❞✷✍✄❞ ✎✶✄ ❧✠✞✡ ❣✟� ✝✠ q ✠✄✡ ✠✄✟❞✻❧✄ ✶✷✮✄ ✤♦✌✂
❧�✞✷✣❃ ✠✑❞✄ ✴✄✝❣✩✓

7. ✩✡❧✧ ✞✧❞ ❧�✁✂✄✩✔ ✝✎✝✁✄✩ ✝★❞♦✡☛ ☞✌✄✍✎♦ ☎✏❧✄✑ ✤❞♦❧✄❞✧ ✤❞✄♦✞✧✵ ❣✄✡�✪

8. ☎✝✑✍✡✂ ❧�✁✂✄✤✄✡�
5

7
 ✤✄✟✑ 

9

11
 ♦✡☛ ❄✧✴ ✠✧ ✞✧❞ ✤✎✶✻✤✎✶ ✤☎✝✑✍✡✂ ❧�✁✂✄✩✔ ✢✄✞ ✠✧✝★✩✪

9. ❄✞✄✿✩ ✝✠ ✝❞❢❞✝✎✝✁✄✞ ❧�✁✂✄✤✄✡� ✍✡� ✠✄✟❞✻✠✄✟❞ ❧�✁✂✄✩✔ ☎✝✑✍✡✂ ✤✄✟✑ ✠✄✟❞✻✠✄✟❞ ❧�✁✂✄✩✔

✤☎✝✑✍✡✂ ❣✟�✱

(i) 23 (ii) 225 (iii) 0.3796

(iv) 7.478478... (v) 1.101001000100001...

1.4 ❅❆❇❈❉ ❊❋❇❉❉ ●❊ ❍❉■❏❑❍▲ ❅❆❇❈❉▼❉❋❆ ▲❉ ❑◆❖●P❉

◗❘❙❚❯ ❱❲❳❨❙❯❩ ❬❯❭❪ ❱❫❘❲❯ ❴❵ ❩❯❛❫❫ ❵❜ ◗❝ ◗❝❡❤ ✐❫❤ ❥❫❦♠◗❥❝ ❡❭❛❴❫ ❝❫ ♥❝ ❩♣❫❬❚❥

❘q❡❫r ❵❫❯♠❫ ❵❜s t❲❝❤ ❡❵❫❴♠❫ ❡❯ ❵❬ t❡ ❡❭❛❴❫ ❝❫❯ ❡❭❛❴❫ r❯❛❫❫ ❘r ◗❲✉◗❘♠ ❝r ❡❝♠❯

❵❜❭s ❱❫t♥ ❵❬ ❩❯❛❫❯❭ ◗❝ t❡❯ ◗❝❡ ❘q❝❫r ◗❝❴❫ ✇❫♠❫ ❵❜s
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✈ ☎✆✝✞ ✟✠  1.11

❡✡☛ ☞✌✍✎✏ ✑❡ ✒✓✔ ✕✡ ✖ ✗✔ ✡✡ ✘✖ ✙✚✛✛✜ ✢✡

▲ ✣ ✡✡☛ ✍☛ ✤✡✥✖ ✦ ✡ ✢✖ ☛ ✡ ✧ ✡✑ ★ ✗ ✑ ✩✓✪ ✑❡ ✎✡☛ ★ ✗ ✑✩✓ ✍ ✢

✙ ✷✡✩✖ ✫ ✬ ✗✭ ✮✌✧ ✕✑ ✒✓✔ ✕✡ ✍▲ ✣ ✡★ ✑ ✩✪ ✷✡✯✏ ✑❡

✙ ✷ ✡✩✖ ✫ ✢✗ ✮✌✧ ✒✓ ✔ ✕ ✡ ✖ ✗✔ ✡✡ ✢✗ ✰ ✡✡✱ ✢✡✗

è ✕✡☛✘✲✬ ✥✢ ✳✗✔ ✡✗✓✪ ❡ ✡☛ ☞✌✍✎✏ ✑❡ ✯ ✒✗ ✴✵ ✮✖ ✡✮✖

✰ ✡✡✱✡✗✓ ❡ ✗✓ ✮✡❍✶ ✳✗★ ✗ ✑✩✓ ✷✡✩✖ ✯✒ ✰ ✡✡✱ ✢✗ ✘✸✹ ✕✗✢ ✍ ✮✺ ✳✻

✢✡✗ ✷✓✍✢★ ✢✖★ ✗ ✑✩✓❞ ✎✩ ✒ ✡ ✍✢ ✷ ✡✼✍★ 1.11 (i) ❡ ✗✓

✍ ✳✔ ✡✡✕✡ ✱✕✡ ✑ ✩✪

★ ✮ ✙ ✢✗ ✳✡✕✌✓ ✷✡✗✖ ✢✡ ✘✑ ☞✡ ✍✧r ✙ ✚✴ ✢✡✗

✍☛ ❢✍✘★ ✢✖ ✗✱✡❞ ✳✲ ✒✖ ✡ ✍✧r ✙ ✚✙ ✢✡✗ ✍☛ ❢✍✘★ ✢✖ ✗✱✡❞

✷✡✍ ✳✽ ✷✡✍ ✳✪ ✷ ✡✘ ✢✡✗ ✷✡✬ ✾ ✭✍★ 1.11 (i) ❡ ✗✓ ✙ ✷✡✩ ✖ ✫

✬ ✗ ✭ ✯☛ ✍✬✰ ✡✡✎☛ ✍✮✺ ✳✻✷✡✗✓ ✢✡✗ ✳✗✔ ✡☛ ✗ ❡ ✗✓ ✬ ✻✭♦ ✢✍✿☛ ✡✯ ✥ ✢✡ ✷☛ ✻✰ ✡✬ ✑ ✡✗ ✒ ✢★ ✡ ✑✩✪ ✯✺✑ ✗✓ ▲✘❀ ✶

❢✘ ✒ ✗ ✳✗✔ ✡☛ ✗ ✬ ✗✭ ✍ ☞✏ ✷ ✡✘ ✏ ✢ ✷✡✬ ✤✥☛ ❁✡✌❁✡✗ (magnifying glass) ✢✡ ✘✸ ✕✡✗✱ ✢✖ ✒✢★ ✗

✑✩✓ ✷✡✩✖ ✙ ✷✡✩✖ ✫ ✬ ✗✭ ✮✌✧ ✬ ✗✭ ✰ ✡✡✱ ✢✡✗ ✳✗✔ ✡ ✒✢★ ✗ ✑✩✓✪ ✕✑ ✬ ✩ ✒✡ ✑ ✌ ✍ ✳✔ ✡✡✯ ✥ ✘❣ ❂✗✱✡ ✎✩ ✒✡ ✍ ✢

✷✡✘ ✯✺✑ ✗✓ ✷ ✡✬ ✾✭✍★ 1.11 (ii) ❡ ✗✓ ✳✗✔ ✡★ ✗ ✑ ✩✓✪ ✷✮❞ ✙ ✚✛ ✷ ✡✩✖ ✙ ✚❃ ✬ ✗ ✭ ✮✌✧ ✙ ✚✛✛✜ ✍▲ ✣✡★ ✑✩✪ ✷★ ❄

✷✡✯✏ ✑❡ ✙ ✚✛ ✷✡✩✖ ✙✚❃ ✬ ✗✭ ✮ ✌✧ ✬ ✗✭ ✰ ✡✡✱ ✘✖ ✷✘☛ ✡ è✕ ✡☛ ✬ ✗✓ ✭✍ ✳✸★ ✢✖ ✗✓✪ ✑ ❡ ✯ ✒✗ ✘ ✻☛ ❄ ✳✒

✮ ✖ ✡ ✮ ✖ ✰ ✡ ✡ ✱ ✡ ✗ ✓ ❡ ✗ ✓ ✮ ✡ ❍ ✶ ★ ✗ ✑ ✩ ✓ ✪ ✘ ✑ ☞ ✡ ✍ ✧ r ✙ ✚ ✛ ✴ ✢ ✡ ✗ ✍ ☛ ❢ ✍ ✘ ★ ✢✖ ✗ ✱ ✡❞ ✳✲ ✒ ✖ ✡ ✍ ✧ r

✙ ✚✛✙ ✢✡✗ ✍☛ ❢✍✘★ ✢✖ ✗✱✡❞ ✷✡✍✳✽ ✷ ✡✍✳✪ ✯ ✒✗ ▲✘❀ ✶ ❢✘ ✒✗ ✳✗✔ ✡☛ ✗ ✬ ✗ ✭ ✍ ☞✏❞ ✯ ✒✗ ✑ ❡

✷✡✬ ✾✭✍★  1.12 (ii) ❡✗✓ ✷✡✬ ❅✤★ ✢✖ ★ ✗ ✑✩✓✪

✈ ☎✆✝ ✞ ✟✠  1.12
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✈✟ ✠✡ ✈☛☞✌✍✎✏ ✑✒✓✔ ✕✖✗✗✘ ✙✚✛✜ ✕✖✗✗ ✈☛✢✣ ✕✖✗✤ ☞✒✍ ✟✥✦ ✎✧★☛✏ ✩✢✪ ✠✡✎✫✬ ✈☛✠✬

✡✓✭✮☛ ✣✒✭☛☛ ✯✒ ✠✡ ✰☛☛✱ ✙✣ ✈✙✛☛ ✲✮☛✛ ✯✒✓✎✳✏ ✯✣✒✓ ✴✵✒✎✭☛✬ ✈☛✶✎✏ 1.13 (i)➸ ✈☛✢✣ ✯✷✙✛☛

✯✣✒✓ ✎✯ ✮✩ ✰☛☛✱ ❞✸ ✟✣☛✟✣ ✰☛☛✱☛✒✓ ✑✒✓ ✟☛✹✺☛ ✱✮☛ ✩✢✪ ✠✡✒ ✈☛✢✣ ✧✙✻✺ ✼✙ ✡✒ ✵✒✭☛✛✒ ☞✒✍ ✎✫✬✔

✠✡✒ ✈☛☞❜✽✏ ✯✣✏✒ ✩✢✓✔ ✾✢✡☛ ✎✯ ✈☛☞✌✍✎✏ 1.13 (ii) ✑✒✓ ✎✵✭☛☛✮☛ ✱✮☛ ✩✢✪ ✙✩✫☛ ✎✦❡ ✕✖✗✗❞ ✯☛✒

✎✛✼✎✙✏ ✯✣✏☛ ✩✢✔ ✈✱✫☛ ✎✦❡ ✕✖✗✗✕ ✯☛✒ ✎✛✼✎✙✏ ✯✣✏☛ ✩✢✔ ✈☛✎✵❢✈☛✎✵✪ ✈✏✜✔

✕✖✗✗✘ ✠✡ ✿✙✎☞✰☛☛✾✛ ✯☛ ✙☛✹✦☞☛✹ ✎✦❡ ✩✢✪

❀❁❂❃❄❅❆  1.13

✬✯ ✈☛☞✽❇✛ ❈☛✥❈☛✒ ✯✥ ✡✩☛✮✏☛ ✡✒ ✡✓✭✮☛ ✣✒✭☛☛ ✙✣ ✡✓✭✮☛✈☛✒✓ ☞✒✍ ✎✛✼✙❉☛ ✯☛✒ ✵✒✭☛✛✒ ☞✒✍ ✠✡

✙✐❊✑ ✯☛✒ ♠❋●❍●■❋●❍ ❏●❑▲▼◆ ❖P◗❘ (process of successive magnification) ✯✩☛ ✾☛✏☛

✩✢✪

✠✡ ✏✣✩ ✩✑✛✒ ✮✩ ✵✒✭☛☛ ✩✢ ✎✯ ✙✮☛❇❙✏ ✼✙ ✡✒ ✿❚☛✣☛✒❚☛✣ ✈☛☞✽❇✛ ❯☛✣☛ ✡☛✓✏ ✵❈☛✑✫☞ ☞☛✫✒

✙✐✡☛✣ ☞☛✫✥ ☞☛✧✏✎☞✯ ✡✓✭✮☛ ✯✥ ✡✓✭✮☛ ✣✒✭☛☛ ✙✣ ✎✧★☛✎✏ ❱✮☛ ✎✛✼✙❉☛❲ ✯☛✒ ✧✙✻✺ ✼✙ ✡✒

✵✒✭☛☛ ✾☛ ✡✯✏☛ ✩✢✪

✈☛✠✬ ✈✟ ✩✑ ✡✓✭✮☛ ✣✒✭☛☛ ✙✣ ✈✛☞✡☛✛✥ ✈☛☞✏✥❇ ✵❈☛✑✫☞ ✙✐✡☛✣ ☞☛✫✥ ✬✯ ☞☛✧✏✎☞✯

✡✓✭✮☛ ✯✥ ✎✧★☛✎✏ ❱✎✛✼✙❉☛❲ ✯☛✒ ✵✒✭☛✛✒ ✯☛ ✙✐✮☛✡ ✯✣✒✓✪ ✬✯ ✈☛☞✽❇✛ ❈☛✥❈☛✒ ✡✒ ✩✑ ✿✙✮✚❳✏

✈✓✏✣☛✫☛✒✓ ✯☛✒ ✵✒✭☛ ✡✯✏✒ ✩✢✓ ✈☛✢✣ ✿❚☛✣☛✒❚☛✣ ✈☛☞✽❇✛ ✯✣☞✒✍ ✡✓✭✮☛ ✣✒✭☛☛ ✙✣ ✡✓✭✮☛ ✯✥ ✎✧★☛✎✏

✵✒✭☛ ✡✯✏✒ ✩✢✓✪
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♠☎✆✝✞✟✆ 11 : ❧✠✡☛☞ ✌✍✡☞☞ ✎✌ ✏ ✑✒☞✓✔✕ ✖✗☞☞✘☞✍ ✠ ✙✚✛ ✜✗☞☞✢✙✣  5.37777 ✙✚  5 37.  ✚☞

❢✘✤✎✥☞ ✑✍❢✡☞✦✧

✈★✩✪✫✬✭  1.14

✝❣ : ✦✚ ✱☞✌ ❢✎✮✌ ✯✓ ✰✲☞✌☞✍✲☞✌ ✜☞✕✳✢✘ ✚✌✙✍ ✯✴✠ ✜☞✴✌ ✰❧ ✕☞✖✙❢✕✚ ✌✍✡☞☞ ✕✍✮ ✵☞☞✶☞✍✠ ✚✷

✔✠✱☞②☛☞✍✠ ✓✍✠ ✰✲☞✌☞✍✲☞✌ ✚✓✷ ✚✌✙✍ ✸☞✙✍ ✯✴✠ ❢✸❧✓✍✠ 5 37.  ❢✖✗☞✙ ✯✴✧ ❧✱❧✍ ✎✯✔✍ ✯✓ ☛✯ ✑✍✡☞✙✍

✯✴✠ ❢✚ ✏ ✜☞✴✌ ✹ ✕✍✮ ✱✷✺ 5 37.  ❢✖✗☞✙ ✯✴✧ ✜✶✔✍ ✺✌✥☞ ✓✍✠ ✯✓ 5 37.  ✚☞ ✏❞✻ ✜☞✴✌ ✏❞✼ ✕✍✮
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❝✟✠ ✡☛☞☞✌ ✍✌✎☞✏✑✒☞ ✓✑✔✕ ✖✗✘✙ ✍✌✚✛✒☞ ✓☞✕ ✜☞✗✑ ✜✍✎✓ ✛✍✑✢☞✣✤ ✚✛ ✥✕ ✦✕✧☞✌✕ ★✕✩ ✍✪✫✬ ✖✭

★☞✡✔✍★✓ ✑✕✧☞☞ ★✕✩ ♦✥ ✮☞☞✯ ✓☞✕ ✦✥ ❝✑☞❝✑ ✮☞☞✯☞✕✘ ✭✕✘ ❝☞✰✱ ✦✕✔✕ ✖✗✘ ✜☞✗✑ ✜☞★✎✏✌ ✢☞✟✢☞✕ ✥✕ ✲✖

✦✕✧☞✔✕ ✖✗✘ ✍✓ 5.37  ✜☞✗✑ 5.38  ★✕✩ ❝✟✠  5 37.  ✍✡☛☞✔ ✖✗✙  5 37.  ✓☞✕ ✜☞✗✑ ✜✍✎✓ ✛✍✑✢☞✣✤ ✚✛

✥✕ ✦✕✧☞✌✕ ★✕✩ ✍✪✫✬ ✖✭  5.377 ✜☞✗✑  5.378 ★✕✩ ❝✟✠ ★✕✩ ✮☞☞✯ ✓☞✕ ✛✣✌✳ ✦✥ ❝✑☞❝✑ ✮☞☞✯☞✕✘ ✭✕✘

❝☞✰✱ ✦✕✔✕ ✖✗✘ ✜☞✗✑  5 37.  ★✕✩ ✍✌✚✛✒☞ ✓☞✕ ✦✕✧☞✔✕ ✖✗✘✬ ✴✗✥☞ ✍✓ ✜☞★✵✩✍✔ 1.14 (iv) ✭✕✘ ✍✦✧☞☞✲☞ ✯✲☞

✖✗✙ ❣✲☞✌ ✦✟✍✴✫ ✍✓  5 37. , 5.3777 ✓✟ ✜✛✕❞☞☞  5.3778  ✥✕ ✜✍✎✓ ✍✌✓✱ ✖✗ [✦✕✍✧☞✫ ✜☞★✵✩✍✔

1.14 (iv)]✙

❢✶✷✸✹✺✻ : ✫✓ ✜☞★✎✏✌ ✢☞✟✢☞✕ ✥✕ ✼✽☞✑☞✕✽☞✑✔✳ ✦✕✧☞✓✑ ✜☞✗✑ ✥☞☛☞ ✖✟ ★☞✡✔✍★✓ ✑✕✧☞☞ ★✕✩ ✼✥

✮☞☞✯ ✓☞✕✬ ✍✴✥✭✕✘ 5 37.  ✍✡☛☞✔ ✖✗✬ ✪✘❝☞♦✏ ✭✕✘ ✓✭✟ ✓✟ ✓✾✛✌☞ ✓✑★✕✩ ✖✭ ♦✥ ✛✿✍❀✲☞ ✓☞✕ ✍✌✑✘✔✑

✜☞✯✕ ❝✈❁☞ ✥✓✔✕ ✖✗✘✙ ✑✕✧☞☞ ★✕✩ ✼✥ ✮☞☞✯ ✓☞ ✜☞✭☞✛ (size) ❉✲☞ ✖☞✕✌☞ ✠☞✍✖✫✬ ✲✖ ✛✍✑✢☞✣✤✔☞

✓✟ ✼✥ ✭☞❂☞☞ ✛✑ ✍✌✮☞✏✑ ✓✑✔☞ ✖✗✬ ✍✴✥✓✕ ✜✌✣✥☞✑ ✖✭ ✥✘✧✲☞ ✑✕✧☞☞ ✛✑ ✥✘✧✲☞ ✓✟ ✍✡☛☞✍✔

✦✕✧☞✌☞ ✠☞✖✔✕ ✖✗✘✙

✜❝ ✔✓ ✜☞✛ ✲✖ ✜★✢✲ ✥✭❃ ✯✫ ✖☞✕✘✯✕ ✍✓ ♦✥✟ ✛✿✍❀✲☞ ✓☞✕ ✥✘✧✲☞ ✑✕✧☞☞ ✛✑

✜✌★✥☞✌✟ ✜✌☞★✔✟✏ ✦✢☞✭✪★ ✛✿✥☞✑ ★☞✪✟ ★☞✡✔✍★✓ ✥✘✧✲☞ ✓☞✕ ✦✕✧☞✌✕ ✭✕✘ ✮☞✟ ✪☞✯❄ ✍✓✲☞ ✴☞

✥✓✔☞ ✖✗✙

➴✛✑ ✓✟ ✯♦✏ ✠✠☞✏✜☞✕✘ ✜☞✗✑ ✼✽☞✑☞✕✽☞✑ ✜☞★✎✏✌☞✕✘ ✓✟ ✓✾✛✌☞ ✓✕ ✜☞✎☞✑ ✛✑ ✖✭ ✲✖ ✛✣✌✳ ✓✖

✥✓✔✕ ✖✗✘ ✍✓ ✐❅❆❇❈❊ ❋●❍■❏❋❊ ❑▲▼❇● ❊●❈ ❑▲▼❇● ◆❈▼●● ✐◆ ❖❊ P❏◗■❘❇ ❏❙❚❯❱ ❑❈ ❏❲❳❏✐■

❏❊❇● ❨●■● ❩❬❭ ❑●❪● ❩❘❫ ❑▲▼❇● ◆❈▼●● ❊● ✐❅❆❇❈❊ ❏❙❚❯❱ ❖❊ P●❬◆ ❋❈❴❋❵ ❖❊ ❋●❍■❏❋❊ ❑▲▼❇●

❊●❈ ❏❲❳❏✐■ ❊◆■● ❩❬❭

✸❛❜❡✺❤❥✻  1.4

1. ♠❦✄♥✄♣❦✄♥ q✄rst✉ ✇♥r♣① ❧�✁✂✄ ♥♣✁✄✄ ☎♥  3.765 ✇✄♣ ②♣✝✁✄③④

2. ⑤ ②⑥✄⑦⑧r ⑨⑩✄✄✉✄♣� ✞✇ ❧�✁✂✄ ♥♣✁✄✄ ☎♥  4 26.  ✇✄♣ ②♣✝✁✄③④

1.5 ❤✺❶❷❢❤❸ ❹❺❻❼✺❽✺❾❺ ✸❿ ❹❺❢➀❼✺➁➂

✍✛➃✪✟ ✓❞☞☞✜☞✕✘ ✭✕✘✬ ✜☞✛ ✲✖ ✛✈❁ ✠✣★✕✩ ✖✗✘ ✍✓ ✛✍✑✭✕✲ ✥✘✧✲☞✫✰ ✲☞✕✯ ✜☞✗✑ ✯✣✒☞✌ ★✕✩

❀✭✍★✍✌✭✕✲ (commutative), ✥☞✖✠✲✏ (associative) ✜☞✗✑ ❝✘✱✌ (distributive) ✍✌✲✭☞✕✘ ✓☞✕

✥✘✔✣➄✱ ✓✑✔✟ ✖✗✘ ✜☞✗✑ ✖✭ ✲✖ ✮☞✟ ✛✈❁ ✠✣★✕✩ ✖✗✘ ✍✓ ✲✍✦ ✖✭ ✦☞✕ ✛✍✑✭✕✲ ✥✘✧✲☞✜☞✕✘ ✓☞✕ ✴☞✕➅❁✕ ✘✬

➆☞✱☞✫✰✬ ✯✣✒☞☞ ✓✑✕✘ ✲☞ ➇✢☞❄➈✲ ➃☞✕➅❁✓✑➉ ✮☞☞✯ ✦✕✘✬ ✔❝ ✮☞✟ ✖✭✕✘ ✫✓ ✛✍✑✭✕✲ ✥✘✧✲☞ ✛✿☞➊✔ ✖☞✕✔✟ ✖✗

[✜☛☞☞✏✔➋ ✴☞✕➅❁✬ ➆☞✱☞✌☞✬ ✯✣✒☞☞ ✜☞✗✑ ✮☞☞✯ ★✕✩ ✥☞✛✕❞☞ ✛✍✑✭✕✲ ✥✘✧✲☞✫✰ ✥✘★✵✔ (closed) ✖☞✕✔✟ ✖✗✘ ]✙ ✲✖☞✰
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❣ ☎ ✆❣ ✝✞✟ ✠✡☛✞☞ ✡ ❣ ✌✍ ✎✏ ✑✒ ✎✓ ☎✡✆ ✔ ✍☛✆✞✕ ✖ ✝✞✟ ✆✞ ✡✗ ✑✞ ✌✓ ✗✘✙✞ ✚ ✛ ✡✜ ✢☎✎✛ ✎✚☎✡✆ ✣ ✔ ✞❣ ✤✆ ✥ ✑✞ ✌✓

❝ ✍✦✚✧ ✎✚✆ ☎✞ ✡✍ ✏✞ ✡ ✔ ✍☞ ✘★✦ ✏✓☞✟ ❣ ✌✍✩ ✒ ✓✪☞ ✘✣ ✑ ✒ ✎✓ ☎✡✆ ✔ ✍☛✆✞✑✞ ✡✍ ✛ ✡✜ ✆✞ ✡✗✣ ✑ ✍ ☞✓✣ ✝✞✞ ✗✒ ✜✫ ✑✞ ✌✓

✗✘✙✞ ✚✒ ✜✫ ✔ ✠✞ ✑✒ ✎✓☎✡✆ ✚❣✟ ✍ ❣✞ ✡☞✡ ❣ ✌✍ ✩ ✬ ✠✞❣ ✓ ✙✞ ✛ ✡✜ ✎✫✕ ✣ ( ) ( ) ( ) ( )2 2 3 3,− ⋅  ✑✞ ✌✓

17

17
 ✒ ✎✓ ☎✡✆ ✔ ✍☛✆✞✕ ✖ ❣ ✌✍✩

✑✞ ✈✕ ✑❝ ✆❣ ✠✡ ☛✞ ✡✍ ✎✏ ✭❝ ✕ ✏ ✒ ✎✓ ☎✡✆ ✔ ✍☛✆✞ ☎✡✍ ✑✒ ✎✓☎✡✆ ✔ ✍☛✆ ✞ ✭✞ ✡✮✯☞ ✡ ❣ ✌✍ ✑ ✞✌✓ ✕ ✏

✒ ✎✓ ☎✡✆ ✔ ✍☛✆✞ ✏✞✡ ✕ ✏ ✑ ✒✎✓☎✡✆ ✔ ✍☛✆ ✞ ✔ ✡ ✗✘✙✞✞ ✏✓☞ ✡ ❣ ✌✍✣ ☞✞ ✡ ✐✆✞ ❣ ✞✡ ☞✞ ❣ ✌✩

✬✠✞❣ ✓✙✞ ✛ ✡✜ ✎✫✕ ✣ 3  ✕ ✏ ✑✒ ✎✓☎✡✆ ✔ ✍☛✆✞ ❣ ✌✩ ☞❝ 2 3+  ✑✞✌✓ 2 3  ✐ ✆✞ ❣ ✌✍❉ ✐✆✞ ✍✡✎✏

3  ✕ ✏ ✑ ✚✛ ✔✞ ✚✟ ✑ ✚✞✛ ☞✟ ✥ ✠✱✞☎✫✛ ✒✰✔✞ ✓ ❣ ✌✣ ✈✔ ✎✫✕ ✆❣✟ ❝✞☞ 2 3+  ✑✞ ✌✓ 2 3  ✛ ✡ ✜

✎✫✕ ✝✞✟ ✔ ❢✆ ❣ ✌✩ ✑ ☞✲ 2 3+  ✑✞✌✓  2 3  ✝✞✟ ✑✒ ✎✓ ☎✡✆ ✔ ✍☛✆✞✕ ✖ ❣ ✌✍✩

♠ ✳✴ ✵✶✷✴ 12 : ✭✞✖✤ ✏✟✎✭✕ ✎✏ 7 5 , 
7

2 21 2
5

, ,+ π −  ✑ ✒✎✓☎✡✆ ✔ ✍☛✆✞✕ ✖ ❣ ✌✍ ✆✞ ✚❣✟ ✍✩

✵✸ : 5  = 2.236... , 2  = 1.4142..., π = 3.1415... ❣ ✌ ✍✩

☞❝ 7 5  = 15.652..., 
7

5
 = 

7 5 7 5

55 5
=  = 3.1304... ❣ ✌ ✍✩

2  + 21 = 22.4142..., π – 2 = 1.1415...

✆ ✡ ✔ ✝✞✟ ✑ ✚✛✔ ✞✚✟ ✑ ✚✞✛ ☞✟ ✥ ✠✱✞ ☎✫✛ ❣ ✌✍✩ ✑ ☞✲ ✆ ✡ ✔ ✝✞✟ ✑✒ ✎✓☎✡✆ ✔ ✍☛✆✞✕ ✖ ❣ ✌✍✩

♠ ✳✴ ✵✶✷✴ 13 : 2 2 5 3+  ✑✞ ✌✓ 2 3 3–  ✏✞✡ ✭✞ ✡ ✎✮ ✯✕ ✩

✵✸ : ( ) ( )2 2 5 3 2 3 3–+ +  = ( ) ( )2 2 2 5 3 3 3–+ +

                 = (2 + 1) 2 (5 3) 3 3 2 2 3+ − = +

♠ ✳✴ ✵✶✷✴ 14 : 6 5  ✏✞✡  2 5  ✔ ✡ ✗✘✙✞✞ ✏✟✎✭✕ ✩

✵✸ : 6 5  × 2 5  = 6 × 2 × 5  × 5  = 12 × 5 = 60
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♠✟✠✡☛☞✠ 15 : 8 15  ❞✌✍ 2 3  ✎✍ ✏✌✌✑ ✒✓✔✕✖✗

✡❣ : 
8 3 5 8 3 5

8 15 2 3 4 5
2 3 2 3

× ×
÷ = = =

❜✘ ✙✒✌✚✛✜✌✌✍✢ ✎✍ ✣✌✤ ✔✘✥✘✔✦✔✧✌★ ★✩✪✌✍✢ ✫✍✬ ✚✌✍✘✍ ❞✓ ✣✌✭✌✌ ❞✛ ✎❞★✍ ✚✮✢ ✕✌✍ ✎✯✪ ✚✮✢✰

(i) ✖❞ ✤✔✛✱✍✪ ✎✢✧✪✌ ✣✌✮✛ ✖❞ ✣✤✔✛✱✍✪ ✎✢✧✪✌ ❞✌ ✕✌✍✲✳ ✪✌ ✴✌✵✌✘✌ ✣✤✔✛✱✍✪ ✚✌✍★✌ ✚✮✗

(ii) ✖❞ ✣✤✔✛✱✍✪ ✎✢✧✪✌ ✫✍✬ ✎✌✩✌ ✖❞ ✭✌✶✷✪✍★✛ (non-zero) ✤✔✛✱✍✪ ✎✢✧✪✌ ❞✌ ✑✐✜✌✘✤✬✦ ✪✌

✏✌✌✑✤✬✦ ✣✤✔✛✱✍✪ ✚✌✍★✌ ✚✮✗

(iii) ✪✔✒ ✚✱ ✒✌✍ ✣✤✔✛✱✍✪ ✎✢✧✪✌✣✌✍✢ ❞✌✍ ✕✌✍✲✳✍✢❀ ✴✌✵✌✪✍✢❀ ✑✐✜✌✌ ❞✛✍✢ ✪✌ ✖❞ ✣✤✔✛✱✍✪ ✎✢✧✪✌ ❞✌✍

✒✶✎✛✓ ✣✤✔✛✱✍✪ ✎✢✧✪✌ ✎✍ ✏✌✌✑ ✒✍✢❀ ★✌✍ ✤✔✛✜✌✌✱ ✤✔✛✱✍✪ ✪✌ ✣✤✔✛✱✍✪ ❞✐♥ ✏✌✓ ✚✌✍ ✎❞★✌

✚✮✗

✣✈ ✚✱ ✣✤✘✓ ✸✸✌✹ ✫✌✺★✔✫❞ ✎✢✧✪✌✣✌✍✢ ✫✍✬ ✫✑✹✱✶✦ ✔✘❞✌✦✘✍ ❞✓ ✎✢✔✻✪✌ (operation)

✤✛ ❞✛✍✢✑✍✗ ✣✌✤❞✌✍ ✪✌✒ ✚✌✍✑✌ ✔❞ ✪✔✒ a  ✖❞ ✤✼✌✽★ ✎✢✧✪✌ ✚✮❀ ★✈ a b=  ❞✌ ✣✩✌✹ ✚✮

b2 = a  ✣✌✮✛ b > 0 ✗ ✪✚✓ ✤✔✛✏✌✌❆✌✌ ✾✘✌✯✱❞ ✫✌✺★✔✫❞ ✎✢✧✪✌✣✌✍✢ ✤✛ ✏✌✓ ✦✌✑✶ ❞✓ ✕✌ ✎❞★✓

✚✮✗

✱✌✘ ✦✓✔✕✖  a > 0 ✖❞ ✫✌✺★✔✫❞ ✎✢✧✪✌ ✚✮✗ ★✈ a  = b ❞✌ ✣✩✌✹ ✚✮  b2 = a ✣✌✮✛  b > 0

✚✮✗

✣✘✐✿♥✍✒ ❁❂❃ ✱✍✢❀ ✚✱✘✍ ✪✚ ✒✍✧✌✌ ✚✮ ✔❞ ✔❞✎ ✤✼❞✌✛

✎✢✧✪✌ ✛✍✧✌✌ ✤✛ n  ❞✌✍❀ ✕✚✌❄  n ✖❞ ✾✘✌✯✱❞ ✤✶✜✌✌❅❞

✚✮❀ ✔✘❇✔✤★ ✔❞✪✌ ✕✌★✌ ✚✮✗ ✣✈ ✚✱ ✪✚ ✔✒✧✌✌✖❄✑✍ ✔❞

✔❞✎ ✤✼❞✌✛ x  ❞✌✍❀ ✕✚✌❄  x  ✖❞ ✒✓ ✚✐❜✹ ✾✘✌✯✱❞

✫✌✺★✔✫❞ ✎✢✧✪✌ ✚✮❀ ♦✪✌✔✱★✓✪ (geometrically) ❇✤

✎✍  ❑✌★ ✔❞✪✌ ✕✌★✌ ✚✮✗ ✙✒✌✚✛✜✌ ❞✍ ✔✦✖❀ ✣✌❜✖ ✚✱

❜✎✍ x = 3.5 ❞✍ ✔✦✖ ✤✼✌❈★ ❞✛✍✢✗ ✣✩✌✌✹★❉ ✚✱ 3.5 ❞✌✍

♦✪✌✱✓★✓✪ ❇✤ ✎✍ ✤✼✌❈★ ❞✛✍✢✑✍✗

✖❞ ✒✓ ✚✐❜✹ ✛✍✧✌✌ ✤✛ ✖❞ ✔✺✩✌✛ ✔✈✷✒✐ A  ✎✍ 3.5 ✖❞❞ ❞✓ ✒✶✛✓ ✤✛ ✔✸❊ ✦✑✌✘✍ ✤✛ ✖❞ ✖✍✎✌

✔✈✷✒✐  B ✤✼✌❈★ ✚✌✍★✌ ✚✮❀ ✔✕✎✎✍ ✔❞  AB = 3.5 ✖❞❞ ❋✒✍✔✧✌✖ ✣✌✽✔★ 1.15●✗ B ✎✍ ❁ ✖❞❞

❞✓ ✒✶✛✓ ✤✛ ✔✸❊ ✦✑✌❜✖ ✣✌✮✛ ❜✎ ✘✖ ✔✈✷✒✐ ❞✌✍ C ✱✌✘ ✦✓✔✕✖✗ AC ❞✌ ✱❍✪■✔✈✷✒✐ ❑✌★

❏▲▼◆❖P◗  1.15
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❞☎✆✝✞ ✟✠✡☛ ☞✌ ✆✍✎✏✑ ❞✠ ✒  O ❡✠✓ ✔☎✆✝✞ ✕  O ❞✠✒ ✖ ✒✗✎✏✘ ✟✠✡☛  OC ❞✠ ✒ ✆✙✠✚✛✠ ❡✠✓❞☛ ✞❞

✟ ✈✜✖ ✢✣✠ ✍✓✠ ✤✞ ✕  AC ✐☛ ✔✥✍ ✞❞ ✞ ✒✌☎ ☛ ✒✦✠✠ ✦✠☎✥✆✧✞ ✝✠ ✒  B ✌ ✒ ❧✠ ✒❞☛ ✝✠★☎ ❧✠ ✒ ✟ ✠✡☛

✟ ✈✜✖ ✢✣✠ ❞✠ ✒  D ✐☛ ❞✠✩★☎ ❧✠ ✒✕ ★ ✍ BD = 3.5 ❧✡ ✕

✟ ✆✈❞ ✪✛✠ ✐❞ ✫ ✐ ❡ ✒✥✬ x  ❞✠ ❡✠ ✓ ✭✠★ ❞☛ ✓✒ ✖ ✒✗

✆✔✞ ✬ ✝❧✠ ❢ x ✞❞ ✈✓✠✱❡❞ ✖ ✠✮★ ✆✖ ❞ ✌ ✥✦✛✠ ❧✡✬ ✞ ❞

✞ ✒✌✠ ✆✍✎✏✑ B ✔ ✒★ ✒ ❧ ✡ ✥✬ ✆✝✌ ✌ ✒ ✆❞ AB = x ✞ ❞❞ ❧✠ ✒

✟✠✡☛ ✝✡✌ ✠ ✆❞ ✟✠✖ ✢ ✗✆★ ✯✰✯✲ ❡ ✒✥ ✆✏✦✠✠✛ ✠ ✳✛✠ ❧✡✬ ✞❞

✞ ✒✌ ✠ ✆✍✎ ✏✑  C ✔☎ ✆✝✞ ✆✝✌✌ ✒ ✆❞ BC = 1 ✞❞❞ ❧✠ ✒✕

★ ✍✬ ✝✡✌✠ ✆❞ ❧ ❡✓ ✒ ✆✮ r✠ ✆★  x = 3.5  ✖ ✒✗ ✆✔✞ ✆❞✛✠

❧✡✬ ❧❡✒✥  BD = x ✐✘✠✴★ ❧✠ ✒✳✠ (✟✠✖ ✢✗✆★ 1.16)✕

❧❡ ✤✌ ✐✆☛ ❣✠✠❡ ❞✠ ✒ ✐✠ ✤r ✠✠✳✠ ✒☛✌ ✐✘❡✒✛ ❞☎ ✌❧ ✠✛ ★✠ ✌ ✒ ✆✌ ✵ ❞☛ ✌❞★ ✒ ❧✡ ✥✕

è✛✠ ✓ ✏☎✆✝✞ ✆❞ ✟✠✖ ✢✗✆★ 1.16  ❡ ✒✥✬ ∆ OBD ✞❞ ✌ ❡❞✠ ✒❣✠ ✆✙✠✶✠ ✑✝ ❧✡✕ ✖ ✢✣✠ ❞☎ ✆✙✠ ✚✛✠  
1

2

x +

✞ ❞❞ ❧ ✡✕

✟★ ✷, OC = OD = OA = 
1

2

x +
 ✞ ❞❞

✟ ✍✬ OB = 
1 1

2 2

x x
x

+ −� �
− = ⋅� �
� �

✟★ ✷✬ ✐✠✤r ✠✠✳✠ ✒☛✌ ✐✘❡ ✒✛ ✔✠✳✸ ❞☛ ✓✒ ✐☛ ✬ ❧❡ ✒✥ ✛❧ ✐✘✠✴★ ❧ ✠ ✒★✠ ❧✡ ✷

BD2 = OD2 – OB2 = 

2 2
1 1 4

2 2 4

x x x
x

+ −� � � �− = =� � � �
� � � �

✤✌✌ ✒ ✛❧ ✐★ ✠ ✧✔★ ✠ ❧✡ ✆❞ BD = x  ❧ ✡ ✕

✤✌ ☛✧ ✓✠ ✌ ✒ ✛❧ ✏❜✠✠✜ ✓ ✒ ❞☎ ✞❞ ✆✧ ✙✠☎✛ ✟✠✡☛ ✚✛ ✠✆❡★☎✛ ✆✖ ✆✈ ✐✘✠✴★ ❧✠ ✒ ✝✠★☎ ❧ ✡ ✆❞ ✌ ✶✠☎

✖ ✠✮ ★ ✆✖ ❞ ✌ ✥✦✛✠✟ ✠✒ ✥  x > 0  ✖ ✒ ✗ ✆✔✞ ✬ x  ❞✠ ✟ ✆✮ ★ ✱✖ ❧ ✡✕ ✛ ✆✏ ❧❡ ✌ ✥✦✛✠ ☛ ✒✦✠✠ ✐☛ x  ❞☎

✆✮r✠ ✆★ ✝✠ ✓ ✓✠ ✧✠❧★ ✒ ❧✡ ✥✬ ★✠ ✒ ✟✠ ✤✞ ❧❡ ☛ ✒✦✠✠  BC  ❞✠ ✒ ✌ ✥✦✛✠ ☛ ✒ ✦✠✠ ❡✠ ✓ ✔✒ ✥✬  B ❞✠ ✒ ❜✠✸ ✎✛ ❡✠ ✓

✔ ✒✥ ✟ ✠✡☛  C ❞✠✒ 1 ❡✠ ✓ ✔ ✒✥✬ ✟✠ ✆✏✹✟✠ ✆✏✕ B  ❞✠ ✒ ✖ ✒✗✎✏✘ ✟✠✡☛ BD ❞✠ ✒ ✆✙✠ ✚✛✠ ❡✠ ✓❞☛ ✞ ❞ ✧✠ ✐

✦✠☎ ✥✆✧✞ ✝✠ ✒ ✌ ✥✦✛✠ ☛ ✒ ✦✠✠ ❞✠ ✒ E ✐☛ ❞✠✩★✠ ❧✡ ✺ ✏✒✆✦✠✞ ✟ ✠✻✆★ ✯✰✼✽✕ ★ ✍ E, x  ✆✓ ✫ ✆✐★

❞☛ ★✠ ❧ ✡✕

✾ ✿ ❀ ❁❂❃ ❄  1.16
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✈✟ ✠ ✡☛ ☞✌  1.17

✍✎ ✏✑ ✒✓✔✑✕✖ ✗✘ ✍ ✒✙ ✚✛ ✜✚✚ ✗✚✢ ✣ ✚✤ ✑✕✖✚✢✥✦ ✧ ★✩✪ ✚✔✑ ✕✖✚✢ ✥ ✍ ✚✫✛ ✬ ✭✚✮✗ ✯✮ ✰ ✢  n✒✢✥ ✑ ✕✖✚✢✥✦

t✏ ✚✱  n ✲✗ ✙✤ ✚✳✑✗ ✮ ✕✜✚✚✴✗ ✏ ✫✦ ✮✛ ✖✚✓ ✕ ✗✛✤ ✚ ✧ ✚✏ ✢✥✓ ✢✵ ✍ ✚✮✗✚✢ ✭✚✶ ✏ ✚✢✓ ✚ ✷✗ ✷✮✸ ✖✘ ✗ ✹ ✚✚✍ ✚✢✥

✑ ✢✥ ✍ ✚✮ ✒✓✔✑✕✖✚✢✥ ✍ ✚✫✛ ✣ ✚✤✑ ✕✖✚✢✥ ✗ ✚ ✍ ❡✭✭✤ ✗✛ ✧✩ ✒ ✢✺ ✏ ✫✥✵

3 8  ❉ ✭✚ ✏ ✫✻ ✏✑ t ✚✤ ★ ✢ ✏ ✫✥ ✷✗ ✭✏ ✲✗ ✙✤ ✚✳✑✗ ✰ ✥✼ ✭✚ ✏ ✫ ✷t ✰✗ ✚ ✣ ✚✤ ✽ ✏ ✫✦ ✍ ✚✫✛ ✍ ✚✮✤ ✢

✭✏ ✍ ✒❀✭ ✍ ✤✩✑ ✚✤ ✖✓ ✚ ✷✖✭✚ ✏ ✚✢✓ ✚ ✷✗ 3 8  = 2 ✏ ✫✵ ✍ ✚❣✲ ✏✑  5 243   ✗ ✚ ✑✚✤ ❞ ✚★ ✗✛ ✢✥✵

❉✭ ✚ ✍ ✚✮ ✲ ✗ ✲ ✢✰✘ ✰ ✥✼ ✭✚  b t ✚✤ ★✢ ✏ ✫✥ ✷t ✰✰ ✢ ✷✗  b5 = 243 ✏ ✚✢✻ ✾✿ ✚✛ ✏ ✫ ❁ ✦ ✍ ★❂ ✦
5 243  = 3 ✏ ✩✍ ✚✵

❣✤ ✾✶ ✚✏✛ ✜✚✚✢✥ ✰ ✢ ❉ ✭✚ ✍ ✚✮ n a  ✮ ✷✛ ✐ ✚✚✷❃✚★ ✗✛ ✰✗ ★✢ ✏ ✫✥✦ t ✏ ✚✱  a > 0 ✲ ✗ ✒✚❄ ★ ✷✒✗ ✰✥✼ ✭✚

✏ ✫ ✍ ✚✫✛  n ✲ ✗ ✙✤ ✚✳✑✗ ✮ ✕✜✚✚✴✗ ✏ ✫✻

✑ ✚✤ ✖✘ ✷t✲  a > 0  ✲ ✗ ✒ ✚❄ ★✷✒✗ ✰✥✼ ✭✚ ✏ ✫ ✍ ✚✫✛  n  ✲ ✗ ✙ ✤ ✚✳✑✗ ✮ ✕✜✚✚✴✗ ✏ ✫✵ ★✎

n a  = b, t ✎✷✗  bn = a ✍ ✚✫✛  b > 0✵ ❡✭✚✤ ✶✘✷t✲ ✷✗ 32 8 n, , a ✍ ✚✷✶ ✑ ✢✥ ✮ ❅✭✩ ❉★

✮ ❅★✘✗ ❆❆ ❇❇ ✗ ✚✢ ✗✛ ✜✚✘ ✷✧ ❈ (radical sign) ✗✏ ✚ t ✚★✚ ✏ ✫✵

✍✎ ✏✑ ✭✏ ✚✱ ✒✓✔✑✕ ✖✚✢✥ ✰ ✢ ✰ ✥✎ ✥✷✙ ★ ✒✩✺✸ ✰ ✒✔ ✰ ✷✑✗ ✚✲ ✱ (identities)  ✶✢ ✛ ✏ ✢ ✏ ✫ ✥ t ✚✢ ✷✒✷✐✚♥✤

✷✒✷✙ ✭✚✢✥ ✰ ✢ ✾✮ ✭✚✢✓✘ ✏ ✚✢★✘ ✏ ✫✥✵ ✷✮✸ ✖✘ ✗ ✹✚✚✍ ✚✢✥ ✑ ✢✥ ✍ ✚✮ ❣✤ ✑✢✥ ✰✢ ✒✩✺✸ ✰✒✔ ✰✷✑✗✚✍ ✚✢✥ ✰ ✢ ✮ ✷✛ ✷✧ ★

✏ ✚✢ ✧✩ ✒ ✢✺ ✏ ✫✥✵ ❀✚✢❃ ✚ ✰ ✒✔ ✰ ✷✑✗ ✚✲ ✱ ✒✚❄ ★ ✷✒✗ ✰ ✥✼ ✭ ✚✍ ✚✢✥ ✒ ✢✺ ✭✚✢✓ ✮✛ ✓✩ ✜✚✤ ✒ ✢✺ ✎ ✥❊✤ ✷✤ ✭✑ ✰ ✢ ✍ ✚✫✛

✰ ✒✔ ✰✷✑✗ ✚ (x + y) (x – y) = x2 – y2 ✰✢✦ t✏ ✚✱  x ✍ ✚✫✛  y ✒ ✚❄ ★✷✒✗ ✰ ✥✼ ✭✚✲ ✱ ✏ ✫✥✦ ✮ ❅✚❋ ★ ✏ ✚✢★✘

✏ ✫✥✵

✑ ✚✤ ✖✘ ✷t ✲  a ✍ ✚✫✛  b ✙ ✤ ✚✳✑✗ ✒ ✚❄ ★ ✷✒✗ ✰ ✥✼ ✭ ✚✲ ✱ ✏ ✫✥✵ ★✎ ✦

(i) ab a b= (ii)
a a

b b
=

(iii) ( ) ( )a b a b a b+ − = − (iv) ( ) ( ) 2
a b a b a b+ − = −
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(v) ( ) ( )a b c d ac ad bc bd+ + = + + +

(vi) ( )2

2a b a ab b+ = + +

✈☎✆✝ ✞✟ ✆✠ ✡☛☞✡✌✟✍☎✈☎✎✏ ✍✑ ☛✒✓✔ ✌☛✕☎✎✖☎ ✌✗✘☎✌✙✚☎✎✏ ✛✜ ✌☛✢☎✜ ✍✜✎✏✣

♠✤✥✦✧★✥ 16 : ✌✠❢✠✌✩✌✪☎✙ ✫✚✏✬✍☎✎✏ ✍☎✎ ✡✜✩ ✍✑✌✬✝✭

(i) ( ) ( )5 7 2 5+ + (ii) ( ) ( )5 5 5 5+ −

(iii) ( )2

3 7+ (iv) ( ) ( )11 7 11 7− +

✦❣ : (i) ( ) ( )5 7 2 5 10 5 5 2 7 35+ + = + + +

(ii) ( ) ( ) ( )2
2

5 5 5 5 5 5 25 5 20–+ − = − = =

(iii) ( ) ( ) ( )2 2 2

3 7 3 2 3 7 7 3 2 21 7 10 2 21+ = + + = + + = +

(iv) ( ) ( ) ( ) ( )2 2

11 7 11 7 11 7 11 7 4− + = − = − =

✮✯✰✱★✥✲ :  è✚☎✠ ✳✑✌✬✝ ✌✍ ✴✛✜ ☛✎✓ ✵✳☎✞✜✶☎ ✟✎✏ ✌✳✝ ✷✝ ✕☎✸✳ ✹✡✜✩ ✍✜✠☎✺ ✍☎ ✈✘☎☞ ✚✞

✞✻ ✌✍ ✫✚✏✬✍ ✍☎✎ ✛✌✜✟✎✚ ✡✏✪✚☎✈☎✎✏ ✈☎✻✜ ✈✛✌✜✟✎✚ ✡✏✪✚☎✈☎✎✏ ☛✎✓ ✚☎✎✷ ☛✎✓ ✼✛ ✟✎✏ ✌✩✪☎✠☎

✢☎✌✞✝✣

✞✟ ✆✡ ✡✟✗✚☎ ✛✜ ✌☛✢☎✜ ✍✜✙✎ ✞✒✝ ✌✍ 
1

2
 ✡✏✪✚☎ ✜✎✪☎☎ ✛✜ ✍✞☎❧ ✌✗✘☎✙ ✞✻✽ ✆✡ ✈✠✒✾✔✎✳

✍☎✎ ✚✞✑✏ ✡✟☎❞✙ ✍✜✙✎ ✞✻✏✣ ✞✟ ✬☎✠✙✎ ✞✻✏ ✌✍ ✚✞ ✝✍ ✈✛✌✜✟✎✚ ✞✻✣ ✚✌✳ ✞✜ ✝✍ ✛✌✜✟✎✚

✡✏✪✚☎ ✞☎✎✽ ✙☎✎ ✆✡✎ ✡✜✩✙☎ ✡✎ ✞✩ ✌✍✚☎ ✬☎ ✡✍✙☎ ✞✻✣ ✈☎✆✝ ✞✟ ✳✎✪☎✎✏ ✌✍ ✿✚☎ ✞✟ ✆✡✍✎

✞✜ ✍☎ ✛✌✜✟✎✚✍✜✶☎ (rationalise) ✍✜ ✡✍✙✎ ✞✻✏✽ ✈✘☎☎☞✙❀ ✿✚☎ ✞✜ ✍☎✎ ✝✍ ✛✌✜✟✎✚ ✡✏✪✚☎ ✟✎✏

✛✌✜☛✐✙✙ ✍✜ ✡✍✙✎ ✞✻✏✣ ✆✡☛✎✓ ✌✩✝ ✞✟✎✏ ☛✷☞✟❁✩☎✎✏ ✡✎ ✡✏❂✏✌❃✙ ✡☛☞✡✌✟✍☎✈☎✎✏ ✍✑ ✈☎☛✕✚✍✙☎

✞☎✎✙✑ ✞✻✣ ✈☎✆✝ ✞✟ ✳✎✪☎✎✏ ✌✍ ✆✡✎ ☛✻✓✡✎ ✌✍✚☎ ✬☎ ✡✍✙☎ ✞✻✣

♠✤✥✦✧★✥ 17 : 
1

2
♦❄❅ ❆❇ ❈✂ ❉�❇❊❄❋❈❇✁✂ ❈●�❍■❏

✦❣ : ❆❊ 
1

2
 ❈✂❄ ■❈ ■❄❑❄ ✄▲▼❋ ◆❋❖❍❈ ♦❄❅ P❉ ❊❄❖ �◗❘✂❙✂ ❚✂❆✄❄ ❆❯❖❱ �❍❑❊❄❖ ❆❇ ■❈ ❉�❇❊❄❋ ❑❖❘❋✂
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❣✄✟✠ ❣✡ ☛✄☞✞✟ ❣✌� ✝✍ 2 . 2  ☎✝✐✡✟✂ ❣✌✠ ❣✡ ✂❣ ✎✄✏ ☛✄☞✞✟ ❣✌� ✝✍  
1

2
 ✍✄✟ 

2

2
 ❧✟ ✑✒✓✄✄ ✍✐☞✟

☎✐ ❣✡✟� ✔✍ ✞✒✕✂ ✖✂�☛✍ ☎✗✄✘✞ ❣✄✟✞✄ ❣✌✙ ✚✂✄✟�✝✍
2

2
 = 1 ❣✌✠ ✛✞✜ ✢☞ ✣✄✟ ✞✤✂✄✟� ✍✄✟ ✔✍ ❧✄✤✄ ✥✟☞✟

☎✐✙ ❣✡✟� ✂❣ ☎✗✄✘✞ ❣✄✟✞✄ ❣✌✜

1 1 2 2

22 2 2
= × =

✢❧ ❜☎ ✡✟� 
1

2
 ✍✄✟ ❧�✁✂✄ ✐✟✁✄✄ ☎✐ ❞✤✄✄☞ ✝☞✦✄✧✐✓✄ ❧✐✥ ❣✄✟ ☛✄✞✄ ❣✌✠ ✂❣ 0  ✛✄✌✐ 2 ♦✟★ ✡✩✂ ✝❞✤✄✞

❣✌✠

♠✪✫✬✭✮✫ 18 : 
1

2 3+
 ♦✟★ ❣✐ ✍✄ ☎✝✐✡✟✂✍✐✓✄ ✍✏✝☛✔✠

✬✯ : ✢❧♦✟★ ✝✥✔ ❣✡ ✰☎✐ ✣✏ ✑✢✧ ❧♦✧❧✝✡✍✄ (iv) ✍✄ ☎✗✂✄✟✑ ✍✐✞✟ ❣✌�✠  
1

2 3+  ✍✄✟ 2 3−  ❧✟

✑✒✓✄✄ ✍✐☞✟ ✛✄✌✐ ✎✄✄✑ ✣✟☞✟ ☎✐✙ ❣✡✟ � ✂❣ ☎✗✄✘✞ ❣✄✟✞✄ ❣✌✜

 
1 2 3 2 3

2 3
4 32 3 2 3

− −
× = = −

−+ −

♠✪✫✬✭✮✫ 19 : 
5

3 5−
 ♦✟★ ❣✐ ✍✄ ☎✝✐✡✟✂✍✐✓✄ ✍✏✝☛✔✠

✬✯ : ✂❣✄❀ ❣✡ ✰☎✐ ✣✏ ✑✢✧ ❧♦✧❧✝✡✍✄ (iii) ✍✄ ☎✗✂✄✟✑ ✍✐✞✟ ❣✌�✠

✛✞✜✙
5

3 5−  = 
( ) ( )5 3 55 3 5 5

3 5
3 5 23 5 3 5

++ −� �× = = +� �−− + � �

♠✪✫✬✭✮✫ 20 : 
1

7 3 2+
 ♦✟★ ❣✐ ✍✄ ☎✝✐✡✟✂✍✐✓✄ ✍✏✝☛✔✠

✬✯ : 
1 1 7 3 2 7 3 2 7 3 2

49 18 317 3 2 7 3 2 7 3 2

� �− − −
= × = =� �� � −+ + −� �
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✈✄☎ ✆ ✝ ✞✟ ✠ ✡☛✆✟ ☞ ✌✍ ✎✏ ✑✌☛ ☞ ① ✒✑✓✔ ☞ ✂ ✔✂ ✞✟ ✕✖ ✎✂ ✌✄✂ ✎✗ ✘ ✡✂ ✟ ✂ ✌✙ ✒ ✚☛ ✛✡✂ ✟ ✏✁ ✂✜ �✢✣ ✟ ✌ ✈☛ ✖✏

✎✂ ✌❣ ✤ ✄ ✝ ✙ ✚ ✌ ✞✟ ✞ ✌✚ ✌ ✄✥✦ ✡ ✠ ✡☛✆✟ ✑✌☛ ✤ �✆ ✚✟✂ ✎✏ ✞✟ ✕�✏ ✑✌✡ ✚☛ ✛✡✂ ✎ ✗✤ ✧✕✂☛✄�✏✄ ✟✏ ★ ✌ ✟ ✜

�❢ ✡✂ �☞ � ✩ ✟✂ ✌ ✪✫ ✬ ✭ ✮✯✫ ✰✱✲✬ ✫✳ ✭ (rationalising the denominator) ✟ ✎✂ ✆ ✂✄✂ ✎✗❞

✐✴✵✶✷✸✹✺  1.5

1. ✝✄✂✙ ✞ ★✜✢ ✌ ✖✜ ①✙ ✒ ✚ ☛ ✛✡✂✈✂ ✌☛ ✑✌☛ ✟ ✂ ✗★❝✟✂ ✗★ ✕�✏ ✑✌✡ ✎ ✗☛ ✈✂ ✗✏ ✟✂ ✗★❝ ✟✂ ✗★ ✈ ✕�✏ ✑✌✡ ✎✗☛☎

(i) 2 5− (ii) ( )3 23 23+ − (iii)
2 7

7 7

(iv)
1

2
(v) 2π

2. �★✻★� ✔� ✛✂ ✄ ✠ ✡☛✆ ✟✂ ✌☛ ✑✌☛ ✚ ✌ ✕✼✽✡ ✌✟ ✠ ✡☛✆✟ ✟✂ ✌ ✚ ✏ ✔ ✟✜�✆ ✞☎

(i) ( ) ( )3 3 2 2+ + (ii) ( ) ( )3 3 3 3+ −

(iii) ( )2

5 2+ (iv) ( ) ( )5 2 5 2− +

3. ✈✂ ✕✟✂ ✌ ✡✂ ✖ ✎✂ ✌①✂ �✟  π  ✟ ✂ ✌ ✞✟ ☞ ✾✿✂ ✟✜ ✕�✏� ✩ ✘✑✂★ ✔✜�✆✞ c❣ ✈✂ ✗✏ ❀✚ ☞ ✌✍ ✠ ✡✂✚ ✘ ✑✂★

✔✜�✆✞ d❣ ☞ ✌✍ ✈★✥ ✕✂✄ ✚ ✌ ✕�✏ ❁✂ ✂�❂✂✄ �✟ ✡✂ ✆✂ ✄✂ ✎✗✤ ✈❃✂✂ ✒✄❄  π = 
c

d
 ✎ ✗❞ ✡✎ ✙ ✚ ✄❃ ✡ ✟✂

✈☛✄❅☞✏ ✂ ✌✩ ✟✏✄✂ ✎✥✈✂ ✕✼✄✜✄ ✎✂ ✌✄✂ ✎✗ �✟  π  ✈ ✕�✏ ✑✌✡ ✎✗❞ ✙ ✚ ✈☛✄❅☞ ✏✂ ✌ ✩ ✟✂ �★✏✂✟ ✏✁ ✂ ✈✂ ✕

�✟✚ ✕✼✟✂ ✏ ✟✏ ✌☛① ✌❆

4. ✚☛ ✛✡✂ ✏ ✌✛✂✂ ✕✏ 9 3.  ✟ ✂ ✌ �★ ✧� ✕✄ ✟✜�✆✞❞

5. �★✻★� ✔� ✛✂✄ ☞ ✌✍ ✎✏✂ ✌☛ ✟ ✂ ✕�✏ ✑✌✡✟✏ ✁✂ ✟✜�✆✞☎

(i)
1

7
(ii)

1

7 6−
(iii)

1

5 2+
(iv)

1

7 2−

1.6  ✸ ✷♦❇❈✸❉ ❊❋●❍✷■✷❏❋ ✸❏ ❑ ❈✹▲ ▼ ✷✷❇ ✷❋❉ ◆ ❈✶❍❖

P ◗❘ ❙❘ ❚❯❘❱ ◗❘ ❲ ❳❨ ❩❯ ❩❬❭ ❬ ❩❪❩❫❘ ❴ ❯❘ ❵ ❛❪❜❯ ❛❡❘ ❩❯❵ ❚❤❯❘ ❛ ❯ ❛❴ ❱ ❳❨❥❦

(i) 172 . 175 = (ii) (52)7 =

(iii)
10

7

23

23
 = (iv) 73 . 93 =
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❉✟✠ ✡✠☛☞✌ ✍☞✎☞✍✏✍✑✠✒ ✓✔✠✕ ☛✖✠✗✒ ✍✘✙ ✚✠✌✛

(i) 172 . 175 = 177 (ii) (52)7 = 514

(iii)

10

3

7

23
23

23
= (iv) 73 . 93 = 633

❜☞ ✓✔✠✕✠✌✜ ✘✠✌ ☛✖✠✗✒ ✘✕☞✌ ✢✌✣ ✍✏✙✤ ✡✠☛☞✌ ✍☞✎☞✍✏✍✑✠✒ ✥✠✠✒✠✜✘✦✍☞✟✧✠✌✜ (laws of

exponents) ✘✠ ☛✖✟✠✌❞ ✡✢★✟ ✍✘✟✠ ✩✠✌❞✠✤ [✟✩✠❀  a, n ✡✠✈✕  m ☛✖✠✢✐✣✒ ✪✜✑✟✠✙❀ ✩✈✜✫ ✡✠☛✘✠✌ ✟✠✬

✩✠✌❞✠ ✍✘  a  ✘✠✌ ✡✠✭✠✕ (base) ✡✠✈✕  m ✡✠✈✕ n ✘✠✌ ✥✠✠✒✠✜✘ (exponents) ✘✩✠ ✮✠✒✠ ✩ ✈ ✫]

✍✮☞✘✠ ✡❢✟✟☞ ✡✠☛ ✍☛✯✏✰ ✘✱✠✠✡✠✌✜ ✧✌✜ ✘✕ ✲✳✢✌✣ ✩✈✜✴

(i) am . an = am + n (ii) (am)n = amn

(iii)
m

m n

n

a
a , m n

a

−= > (iv) ambm = (ab)m

(a)0  ❉✟✠ ✩✈✛ ❜✪✘✠ ✧✠☞ 1 ✩✈✫ ✡✠☛ ✟✩ ✡❢✟✟☞ ☛✩✏✌ ✩✰ ✘✕ ✲✳✢✌✣ ✩✈✜ ✍✘  (a)0 = 1

✩✠✌✒✠ ✩✈✫ ✡✒✴✤ (iii) ✘✠✌ ✏✠❞✵ ✘✕✢✌✣✤ ✡✠☛  
1 −= n

n
a

a
☛✖✠✗✒ ✘✕ ✪✘✒✌ ✩✈✜✫ ✡✶ ✩✧ ❜☞ ✍☞✟✧✠✌✜

✘✠✌ ✷✸✠✠✹✧✘ ✥✠✠✒✠✜✘✠✌✜ ☛✕ ✺✠✰ ✏✠❞✵ ✘✕ ✪✘✒✌ ✩✈✜✫

✡✒✴✤ ✓✬✠✩✕✸✠ ✢✌✣ ✍✏✙ ✴

(i)
2 –5 –3

3

1
17 17 17

17
⋅ = = (ii) 2 –7 –14(5 ) 5=

(iii)

–10
–17

7

23
23

23
= (iv)

– 3 –3 – 3
(7) (9) (63)⋅ =

✧✠☞ ✏✰✍✮✙ ✩✧ ✍☞✎☞✍✏✍✑✠✒ ✡✍✺✠✘✏☞ ✘✕☞✠ ✲✠✩✒✌ ✩✈✜ ✴

(i)
2 1

3 32 2⋅ (ii)
4

5

1

3

� �
� �
� �

(iii)

1

5

1

3

7

7

(iv)
1 1

5 513 17⋅

✩✧ ✟✌ ✡✍✺✠✘✏☞ ✍✘✪ ☛✖✘✠✕ ✘✕✌✜❞✌✛ ✟✩ ✬✌✑✠✠ ❞✟✠ ✩✈ ✍✘ ✢✌ ✥✠✠✒✠✜✘✦✍☞✟✧✤ ✍✮☞✘✠

✡❢✟✟☞ ✩✧ ☛✩✏✌ ✘✕ ✲✳✢✌✣ ✩✈✜✤ ✓✪ ✍✻✚✠✍✒ ✧✌✜ ✺✠✰ ✏✠❞✵ ✩✠✌ ✪✘✒✌ ✩✈✜✤ ✮✶✍✘ ✡✠✭✠✕ ✭☞✠✹✧✘

✢✠✻✒✍✢✘ ✪✜✑✟✠ ✩✠✌ ✡✠✈✕ ✥✠✠✒✠✜✘ ☛✍✕✧✌✟ ✪✜✑✟✠ ✩✠✌ ♦✡✠❞✌ ✡❢✟✟☞ ✘✕☞✌ ☛✕ ✩✧ ✟✩ ✬✌✑✠✌✜❞✌
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❢☎ ✆ ✝ ❢✞✆ ✟ ✠ ✡☛☞ ✌ ☛✍ ✎☛✏✑ ✡☛✝ ✒☎✓ ✝ ✡✔✕✖ ✗ ✡ ☛☞ ✘☛☛✓ ☛✕☎ ✠ ☛✙✓ ❢✠ ☎ ✒ ✕✚✆ ☛ ✡☛✝✛✜✛ ✢✣✤✓ ✥✖ ✦✞

❢ ✞✆ ✟☛✝✕ ☎☛ ☎✧ ☛✞ ★✝✞ ✝ ✒✝ ✢ ✡✎ ✝ ✩ ☛✔✣ ✦✞ ❢ ✞✆ ✟☛✝✕ ☎ ☛✝ ✎ ☛✏✑ ☎ ✣✞ ✝ ✒ ✝ ✢ ✡✎ ✝✖ ✆ ✡ ✒✟✪ ✎ ✝✞ ☛

✩☛✠ ✈✆☎ ✡✔ ❢☎✖ ✫★ ☛✡✣✬☛ ✠ ✝✭ ❢✎✮ ✖  
3

24   ❉✆ ☛ ✡✔✛ ✩✓ ✯ ✖ ✦✒ ✒ ✕✰ ✕✱ ✟✝✕ ✡✟✝✕ ✠ ✥✭✲ ☎ ✣✞ ☛ ✡ ☛✝ ✏☛✛

✩✞✥✳✲ ✝★ 1.4 ✟✝ ✕✖ ✡✟✞ ✝  n a  ☎☛✝ ✦✒ ✢ ❞☎ ☛✣ ✢❢ ✣✌ ☛☛❢✴☛✓ ❢☎✆ ☛ ✡✔✖ ✗ ✡☛☞  a > 0 ✮☎ ✠ ☛✙✓❢✠☎

✒✕✚ ✆ ☛ ✡ ✔✯

✟☛✞ ✎✍❢✗✮  a > 0  ✮ ☎ ✠ ☛✙✓ ❢✠☎ ✒✕✚✆ ☛ ✡ ✔ ✩☛✔✣ n ✮☎ ✱ ✞ ☛✵ ✟☎ ✢✑ ✬☛☛✶☎ ✡✔✛ ✓ ✰
n a  = b ✡☛✝✓ ☛ ✡✔, ✗ ✰❢☎ bn = a ✩☛✔✣ b > 0 ✡☛✝✛

✘☛☛✓ ☛✕☎ ☛✝✕ ☎ ✍ ✌ ☛☛✴ ☛☛ ✟✝✕ ✖ ✡✟  n a  = 

1

na  ✠ ✝✭ ♦✢ ✟✝✕ ✢❢ ✣✌ ☛☛❢✴☛✓ ☎✣✓ ✝ ✡ ✔✕✛ ✫★ ☛✡ ✣✬☛ ✠ ✝✭ ❢✎✮ ✖
1

3 32 2=  ✡✔✛ ✩✰ ✡✟  
3

24  ☎ ☛✝ ★ ☛✝ ❢✠❢✱✆ ☛✝✕ ✒ ✝ ★ ✝✚ ☛ ✒☎✓ ✝ ✡✔✕✛

3

24  =

3
1

324 2 8
� �

= =� �
� �

3

24  = ( ) ( )
1 1

3 2 24 64 8= =

✩✓✯ ✖ ✡✟✝✕ ✆ ✡ ✢❢ ✣✌ ☛☛✴ ☛☛ ✢ ❞☛✷✓ ✡ ☛✝✓ ✍ ✡✔✯

✟☛✞ ✎ ✍❢✗✮  a > 0  ✮☎ ✠ ☛✙✓ ❢✠ ☎ ✒✕✚ ✆ ☛ ✡ ✔ ✓ ✧ ☛☛ m ✩☛✔✣  n  ✮ ✝✒✝ ✢✑ ✬☛☛✶☎ ✡ ✔✕ ❢☎ ✸ ✠ ✝✭

✩❢✓❢ ✣❉✓ ✦✞☎ ☛ ☎ ☛✝✦✹ ✩✤✆ ✫✌ ☛✆❢✞✴✺ ✏✥✬☛✞✚ ☛✕✻ ✞ ✡✍✕ ✡ ✔ ✩ ☛✔✣ n > 0 ✡✔✛ ✓✰ ✖

m

na  = ( )m
n mn a a=

✩✓✯ ✠ ☛✼❢✲✓ ❢✠✙ ✓ ✽✓ ✘☛☛✓ ☛✕☎ ❢✞✆ ✟ ✆ ✝ ✡✔✕✯

✟☛✞ ✎ ✍❢✗ ✮  a > 0 ✮☎ ✠ ☛✙ ✓❢✠☎ ✒ ✕✚✆ ☛ ✡ ✔ ✩☛✔✣  p ✩☛✔✣  q ✢❢✣ ✟✝✆ ✒ ✕✚✆ ☛✮ ☞ ✡ ✔✕✛ ✓ ✰ ✖
(i) ap . aq = ap+q (ii) (ap)q = apq

(iii)

p
p q

q

a
a

a

−= (iv) apbp = (ab)p

✩✰ ✩☛✢ ✢✡✎ ✝ ✢✑✲ ✝ ✏✮ ✢ ❞✈ ✞☛✝✕ ☎ ☛ ✫ ✾ ☛✣ ✿ ☛✓ ☎ ✣✞ ✝ ✠ ✝✭ ❢✎✮ ✦✞ ❢ ✞✆ ✟☛✝✕ ☎ ☛ ✢ ❞✆ ☛✝ ✏ ☎ ✣

✒☎✓ ✝ ✡✔✕✛

♠ ❀❁ ❂❃❄❁ 21 : ✒✣✎ ☎ ✍❢✗✮ ✯  (i) 
2 1

3 32 2⋅ (ii)
4

5

1

3

� �
� �
� �

(iii)

1

5

1

3

7

7

(iv)
1 1

5 513 17⋅
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❣✟ :

(i)

2 12 1 3
13 33 3 32 2 2 2 2 2

� �+� �
� �⋅ = = = = (ii)

4
1 4

5 53 3
� �

=� �
� �

(iii)

1
1 1 3 5 25
5 3 15 15

1

3

7
7 7 7

7

� � − −−� �
� �= = = (iv)

1 1 1 1

5 5 5 513 17 (13 17) 221⋅ = × =

✐✠✡☛☞✌✟✍  1.6

1. ❑✄✞ ✎✏✝✑✒✓ (i)
1

264 (ii)
1

532 (iii)
1

3125

2. ❑✄✞ ✎✏✝✑✒✓ (i)
3

29 (ii)
2

532 (iii)
3

416 (iv)
1

3125
−

3. ❧✔✕ ✎✏✝✑✒✓(i)
2 1

3 52 2⋅ (ii)

7

3

1

3

� �
� �
� �

(iii)

1

2

1

4

11

11

(iv)
1 1

2 27 8⋅

1.7 ✥☞✖☞✗✡☞

❜❧ ✘✙✂✄✂ ✚✛�✜ ✘✄☎✢✛ ✝✢✣✢✝✕✝✁✄✞ ✝✤✦✧★✘✄✛� ✎✄ ✘✙✂✂✢ ✝✎✂✄ ✩✪✓

1. ❧�✁✂✄  r  ✎✄✛ ☎✝✔✚✛✂ ❧�✁✂✄ ✎✩✄ ✑✄✞✄ ✩✪✜ ✂✝✧ ❜❧✛  
p

q
 ♦✛✫ ✬☎ ✚✛� ✝✕✁✄✄ ✑✄ ❧✎✞✄ ✩✄✛✜ ✑✩✄✭

p ✘✄✪✔  q ☎✮✯✄✄✰✎ ✩✪� ✘✄✪✔ q ≠ 0 ✩✪✱

2. ❧�✁✂✄  s  ✎✄✛ ✘☎✝✔✚✛✂ ❧�✁✂✄ ✎✩✄ ✑✄✞✄ ✩✪✜ ✂✝✧ ❜❧✛ p

q
  ♦✛✫ ✬☎ ✚✛� ✢ ✝✕✁✄✄ ✑✄ ❧✎✞✄

✩✄✛✜ ✑✩✄✭  p ✘✄✪✔  q  ☎✮✯✄✄✰✎ ✩✪� ✘✄✪✔  q ≠ 0 ✩✪✱

3. ✒✎ ☎✝✔✚✛✂ ❧�✁✂✄ ✎✄ ✧✲✄✚✕♦ ☎✳❧✄✔ ✂✄ ✞✄✛ ❧✄�✞ ✩✄✛✞✄ ✩✪ ✂✄ ✘✢♦❧✄✢✏ ✘✄♦✞✏✴ ✩✄✛✞✄ ✩✪✱

❧✄✵✄ ✩✏✜ ♦✩ ❧�✁✂✄✜ ✝✑❧✎✄ ✧✲✄✚✕♦ ☎✳❧✄✔ ❧✄�✞ ✂✄ ✘✢♦❧✄✢✏ ✘✄♦✞✏✴ ✩✪✜ ☎✝✔✚✛✂ ✩✄✛✞✏ ✩✪✱

4. ✒✎ ✘☎✝✔✚✛✂ ❧�✁✂✄ ✎✄ ✧✲✄✚✕♦ ☎✳❧✄✔ ✘✢♦❧✄✢✏ ✘✢✄♦✞✏✴ ✩✄✛✞✄ ✩✪✱ ❧✄✵✄ ✩✏✜ ♦✩ ❧�✁✂✄

✝✑❧✎✄ ✧✲✄✚✕♦ ☎✳❧✄✔ ✘✢♦❧✄✢✏ ✘✢✄♦✞✏✴ ✩✪✜ ✘☎✝✔✚✛✂ ✩✄✛✞✏ ✩✪✱

5. ❧✶✄✏ ☎✝✔✚✛✂ ✘✄✪✔ ✘☎✝✔✚✛✂ ❧�✁✂✄✘✄✛� ✎✄✛ ✒✎ ❧✄✵✄ ✕✛✢✛ ☎✔ ♦✄✷✞✝♦✎ ❧�✁✂✄✘✄✛ � ✎✄ ❧�✸✳✩

☎✳✄✹✞ ✩✄✛✞✄ ✩✪✱



32 ①�✁✂✄

6. ❧☎✆✝✂ ✞ ✟✆✂✂ ✠✟ ✡☛☞ ✝✟✠ � ✌✍✎✏ ✑ ✟✒ ❧☎①✄ ✓✠ ✔�✕✄ ✖✝ ✑ ✂ ✗✄�✑ ✠ ❧☎✆ ✝✂ ✘✂ ✟✄✖ ✘ ✙✚ ❧✂ ✛✂ ✘ ✖✜

✡☛☞ ✝✟✠ ✑✂ ✗✄�✑ ✠ ❧☎✆ ✝✂ ✠✟ ❧☎① ✄ ❧☎ ✆✝✂ ✞ ✟✆✂ ✂ ✡✞ ✓✠ �✌☎✎✏ ✘✂ ✟✄✂ ✘ ✙✚

7. ✝�✎  r  ✡�✞ ✐✟✝ ✘✙ ✔✂ ✙✞  s  ✔✡�✞ ✐✟✝ ✘ ✙ ✜ ✄✌  r + s ✔✂✙ ✞  r – s ✔✡�✞ ✐✟✝ ❧☎✆ ✝✂ ✓✈ ✘✂ ✟✄ ✖ ✘✙☎ ✄ ✛✂✂

rs ✔✂✙✞ 
r

s
  ✔✡�✞ ✐✟✝ ❧☎✆ ✝✂ ✓✈ ✘✂ ✟✄ ✖ ✘ ✙☎ ✝�✎ r ≠ 0 ✘✙✚

8. ✴✢✂ ☞ ✐✠ ✑ ✂ ✗✄�✑ ✠ ❧☎✆ ✝✂ ✔✂ ✟☎  a ✔✂✙✞  b ✑ ✟✒ ❧☎ ✌☎ ✴ ✐✟☎ � ✢♦ ✢�✣ �✆✂✄ ❧✑ ✤ ❧� ✐✠✂ ✓✈ ✣ ✂① ✥ ✘✂ ✟✄ ✖ ✘ ✙☎ ✦

(i) ab a b= (ii)
a a

b b
=

(iii) ( ) ( )a b a b a b+ − = − (iv) ( ) ( ) 2a b a b a b+ − = −

(v) ( )2

2a b a ab b+ = + +

9.
1

a b+
 ✑ ✟✒ ✘✞ ✠✂ ✡�✞ ✐✟✝✠✞✁✂ ✠✞ ✢✟ ✑ ✟✒ �✣ ✓✜ ✧ ❧ ✟ ✘ ✐  

a b

a b

−
−

 ❧ ✟ ①✏✁ ✂✂ ✠✞ ✄✟ ✘✙☎ ✜ ★✘ ✂✈

a ✔✂✙✞  b  ✡✥✁ ✂✂ ✩✠ ✘✙ ☎✚

10. ✐✂ ✢ ✣ ✖�★ ✓  a > 0  ✓✠ ✑✂ ✗✄�✑ ✠ ❧☎✆ ✝✂ ✘✙ ✔✂✙✞  p ✔✂✙✞  q  ✡�✞ ✐✟✝ ❧☎ ✆✝✂ ✓✈ ✘✙☎✚ ✄ ✌✜

(i) ap . aq = ap + q (ii) (ap)q = apq

(iii)

p

p q

q

a
a

a

−= (iv) apbp = (ab)p



✈�✁✂✁ 2

❝✄☎✆✝

2.1 ❍✞✟✠✡☛✞

❢☞✌✍✎ ✏✑✒✒✓✒✔✕ ✖✔✕✗ ✓✒☞ ✘✎✙✎✚ ✛✚✕✙✏✒✔✕ ✓✒✜✢ ✣✤✥✔✦ ✙✒✔✧★✗ ✩✒✪✒✤✒✗ ✫✬✭✒✒ ✓✒✜✢ ✮✒✒✫ ✏✒

✓✯✚✚✤ ✏✢ ✰✬✥✔✦ ✱✜✕✲ ✥✱✒✳ ✓✒☞ ✚✱ ✮✒✎ ✓✯✚✚✤ ✏✢ ✰✬✥✔✦ ✱✜✕ ❢✏ ❢✏✴ ☞✵✏✒✢ ✥✬✦✌ ✘✎✙✎✚

✛✚✕✙✏✒✔✕ ✏✒ ✫✬✭✒✤❖✒✕✧✤ ❢✏✚✒ ✙✒✶✒ ✱✜✲ ✓✒☞ ❢✤✷✤ ✘✎✙✎✚ ✴✥✸✴❢✖✏✒✓✒✔✕ ✓✒✜✢ ✣✤✏✒

✫✬✭✒✤❖✒✕✧✤ ✖✔✕ ✣☞✚✒✔✫ ✏✒ ☞✬✤①✹✖✢✭✒ ✏✢ ✴✏✶✔ ✱✜✕①

(x + y)2 = x2 + 2xy + y2

(x – y)2 = x2 – 2xy + y2

✓✒✜✢✗ x2 – y2 = (x + y) (x – y)

❜✴ ✓✯✚✒✚ ✖✔✕✗ ✴✘✴✔ ☞✱✍✔ ✺✏ ❢✥✻✒✔✼✒ ☞✵✏✒✢ ✥✔✦ ✘✎✙✎✚ ✛✚✕✙✏ ✏✒✗ ❢✙✴✔ ✽✾✿❀❁

(polynomial) ✏✱✒ ✙✒✶✒ ✱✜✗ ✓✒✜✢ ✣✴✴✔ ✴✕✘❞ ✻✒❂❃✒✥✍✎ (terminology) ✏✒ ✓✯✚✚✤ ✏✢✔✕✫✔✲

✚✱✒✳ ✱✖ ❄❅❆❇❅❀❈❉ ❀❊❋❆● (Remainder Theorem), ■✿❏❅❑▲❅▼◆ ❀❊❋❆● (Factor Theorem) ✓✒✜✢

✘✱✬☞❃✒✔✕ ✥✔✦ ✫✬✭✒✤❖✒✕✧✤ ✖✔✕ ❜✤✥✔✦ ✣☞✚✒✔✫ ✏✒ ✮✒✎ ✓✯✚✚✤ ✏✢✔✕✫✔✲ ❜✤✥✔✦ ✓❢✶❢✢P✶✗ ✱✖ ✥✬✦✌

✓✒✜✢ ✘✎✙✎✚ ✴✥✸✴❢✖✏✒✓✒✔✕ ✏✒ ✓✒✜✢ ✥✬✦✌ ❢❃✺ ✱✬✺ ✛✚✕✙✏✒✔✕ ✏✒ ✫✬✭✒✤❖✒✕✧✤ ✏✢✤✔ ✶◗✒✒ ✖✒✤

❢✤✏✒✍✤✔ ✥✔✦ ✘✒✢✔ ✖✔✕ ✮✒✎ ✓✯✚✚✤ ✏✢✔✕✫✔✲

2.2 ❘☛ ❙❚ ❯✞❱❲ ❳❨❩❬❭

✴✘✴✔ ☞✱✍✔ ✱✖ ✚✒❃ ✏✢✔✕✫✔ ❢✏ ✰✢ ✏✒✔ ✺✏ ☞✵✶✎✏ ✴✔ ☞✵✏✪ ❢✏✚✒ ✙✒✶✒ ✱✜ ✙✒✔ ✏✒✔❜✸ ✮✒✎

✥✒✹✶❢✥✏ ✖✒✤ ♦✒✢✭✒ ✏✢ ✴✏✶✒ ✱✜✲ ✱✖ ✰✢✒✔✕ ✏✒✔ ✓✑✒✢✒✔✕  x, y, z, ✓✒❢❃ ✴✔ ☞✵✏✪ ✏✢✶✔ ✱✜✕✲ ✯✚✒✤

✢✱✔ ❢✏ 2x, 3x, – x, –
1

2
x ✘✎✙✎✚ ✛✚✕✙✏ ✱✜✕✲ ✚✔ ✴✮✒✎ ✛✚✕✙✏✗ ❪✺✏ ✓✰✢❫ × x ✥✔✦ ❴☞ ✥✔✦
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File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-1\Chap-1 PM65

❣☎✆✝ ✞✟ ✠✡☛ ☞✌✍✎✏ ✍✑ ❣✠ ✏ ✑ ✏ ✒✓✡ ✔✕✆✎ ✑ ✍☞✖ ✡☛ ✡ ✗ ✡❣✘✒ ❣☎ ✆ ✎ ✡✒ ✍✑ ✙✏ ✑ ✞✗ ✚✛ × ✙✏ ✑

✗ ✚✛ ❣☎ ✞ ✡☎ ✚ ❣✠ ✕ ❣ ☛ ❣✌✆ ✎ ✡☛✘✒ ✍ ✑ ✞✗ ✚ ♣✕✡ ❣☎✝ ✏✒✓✌ ✍✜✢ ✡✍✘✕ ✡✒ ✆ ✠✒✆✣ ❣✠ ✞✗ ✚ ✑✡✒ a, b, c

✞ ✡✍✈ ✓✒ ✤✥✑✦ ✑✚✘✒ ❣☎✆✝ ✞✘ ✧ ✔✕ ✆✎ ✑✣ ✠✡☛ ☞✌✍✎✏ ✣ ax ❣✡✒ ★✡✝

✍✤❢✚ ✩✡✌✣ ✞✗ ✚ ✑✡✒ ✤✥✑✦ ✑✚☛✒ ✪ ✡☞✒ ✞✫ ✡✚ ✞ ✡☎✚ ✗ ✚ ✑✡✒ ✤✥✑✦ ✑✚☛ ✒ ✪ ✡☞✒ ✞✫ ✡✚ ✠✒ ✆ ✞ ✆✘ ✚

❣✡✒✘ ✡ ❣☎✝ ✏ ✑ ✍✪✬✡✒✭✡ ✍✜✢ ✡✍✘ ✠✒✆ ✞✗ ✚✡✒ ✆ ✪✒❢ ✠✡☛ ✓✈✡ ✓✠✡☛ ✟☛ ✒ ✚❣✘✒ ❣☎ ✆✝ ✞✢ ✡✡✮✘ ✯ ✏ ✑ ✈✌ ❣✰✱✮

✓✠✜✕ ✡ ✠✒✆ ✞✗ ✚ ✪✒ ❢ ✠✡☛ ✠✒✆ ✑✡✒✱✮ ✤✍✚✪✘✮☛ ☛ ❣✌✆ ❣✡✒✘ ✡✝ ✤ ✚❧✘✰ ✗ ✚ ✪✒ ❢ ✠✡☛ ✠✒✆ ✤✍ ✚✪✘✮☛ ❣✡✒✘ ✡

✚❣✘ ✡ ❣☎✝

✞ ✟ ✸ ✏ ✑✑ ✑✌ ✩✡✰✎ ✡ ✪ ✡☞✡ ✏ ✑ ✪ ★✮ ☞✌✍✎ ✏ ✙✈✒✍✖ ✡✏

✞ ✡✪ ✲❢✍✘ ✳✴✵✛✝ ✱✓ ✑✡ ✤✍✚✠✡✤ (perimeter) ♣ ✕ ✡ ❣☎ ❉ ✞ ✡✤ ✎ ✡☛ ✘✒

❣☎ ✆ ✍ ✑ ✪ ★✮ ✑✡ ✤✍✚ ✠✡✤ ✗ ✡✚ ✡✒ ✆ ✩✡✰✎ ✡✞ ✡✒ ✆ ✑✌ ☞✆✟✡✱✕ ✡✒ ✆ ✑✡ ✎ ✡✒ ✶✷ ❣✡✒✘ ✡

❣☎✝ ✕ ❣ ✡✹ ✤ ✥✺✕ ✒ ✑ ✩✡✰✎ ✡ ✑✌ ☞✆✟✡✱✮ ✸ ✏ ✑✑ ❣☎✝ ✞✘ ✧ ✱✓✑✡ ✤✍ ✚✠✡✤

✻ × ✸ ✞✢ ✡✡✮✘ ✯ ✵✳ ✏ ✑✑ ❣☎✝ ✕✍ ✈ ✪ ★✮ ✑✌ ✤✥✺✕ ✒ ✑ ✩ ✡✰ ✎ ✡ ✵✼ ✏ ✑✑

❣✡✒✣ ✘ ✡✒ ✤✍ ✚✠✡✤ ♣ ✕ ✡ ❣✡✒ ★✡❉ ✤✍✚ ✠✡✤ ✻ × ✵✼ ✞✢ ✡✡✮✘ ✯ ✻ ✼ ✏ ✑✑

❣✡✒ ★✡✝ ✕✍ ✈ ✤ ✥✺✕✒ ✑ ✩ ✡✰✎ ✡ ✑✌ ☞✆✟✡✱✮ x ✏ ✑✑ ❣✡✒ ✙✈✒✍✖ ✡✏ ✞ ✡✪ ✲ ❢✍✘

✳ ✴✳✛✣ ✘ ✡✒ ✤✍✚ ✠✡✤ 4x ✏ ✑✑ ❣ ✡✒✘ ✡ ❣☎✝ ✞✘ ✧ ❣✠ ✕ ❣ ✤ ✡✘✒ ❣☎ ✆ ✍ ✑

✩ ✡✰ ✎ ✡ ✑✌ ☞✆✟✡✱✮ ✠✒ ✆ ✤✍ ✚✪ ✘✮☛ ❣ ✡✒☛✒ ✤ ✚ ✤✍✚ ✠✡✤ ✟✈☞ ✎ ✡✘ ✡ ❣☎✝

♣✕ ✡ ✞ ✡✤ ✪ ★✮ PQRS ✑✡ ✫ ✡✒❞ ✡✤ ❢☞ ✽ ✡✘ ✑✚ ✓ ✑✘✒ ❣☎ ✆❉ ✕ ❣

 x × x = x2 ✪ ★✮ ✏ ✑✑ ✙✠✡❞ ✡✑✛ ❣☎✝   x2 ✏ ✑ ✟✌✎ ✌✕ ✔✕ ✆✎ ✑ ❣☎✝

✞ ✡✤  2x, x2 + 2x, x3 – x2 + 4x + 7 ✎☎ ✓✒ ✞ ❧✕ ✟✌✎ ✌✕ ✔✕ ✆✎ ✑✡✒ ✆ ✓✒

✩ ✡✌ ✤✍✚✍✗ ✘ ❣☎ ✆✝ ❍✕ ✡☛ ✈✌✍✎✏ ✍✑ ✞ ✩ ✡✌ ✘ ✑ ✍ ☞✏ ★✏ ✓ ✩✡✌ ✟✌✎ ✌✕

✔ ✕ ✆✎ ✑✡✒ ✆ ✠✒ ✆ ✗ ✚ ✪ ✒ ❢ ❖ ✡✡✘ ✡✆✑ ✤✾✿ ✡✮ ✓ ✆✖✕ ✡ ❣ ✌ ✚❣✒ ❣☎ ✆✝ ✱✓ ❀✤ ✪ ✒ ❢

✔ ✕ ✆✎ ✑✡✒ ✆ ✑✡✒ ❁ ❂ ❃❄ ❅ ❆❇❆ ❈❊❋●■ (polynomials in one variable) ✑❣✡ ✎ ✡✘ ✡ ❣☎✝ ❏✤ ✚ ✍✈✏

★✏ ❑ ✈✡❣ ✚✿ ✡✡✒ ✆ ✠✒ ✆ ✗ ✚ x ❣☎✝ ❑✈✡❣ ✚✿ ✡ ✪✒ ❢ ✍ ☞✏✣  x3 – x2 + 4x + 7, ✗ ✚ x ✠✒ ✆ ✏ ✑ ✟❣✰✤ ✈ ❣☎✝ ✱✓✌

✤✥✑✡✚  3y2 + 5y, ✗ ✚ y ✠✒ ✆ ✏ ✑ ✟❣✰✤ ✈ ❣☎ ✞ ✡☎ ✚  t2 + 4, ✗ ✚ t ✠✒ ✆ ✏ ✑ ✟❣✰✤ ✈ ❣☎✝

✟❣✰ ✤ ✈ x2 + 2x ✠✒ ✆ ✔✕ ✆✎ ✑ x2 ✞ ✡☎✚  2x ✟❣✰✤ ✈ ✑✒ ●■ (terms) ✑❣✒ ✎ ✡✘✒ ❣☎ ✆✝ ✱✓ ✌ ✤ ✥✑✡✚✣

✟ ❣✰✤ ✈  3y2 + 5y + 7 ✠✒ ✆ ✘ ✌☛ ✤ ✈ ✞ ✢ ✡ ✡✮ ✘ ✯  3y2, 5y ✞ ✡☎ ✚  7 ❣☎ ✆ ✝ ♣ ✕ ✡ ✞ ✡✤ ✟ ❣✰ ✤ ✈

 –x3 + 4x2 + 7x – 2 ✪ ✒ ❢ ✤✈ ✍☞✖ ✡ ✓✑✘✒ ❣☎ ✆❉ ✱✓ ✟❣✰✤ ✈ ✪✒ ❢ ✗ ✡✚ ✤ ✈ ✞✢ ✡✡✮✘ ✯  –x3, 4x2, 7x

✞ ✡☎ ✚ –2 ❣☎ ✆✝

✟❣✰✤✈ ✪✒❢ ✤✥✺✕✒✑ ✤✈ ✑✡ ✏✑ ★✰✿✡✡✆✑ (coefficient) ❣✡✒✘ ✡ ❣☎✝ ✞✘ ✧✣ –x3 + 4x2 + 7x – 2

✠✒ ✆ x3 ✑✡ ★✰✿ ✡✡✆✑ –1 ❣☎✣  x2 ✑✡ ★✰✿ ✡✡✆✑ 4 ❣☎✣  x ✑✡ ★✰✿ ✡✡✆✑  7 ❣☎ ✞ ✡☎ ✚  x0 ✑✡ ★✰ ✿ ✡✡✆✑ ▲✳ ❣☎

3

3 3

3

▼◆ P ◗❘ ❙❚ ❯

x

x x

x
S R

P Q

▼◆ P ◗❘ ❙❚ ❙
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✭☎✆✝✞✟ ✝✠✡ ☛☞ x0 = 1 ✠❣✌✍ ✎✏✟ ✑✟✒ ✓✟✔✕✡ ✠❣✖ ☛☞  x2 – x + 7 ✆✡✖ x ☞✟ ✥✗✞✟✟✖☞ ✎✏✟ ✠❣✘

x ☞✟ ✥✗✞✟✟✖☞ –1 ✠❣✍

è✏✟✔ ✝✠✡ ☛☞ ✙ ✚✟✛ ✜☞ ✢✠✗✒✣ ✠❣✍ ✤☎✕✗✕✦ ✙✧ –✺✧ ★ ✑✟☛✣ ✈✩✪ ✫✬✮✯✰✱✲✳ (constant

polynomials) ✤✡♦ ✴✣✟✠✝✞✟ ✠❣✖✍ ✑✵✝ ✢✠✗✒✣ ✶ ☞✟✡ ✷✸✹✻✼ ✽✾✿❀❁ ☞✠✟ ✓✟✕✟ ✠❣✍ ❂✟❃✟ ✠✛✧ ✓❣❂✟

☛☞ ✴❢✵ ☞❄✟✟✑✟✡✖ ✆✖✡ ✑✟✒ ✣✡❅✟✡✖✥✡✧ ❂✚✟✛ ✢✠✗✒✣✟✡✖ ✤✡♦ ❂✖✥❆✠ ✆✡✖ ❇✟❈❉✏ ✢✠✗✒✣ ✜☞ ✑☛✕ ✆✠❊✤✒❈✞✟❋

✚✟❈☛✆☞✟ ☛✔✚✟✟✕✟ ✠❣✍

✑✢ ✑✟✒  x + 
23

1
, 3● ●x y y

x
❍■❙❥  ✓❣❂✡ ✢✛✓✛✏ t✏✖✓☞ ❏✛☛✓✜✍ ✎✏✟ ✑✟✒ ✓✟✔✕✡

✠❣✖ ☛☞ ✑✟✒ x + 
1

x
 = x + x –1 ☛❏❅✟ ❂☞✕✡ ✠❣✖✘ ✏✠✟❑ ✣❈❂✝✡ ✒✣ ✑❃✟✟❋✕▲  x –1  ☞✟ ❞✟✟✕✟✖☞ –1 ✠❣

✓✟✡ ✜☞ ✒❈✞✟❋ ❂✖❅✏✟ ✔✠✛✖ ✠❣✍ ✑✕✦ ✏✠ ✢✛✓✛✏ t✏✖✓☞ ✜☞ ✢✠✗✒✣ ✔✠✛✖ ✠❣✍ ❂✟❃✟ ✠✛✧ 3x ●

☞✟✡ 
1

2 3x ●  ✤✡♦ ▼✒ ✆✡✖ ☛❏❅✟✟ ✓✟ ❂☞✕✟ ✠❣✍ ✏✠✟❑ x ☞✟ ❞✟✟✕✟✖☞ 
1

2
 ✠❣✧ ✓✟✡ ☛☞ ✜☞ ✒❈✞✟❋ ❂✖❅✏✟

✔✠✛✖ ✠❣✍ ✕✟✡ ✎✏✟ ✑✟✒ ✏✠ ❂✆✉✕✡ ✠❣✖ ☛☞ 3x ●  ✜☞ ✢✠✗✒✣ ✠❣✘ ✔✠✛✖✧ ✏✠ ✜☞ ✢✠✗✒✣ ✔✠✛✖

✠❣✍ ✎✏✟ 3 y  + y2 ✜☞ ✢✠✗✒✣ ✠❣✘ ✏✠ ✚✟✛ ✜☞ ✢✠✗✒✣ ✔✠✛✖ ✠❣✍ ✭✎✏✟✡✖✘✌

✏☛✣ ✜☞ ✢✠✗✒✣ ✆✡✖ ✵✝ x ✠✟✡✧ ✕✟✡ ✠✆ ✢✠✗✒✣ ☞✟✡  p(x) ✏✟ q(x) ✏✟ r(x), ✑✟☛✣ ❂✡ ✒❆☞◆

☞✝ ❂☞✕✡ ✠❣✖✧ ✴✣✟✠✝✞✟ ✤✡♦ ☛❏✜✧ ✠✆ ✏✠ ☛❏❅✟ ❂☞✕✡ ✠❣✖✦

p(x) = 2x2 + 5x – 3

q(x) = x3 –1

r(y) = y3 + y + 1

s(u) = 2 – u – u2 + 6u5

✢✠✗✒✣ ✆✡✖ ✒☛✝☛✆✕ ❂✖❅✏✟ ✆✡✖ ☛☞✕✔✡ ✚✟✛ ✒✣ ✠✟✡ ❂☞✕✡ ✠❣✖✍ ✴✣✟✠✝✞✟ ✤✡♦ ☛❏✜✧

x150 + x149 + ... + x2 + x + 1 ✜☞ ✢✠✗✒✣ ✠❣✧ ☛✓❂✆✡✖ ❖✺❖ ✒✣ ✠❣✖✍

✑✢ ✢✠✗✒✣ 2x, 2, 5x3, –5x2, y ✑✟❣✝  u4 ❏✛☛✓✜✍ ✎✏✟ ✑✟✒ ✣✡❅✟✕✡ ✠❣✖ ☛☞ P✔ ✢✠✗✒✣✟✡✖ ✆✡✖

❂✡ ✒❆❊✏✡☞ ✢✠✗✒✣ ✤♦✟ ✤✡♦✤❏ ✜☞ ✒✣ ✠❣✍ ✤✡♦✤❏ ✜☞ ✒✣ ✤✟❏✡ ✢✠✗✒✣ ☞✟✡ ◗❘✯✰❚

(monomial) ☞✠✟ ✓✟✕✟ ✠❣✍ ✭✑✖✥❆✡✓✛ ❇✟❯✣ 'mono' ☞✟ ✑❃✟❋ ✠❣ “✜☞”✌✍

✑✢ ✔✛✵✡ ☛✣✜ ✥✜ ✢✠✗✒✣✟✡✖ ✆✡✖ ❂✡ ✒❆❊✏✡☞ ✒✝ è✏✟✔ ✣✛☛✓✜✦

p(x) = x + 1, q(x) = x2 – x, r(y) = y30  + 1, t(u) = u43 – u2

✏✠✟❑ ✒❆❊✏✡☞ ✢✠✗✒✣ ✆✡✖ ☛☞✕✔✡ ✒✣ ✠❣✖✘ P✔✆✡✖ ❂✡ ✒❆❊✏✡☞ ✢✠✗✒✣ ✆✡✖ ✤✡♦✤❏ ✣✟✡ ✒✣ ✠❣✖✍

✤✡♦✤❏ ✣✟✡ ✒✣✟✡✖ ✡ ✤✟❏✡ ✢✠✗✒✣✟✡✖ ☞✟✡ ❱❲✯✰ (binomials) ☞✠✟ ✓✟✕✟ ✠❣✍ ✭✑✖✥❆✡✓✛ ❇✟❯✣ ‘bi’

☞✟ ✑❃✟❋ ✠❣ “✣✟ ✡”✌✍
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❜☎✆ ✝✞✟✠✡☛ ☞✌✍☞✎ ✏✆✑ ✝✒✠✌✓ ☞✠✎✌ ✔✕✖✝✒✠✌✓ ✟✠✌ ❢✗✘✙✚ (trinomials) ✟✕✠ ❞✠✏✠ ✕✛✜ ✢✣✓✤✞✌❞✆

✬✠✥✒ ‘tri’ ✟✠ ✣✦✠✧ ✕✛ “✏✆✑”✮✜ ★✩✠✝✒ ☞✌✍ ☞✖✍✪ ✫✒✠✕✡✭✠ ✯✌ ✕✛✓✰

p(x) = x + x2 + ✱, q(x) = 2  + x – x2,

r(u) = u + u2 – 2, t(y) = y4 + y + 5

✣✔ ✔✕✖✝✒  p(x) = 3x7 – 4x6 + x + 9 ✟✠✌ ✒✌★✲✠✳✜ ❜☎✴✌✓ x ✟✆ ✣★✵✟✏✴ ✶✠✠✏ ☞✠✎✠ ✝✒

✟✠✛✑✷☎✠ ✕✛✸ ✯✕ ✝✒ 3x7 ✕✛✜ ❜☎ ✝✒ ✴✌✓  x  ✟✠ ✶✠✠✏✠✓✟ ✹ ✕✛✜ ❜☎✆ ✝✞✟✠✡☛ ✔✕✖✝✒

q(y) = 5y6 – 4y2 – 6 ✴✌✓  y ☞✍✆ ✣★✵✟✏✴ ✶✠✠✏ ☞✠✎✠ ✝✒ 5y6 ✕✛ ✣✠✛✡ ❜☎ ✝✒ ✴✌✓ y ✟✠ ✶✠✠✏✠✓✟

✻ ✕✛✜ ✳✟ ✔✕✖✝✒ ✴✌✓ ✺✡ ✟✆ ✣★✵✟✏✴ ✶✠✠✏ ☞✠✎✌ ✝✒ ☞✌✍ ✶✠✠✏✠✓✟ ✟✠✌ ❝✼✽✙✚ ✾✿ ❀✘✘❁

(degree of the polynomial) ✟✕✠ ❞✠✏✠ ✕✛✜ ✣✏✰ ✔✕✖✝✒  3x7 – 4x6 + x + 9 ✟✆ ✶✠✠✏ 7 ✕✛

✣✠✛✡ ✔✕✖✝✒ 5y6 – 4y2 – 6 ✟✆ ✶✠✠✏ 6 ✕✛✜ ❂❃ ❄❅❆❇❈❉❊❋ ●❍❋ ■❏❑▲▼ ❃◆ ❖❅❅❊ ❄❅❆❇❈ ❏❅❉❊◆

❏❣✜

♠▼❅❏❋P❅ 1 : ✑✆✺✌ ★✒✳ ✤✳ ✝✞✉✯✌✟ ✔✕✖✝✒ ✟✆ ✶✠✠✏ ◗✠✏ ✟✆★❞✳✰

(i) x5 – x4 + 3 (ii) 2 – y2 – y3 + 2y8 (iii) 2

❏❘ : (i) ✺✡ ✟✠ ✣★✵✟✏✴ ✶✠✠✏✠✓✟ ♣ ✕✛✜ ✣✏✰ ✔✕✖✝✒ ✟✆ ✶✠✠✏ ♣ ✕✛✜

(ii) ✺✡ ✟✠ ✣★✵✟✏✴ ✶✠✠✏✠✓✟ ❙ ✕✛✜ ✣✏✰ ✔✕✖✝✒ ✟✆ ✶✠✠✏ ❙ ✕✛✜

(iii) ✯✕✠❚ ☞✌✍☞✎ ✳✟ ✝✒ ❯ ✕✛ ★❞☎✌ 2x0 ☞✌✍ ♦✝ ✴✌✓ ★✎✲✠✠ ❞✠ ☎✟✏✠ ✕✛✜ ✣✏✰  x  ✟✠ ✶✠✠✏✠✓✟

❱ ✕✛✜ ❜☎★✎✳☛ ✔✕✖✝✒ ✟✆ ✶✠✠✏ ❱ ✕✛✜

✣✔ ✔✕✖✝✒✠✌✓ p(x) = 4x + 5, q(y) = 2y, r(t) = t + 2 ✣✠✛✡  s(u) = 3 – u ✟✠✌ ✎✆★❞✳✜ ❲✯✠

❜✑✴✌✓ ✟✠✌❜✧ ☎☞✧★✑❳❨ ✏✦✯ ✒✌✲✠✑✌ ✟✠✌ ★✴✎✏✠ ✕✛✸ ❜✑✴✌✓ ✝✞✉✯✌✟ ✔✕✖✝✒ ✟✆ ✶✠✠✏ ✳✟ ✕✛✜ ✳✟

✶✠✠✏ ☞✠✎✌ ✔✕✖✝✒ ✟✠✌ ❥❩❢❬✘✾ ❝✼✽✙✚ (linear polynomial) ✟✕✠ ❞✠✏✠ ✕✛✜ ✳✟ ✺✡ ✴✌✓ ☞✖✍✪

✣✠✛✡ ✡✛★✲✠✟ ✔✕✖✝✒ 2x – 1, 2 y + 1 ✣✠✛✡ 2 – u ✕✛✓✜ ✣✔ ❲✯✠ x ✴✌✓ ✏✆✑ ✝✒✠✌✓ ☞✠✎✠ ✳✟ ✡✛★✲✠✟

✔✕✖✝✒ ✕✴ ◗✠✏ ✟✡ ☎✟✏✌ ✕✛✓✸ ✕✴ ✳✟ ✳✌☎✠ ✡✛★✲✠✟ ✔✕✖✝✒ ◗✠✏ ✑✕✆✓ ✟✡ ☎✟✏✌☛ ❲✯✠✌✓★✟

x ✴✌✓ ✳✟ ✡✛★✲✠✟ ✔✕✖✝✒ ✴✌✓ ✣★✵✟ ☎✌ ✣★✵✟ ✒✠✌ ✝✒ ✕✠✌ ☎✟✏✌ ✕✛✓✜ ✣✏✰ x ✴✌✓ ✟✠✌❜✧ ❭✠✆ ✡✛★✲✠✟

✔✕✖✝✒  ax + b ☞✌✍ ♦✝ ✟✠ ✕✠✌✤✠☛ ❞✕✠❚  a ✣✠✛✡ b ✣✺✡ ✕✛✓ ✣✠✛✡ a ❪ 0 ✕✛✜ ✢❲✯✠✌✓✸✮ ❜☎✆ ✝✞✟✠✡

ay + b, y ✴✌✓ ✳✟ ✡✛★✲✠✟ ✔✕✖✝✒ ✕✛✜

✣✔ ✣✠✝ ★✑✈✑★✎★✲✠✏ ✔✕✖✝✒✠✌✓ ✟✠✌ ✎✆★❞✳✰

2x2 + 5, 5x2 + 3x + ✱, x2 ✣✠✛✡ x2 + 
2

5
x

❲✯✠ ✣✠✝ ❜☎ ✔✠✏ ☎✌ ☎✕✴✏ ✕✛✓ ★✟ ❫✝✡ ★✒✳ ✤✳ ☎❭✠✆ ✔✕✖✝✒ ✶✠✠✏ ❯ ☞✠✎✌ ✕✛✓✸ ✶✠✠✏

❯ ☞✠✎✌ ✔✕✖✝✒ ✟✠✌ ❢❴❀✘✘❁✿ ✯✠ ❢❴❀✘✘❁ ❝✼✽✙✚ (quadratic polynomial) ✟✕✠ ❞✠✏✠ ✕✛✜
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❢☎✆✝✝✞✟ ✠✡☛☞✌ ✍✎✏ ✍☛✏✑ ✒✌✝✡✓✔✝ 5 – y2, 4y + 5y2 ✈✝✕✓ 6 – y – y2 ✡✕❣✖ ✗✘✝ ✈✝☞ ✙✚ ✛✓ ✜✎❣

✛✝✓ ✈♣✢✣✈♣✢ ☞✌✝✎❣ ✍✝♣✎ ✙✚ ❢☎✆✝✝✞✟ ✠✡☛☞✌ ✚✝✎ ❢♣✤✝ ✥✚✞✎ ✡✕❣✦ ✈✝☞ ✌✎✤✝✎❣✢✎ ❢✚ ✙✚

✛✓ ✜✎❣ ✙✚ ❢☎✆✝✝✞✟ ✠✡☛☞✌ ✍✎✏ ✈❢✧✚ ✥✎ ✈❢✧✚ ★ ☞✌ ✡✝✎✎❣✢✎✖ ✘❢✌ ✈✝☞ ✍☛✏✑ ✈✝✕✓ ❢☎✆✝✝✞✟

☞✌ ✠✐✝ ✥✍✎❣✏ ✞✝✎ ✈✝☞ ☞✝✙✩✢✎ ❢✚ x ✜✎❣ ✚✝✎❡✪ ✫✝✟ ❢☎✆✝✝✞✟ ✠✡☛☞✌ ax2 + bx + c ✍✎✏ ♦☞ ✚✝ ✡✝✎✢✝✬

t✡✝✩ a ✭ 0 ✈✝✕✓  a, b, c ✈✛✓ ✡✕❣✖ ❡✥✟ ☞✮✚✝✓✬  y ✜✎❣ ❢☎✆✝✝✞✟ ✠✡☛☞✌  ay 2 + by + c ✍✎✏ ♦☞ ✚✝

✡✝✎✢✝✬ t✠❢✚  a ✭ 0 ✈✝✕✓ a, b, c ✈✛✓ ✡✝✎❣✖

✞✟✐ ✆✝✝✞ ✍✝♣✎ ✠✡☛☞✌ ✚✝✎ ✯✰✱✲✱✱✳✴ ✵✶✷✸✹ (cubic polynomial) ✚✡✝ t✝✞✝ ✡✕✖  x ✜✎❣ ✙✚

❢✺✝✆✝✝✞✟ ✠✡☛☞✌ ✍✎✏ ✍☛✏✑ ✒✌✝✡✓✔✝ 4x3, 2x3 + 1, 5x3 + x2, 6x3 – x, 6 – x3 ✈✝✕✓

2x3 + 4x2 + 6x + 7 ✡✕❣✖ ✈✝☞✍✎✏ ❢✍✛✝✓ ✥✎ ✙✚ ✛✓ ✜✎❣ ❢✺✝✆✝✝✞✟ ✠✡☛☞✌ ✜✎❣ ❢✚✞✐✎ ☞✌ ✡✝✎ ✥✚✞✎

✡✕❣✦ ✈❢✻✝✚ ✥✎ ✈❢✧✚ ✼ ☞✌ ✡✝✎ ✥✚✞✎ ✡✕❣✖ ❡✽✡✎❣  ax3 + bx 2 + cx + d ✍✎✏ ♦☞ ✜✎❣ ❢♣✤✝✝ t✝

✥✚✞✝ ✡✕✬ t✡✝✩  a ✭ 0 ✈✝✕✓  a, b, c ✈✝✕✓ d ✈✛✓ ✡✕❣✖

✈✫✝✟ ✈✝☞✐✎ ✌✎✤✝✝ ✡✕ ❢✚ ✆✝✝✞ ✾✬ ✆✝✝✞ ✿ ✘✝ ✆✝✝✞ ★ ✍✝♣✎ ✠✡☛☞✌ ✌✎✤✝✐✎ ✜✎❣ ♣✢✫✝✢ ✥✜✝✐

✡✟ ♣✢✞✎ ✡✕❣✬ ✞✝✎ ✗✘✝ ✈✝☞ ✙✚ ✛✓ ✜✎❣✬ ✆✝✝✞  n  ✍✝♣✝ ✙✚ ✠✡☛☞✌ ❢♣✤✝ ✥✚✞✎ ✡✕❣✬ t✡✝✩  n

✚✝✎❡✪ ☞✮✝✍❞✏✞ ✥❣✤✘✝ ✡✕✦ ✙✚ ✛✓ x ✜✎❣✬ ✆✝✝✞ n ✍✝♣✝ ✠✡☛☞✌ ❢✐❀✐ ♦☞ ✚✝ ✙✚ ❁✘❣t✚ ✡✝✎✞✝ ✡✕❂

 a
n
xn + a

n–1
xn–1 + . . . + a

1
x + a

0

t✡✝✩  a0
, a

1
, a

2
, . . ., a

n
 ✈✛✓ ✡✕❣ ✈✝✕✓  a

n
 ✭ 0 ✡✕✖

❢✍❃✝✎❄✝ ♦☞ ✜✎❣✬ ✘❢✌  a
0
 = a

1
 = a

2
 = a

3
 = . . . = a

n
 = 0 ✡✝✎ ❅✥✫✝✟ ✈✛✓ ❃✝❆✽✘ ✡✝✎❣❇✬ ✞✝✎

✡✜✎❣ ❈❉❊❋● ❍■❏❑▲ (zero polynomial) ☞✮✝▼✞ ✡✝✎✞✝ ✡✕✬ ❢t✥✎ ◆ ✥✎ ☞✮✚❖ ❢✚✘✝ t✝✞✝ ✡✕✖ ❃✝❆✽✘

✠✡☛☞✌ ✚✟ ✆✝✝✞ ✗✘✝ ✡✝✎✞✟ ✡✕✦ ❃✝❆✽✘ ✠✡☛☞✌ ✚✟ ✆✝✝✞ ✸✯P◗✱✱✯❘✱✳ ❙✶✴❚ ✡✕✖

✈✫✝✟ ✞✚ ✡✜✐✎ ✍✎✏✍♣ ✙✚ ✛✓ ✍✝♣✎ ✠✡☛☞✌✝✎❣ ✍✎✏ ✠✝✓✎ ✜✎❣ ✈✻✘✘✐ ❢✚✘✝ ✡✕✖ ✡✜ ✙✚

✥✎ ✈❢✧✚ ✛✓✝✎❣ ✍✝♣✎ ✠✡☛☞✌ ✫✝✟ ☞✮✝▼✞ ✚✓ ✥✚✞✎ ✡✕❣✖ ✒✌✝✡✓✔✝ ✍✎✏ ❢♣✙✬  x2 + y2 + xyz ❅t✡✝✩

✛✓  x, y ✈✝✕✓ z ✡✕❣❇ ✞✟✐ ✛✓✝✎❣ ✜✎❣ ✙✚ ✠✡☛☞✌ ✡✕✖ ❡✥✟ ☞✮✚✝✓✬  p2 + q10  + r ❅t✡✝✩ ✛✓  p,

q ✈✝✕✓ r ✡✕❣❇✬ u3 + v2 ❅t✡✝✩ ✛✓  u ✈✝✕✓  v ✡✕❣❇ ❯✜❃✝❂ ✞✟✐ ✛✓✝✎❣ ✈✝✕✓ ✌✝✎ ✛✓✝✎❣ ✜✎❣ ❅✍✝♣✎❇

✠✡☛☞✌ ✡✕❣✖ ❡✥ ☞✮✚✝✓ ✍✎✏ ✠✡☛☞✌✝✎❣ ✚✝ ❢✍❱✞✝✓ ✥✎ ✈✻✘✘✐ ✡✜ ✠✝✌ ✜✎❣ ✚✓✎❣✢✎✖

❑❲❈❳❉❨❩❬  2.1

1. ❭❪❫❪❭❴❭❵❛❜ ❤❥❦❧♠❛♥❦ q♥❦ ♠❛r❪s♠❛r❪ ✉♠ ✇① q♥❦ ❝�✁✂✄ �r❦ ②❛r① ♠❛r❪s♠❛r❪ ❪�③❦ �r❦④ ♠❛①⑤❛ ⑥♥⑦

⑧❛⑨❛ ②✂❪♥ ⑩❶❛① ✄③❭❧✉ ❷

(i) 4x2 – 3x + 7 (ii) y2 + 2 (iii) 3 2t t❸

(iv) y + 
2

y
(v) x10 + y3 + t50
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2. �❢☎❢�✆�✝✂✄ ✞✟✠ ✡✟ ☛☞✌✍✟✎ ✞✟✠  x2  ❞✏ ✑✒✓✏✏✔❞ ✕✖✕✗✏✘✙

(i) 2 + x2 + x (ii) 2 – x2 + x3 (iii)
2

2
x x

✚
✛ (iv) 2 1x ✜

3. ✸✢ ✣✂✂✄ ✤✟✥ �✦☛✧ ✎✂ ★✂✩✪ ✫✬✬ ✣✂✂✄ ✤✟✥ ✭✎☛✧✮ ✎✂ ✭✎✯✭✎ ✰✧✂✱✪✁✂ ✧✮�✲✭✳

4. �❢☎❢�✆�✝✂✄ ✴✱✵☛✧✂✟✠ ✞✟✠ ✡✟ ☛☞✌✍✟✎ ✴✱✵☛✧ ✤✥✮ ✣✂✂✄ �✆�✝✂✭ ✶

(i) 5x3 + 4x2 + 7x (ii) 4 – y2

(iii) 5t – 7 (iv) 3

5. ✴✄✂❝✭ �✎ �❢☎❢�✆�✝✂✄ ✴✱✵☛✧✂✟✠ ✞✟✠ ✎✂✩❢✯✎✂✩❢ ✴✱✵☛✧ ✪✩�✝✂✎ ✱✩✠✷ ✎✂✩❢✯✎✂✩❢ �✦✣✂✂✄✮ ✱✩✠ ★✂✩✪

✎✂✩❢✯✎✂✩❢ �✹✂✣✂✂✄✮ ✱✩✠✶

(i) x2 + x (ii) x – x3 (iii) y + y2 + 4 (iv) 1 + x

(v) 3t (vi) r2 (vii) 7x3

2.3 ✺✻✼✽✾ ✿❀❁ ❂❃❄❅❆❇

✕❈❉❈✕✖✕✗✏❊ ❋●✒❍■ ✖❏✕❑✘✙

p(x) = 5x3 – 2x2 + 3x – 2

▲✕■ p(x) ❡▼✔ ◆❖P◗✏ x ❖▼♦ ❘❙✏✏❈ ❍❚ ❯ ❍❱✕❊❘❙✏✏✕❍❊ ❞❚▼✔❲ ❊✏▼ ●❡▼✔ ▲● ❍❱✏❳❊ ●✏▼❊✏ ●❨✙

p(1) = 5 × (1)3 – 2 × (1)2 + 3 × (1) – 2

= 5 – 2 + 3 – 2

= 4

✈❊✙❲ ●❡ ▲● ❞● ◆❞❊▼ ●❨✔ ✕❞ x = 1 ❍❚  p(x) ❞✏ ❡✏❈ ❩ ●❨❬

❜◆❏ ❍❱❞✏❚, p(0) = 5(0) 3 – 2(0)2 + 3(0) –2

= – 2

❭▲✏ ✈✏❍  p(–1) ❪✏❊ ❞❚ ◆❞❊▼ ●❨✔❫

♠✾❃✻❴❵❃ 2 : ♣❚✏▼✔ ❖▼♦ ✕■✘ ✑✘ ❡✏❈ ❍❚ ❈❏♣▼ ✕■✘ ✑✘ ❍❱❛▲▼❞ ❋●✒❍■ ❞✏ ❡✏❈ ❪✏❊ ❞❏✕❑✘✙

(i) x = 1 ❍❚ p(x) = 5x2 – 3x + 7 ❞✏ ❡✏❈

(ii) y = 2 ❍❚ q(y) = 3y3 – 4y + 11  ❞✏ ❡✏❈

(iii) t = a ❍❚ p(t) = 4 t4 + 5t3 – t2 + 6 ❞✏ ❡✏❈

✻❣ : (i) p(x) = 5x2 – 3x + 7
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x = 1 ✐☎ ✆✝✞✐✟  p(x) ❞✠ ✡✠☛ ☞✝ ✝✠✌✍✠ ✝✎✏

p(1) = 5(1)2 – 3(1) + 7

= 5 – 3 + 7 = 9

(ii) q(y) = 3y3 – 4y + 11

y = 2 ✐☎ ✆✝✞✐✟ q(y) ❞✠ ✡✠☛ ☞✝ ✝✠✌✍✠ ✝✎✏

q(2) = 3(2)3 – 4(2) + 11  = 24 – 8 + 11  = 16 + 11

(iii) p(t) = 4 t4 + 5t3 – t2 + 6

t = a ✐☎ ✆✝✞✐✟ p(t) ❞✠ ✡✠☛ ☞✝ ✝✠✌✍✠ ✝✎✏

p(a) = 4a4 + 5a3 – a2 + 6

✈✆ ✆✝✞✐✟  p(x) = x – 1 ②✑✒✓✔✕

p(1) ❉☞✠ ✝✎✖ ✗☞✠☛ ✟✑✒✓✔ ✒❞ p(1) = 1 – 1 = 0 ✝✎✕

❉☞✠✌✘✒❞  p(1) = 0 ✝✎, ❜✙✒②✔ ✝✡ ☞✝ ❞✝✍✌ ✝✎✘ ✒❞ ✚✛ ✆✝✞✐✟  p(x) ❞✠ ✔❞ ✬✜✢✣✤✥

(zero) ✝✎✕

❜✙✑ ✐✦❞✠☎✛ ✈✠✐ ☞✝ ✟✌✧✠ ✙❞✍✌ ✝✎✘ ✒❞ ★✛ q(x) ❞✠ ✔❞ ✬✜✢✣✤✥ ✝✎✛ ✓✝✠❣

q(x) = x – 2 ✝✎✕

❖☞✠✐❞ ✩✐ ✡✌✘✛ ✝✡ ☞✝ ❞✝✍✌ ✝✎✘ ✒❞ ✆✝✞✐✟  p(x) ❞✠ ✪✠✫✭☞❞ ✔❞ ✔✌✙✑ ✙✘✧☞✠ c ✝✎

✒❞  p(c) = 0 ✝✠✌✕

❜✙ ✆✠✍ ❞✑ ✈✠✌☎ ✈✠✐☛✌ ✈✮✪☞ ✗☞✠☛ ✒✟☞✠ ✝✠✌✯✠ ✒❞ ✆✝✞✐✟  (x – 1) ❞✠ ✪✠✫✭☞❞ ❜✙

✆✝✞✐✟ ❞✠✌ ✰ ✮✌✱ ✙✡✑✮✲✱✍ ❞☎✮✌✱ ✐✦✠✳✍ ✒❞☞✠ ✓✠✍✠ ✝✎✕ ✈✴✠✠✵✍✶  x – 1 = 0, ✒✓✙✙✌ x = 1 ✐✦✠✳✍

✝✠✌✍✠ ✝✎✕ ✍✆ ✝✡ ❞✝✍✌ ✝✎✘ ✒❞ p(x) = 0 ✔❞ ✆✝✞✐✟ ✙✡✑❞☎✷✠ ✝✎ ✈✠✎☎ ✚ ❜✙ ✆✝✞✐✟ ✙✡✑❞☎✷✠

p(x) = 0 ❞✠ ✔❞ ✡✫② ✝✎✕ ✈✍✏ ✝✡ ☞✝ ❞✝✍✌ ✝✎✘ ✒❞ ✚✛ ✆✝✞✐✟  x – 1 ❞✠ ✪✠✫✭☞❞ ✝✎ ☞✠

☞✝ ✆✝✞✐✟ ✙✡✑❞☎✷✠ x – 1 = 0 ❞✠ ✔❞ ❡✢✸  (root) ✝✎✕

✈✆ ✈✹☎ ✆✝✞✐✟ ✺ ②✑✒✓✔✕ ❉☞✠ ✈✠✐ ✆✍✠ ✙❞✍✌ ✝✎✘ ✒❞ ❜✙❞✠ ✪✠✫✭☞❞ ❉☞✠ ✝✎✖ ❜✙

✆✝✞✐✟ ❞✠ ❞✠✌❜✵ ✪✠✫✭☞❞ ☛✝✑✘ ✝✎✛ ❉☞✠✌✘✒❞ 5x0 ✡✌✘ x ✮✌✱ ♦✴✠✠☛ ✐☎ ✒❞✙✑ ✻✠✑ ✙✘✧☞✠ ❞✠✌

✐✦✒✍♦✴✠✠✒✐✍ ❞☎☛✌ ✐☎ ✝✡✌✘ ✺ ✝✑ ✐✦✠✳✍ ✝✠✌✍✠ ✝✎✕ ✮♦✍✞✍✏✛ ✼✥ ✬✜✢✣✤✽✾✿ ❀❁✿ ❂❃❄❅❆ ✥✜ ✥✜✽❇❈

✬✜✢✣✤✥ ❊❃❋● ❃✜✽✾✜❍ ✈✆ ✐✦✪☛ ■❏✍✠ ✝✎ ✒❞ ✪✠✫✭☞ ✆✝✞✐✟ ✮✌✱ ✪✠✫✭☞❞✠✌✘ ✮✌✱ ✆✠☎✌ ✡✌✘ ❉☞✠ ❞✝✠ ✓✠✔✕

✐☎✘✐☎✠ ✮✌✱ ✈☛✞✙✠☎ ❅❑▲✤✽✥ ▼✜◆✾P▼✥ ◗●❘✤✜ ✬✜✢✣✤ ❂❃❄❅❆ ✥✜ ✼✥ ✬✜✢✣✤✥ ❃✜✽✾❋ ❃❙❍
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♠☎✆✝✞✟✆ 3 : t✠✡☛ ☞✌✍t✎ ✍☞  –2 ✈✠✏✑ 2 ❝✒✓✔✕ x + 2 ♦✖✗ ✘✠✙✚✛☞ ✒✏✜ ✛✠ ✢✒✌✜✣

✝❣ : ❡✠✢ ✤✌✍t✎ p(x) = x + 2

r❝  p(2) = 2 + 2 = 4, p(–2) = –2 + 2 = 0

✈r✥ –2 ❝✒✓✔✕ x + 2 ☞✠ ✎☞ ✘✠✙✚✛☞ ✒✏❞ ✔✑✚r✓ ✦ ❝✒✓✔✕ x + 2 ☞✠ ✘✠✙✚✛☞ ✢✒✌✜ ✒✏✣

♠☎✆✝✞✟✆ 4 : ❝✒✓✔✕  p(x) = 2x + 1 ☞✠ ✎☞ ✘✠✙✚✛☞ ✧✠r ☞✌✍t✎✣

✝❣ :  p(x) ☞✠ ✘✠✙✚✛☞ ✧✠r ☞✑✢✠ ♦✏★✠ ✒✌ ✒✏ t✏★✠ ✍☞ ★❡✌☞✑✩✠

p(x) = 0

☞✠✖ ✒✤ ☞✑✢✠✣

✈❝ 2x + 1 = 0 ★✖ ✒❡✖✜ x = 
1

–
2

 ✔✐✠✪r ✒✠✖r✠ ✒✏✣

✈r✥❞ 
1

–
2

 ❝✒✓✔✕ 2x + 1 ☞✠ ✎☞ ✘✠✙✚✛☞ ✒✏✣

✈❝❞ ✛✍✕  p(x) = ax  + b, a ✫ 0 ✎☞ ✑✏✍✱✠☞ ❝✒✓✔✕ ✒✠✖❞ r✠✖ ✒❡ ✬★  p(x) ☞✠ ✘✠✙✚✛☞

✍☞★ ✔✐☞✠✑ ✧✠r ☞✑ ★☞r✖ ✒✏✜❢ ✭✕✠✒✑✩✠ ✮ ★✖ ✈✠✔☞✠✖ ✬★☞✠ ♦✓✗✯ ★✜♦✖✗r ✍❡✤ ★☞r✠

✒✏✣ ❝✒✓✔✕  p(x) ☞✠ ✘✠✙✚✛☞ ✧✠r ☞✑✢✖ ☞✠ ✈✰✠✲ ✒✏ ❝✒✓✔✕ ★❡✌☞✑✩✠  p(x) = 0 ☞✠✖ ✒✤ ☞✑✢✠✣

✈❝  p(x) = 0 ☞✠ ✈✰✠✲ ✒✏ ax + b = 0, a ✫ 0

✈r✥❞ ax = – b

✈✰✠✠✲r✳ x = –
b

a

✈r✥❞ x = 
b

a
✴  ✒✌ ♦✖✗♦✤  p(x)  ☞✠ ✘✠✙✚✛☞ ✒✏❞ ✈✰✠✠✲r✳ ❥✵✶✷✸✹ ✺✻✼✽✾ ✹✸ ✿✹ ❀✸✵❥ ❁❂❃❁❄

✿✹ ❅✸❆❇❈✹ ✻✸❂❉✸ ✻✵❊

✈❝ ✒❡ ✛✒ ☞✒ ★☞r✖ ✒✏✜ ✍☞ ❋❞  x – 1 ☞✠ ♦✖✗♦✤ ✎☞ ✘✠✙✚✛☞ ✒✏ ✈✠✏✑ – 2, x + 2 ☞✠ ♦✖✗♦✤

✎☞ ✘✠✙✚✛☞ ✒✏✣

♠☎✆✝✞✟✆ 5 : ★❧✛✠✍✔r ☞✌✍t✎ ✍☞ ✦ ✈✠✏✑ ● ❝✒✓✔✕ x2 – 2x ♦✖✗ ✘✠✙✚✛☞ ✒✏✜✣

✝❣ : ❡✠✢ ✤✌✍t✎ p(x) = x2 – 2x

r❝ p(2) = 22 – 4 = 4 – 4 = 0

✈✠✏✑ p(0) = 0 – 0 = 0
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✈☎✆✝ ✞ ✈✟✠✡ ☛ ☞✟✌✍✟✌✎ ✏✑ ✒✏✓✔☞ x2 – 2x ♦✌✕ ✖✟✗✘✙✚ ✏✠✎✎✛

✈✟✜✢ ✈✒ ✏✣ ✈✔✍✌ ✔✤✌✥✟✦✟✟✌✎ ✚✑ ✧✗★✑ ✒✍✟✢✩✆

1. ✈✟♦✖✙✚ ✍✏✑✎ ✏✠ ✪✚ ✒✏✓✔☞ ✚✟ ✖✟✗✘✙✚ ✖✟✗✘✙ ✏✑ ✏✟✌✛

2. ☛✝ ✒✏✓✔☞ ✚✟ ✢✚ ✖✟✗✘✙✚ ✏✟✌ ✧✚☎✟ ✏✠✛

3. ✔✤✐✙✌✚ ✡✠✪✫✟✚ ✒✏✓✔☞ ✚✟ ✢✚ ✈✟✠✡ ♦✌✕♦✬ ✢✚ ✖✟✗✘✙✚ ✏✟✌☎✟ ✏✠✛

4. ✢✚ ✒✏✓✔☞ ♦✌✕ ✢✚ ✧✌ ✈✪✱✚ ✖✟✗✘✙✚ ✏✟✌ ✧✚☎✌ ✏✠✎✛

✭✮✯✰✲✳✴✵ 2.2

1. ❢✶✷✶❢✸❢✹✺✻ ✂✼ ❝�✁✂✄  5x – 4x2 + 3 ❞✽ ✾✺✶ ✿✺✻ ❞❀❢❁❂❃

(i) x = 0 (ii) x = –1 (iii) x = 2

2. ❢✶✷✶❢✸❢✹✺✻ ❝�✁✂✄✺✽❄ ✾✽❄ ❅✽ ✂❆❇❈✽❞ ❝�✁✂✄ ❉✽❊ ❢✸❂  p(0), p(1) ❋✺●✼  p(2) ✿✺✻ ❞❀❢❁❂❃

(i) p(y) = y2 – y + 1 (ii) p(t) = 2 + t + 2t2 – t3

(iii) p(x) = x3 (iv) p(x) = (x – 1) (x + 1)

3. ❅❇❈✺❢✂✻ ❞❀❢❁❂ ❢❞ ❢✄✹✺✺❂ ❧❂ ✾✺✶ ❢✶✷✶❢✸❢✹✺✻ ❢❍■✺❢✻❈✺✽❄ ✾✽❄ ❅❄❧✻ ❝�✁✂✄ ❉✽❊ ❏✺❑▲❈❞ �●❄❃

(i) p(x) = 3x + 1; x = 
1

–
3

(ii) p(x) = 5x – ▼; x = 
4

5

(iii) p(x) = x2 – 1; x = 1, –1 (iv) p(x) = (x + 1) (x – 2); x = – 1, 2

(v) p(x) = x2; x = 0 (vi) p(x) = lx  + m; x = –
m

l

(vii) p(x) = 3x2 – 1; x = 
1 2,
3 3

◆ (viii) p(x) = 2x + 1; x = 
1

2

4. ❢✶✷✶❢✸❢✹✺✻ ❢❍■✺❢✻❈✺✽❄ ✾✽❄ ❅✽ ✂❆❇❈✽❞ ❢❍■✺❢✻ ✾✽❄ ❝�✁✂✄ ❞✺ ❏✺❑▲❈❞ ✿✺✻ ❞❀❢❁❂ ❃

(i) p(x) = x + 5 (ii) p(x) = x – 5 (iii) p(x) = 2x + 5

(iv) p(x) = 3x – 2 (v) p(x) = 3x (vi) p(x) = ax; a ❖ 0

(vii) p(x) = cx + d; c ❖ 0, c, d ❉✺❍✻❢❉❞ ❅❄✹❈✺❂P �●❄◗

2.4 ✯✲❘❙✲✭❚✴ ✭✮❯❘❱

✈✟✜✢ ✏✣ ☞✟✌ ✧✎✫✙✟✢✩ ❲❳ ✈✟✠✡ ❨ ✬✌✎✛ ✈✟✔ ❩✟✍☎✌ ✏✠✎ ✪✚ ❩✒ ✏✣ ❲❳ ✚✟✌ ❨ ✧✌ ❬✟✟❭ ☞✌☎✌

✏✠✎✝ ☎✟✌ ✏✣✌✎ ❬✟✟❭✔✕✬ ✞ ✈✟✠✡ ✖✟✌❣✟✔✕✬ ❪ ✔✤✟❫☎ ✏✟✌☎✟ ✏✠✛ ❴✙✟ ✈✟✔ ❩✟✍☎✌ ✏✠✎ ✪✚ ✜✧ ☎❵✙ ✚✟✌
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❢☎✆ ✝✞☎✟✠ ✡☛☞✌ ❢☎☛✟ ✍✟✌✟ ✎✏✑ ✎✒ ✓✔ ☎✟✕ ✖✆ ✗✝ ✒✕✘ ❢✙✚✟✌✕ ✎✏✘✛

15 = (2 × 6) + 3

✎✒ ☛✎✟❣ ✜✕✚✟✌✕ ✎✏✘ ❢☎ ✢✟✕✣✟✝✤✙ ✸ ✥✟✟✍☎ ✦ ✆✕ ☎✒ ✎✏✧ ✖✆★ ✝✞☎✟✠✩ ☛❢✜ ✎✒ ✓✪ ☎✟✕

✦ ✆✕ ✥✟✟✻ ✜✕✘✩ ✌✟✕ ✎✒✕✘ ✝✞✟✫✌ ✎✟✕✌✟ ✎✏✛

12 = (2 × 6) + 0

☛✎✟❣ ✝✠ ✢✟✕✣✟✝✤✙ ☞☛✟ ✎✏✑ ☛✎✟❣ ✝✠ ✢✟✕✣✟✝✤✙ ✢✟❀✬☛ ✎✏✧ ✎✒ ☛✎ ☎✎✌✕ ✎✏✘ ❢☎ ✦✩ ✓✪ ☎✟

✱☎ ✭✮✯✰✲✳✰✴✵ (factor) ✎✏ ☛✟ ✓✪✩ ✦ ☎✟ ✱☎ ✭✮✯✰✶ (multiple) ✎✏✧

✈✷ ✝✞✢✹ ☛✎ ✺✼✌✟ ✎✏ ❢☎ ☞☛✟ ✎✒ ✱☎ ✷✎✽✝✜ ☎✟✕ ✜❀✆✠✕ ✷✎✽✝✜ ✆✕ ✥✟✟✻ ✜✕ ✆☎✌✕ ✎✏✘✑

✈✟✖✱ ✆✷✆✕ ✝✎✙✕ ✎✒ ✖✆✕ ✎✙ ☎✠✹✕ ☎✟ ✝✞☛✟✆ ☎✠✕✘ ✈✟✏✠ ☛✎ ✌✷ ☎✠✕✘ ✍✷❢☎ ✥✟✟✍☎ ✱☎

✱☎✝✜★ ✎✟✕✧

✈✌✛ ✈✟✖✱ ✎✒ ✷✎✽✝✜  2x3 + x2 + x  ☎✟✕ ✱☎✝✜★  x  ✆✕ ✥✟✟✻ ✜✕✘✧

(2x3 + x2 + x) ÷ x =

3 2
2x x x

x x x
✾ ✾

= 2x2 + x + 1

☛✎✟❣ ✈✟✝ ☛✎ ✜✕✚✟ ✆☎✌✕ ✎✏✘ ❢☎  2x3 + x2 + x ♦✕✤ ✝✞✿☛✕☎ ✝✜ ✒✕✘  x  ✆♦❧❢✹✣✼ ✎✏✧ ✈✌✛

✎✒ 2x3 + x2 + x ☎✟✕  x(2x2 + x + 1) ♦✕✤ ✗✝ ✒✕✘ ❢✙✚✟ ✆☎✌✕ ✎✏✘✧

✌✷ ✎✒ ☛✎ ☎✎✌✕ ✎✏✘ ❢☎  x  ✈✟✏✠  2x2 + x + 1 ✷✎✽✝✜ 2x3 + x2 + x ♦✕✤ ✻✽❁✟✹✚✟✘❂ ✎✏✘✩ ✈✟✏✠

2x3 + x2 + x, x ☎✟ ✱☎ ✻✽❁✟✍ ✎✏ ✈✟✏✠  2x2 + x + 1 ☎✟ ✥✟★ ✱☎ ✻✽❁✟✍ ✎✏✧

✷✎✽✝✜✟✕✘  3x2 + x + 1  ✈✟✏✠  x  ☎✟ ✱☎ ✈✬☛ ☛✽❞✒ ②❃❄❅❆✧

☛✎✟❣ (3x2 + x + 1) ÷ x = (3x2 ÷ x) + (x ÷ x) + (1 ÷ x) ✎✏✧

✎✒ ✜✕✚✟✌✕ ✎✏✘ ❢☎ ✓ ☎✟✕  x  ✆✕ ✥✟✟✻ ✜✕✹✕ ✝✠ ✎✒✕✘ ✱☎ ✷✎✽✝✜ ✝✞✟✫✌ ✹✎★✘ ✎✟✕ ✆☎✌✟✧ ✈✌✛

✖✆ ❢❜❇✟❢✌ ✒✕✘ ✎✒ ❈☎ ✍✟✌✕ ✎✏✘ ✈✟✏✠ ✜✕✚✟✌✕ ✎✏✘ ❢☎ ✢✟✕✣✟✝✤✙ ✓ ✎✏✧ ✈✌✛

3x2 + x + 1 = {(3x + 1) × x} + 1

☛✎✟❣ ✥✟✟✻✝✤✙ 3x + 1 ✎✏ ✈✟✏✠ ✢✟✕✣✟✝✤✙ ✓ ✎✏✧ ☞☛✟ ✈✟✝ ☛✎ ✆✟✕❉ ✆☎✌✕ ✎✏✘ ❢☎  x  ✷✎✽✝✜

3x2 + x + 1 ☎✟ ✱☎ ✻✽❁✟✹✚✟✘❂ ✎✏✑ ☞☛✟✕✘❢☎ ✢✟✕✣✟✝✤✙ ✢✟❀✬☛ ✹✎★✘ ✎✏✩ ✖✆❢✙✱ ☛✎ ✻✽❁✟✹✚✟✘❂ ✹✎★✘

✎✏✧

✈✟✖✱ ✈✷ ✎✒ ✱☎ ✷✎✽✝✜ ☎✟✕ ✱☎❊✜❀✆✠✕ ✢✟❀✬☛✕✌✠ ✷✎✽✝✜ ✆✕ ✥✟✟✻ ✜✕✘✧
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♠☎✆✝✞✟✆ 6 :  p(x) ❞✠✡ g(x) ❧✡ ☛✠✠☞ ✌✍✎✏✑✒ ✏✓✠✔  p(x) = x + 3x2 – 1 ✈✠✕✖  g(x) = 1 + x ✓✕❣

✝✗ : ✓✘ ☛✠✠☞ ✌✡✙✡ ✚✡✛ ✜✢✣✘ ❞✠✡ ✎✙✤✙✎✥✎✦✠✧ ★✖✩✠✠✡✪ ✘✡ ✪ ❞✖✧✡ ✓✕ ✪✫

♣✞✟✆ 1 : ☛✠✠❍✬  x + 3x2 – 1 ✈✠✕✖ ☛✠✠✏❞  (1 + x)  ❞✠✡ ✘✠✙❞ ✭✜ ✘✡✪ ✎✥✦✠✧✡ ✓✕✪✒ ✈✮✠✠✯✧✰ ✜✌✠✡✪

❞✠✡ ✱✙✚✛✍ ✲✠✠✧✠✡✪ ✚✡✛ ✈✚✖✠✡✓✍ ✣✘ (descending order) ✘✡✪ ✎✥✦✠✧✡ ✓✕✪❣

✈✧✫ ☛✠✠❍✬ : 3x2 + x –1, ☛✠✠✏❞ : x + 1

♣✞✟✆ 2 : ✓✘ ☛✠✠❍✬ ✚✡✛ ✜✓✥✡ ✜✌ ❞✠✡ ☛✠✠✏❞ ✚✡✛

✜✓✥✡ ✜✌ ❧✡ ☛✠✠☞ ✌✡✧✡ ✓✕✪✒ ✈✮✠✠✯✧✰ ✓✘ 3x2 ❞✠✡  x  ❧✡

☛✠✠☞ ✌✡✧✡ ✓✕✪ ✈✠✕✖ ✓✘✡✪  3x ✜✢✠✐✧ ✓✠✡✧✠ ✓✕❣ ✬✓ ☛✠✠☞✜✛✥

❞✠ ✜✓✥✠ ✜✌ ✓✠✡✧✠ ✓✕❣

♣✞✟✆ 3 : ✓✘ ☛✠✠✏❞ ❞✠✡ ☛✠✠☞✜✛✥ ✚✡✛ ✜✓✥✡ ✜✌ ❧✡

☞①✩✠✠ ❞✖✧✡ ✓✕✪ ✈✠✕✖ ✳❧ ☞①✩✠✙✜✛✥ ❞✠✡ ☛✠✠❍✬ ❧✡ ✲✠✴✠

✌✡✧✡ ✓✕✪✒ ✈✮✠✠✯✧✰ ✓✘  x + 1 ❞✠✡  3x ❧✡ ☞①✩✠✠ ❞✖✧✡ ✓✕✪

✈✠✕✖ ☞①✩✠✙✜✛✥ 3x2 + 3x ❞✠✡ ☛✠✠❍✬ 3x2 + x – 1 ❧✡

✲✠✴✠✧✡ ✓✕✪❣ ✳❧❧✡ ✓✘✡✪ ❄✠✡✵✠✜✛✥  –2x – 1  ✜✢✠✐✧ ✓✠✡✧✠ ✓✕❣

♣✞✟✆ 4 : ✓✘ ❄✠✡✵✠✜✛✥  –2x – 1 ❞✠✡ ✙✬✠

☛✠✠❍✬ ✘✠✙ ✥✡✧✡ ✓✕✪❣ ☛✠✠✏❞ ✚✓✍ ✶✙✠ ✖✓✧✠

✓✕❣ ★✖✩✠ ✷ ❞✠✡ ✜①✙✫ ✥✠☞✸ ❞✖✙✡ ✜✖✒ ✓✘✡✪

☛✠✠☞✜✛✥ ❞✠ ✈☞✥✠ ✜✌ ✜✢✠✐✧ ✓✠✡✧✠ ✓✕❣

✈✮✠✠✯✧✰ ✹✙✑✺ ☛✠✠❍✬ ✚✡✛ ✜✓✥✡ ✜✌ – 2x ❞✠✡

☛✠✠✏❞ ✚✡✛ ✜✓✥✡ ✜✌ x ❧✡ ☛✠✠☞ ✌✡✧✡ ✓✕✪ ✈✠✕✖

✓✘✡ ✪ – 2 ✜✢✠✐✧ ✓✠✡✧✠ ✓✕❣ ✳❧ ✧✖✓✒ ☛✠✠☞✜✛✥ ❞✠

✌✸❧✖✠ ✜✌ – 2 ✓✕❣

♣✞✟✆ 5 : ✓✘ ☛✠✠✏❞ ❞✠✡ ☛✠✠☞✜✛✥ ✚✡✛ ✌✸❧✖✡ ✜✌

❧✡ ☞①✩✠✠ ❞✖✧✡ ✓✕✪ ✈✠✕✖ ✳❧ ☞①✩✠✙✜✛✥ ❞✠✡ ☛✠✠❍✬

❧✡ ✲✠✴✠✧✡ ✓✕✪❣ ✈✮✠✠✯✧✰ ✓✘  x + 1 ❞✠✡  – 2 ❧✡ ☞①✩✠✠

❞✖✧✡ ✓✕✪ ✈✠✕✖ ☞①✩✠✙✜✛✥ – 2x – 2 ❞✠✡ ☛✠✠❍✬

 – 2x – 1 ❧✡ ✲✠✴✠✧✡ ✓✕✪❣ ✳❧❧✡ ❄✠✡✵✠✜✛✥ ✚✡✛ ✭✜ ✘✡✪

✓✘✡✪ ✻ ✜✢✠✐✧ ✓✠✡✧✠ ✓✕❣

(x + 1)(–2) –2x – 1

= –2x – 2 –2x – 2

+ +

       + 1

– 2x

x
 = – 2

= ✼✽✽✾✂✿❀ ❁✽ ✄❂❃❅✽ ✂✄

✉❆✽ ✼✽✽✾✂✿❀
= 3x – 2

3x2 +  x –1

3x2 + 3x
–  –

     – 2x – 1

3x

x + 1

2
3x

x
= 3x = ✼✽✽✾✂✿❀ ❁✽ ✂�❀✽ ✂✄
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❀☎ ✆✝✞✟ ☎✟ ✠✡ ✠☛ ☛☞✠✌ ☞☎✠✌ ☎✍✎ ✏✡ ✠☛ ✑☛ ✒✓ ✔✕✕✖❀ ☛✗ ✘✕✕✠ ✔✕✕✏☛ ✙✚✗ ✘✕✕✠ ✛✌

☛✟ ✒☎✗✎ ☎✕✌ ✏✕✠✗❞ ✜✛ ✢☞✣✕ ✆☞✤ ✔✕✕✖❀ ✥✕✌✦✕✆✚✧ ☎✕✌ ✏✕✠✕ ☎✍ ★✕✍☞ ✔✕✕✩✆✚✧✕✌✎ ✙✌✚ ❀✕✌✩✆✚✧ ✛✌

☎✟✌✎ ✆❣✣✕✪ ✔✕✕✩✆✚✧ ✆✝✕✫✠ ☎✕✌ ✏✕✠✕ ☎✍❞

♣✬✭✮ 6 : ✜✛ ✠☞☎ ✆❣☞✕ ✔✕✕✩✆✚✧ 3x – 2 ☎✍ ★✕✍☞ ✥✕✌✦✕✆✚✧ ✯ ☎✍❞

★✕✜✓ ☎✟ ✈✌✰✕✌✎ ✑☛ ✆❣☞✌ ✆✝✞✟ ✟✌✎ ☎✟✒✌ ✱❀✕✲✱❀✕ ✑☛❀✕ ☎✍❞
3x – 2

x + 1 3x2 + x – 1

3x2 + 3x
          –    –

     – 2x – 1

      – 2x – 2

                                                  + +

1

è❀✕✒ ✈✗✑✏✓ ✑☛ 3x2 + x – 1 = (x + 1) (3x – 2) + 1

★✳✕✕✪✠✴ ❍✮✮✵✶ = ✷❍✮✮✸✹ × ❍✮✮✺✻✼✽✾ + ✿✮❁❂✮✻✼✽

❖❀✕✆☛ ❃✆ ✟✌✎✤ ❀✑✈  p(x) ★✕✍☞ g(x)  ✓✌✛✌ ✈✕✌ ✡☎❄✆✈ ☎✕✌✎ ✑☛  p(x) ☛✗ ✘✕✕✠  > g(x) ☛✗ ✘✕✕✠

★✕✍☞ g(x) ❅ 0 ☎✍, ✠✕✌ ☎✟ ✓✌✛✌ ✡☎❄✆✈  q(x) ★✕✍☞  r(x) ✆✝✕✫✠ ☛☞ ✛☛✠✌ ☎✍✎ ✑✏✛✛✌ ✑☛

p(x) = g(x)q(x) + r(x),

✏☎✕t  r(x) = 0 ❀✕  r(x) ☛✗ ✘✕✕✠ < g(x) ☛✗ ✘✕✕✠❞ ❀☎✕t ☎✟ ☛☎ ✛☛✠✌ ☎✍✎ ✑☛  p(x) ☛✕✌  g(x)

✛✌ ✔✕✕✩ ✈✌✒✌ ✆☞ ✔✕✕✩✆✚✧ q(x) ★✕✍☞ ✥✕✌✦✕✆✚✧ r(x) ✆✝✕✫✠ ☎✕✌✠✕ ☎✍❞

➴✆☞ ✙✌✚ ❆✈✕☎☞✣✕ ✟✌✎✤ ✔✕✕✏☛ ✓☛ ☞✍✑✰✕☛ ✡☎❄✆✈ ✳✕✕❞ ✓✌✛✗ ✑❇✳✕✑✠ ✟✌✎ ★✕✜✓ ☎✟ ✈✌✰✕✌✎ ✑☛

✥✕✌✦✕✆✚✧ ★✕✍☞ ✔✕✕✖❀ ✙✌✚ ✙❄✚❈ ✟✕✒✕✌✎ ✟✌✎ ☛✕✌✜✪ ✛✎✡✎❉ ☎✍ ❀✕ ✒☎✗✎❞

p(x) = 3x2 + x – 1 ✟✌✎  x ✙✌✚ ❇✳✕✕✒ ✆☞  –1 ✆✝✑✠❇✳✕✕✑✆✠ ☛☞✒✌ ✆☞✤ ☎✟✌✎ ❀☎ ✆✝✕✫✠ ☎✕✌✠✕ ☎✍✐

p(–1) = 3(–1)2 + (–1) –1 = 1

★✠✐  p(x) = 3x2 + x – 1 ☛✕✌  (x + 1) ✛✌ ✔✕✕✩ ✈✌✒✌ ✆☞ ✏✕✌ ✥✕✌✦✕✆✚✧ ✆✝✕✫✠ ☎✕✌✠✕ ☎✍✤ ❀☎ ✙☎✗

☎✕✌✠✕ ☎✍ ✏✕✌ ✑☛ ✡☎❄✆✈ (x + 1) ✙✌✚ ✥✕❣♦❀☛✤ ★✳✕✕✪✠✴ –1 ✆☞ ✡☎❄✆✈ p(x) ☛✕ ✟✕✒ ☎✕✌✠✕ ☎✍❞

★✕✜✓ ☎✟ ✙❄✚❈ ★♦❀ ❆✈✕☎☞✣✕ ✧✌✎❞



❝�✁✂✄ 45

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-1\Chap-1 PM65

♠☎✆✝✞✟✆ 7 :  3x4 – 4x3 – 3x –1 ❞✠✡ x – 1 ❧✡ ☛✠✠☞ ✌✍✎✏✑✒

✝❣ : ②✓✔✡ ☛✠✠☞ ❧✡ ✕✖✡✓ ✗✕ ✘✙✠✚✛ ✕✠✡✛✠ ✕✜ ✢

3x3 – x2 – x – 4

x – 1 3x4 – 4x3 – 3x – 1

          
–
3x4 –

+
 3x3

     –    x3  – 3x – 1

     –
+

   x3 +
–
 x2

– x2 – 3x – 1

– 
+

x2 +
–
 x

       – 4x – 1

       – 
+

4x +
–

 4

 – 5

✗✕✠❀ ✣✠✡✤✠✘✥② – 5 ✕✜✒ ✦✔ x – 1 ❞✠ ✣✠✧★✗❞ 1 ✕✜✒ ✦✛✢  p(x) ✖✡✓  x = 1 ❥✩✠✪✡ ✘❥ ✕✖ ✗✕ ✘✠✛✡

✕✜✓ ✎❞

p(1) = 3(1) 4 – 4(1)3 – 3(1) – 1

= 3 – 4 – 3 – 1

= – 5, ✏✠✡ ✎❞ ✣✠✡✤✠✘✥② ✕✜✒

♠☎✆✝✞✟✆ 8 :  p(x) = x3 + 1 ❞✠✡  x + 1 ❧✡ ☛✠✠☞ ✌✡✪✡ ✘❥ ✘✙✠✚✛ ✣✠✡✤✠✘✥② ✫✠✛ ❞✍✎✏✑✒

✝❣ : ②✓✔✡ ☛✠✠☞ ❧✡✬

x2 – x + 1

x + 1 x3 + 1

         
–

 x3 +
–
 x2

    –  x2 + 1

   –
+

 x2 –
+

 x

             x + 1

           
–

 x +
–
 1

  0
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✈☎✆✝ ✞✟✠✡ ☛☞✠✌☞✍✎✏ ✑ ✍✒☞✓☎ ✞☞✠☎☞ ✞✔✕

❀✞☞✖  p(x) = x3 + 1 ✞✔ ✈☞✔❣  x + 1 = 0 ❞☞ ✟✗✏  x = –1 ✞✔✕ ✈☎✆

p(–1) = (–1) 3 + 1

= –1 + 1

= 0,

t☞✠ ✘☞✙☎✚✘❞ ✛✍ ✜✠ ✢☞☞✣ ✤✠✥✠ ✍❣ ✍✒☞✓☎ ☛☞✠✌☞✍✎✏ ✘✠✎ ✦❣☞✦❣ ✞✔✕

❉❀☞ ❀✞ ✧❞ ✦✞★✍✤ ❞☞✠ ✧❞ ❥✩✪✫✬✭ ✮✯✰✱✲ ✜✠ ✢☞☞✣ ✤✠✥✠ ✍❣ ✍✒☞✓☎ ☛☞✠✌☞✍✎✏ ✳☞☎ ❞❣✥✠ ❞✴

✧❞ ✜❣✏ ✚✘✚✵ ✥✞✴✡ ✞✔✶ ✈✦ ✞✟ ✷✜ ☎✸❀ ❞☞✠ ✚✥✹✥✚✏✚✺☞☎ ✍✒✟✠❀ ✘✠✎ ✛✍ ✟✠✡ ✍✒✙☎★☎ ❞❣✠✡✣✠✕

✞✟ ❀✞☞✖ ✷✜ ✍✒✟✠❀ ❞✴ ✻✍✍✚✼☞ ✤✠❞❣ ❀✞ ✢☞✴ ✚✤✺☞☞✧✡✖✣✠ ✚❞ ❀✞ ✍✒✟✠❀ ✜✽❀ ❉❀☞✠✡ ✞✔✕

✾✿❁❂✿❃❄❅ ❃❆❇❁❈ :  ❡✬❊ ❋●✪❍■  p(x) ■✭ ❏❑ ▲✪▼✭ ◆✬ ■✭ ❖❑P ✮❥✬✮❥ ◗✬✬❘ ❖✬❋✬ ■✭ ✮✯✰✱✲

✯✩ ▲✬✩❥ ❡✬❊ ②❙❚❯❱ a ✭✬❑❲❳ ❖✬❨❘✪❖✭ ❏❩✫◆✬ ✯✩❬ ◆✪✲  p(x) ✭✬❑ ❥✩✪✫✬✭ ✮✯✰✱✲  x – a ❏❑ ❧✬✬❭

✪✲◆✬ ❍✬■❢ ❘✬❑ ❪✬❑❫✬✱P❋  p(a) ✯✬❑❘✬ ✯✩❬

♠❃❃❴❵✿ : ✟☞✥ ✏✴✚t✧  p(x) ✧❞ ❀☞ ✧❞ ✜✠ ✈✚✵❞ ❛☞☞☎ ✘☞✏☞ ✧❞ ✦✞★✍✤ ✞✔ ✈☞✔❣ ✟☞✥

✏✴✚t✧ ✚❞ t✦  p(x) ❞☞✠ x – a ✜✠ ✢☞☞✣ ✚✤❀☞ t☞☎☞ ✞✔✝ ☎☞✠ ✢☞☞✣✍✎✏  q(x) ✞☞✠☎☞ ✞✔ ✈☞✔❣ ☛☞✠✌☞✍✎✏

r(x) ✞☞✠☎☞ ✞✔✕ ✈✸☞☞❜☎❝

p(x) = (x – a) q(x) + r(x)

❉❀☞✠✡✚❞ x – a ❞✴ ❛☞☞☎ ❤ ✞✔ ✈☞✔❣  r(x) ❞✴ ❛☞☞☎  x – a  ✘✎✴ ❛☞☞☎ ✜✠ ❞✟ ✞✔✝ ✷✜✚✏✧ r(x)

❞✴ ❛☞☞☎ = 0 ✞✔✕ ✷✜❞☞ ✈✸☞❜ ❀✞ ✞✔ ✚❞  r(x) ✧❞ ✈✐❣ ✞✔✕ ✟☞✥ ✏✴✚t✧ ❀✞ ✈✐❣  r ✞✔✕

✈☎✆✝  x ✘✠✎ ✍✒✽❀✠❞ ✟☞✥ ✘✠✎ ✚✏✧  r(x) = r ✞✔✕

✷✜✚✏✧, p(x) = (x – a) q(x) + r

✚✘☛☞✠✌☞ ✛✍ ✜✠✝ ❀✚✤ x = a, ☎☞✠ ✷✜ ✜✟✴❞❣r☞ ✜✠ ✞✟✠✡ ❀✞ ✍✒☞✓☎ ✞☞✠☎☞ ✞✔✆

p(a) = (a – a) q(a) + r

= r

✷✜ ☎❣✞ ✍✒✟✠❀ ✚✜❦ ✞☞✠ t☞☎✴ ✞✔✕

✈☞✷✧ ✞✟ ✷✜ ✍✚❣r☞☞✟ ❞☞✠ ✧❞ ✈♥❀ ✻✤☞✞❣r☞ ✍❣ ✏☞✣✗ ❞❣✠✡✕

♠♦✿♣qs✿ 9 : x4 + x3 – 2x2 + x + 1 ❞☞✠ x – 1 ✜✠ ✢☞☞✣ ✤✠✥✠ ✍❣ ✍✒☞✓☎ ☛☞✠✌☞✍✎✏ ✳☞☎ ❞✴✚t✧✕

♣❅ : ❀✞☞✖, p(x) = x4 + x3 – 2x2 + x + 1 ✞✔ ✈☞✔❣  x – 1 ❞☞ ☛☞✗♥❀❞ 1 ✞✔✕
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p(1) = (1)4 + (1)3 – 2(1)2 + 1 + 1 = 2

✈☎✆ ✝✞✟✠✞✡☛☞ ✡✌✍✟✎ ✏✟☛ ✈✑✒✓✞✔ x4 + x3 – 2x2 + x + 1 ❞✞✟ (x – 1) ✓✟ ✥✞✞✕ ✖✟✑✟ ✡✔ ✝✞✟✠✞✡☛☞

✷ ✡✌✞✗☎ ✘✞✟☎✞ ✘✙✚

♠✛✜✢✣✤✜ 10 : t✞✦✧ ❞★✩t✪ ✩❞ ✫✘✒✡✖ q(t) = 4t3 + 4t2 – t  – 1, 2t + 1 ❞✞ ✪❞ ✕✒✬✞t ✘✙✚

✢❣ : t✙✓✞ ✩❞ ✈✞✡ t✞✑☎✟ ✘✙✭ ✩❞  q(t) ✫✘✒✡✖ 2t + 1 ❞✞ ✕✒✬✞t ✏✟☛✏☞ ☎✫ ✘✞✟✕✞ t✫✩❞

2t + 1 ✓✟  q(t) ❞✞✟ ✥✞✞✕ ✖✟✑✟ ✡✔ ❞✞✟✮✯ ✝✞✟✠✞ ✑ ✫✧☎✞ ✘✞✟✚ ✈✫ 2t + 1 = 0 ☞✟✑✟ ✡✔ ✘✍✟✭ ✎✘ ✡✌✞✗☎

✘✞✟☎✞ ✘✙✆

t =
1

–
2

✈✞✙✔, q 
1

–
2

✰ ✱
✲ ✳
✴ ✵

 =

3 2
1 1 1

4 4 1
2 2 2

✰ ✱ ✰ ✱ ✰ ✱✶ ✸ ✶ ✶ ✶ ✶✲ ✳ ✲ ✳ ✲ ✳
✴ ✵ ✴ ✵ ✴ ✵

=
1 1

1 1
2 2

✶ ✸ ✸ ✶

= 0

✈☎✆✹ q(t) ❞✞✟  2t + 1 ✓✟ ✥✞✞✕ ✖✟✑✟ ✡✔ ✡✌✞✗☎ ✝✞✟✠✞✡☛☞ 0 ✘✙✚

✈☎✆✹ 2t  + 1 ✩✖✪ ✘✒✪ ✫✘✒✡✖  q(t)  ❞✞ ✪❞ ✕✒✬✞✑✺✞✭✻ ✘✙ ✈✼✞✞✯☎✽  q(t), 2t + 1 ❞✞ ✪❞ ✕✒✬✞t

✘✙✚

✐✾✿❀✜❁❣❂  2.3

1.  x3 + 3x2 + 3x + 1 ❃❄❅ ❆❇❈❇❆❉❆❊❄❋ ●❅ ❍❄❄■ ✄❅❇❅ ✂❏ ❑❄❅▲❄✂▼❉ ◆❄❋ ❃❖❆P◗❘

(i) x + 1 (ii) x – 
1

2
(iii) x (iv) x + ❙ (v) 5 +  2x

2. x3 – ax2 + 6x – a  ❃❄❅  x – a ●❅ ❍❄❄■ ✄❅❇❅ ✂❏ ❑❄❅▲❄✂▼❉ ◆❄❋ ❃❖❆P◗❧

3. P❄❚❯ ❃❖❆P◗ ❆❃  7 + 3x,  3x3 + 7x ❃❄ ◗❃ ■✁❱❄❇❊❄❲❳ �❨ ❩❄ ❇�❖❲❧

2.5 ❬✢❭✐✛✜❪❫ ❴✜ ❵❭✤✜❀❛✜❫❜❀

✈✞✮✪ ✈✫ ✘✍ ❡✡✔ ✏✟☛ ❢✖✞✘✔✬✞ ❤❥ ❞★ ✩❦✼✞✩☎ ✡✔ ♥✎✞✑✡♦✏✯❞ ✩✏✧✞✔ ❞✔✟✭✚ ✮✓✏✟☛ ✈✑✒✓✞✔✹

♣✎✞✟✭✩❞ ✝✞✟✠✞✡☛☞  
1

2
q
✰ ✱✶✲ ✳
✴ ✵

 = 0 ✘✙, ✮✓✩☞✪ 2t  + 1, q(t) ❞✞ ✪❞ ✕✒✬✞✑✺✞✭✻ ✘✙✚ ✈✼✞✞✯☎✽ ✩❞✓★

✫✘✒✡✖ g(t) ✏✟☛ ✩☞✪✹
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q(t) = (2t  + 1) g(t) ❣☎✆✝☎ ❣ ✞✟

❀❣ ✠ ✡☛✆ ☞✌✍ ❣ ✎ ✍ ✏✑✒✆ ❀ ✓ ✡ ✍✓ ☞✔✕☎✆✖☎ ☞✗✘☎ ☞✝ ❣ ✞✙

✚✛✜✢ ✣✤✢ ✥✦ ✧ ★✩✪✫ : ❀☞✌  p(x) ❄☎☎✝  n > 1 ✔☎♦☎ ✍✓ ✬❣✎✏✌ ❣☎✆ ✭☎✞✮  a ✓☎✆ ❞✯ ✔☎✗✝ ☞✔✓ ✰✱✲ ❀☎

❣ ☎✆✳ ✝ ☎✆

(i) x – a, p(x) ✓☎ ✍✓ ✴✎ ✵☎✠ ✲☎ ✱✶ ❣☎✆✝ ☎ ❣ ✞✳ ❀☞✌  p(a) = 0 ❣☎✆ , ✭☎ ✞✮

(ii) p(a) = 0 ❣☎✆ ✝☎ ❣ ✞, ❀☞✌ x – a,  p(x) ✓☎ ✍✓ ✴✎ ✵☎✠ ✲☎ ✱✶ ❣☎✆ ✟

❀❣ ✔ ✗✝✎✝ ✙ ✕☎✆✖☎✏ ✷♦ ✏✑✒✆ ❀ ✰✆ ✝✎ ✮✸✝ ✏✑☎✹✝ ❣☎✆ ✺☎✝ ✡ ❣ ✞✟ ✏ ✮ ✱✝✎ ❀❣☎✻ ❣✒ ❞✰✆ ☞✰✼ ✠❣ ✡✱ ✓ ✮✆ ✱✴✆ ✟

☞✏✷✮ ❢☎ ✡ ❞✰✓☎ ❣✒ ❀✌☎✽✓✌☎ ✏✑ ❀☎✆✴ ✓✮✝✆ ✮❣✆ ✱✴✆✳ ✺ ✞✰☎ ☞✓ ✭☎✴✆ ✔✆ ✷ ✾✌☎❣ ✮✵☎☎✆ ✱ ✒✆ ✱ ☞✌ ✲☎☎ ❀☎ ✴ ❀☎

❣ ✞ ✟

♠ ✿✢ ❁❂✜✢ 11 : ✺☎✻ ☛ ✓ ✡☞✺ ✍ ☞✓ x + 2 ✬❣ ✎✏✌☎✆✱  x3 + 3x2 + 5x + 6 ✭☎ ✞✮ 2x + 4 ✓☎ ✍✓

✴✎ ✵☎✠ ✲☎ ✱✶ ❣ ✞ ❀☎ ✠ ❣ ✡✱✟

❁❃ :  x + 2 ✓☎ ✕☎❅✸ ❀✓ – 2 ❣ ✞✟ ✒☎✠ ♦ ✡☞✺ ✍

p(x ) = x3 + 3x2 + 5x + 6 ✭☎ ✞✮  s(x) = 2x + 4

✝ ✬ ✳ p(–2) = (– 2)3 + 3(– 2)2 + 5(– 2) + 6

= –8 + 12 – 10 + 6

= 0

✭✝ ✙ ✴✎ ✵☎✠ ✲☎ ✱✶ ✏✑✒✆ ❀ (Factor Theorem) ✔✆ ✷ ✭✠ ✎ ✰☎ ✮  x + 2, x3 + 3x2 + 5x + 6 ✓☎ ✍✓

✴✎ ✵☎✠ ✲☎ ✱✶ ❣ ✞✟

✏✎ ✠ ✙✳ s(–2) = 2(– 2) + 4 = 0

✭✝✙ x + 2, 2x + 4 ✓☎ ✍✓ ✴✎ ✵☎✠ ✲☎ ✱✶ ❣ ✞✟ ✔☎ ✗✝ ✔ ✒✆ ✱✳ ✴✎ ✵☎✠ ✲☎ ✱✶ ✏✑✒✆ ❀ ♦☎✴❅ ☞✓✍ ☞✬✠ ☎ ❣ ✡ ✭☎✏

❞✰✓ ✡ ✺ ☎✻ ☛ ✓✮ ✰✓✝ ✆ ❣ ✞✱✳ ❜ ❀☎✆ ✱☞✓ 2x + 4 = 2(x + 2) ❣ ✞ ✟

♠ ✿✢ ❁❂✜✢ 12 : ❀☞✌ x – 1,  4x3 + 3x2 – 4x + k ✓☎ ✍✓ ✴✎ ✵☎✠ ✲☎ ✱✶ ❣ ✞✳ ✝ ☎✆ k ✓☎ ✒☎✠ ❆☎✝

✓ ✡☞✺ ✍✟

❁❃ : ❜❀☎✆ ✱☞✓ x – 1, p(x) = 4x3 + 3x2 – 4x + k ✓☎ ✍✓ ✴✎ ✵☎✠ ✲☎ ✱✶ ❣ ✞✳ ❞✰ ☞♦ ✍

p(1) = 0 ❣☎✆ ✴☎ ✟

✭ ✬ ✳ p(1) = 4(1) 3 + 3(1)2 – 4(1) + k
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❜☎ ✆✝ ✞ 4 + 3 – 4 + k = 0

✈✟✠✠✡☛☞ k = –3

✈✌ ✍✎ ✏✠✠ ☛ 2 ✈✠ ✥✑ ✏✠✠ ☛ 3 ✒ ✓✔ ✒ ✕✔ ✖ ✌✍✕✗✘✠ ✓✙ ✒ ✓✔ ✚✕✛✠✜ ✢✠✙✣ ✤✠ ☛ ✦✑✜ ✓ ✒ ✓✔ ✆✝✞ ✚✕✛ ✠✜ ✢ ✠✙✣

✗✐✎✓✧ ✦✠ ✗✐ ✧✠ ✓✚ ✦✑ ✓✙ ✚✓★

✈✠ ✗  x2 + lx + m t ✥☎ ✓ ✆✩✏ ✠✠ ☛✪ ✌✍✕✗✘ ✒ ✓✔ ✚✕✛✠✜✢ ✠✙✣✜ ☎ ✓ ✗✆✑✆✫ ☛ ✍✥✙ ★ ✈✠ ✗✜ ✓ ✎✬✧ ✗✘

lx ✦✠✓  ax  + bx ✎ ✓✙ ❜☎ ✗✐✦✠ ✑ ✆✒ ❡✠ ✭ ☛ ✦ ✑✒ ✓✔ ✆✦  ab = m ✍✠ ✓❣ ✚✕✛✠✜ ✢✠✙✣ ✜ ✆✦ ✧✠ ✟✠✠ ★ ☛ ✌

x2 + lx + m = (x + a) (x + b) ✗✐✠✮ ☛ ✍ ✕✈✠ ✟✠✠ ★ ✈ ✌ ✍✎  ax2 + bx  + c, t ✍✠ ✯  a ✰ 0 ✈✠ ✥✑  a,

b, c ✈✫ ✑ ✍✥✙ ❣ ✒ ✓✔ ✗✐✦✠ ✑ ✒ ✓✔ ✆✩✏ ✠✠ ☛✪ ✌✍✕✗✘✠ ✓✙ ✦✠ ✚✕✛✠✜ ✢✠✙✣✜ ✦ ✑✜ ✓ ✦✠ ✗✐ ✧✠☎ ✦✑ ✓✙ ✚✓★

✎✬ ✧ ✗✘ ✦✠ ✓ ✆✒❡ ✠ ✭☛ ✦ ✑✒ ✓✔ ✌✍ ✕✗✘ ax2 + bx  + c  ✦✠ ✚✕✛✠✜ ✢✠✙✣✜ ✆✜ ❞✜ ✗✐✦✠ ✑ ☎ ✓ ✍✠ ✓☛✠

✍ ✥✱

✎✠✜ ✝✪ ✆t✞ ❜☎ ✒ ✓✔ ✚✕✛✠✜ ✢✠✙✣ (px + q) ✈✠✥✑  (rx + s) ✍ ✥✙ ★ ☛✌❣

ax2 + bx  + c = (px + q) (rx  + s) = pr x 2 + (ps + qr) x + qs

x2 ✒ ✓✔ ✚✕✛✠✠✙✦✠ ✓✙ ✦✪ ☛ ✕✝✜✠ ✦ ✑✜ ✓ ✗✑ ❣ ✍✎ ✓✙  a = pr ✗✐✠✮ ☛ ✍✠ ✓☛✠ ✍ ✥★

❜☎ ✪ ✗✐✦✠ ✑ ❣  x ✒ ✓✔ ✚✕✛✠✠✙✦✠ ✓✙ ✦✪ ☛ ✕✝✜✠ ✦ ✑✜ ✓ ✗✑❣ ✍✎ ✓✙  b = ps + qr ✗✐✠✮ ☛ ✍✠ ✓☛✠ ✍✥★

☎✠ ✟✠ ✍✪❣ ✈✫ ✑ ✗✘✠ ✓✙ ✦✪ ☛✕✝✜✠ ✦ ✑✜ ✓ ✗✑❣ ✍✎ ✓✙ ✓  c = qs ✗✐✠✮ ☛ ✍✠ ✓☛✠ ✍ ✥★

❜☎ ☎ ✓ ✧✍ ✗☛✠ ✫ ✝ ☛✠ ✍ ✥ ✆✦  b ✘✠ ✓ ☎ ✙✢ ✧✠ ✈✠ ✓✙ ps ✈✠ ✥✑ qr ✦✠ ✧✠ ✓✚✗✔✝ ✍✥❣ ✆t✜ ✦✠ ✚✕✛✠✜ ✗✔✝

(ps)(qr) = (pr)(qs) = ac ✍✥★ ✈☛✱ ax 2 + bx + c ✦✠ ✚✕✛✠✜✢ ✠✙✣ ✜ ✦ ✑✜ ✓ ✒ ✓✔ ✆✝✞ ❣ ✍✎ b ✦✠✓

✞ ✓☎✪ ✘✠✓ ☎✙✢ ✧✠ ✈✠ ✓✙ ✒ ✓✔ ✧✠ ✓✚✗✔✝ ✒ ✓✔ ✲ ✗ ✎ ✓✙ ✆✝✢✠ ☛ ✓ ✍✥✙ ✆t✜ ✦✠ ✚✕✛ ✠✜ ✗✔✝ ac ✍✠ ✓★ ✧✍ ☛✟ ✧ ✜ ✪✫ ✓

✆✘✞ ✚✞ ❢✘✠✍ ✑✛✠ 13 ☎ ✓ ✳ ✗✴✵ ✍✠ ✓ t✠✞ ✚✠ ★

♠ ✶ ✷ ✸ ✹ ✺ ✷ 13 : ✎✬ ✧ ✗✘ ✦ ✠ ✓ ✆✒ ❡ ✠ ✭ ☛ ✦ ✑✒ ✓✔ ☛ ✟✠ ✠ ✚✕✛ ✠✜ ✢ ✠ ✙✣ ✗✐✎ ✓ ✧ ✦✠ ✗✐ ✧✠ ✓✚ ✦ ✑✒ ✓✔

6x2 + 17x + 5 ✦✠ ✚✕✛✠✜ ✢✠✙✣✜ ✦✪ ✆t✞ ★

✸✻ 1 : ✼✎✬ ✧ ✗✘ ✦✠✓ ✆✒ ❡✠ ✭ ☛ ✦ ✑✒ ✓✔✽ ✱ ✧✆✘ ✍✎ ✞ ✓☎ ✪ ✘✠ ✓ ☎✙✢ ✧✠✞ ✯ p ✈✠ ✥✑ q ✤✠ ☛ ✦✑ ☎ ✦☛ ✓

✍✠ ✓✙ ✆t☎☎ ✓ ✆✦

p + q = 17 ✈✠ ✥✑ pq = 6 × 5 = 30 ✍✠✓, ☛✠ ✓ ✍✎ ✚✕✛✠✜✢ ✠✙✣ ✗✐✠✮ ☛ ✦ ✑ ☎✦ ☛ ✓ ✍✥✙ ★

✈☛✱ ✈✠ ❜✞ ✍✎ ✾✿ ✒ ✓✔ ✚✕✛✠✜ ✢✠✙✣ ❀✧✕❁✎✠ ✓✙ ✦✠✓ ❂❃❂❄ ✓✙ ★ ✒ ✕✔ ✖ ✧✕❁✎ ❅ ✈✠ ✥✑ ✾✿❣ ❆ ✈✠ ✥✑ ❅❇❣ ✾ ✈✠✥✑

❅ ✿❣ ❇ ✈✠ ✥✑ ❈ ✍✥✙ ★

❜✜ ✧ ✕❁✎✠ ✓✙ ✎ ✓✙ ❣ ✍✎✓✙ ❆ ✈✠✥✑ ❅❇ ✒ ✓✔ ✧✕❁✎ ☎ ✓  p + q = 17 ✗✐✠✮ ☛ ✍✠ ✓✚✠ ★
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✈☎✆ 6x2 + 17x + 5 = 6x2 + (2 + 15)x + 5

= 6x2 + 2x + 15x + 5

= 2x(3x + 1) + 5(3x + 1)

= (3x + 1) (2x + 5)

❣✝ 2 : ✭✞✟✠✡☛☞✡✌✍ ✎✏✑✒✓ ✔✕ ✖✗✡✓☎✡ ✖✒✘✆

6x2 + 17x + 5 = 
2 17 5

6
6 6

x x
✙ ✚

✛ ✛✜ ✢
✣ ✤

 = 6 p(x), ✑✡☛ ❡✕✥✦✧★ ✓✥✩  a ✈✡✪✫  b,  p(x)

♦✒✬ ✮✡✯✰✓✔ ✗✡✒✌✱ ☎✡✒  6x2 + 17x + 5 = 6(x – a) (x – b) ✗✪★ ✈☎✆  ab  = 
5

6
 ✗✡✒✞✡★ ✈✡✲✧ ✗✑

a ✈✡✪✫ b ♦✒✬ ✥❡✧ ✔✟✳ ✖✌✴✡✡♦☛✡✧✵ ✩✒☞✡✒✌★ ✓✒ 
1 1 5 5

, , , , 1
2 3 3 2

✶ ✶ ✶ ✶ ✶  ✗✡✒ ✖✔☎✒ ✗✪✌★ ✈✷,

1 1 17 1 5

2 4 6 2 6
p

✙ ✚ ✙ ✚
✸ ✛ ✛✜ ✢ ✜ ✢

✣ ✤ ✣ ✤
 ✹ 0 ✗✪★ ✎✫✰☎✟ 

1

3
p

✺✙ ✚
✜ ✢
✣ ✤

 = 0 ✗✪★ ✈☎✆  
1

3
x

✙ ✚
✛✜ ✢

✣ ✤
,  p(x) ✔✡ ✧✔

✞✟✠✡☛☞✡✌✍ ✗✪★ ✲✖✕ ✎✏✔✡✫✱ ✦✡✵✻ ✔✫♦✒✬ ✈✡✎ ✓✗ ✼✡☎ ✔✫ ✖✔☎✒ ✗✪✌ ✥✔ 
5

2
x

✽ ✾✿❀ ❁
❂ ❃

,  p(x) ✔✡ ✧✔

✞✟✠✡☛☞✡✌✍ ✗✪★

✈☎✆✱ 6x2 + 17x + 5 = 6
1 5

3 2
x x

✙ ✚ ✙ ✚
✛ ✛✜ ✢ ✜ ✢

✣ ✤ ✣ ✤

=
3 1 2 5

6
3 2

x x✛ ✛✙ ✚ ✙ ✚
✜ ✢ ✜ ✢
✣ ✤ ✣ ✤

= (3x + 1) (2x + 5)

✲✖ ❜✩✡✗✫✠✡ ♦✒✬ ✥❡✧✱ ✥♦✴✡❄☎ ✔✫☛✒ ✔✕ ✥♦✥❅ ✔✡ ✎✏✓✡✒✞ ✈✥❅✔ ✎✏✴✡✡♦✮✡✡❡✕ ✗✪★ ✥✎✬✫ ✴✡✕✱

✈✡✲✧ ✗✑ ✧✔ ✈✡✪✫ ❜✩✡✗✫✠✡ ❡✒✌★

♠❆❇❣❈❉❇ 14 : ✞✟✠✡☛☞✡✌✍ ✎✏✑✒✓ ✔✕ ✖✗✡✓☎✡ ✖✒  y2 – 5y + 6 ✔✡ ✞✟✠✡☛☞✡✌✍☛ ✔✕✥✦✧★

❣✝ : ✑✡☛ ❡✕✥✦✧  p(y) = y2 – 5y + 6 ✗✪★ ✈✷✱ ✓✥✩  p(y) = (y – a) (y – b) ✗✡✒, ☎✡✒ ✗✑ ✦✡☛☎✒

✗✪✌ ✥✔ ✲✖✔✡ ✈✻✫ ✎✩ ab ✗✡✒✞✡★ ✈☎✆  ab = 6 ✗✪★ ✲✖✥❡✧✱  p(y) ♦✒✬ ✞✟✠✡☛☞✡✌✍ ✎✏✡❊☎ ✔✫☛✒

♦✒✬ ✥❡✧ ✗✑ ❋ ♦✒✬ ✞✟✠✡☛☞✡✌✍ ✼✡☎ ✔✫☎✒ ✗✪✌★

❋ ♦✒✬ ✞✟✠✡☛☞✡✌✍ ●✱ ❍ ✈✡✪✫ ■ ✗✪✌★

✈✷✱ p(2) = 22 – (5 × 2) + 6 = 0
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❜☎ ✆✝✞ y – 2,  p(y) ❞✟ ✞ ❞ ✠✡☛✟☞ ✌ ✟✍✎ ✏ ✑✒

☎ ✟❧ ✟ ✏ ✓✔ p(3) = 32 – (5 × 3) + 6 = 0

❜☎ ✆✝✞✔ y – 3 ❍ ✟ ✓  y2 – 5y + 6 ❞✟ ✞ ❞ ✠✡☛✟☞ ✌✟✍ ✎ ✏ ✑✒

✈✕✖✔ y2 – 5y + 6 = (y – 2) (y – 3)

è✗ ✟☞ ✘✓✆✙✞ ✆❞ ✚è✗ ✛✘  –5y ❞ ✟✥ ✆✜ ❍ ✟✢ ✕ ❞✣✜ ✥✤ ❍ ✟✓  y2 – 5y + 6 ❞✟ ✠✡☛✟☞ ✌✟✍ ✎☞ ✆❞✗ ✟

✙ ✟ ☎❞ ✕ ✟ ✏ ✑✒

✈✟❜✞ ✈✦ ✏✚ ✆✧ ✟★✟✟✕✓ ✦✏ ✡✛✘✟✥✍ ❞ ✟ ✠✡☛✟☞ ✌ ✟✍ ✎☞ ❞✣ ✥✍ ✒ ✗✏ ✟✩ ✛✪ ✟✣✍ ❍✟ ✚✥✍ ✆✜ ❍ ✟✢ ✕✫ ✆✜ ✆✬ ✈✆✬❞

♠✛✗ ✟✥✠✓ ✆☎✭ ☞ ✏ ✓✍ ✏ ✟✥✠✓✒ ✏✚ ✥✍ ✥ ✛✏ ✝✥ ❞✚ ☎ ✥ ❞✚ ✞ ❞ ✠✡☛✟☞ ✌ ✟✍ ✎ ✮✟✕ ❞✣ ☞ ✟ ✈✟✜✯✗❞ ✏ ✟✥✕ ✟

✏ ✑✔ ✙ ✑☎ ✟ ✆❞ ✈✟✛ ☞ ✓❣ ✥ ✜ ✥✤ ♠ ✘✟✏✣ ☛✟ ✚✥✍ ✘✥✌ ✟✥✍ ✠✥✒

✰✱ ✲✳✴✵ ✲ 15 : x3 – 23x2 + 142x – 120 ❞✟ ✠✡☛✟☞ ✌✟✍ ✎☞ ❞✓✆✙✞ ✒

✳ ✶ : ✚ ✟☞ ✝✓✆✙✞ p(x) = x3 – 23x2 + 142x – 120 ✏ ✑ ✒

✈✦ ✏✚ –120 ✜ ✥✤ ☎ ❍✟✓ ✠✡☛✟☞ ✌✟✍ ✎✟✥✍ ❞ ✟ ✛✕ ✟ ✝✠✟✞ ✩✠✥✒ ❜☞✚ ✥✍ ✜ ✡✤ ♦ ✠✡☛✟☞ ✌ ✟✍ ✎ ✏ ✑✍ ✖

±1, ±2, ±3, ±4, ±5, ±6, ±8, ±10, ±12, ±15, ±20, ±24, ±30, ±60

✙✟✩❣ ❞✣☞ ✥ ✛✣✔ ✏✚ ✗✏ ✛✟✕✥ ✏✑✍ ✆❞  p(1) = 0 ✏ ✑✒ ✈✕✖  (x – 1),  p(x) ❞✟ ✞❞ ✠✡☛✟☞ ✌✟✍ ✎ ✏ ✑✒

✈✦ ✏ ✚ ✘✥✌ ✟✕ ✥ ✏ ✑✍ ✆❞  x3 – 23x2 + 142x – 120 = x3 – x2 – 22x2 + 22x + 120x – 120

                                           = x2(x –1) – 22x(x – 1) + 120(x – 1) ✷✢ ✗ ✟✥✍ ✸✹

                                            = (x – 1) (x2 – 22x + 120) [(x – 1) ❞ ✟✥ ☎✜ ✺ ✆☞ ✻✼ ✝✥❞✣]

❜☎ ✥ p(x) ❞✟✥  (x – 1) ☎ ✥ ❍✟✟✠ ✘✥❞✣ ❍✟✓ ✛✪ ✟✽ ✕ ✆❞✗ ✟ ✙✟ ☎ ❞✕ ✟ ❧ ✟✟✒

✈✦  x2 – 22x + 120 ❞✟ ✠✡☛✟☞ ✌ ✟✍ ✎☞ ✗ ✟ ✕ ✟✥ ✚ è✗ ✛✘ ❞ ✟✥ ✆✜ ❍ ✟✢ ✕ ❞✣ ✜ ✥✤ ✗ ✟ ✠✡☛✟☞ ✌✟✍ ✎ ✛✪✚ ✥✗

❞ ✓ ☎✏ ✟✗ ✕ ✟ ☎ ✥ ✆❞✗ ✟ ✙✟ ☎❞ ✕✟ ✏ ✑✒ ✚ è✗ ✛✘ ❞ ✟✥ ✆✜ ❍✟✢ ✕ ❞✣☞ ✥ ✛✣ ✔ ✏ ✚✥✍ ✗✏ ✛✪ ✟✽ ✕ ✏ ✟✥✕✟ ✏ ✑✖

x2 – 22x + 120 = x2 – 12x – 10x + 120

= x(x – 12) – 10(x – 12)

= (x – 12) (x – 10)

✈ ✕ ✖✔ x3 – 23x2 – 142x – 120 = (x – 1)(x – 10)(x – 12)
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✐☎✆✝✞✟✠✡  2.4

1. ❝✄✂☛☞ �✌ �✍✎✍�✏�✑✂✄ ❝✒✓✔✕✂✖✗ ✘✖✗ ✙✖ �✌✙ ❝✒✓✔✕ ✌✂ ☞✌ ①✓✁✂✍✑✂✗✚  x + 1 ✒❣✛

(i) x3 + x2 + x + 1 (ii) x4 + x3 + x2 + x + 1

(iii) x4 + 3x3 + 3x2 + x + 1 (iv) x3 – x2 – ✜ ✢2 2 2x✣ ✣

2. ①✓✁✂✍✑✂✗✚ ✔✤✘✖✥ ✏✂①✦ ✌✧★✖✩ ❝✄✂☛☞ �✌ �✍✎✍�✏�✑✂✄ �✪✫✂�✄✥✂✖✗ ✘✖✗ ✙✖ ✔✤✬✥✖✌ �✪✫✂�✄ ✘✖✗  g(x),

p(x) ✌✂ ☞✌ ①✓✁✂✍✑✂✗✚ ✒❣ ✥✂ ✍✒❞✗✭

(i) p(x) = 2x3 + x2 – 2x – 1, g(x) = x + 1

(ii) p(x) = x3 + 3x2 + 3x + 1, g(x) = x + 2

(iii) p(x) = x3 – 4x2 + x + 6, g(x) = x – 3

3. k ✌✂ ✘✂✍ ✮✂✄ ✌❞�✯☞ ✯❝�✌ �✍✎✍�✏�✑✂✄ �✪✫✂�✄✥✂✖✗ ✘✖✗ ✙✖ ✔✤✬✥✖✌ �✪✫✂�✄ ✘✖✗  (x – 1),  p(x)

✌✂ ☞✌ ①✓✁✂✍✑✂✗✚ ✒✂✖ ✭

(i) p(x) = x2 + x + k (ii) p (x) = 2x2 + kx + 2

(iii) p(x) = kx2 – 2 x + 1 (iv) p (x) = kx2 – 3x + k

4. ①✓✁✂✍✑✂✗✚ ✮✂✄ ✌❞�✯☞✭

(i) 12x2 – 7x + 1 (ii) 2x2 + 7x + 3

(iii) 6x2 + 5x – 6 (iv) 3x2 – x – 4

5. ①✓✁✂✍✑✂✗✚ ✮✂✄ ✌❞�✯☞✭

(i) x3 – 2x2 – x + 2 (ii) x3 – 3x2 – 9x – 5

(iii) x3 + 13x2 + 32x + 20 (iv) 2y3 + y2 – 2y – 1

2.6 ✰✡✱✡✲ ✳✟✴✳✵✶✷✞✸✹

❢✺✻✼✽ ✾✿❀❀❁❀❂❃ ❄❂❃❅ ❁❀✺ ❆❇ ✺❈❉ ❊❋●❂❍ ❇■❃ ❢✾ ❏✽❑✽❆ ▲●▼▲❢❄✾❀ (algebraic identity) ◆✾

❏✽❑✽❆ ▲❄✽✾❖P❀ ❇❀❂◗✽ ❇■ ❑❀❂ ❢✾ ❊❖❀❂❃ ●❂❍ ▲❘❀✽ ❄❀❙❀❂❃ ●❂❍ ❢✼◆ ▲❚❆ ❇❀❂◗✽ ❇■❯ ❢✺✻✼✽ ✾✿❀❀❁❀❂❃

❄❂❃❅ ❁❀✺ ❢❙❡❙❢✼❢❱❀◗ ❏✽❑✽❆ ▲●▼▲❢❄✾❀❁❀❂❃ ✾❀ ❁❲❆❆❙ ✾❖ ❊❋●❂❍ ❇■❃❳

✳✟✴✳✵✶✷✞ I : (x + y)2 = x2 + 2xy + y2

✳✟✴✳✵✶✷✞ II : (x – y)2 = x2 – 2xy + y2

✳✟✴✳✵✶✷✞ III : x2 – y2 = (x + y) (x – y)

✳✟✴✳✵✶✷✞ IV : (x + a) (x + b) = x2 + (a + b)x + ab

❜❙ ❏✽❑✽❆ ▲●▼▲❢❄✾❀❁❀❂❃ ❄❂❃ ▲❂ ●❋❍✻ ✾❀ ✺❨❆❀❂❩ ❁❀✺❙❂ ❏✽❑✽❆ ❬❆❃❑✾❀❂❃ ●❂❍ ❩❋P❀❙❱❀❃❭ ❪❀◗

✾❖❙❂ ❄❂❃ ❁●❫❆ ❢✾❆❀ ❇❀❂❩❀❯ ❁❀✺ ❜❙✾✽ ❴✺❆❀❂❢❩◗❀ ❁❢❘❀✾✼❙❀❂❃ (computations) ❄❂❃ ❘❀✽ ❵❂❱❀

▲✾◗❂ ❇■❃❯
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♠☎✆✝✞✟✆ 16 : ✠✡☛☞✌r ✍✎✏✍✑✒✓✔✕✔✖✗ ✓✔ ✠✡☛✔✖✘ ✓✙✎✖✚ ✑✛✜✛✑✢✑✣✔r ✘☞✤✔✛✡✚✢ ✥✔r

✓❞✑✦✧★

(i) (x + 3) (x + 3) (ii) (x – 3) (x + 5)

✝❣ : (i) ☛❀✔✩ ❀✒ ✍✎✏✍✑✒✓✔ I (x + y)2 = x2 + 2xy + y2 ✓✔ ✡✪☛✔✖✘ ✓✙ ✍✓r✖ ❀✫✗✬ ✭✍

✍✎✏✍✑✒✓✔ ✒✖✗  y = 3 ✙✣✔✛✖ ✡✙❥ ❀✒✖✗ ☛❀ ✡✪✔✮r ❀✔✖r✔ ❀✫★

(x + 3) (x + 3) = (x + 3)2 =  x2 + 2(x)(3) + (3)2

= x2 + 6x + 9

(ii) ✍✎✏✍✑✒✓✔ IV ✕✈✔✔✏r✯  (x + a) (x + b) = x2 + (a + b)x + ab ✓✔✖ ✢✔✘✰ ✓✙✛✖ ✡✙❥ ❀✒✖✗ ☛❀

✡✪✔✮r ❀✔✖r✔ ❀✫★

(x – 3) (x + 5) = x2 + (–3 + 5)x + (–3)(5)

= x2 + 2x – 15

♠☎✆✝✞✟✆ 17 : ✍❞❧✖ ✘☞✤✔✔ ✛ ✓✙✎✖✚ 105 × 106 ✓✔ ✒✔✛ ✥✔r ✓❞✑✦✧✬

✝❣ : 105 × 106 = (100 + 5) × (100 + 6)

= (100)2 + (5 + 6) (100) + (5 × 6) ✱✍✎✏✍✑✒✓✔ IV ✢✔✘✰ ✓✙✎✖✚②

= 10000 + 1100 + 30

= 11130

✎☞✚♦ ✑✲✧ ❀☞✧ ✳☛✗✦✓✔✖✗ ✓✔ ✘☞✤✔✛✡✚✢ ✥✔r ✓✙✛✖ ✎✖✚ ✑✢✧❥ ❀✒✛✖ ✴✡✙ ✵r✔☛❞ ✘✭✏ ✎☞✚♦

✍✎✏✍✑✒✓✔✕✔✖✗ ✓✔ ✡✪☛✔✖✘ ✑✓☛✔ ❀✫✬ ☛✖ ✍✎✏✍✑✒✓✔✧✩ ✵❞✦❞☛ ✳☛✗✦✓✔✖✗ ✓✔ ✘☞✤✔✛✣✔✗✶✛ ✓✙✛✖ ✒✖✗

❍✔❞ ✠✡☛✔✖✘❞ ❀✔✖r❞ ❀✫✗❥ ✦✫✍✔ ✑✓ ✕✔✡ ✛❞✷✖ ✑✲✧ ✘✧ ✠✲✔❀✙✤✔ ✒✖ ✗ ✲✖✣✔ ✍✓r✖ ❀✫✗✬

♠☎✆✝✞✟✆ 18 : ✘☞✤✔✛✣✔✗✶ ✥✔r ✓❞✑✦✧★

(i) 49a2 + 70ab  + 25b2 (ii) 
2

225

4 9

y
x ✸

✝❣ : (i) ☛❀✔✩ ✕✔✡ ☛❀ ✲✖✣✔ ✍✓r✖ ❀✫✗ ✑✓

49a2 = (7a)2, 25b2 = (5b)2, 70ab = 2(7a) (5b)

x2 + 2xy + y2 ✎✖✚ ✍✔✈✔ ✑✲✧ ❀☞✧ ✳☛✗✦✓ ✓❞ r☞✢✛✔ ✓✙✛✖ ✡✙❥ ❀✒ ☛❀ ✡✔r✖ ❀✫✗ ✑✓  x = 7a

✕✔✫✙ y = 5b ❀✫✬

✍✎✏✍✑✒✓✔ I ✢✔✘✰ ✓✙✛✖ ✡✙❥ ❀✒✖✗ ☛❀ ✡✪✔✮r ❀✔✖r✔ ❀✫★

49a2 + 70ab + 25b2 = (7a + 5b)2 = (7a + 5b) (7a + 5b)
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(ii) ❀☎✆✝ 

2 22
225 5

– –
4 9 2 3

y y
x x

✞ ✟ ✞ ✟✠ ✡ ☛ ✡ ☛
☞ ✌ ☞ ✌

❧✍✎❧✏✑✒✆ III ✍♦✓ ❧✆✔✆ ✕❧✒✖ ✗✘✙✚✆ ✒✛✚♦ ✜✛✢ ☎✑♦✣ ❀☎ ✜✤✆✥✗ ☎✆♦✗✆ ☎✦✧

2
225

–
4 9

y
x  =

2 2
5

–
2 3

y
x

✞ ✟ ✞ ✟
✡ ☛ ✡ ☛
☞ ✌ ☞ ✌

=
5 5

2 3 2 3

y y
x x

★ ✩ ★ ✩
✪ ✫✬ ✭ ✬ ✭

✮ ✯ ✮ ✯

✈✰✆✖ ✗✒ ☎✑✆✛✖ ❧✰✆✖ ❧✍✎❧✏✑✒✆✱✝ ✏✲✜✳✆♦✣ ✍♦✓ ✴✘✵✆✚✜✓✙✆♦✣ ❧♦ ❧✣✶✣✏✷✗ ✛☎✖ ☎✦✣✸ ✈✆✕✱ ✈✶ ☎✑

❧✍✎❧✏✑✒✆ I ✒✆♦ ✏❞✆✜✳ x + y + z ✜✛ ✙✆✴✐ ✒✛♦✣✸ ☎✑ ❧✍✎❧✏✑✒✆ I ✙✆✴✐ ✒✛✍♦✓✢  (x + y + z)2

✒✆ ✈✏✰✆✒✙✚ ✒✛♦✣✴♦✸

✑✆✚ ✙✖✏❡✱  x + y = t ☎✦✸ ✗✶✢

(x + y + z)2 = (t + z)2

= t2 + 2tz + t2 (❧✍✎❧✏✑✒✆ I ✙✆✴✐ ✒✛✚♦ ✜✛)

= (x + y)2 + 2(x + y)z + z2 (t ✒✆ ✑✆✚ ✜✤✏✗✹✔✆✆✏✜✗ ✒✛✚♦ ✜✛)

= x2 + 2xy + y2 + 2xz + 2yz + z2 (❧✍✎❧✏✑✒✆ I ✙✆✴✐ ✒✛✚♦ ✜✛)

= x2 + y2 + z 2 + 2xy + 2yz + 2zx (✜✳✆♦✣ ✒✆♦ ✏✍✺❀✆✏❧✗ ✒✛✚♦ ✜✛)

✈✗✧ ☎✑✣♦ ✏✚✻✚✏✙✏✼✆✗ ❧✍✎❧✏✑✒✆ ✜✤✆✥✗ ☎✆♦✗✖ ☎✦✧

✽✾✿✽❁❂❃❄ V : (x + y + z)2 = x2 + y2 + z2 + 2xy  + 2yz + 2zx

❁❢❅❆❇❄❈ : ☎✑ ✳✆✱✝ ✜❣✆ ✍♦✓ ❉❀✣❡✒ ✒✆♦ ✶✆✱✝ ✜❣✆ ✍♦✓ ❉❀✣❡✒ ✒✆ ✜✤❧✆✏✛✗ ❊✜ ✑✆✚✗♦ ☎✦✣✸

è❀✆✚ ✳✖✏❡✱ ✏✒  (x + y + z)2 ✍♦✓ ✜✤❧✆✛ ✑♦♦✣ ✗✖✚ ✍✴✎ ✜✳ ✈✆✦✛ ✗✖✚ ✴✘✵✆✚✜✓✙ ✜✳

☎✦✣✸

♠❋❄●❍❇❄ 19 : (3a + 4b + 5c)2  ✒✆♦ ✜✤❧✆✏✛✗ ❊✜ ✑♦✣ ✏✙✏✼✆✱✸

●■ : ✏✳✱ ☎✘✱ ❉❀✣❡✒ ✒✖ (x + y + z)2 ✍♦✓ ❧✆✔✆ ✗✘✙✚✆ ✒✛✚♦ ✜✛✢ ☎✑ ❀☎ ✜✆✗♦ ☎✦✣ ✏✒

x = 3a, y = 4b ✈✆✦✛ z = 5c

✈✗✧ ❧✍✎❧✏✑✒✆ V ✙✆✴✐ ✒✛✚♦ ✜✛✢ ☎✑♦✣ ❀☎ ✜✤✆✥✗ ☎✆♦✗✆ ☎✦✧
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(3a + 4b + 5c)2 = (3a)2 + (4b)2 + (5c)2 + 2(3a)(4b) + 2(4b)(5c) + 2(5c)(3a)

= 9a2 + 16b2 + 25c2 + 24ab + 40bc + 30ac

♠☎✆✝✞✟✆ 20 :  (4a – 2b – 3c)2  ❞✠ ✡☛☞✠✌ ❞✍✎✏✑✒

✝❣ : ☞❧✓☞✎✔❞✠ V ②✠✕✖ ❞✌✗✘ ✡✌✙ ✚✔✘✛ ✜✚ ✡☛✠✢✣ ✚✠✘✣✠ ✚✤✥

(4a – 2b – 3c)2 = [4a + (–2b) + (–3c)]2

= (4a)2 + (–2b)2 + (–3c)2 + 2(4a)(–2b) + 2(–2b)(–3c) + 2(–3c)(4a)

= 16a2 + 4b2 + 9c2 – 16ab + 12bc – 24ac

♠☎✆✝✞✟✆ 21 : 4x2 + y2 + z2 – 4xy – 2yz + 4xz ❞✠ ✕✦✧✠✗★✠✛✩✗ ❞✍✎✏✑✒

✝❣ : ✜✚✠❀  4x2 + y2 + z2 – 4xy – 2yz  + 4xz = (2x)2 + (–y)2 + (z)2 + 2(2x)(–y)

+ 2(–y)(z) + 2(2x)(z)

= [2x + (–y) + z]2 (☞❧✓☞✎✔❞✠ V ②✠✕✖ ❞✌✗✘ ✡✌)

= (2x – y + z)2 = (2x – y + z) (2x – y + z)

✈✪✠✍ ✣❞ ✚✔✗✘ ✎✫✬✠✠✣ ✡✭✠✘✛ ☞✘ ☞✛✮✛✎✯✣ ☞❧✓☞✎✔❞✠✈✠✘✛ ❞✠ ✚✍ ✈✰✜✜✗ ✎❞✜✠ ✚✤✒ ✈✠✱✑ ✈✮

✚✔ ☞❧✓☞✎✔❞✠ I ❞✠✘ (x + y)3  ✈✎✪✠❞✎②✣ ❞✌✗✘ ✔✘✛ ②✠✕✖ ❞✌✘✛✒ ✜✚✠❀✙

(x + y)3 = (x + y) (x + y)2

= (x + y)(x2 + 2xy + y2)

= x(x2 + 2xy + y2) + y(x2 + 2xy + y2)

= x3 + 2x2y + xy2 + x2y + 2xy2 + y3

= x3 + 3x2y + 3xy2 + y3

= x3 + y3 + 3xy(x + y)

✈✣✥✙ ✚✔✘✛ ✎✗✲✗✎②✎★✠✣ ☞❧✓☞✎✔❞✠ ✡☛✠✢✣ ✚✠✘✣✍ ✚✤✥

✳✴✵✳✶✷✸✆ VI : (x + y)3 = x3 + y3 + 3xy (x + y)

☞❧✓☞✎✔❞✠ VI ✔✘✘✛  y  ❧✘♦ ✹✺✠✠✗ ✡✌  – y ✌★✠✗✘ ✡✌✙ ✚✔✘✛ ✡☛✠✢✣ ✚✠✘✣✠ ✚✤✥

✳✴✵✳✶✷✸✆ VII : (x – y)3 = x3 – y3 – 3xy(x – y)

= x3 – 3x2y + 3xy 2 – y3

♠☎✆✝✞✟✆ 22 : ✎✗✲✗✎②✎★✠✣ ✬✠✗✠✘✛ ❞✠✘ ✡☛☞✠✎✌✣ ❢✡ ✔✘✛ ✎②✎★✠✑✥

(i) (3a + 4b)3 (ii) (5p – 3q)3

✝❣ : (i)  (x + y)3  ❧✘♦ ☞✠✺✠ ✎✭✑ ✕✑ ✻✜✛✏❞ ❞✍ ✣✦②✗✠ ❞✌✗✘ ✡✌ ✚✔✙ ✜✚ ✡✠✣✘ ✚✤✛ ✎❞

x = 3a ✈✠✤✌  y = 4b
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✈☎✆ ✝✞✟✝✠✡☛☞ VI ☛☞ ❞✌✍☞✎✏ ☛✑✒✎ ❞✑✓ ✔✡✎✕ ✍✔ ❞✌☞✖☎ ✔☞✎☎☞ ✔✗✆

(3a + 4b)3 = (3a)3 + (4b)3 + 3(3a)(4b)(3a + 4b)

= 27a3 + 64b3 + 108a2b + 144ab 2

(ii) (x – y)3  ✞✎♦ ✝☞✘☞ ✠✙✚ ✔✛✚ ✜✍✕✢☛ ☛✣ ☎✛✤✒☞ ☛✑✒✎ ❞✑✓ ✔✡ ✍✔ ❞☞☎✎ ✔✗✕ ✠☛

x = 5p ✈☞✗✑ y = 3q

✝✞✟✝✠✡☛☞ VII ✤☞✏② ☛✑✒✎ ❞✑✓ ✔✡✎✕ ✍✔ ❞✌☞✖☎ ✔☞✎☎☞ ✔✗✆

(5p – 3q)3 = (5p)3 – (3q)3 – 3(5p)(3q)(5p – 3q)

= 125p3 – 27q3 – 225p2q + 135pq2

♠✥✦✧★✩✦ 23 : ✪❞✍✛✫☎ ✝✞✟✝✠✡☛☞✚✬ ❞✌✍☞✎✏ ☛✑✞✎♦✓ ✠✒✭✒✠✤✠✮☞☎ ✡✎✕ ✝✎ ❞✌✯✍✎☛ ☛☞ ✡☞✒ ✰☞☎

☛✣✠✢✚✆

(i) (104)3 (ii) (999)3

✧❣ : (i) ✍✔☞✬

(104)3 = (100 + 4)3

= (100)3 + (4)3 + 3(100)(4)(100 + 4)

(✝✞✟✝✠✡☛☞ VI ☛☞ ❞✌✍☞✎✏ ☛✑✒✎ ❞✑)

= 1000000 + 64 + 124800

= 1124864

(ii) ✍✔☞✬

(999)3 = (1000 – 1)3

= (1000)3 – (1) 3 – 3(1000)(1)(1000 – 1)

(✝✞✟✝✠✡☛☞ VII ☛☞ ❞✌✍☞✎✏ ☛✑✒✎ ❞✑)

= 1000000000 – 1 – 2997000

= 997002999

♠✥✦✧★✩✦ 24 : 8x3 + 27y3 + 36x2y + 54xy2  ☛☞ ✏✛✱☞✒✮☞✕✲✒ ☛✣✠✢✚✳

✧❣ : ✠✙✚ ✔✛✚ ✜✍✕✢☛ ☛☞✎ ❢✝ ❞✌☛☞✑ ✠✤✮☞☞ ✢☞ ✝☛☎☞ ✔✗✆

(2x)3 + (3y)3 + 3(4x2)(3y) + 3(2x)(9y2)

= (2x)3 + (3y)3 + 3(2x)2(3y) + 3(2x)(3y)2

= (2x + 3y)3 (✝✞✟✝✠✡☛☞ VI ☛☞ ❞✌✍☞✎✏ ☛✑✒✎ ❞✑)

= (2x + 3y) (2x + 3y) (2x + 3y)
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✈☎ (x + y + z) (x2 + y2 + z2 – xy – yz – zx) ❞✆ ✝✞✟✆✠ ❞✠✡☛ ✝✠☞ ✌✍☛✎ ✏✑✒✆✡✝✓✔ ✕✟ ✖✝

✍☛✎ ✝✞✆❡✗ ✌✆☛✗✆ ✌✘✙

x(x2 + y2 + z2 – xy – yz – zx) + y(x2 + y2 + z2 – xy – yz  – zx)

+ z(x2 + y2 + z2 – xy – yz  – zx)

= x3 + xy2 + xz2 – x2y – xyz – zx 2 + x2y + y3 + yz 2 – xy2 – y2z – xyz

+ x2z + y2z + z3 – xyz – yz2 – xz2

= x3 + y3 + z3 – 3xyz (✟✠✔ ❞✠✡☛ ✝✠ )

✈✗✙☞ ✌✍☛✎ ✚✡✛✡✚✔✚✜✆✗ ✟✢✣✟✚✍❞✆ ✝✞✆❡✗ ✌✆☛✗✤ ✌✘✙

❧✥✦❧✧★✩✪ VIII : x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy  – yz – zx)

♠✫✪✬✭✮✪ 25 : 8x3 + y3 + 27z3 – 18xyz  ❞✆ ✏✑✒✆✡✜✆✎✯✡ ❞✤✚✰✱✲

✬❣ : ❀✌✆✳☞

8x3 + y3 + 27z3 – 18xyz

= (2x)3 + y3 + (3z)3 – 3(2x)(y)(3z)

= (2x + y + 3z)[(2x)2 + y2 + (3z)2 – (2x)(y) – (y)(3z) – (2x)(3z)]

= (2x + y + 3z) (4x2 + y2 + 9z2 – 2xy – 3yz  – 6xz)

✐✴✵✶✪✥❣✷  2.5

1. ✸✂✹✁✺✻ ✼✽✾✼✿❁❂❃❄❃❅❆ ❂❃❅ ✂❇✹❃❅❈ ❂❉✽❅❊ ✿❋●❋✿❍✿■❃✻ ❈✁❏❃❋✂❊❍ ❑❃✻ ❂▲✿▼◆❖

(i) (x + 4) (x + 10) (ii) (x + 8) (x – 10) (iii) (3x + 4) (3x – 5)

(iv) (y2 + 
3

2
) (y2 – 

3

2
) (v) (3 – 2x) (3 + 2x)

2. ✼▲P❅ ❈✁❏❃❃ ✿❂◆ ✿❝❋❃ ✿❋●❋✿❍✿■❃✻ ❈✁❏❃❋✂❊❍❃❅❆ ✽❅❊ ❁❃❋ ❑❃✻ ❂▲✿▼◆❖

(i) 103 × 107 (ii) 95 × 96 (iii) 104 × 96

3. ✸✂✹✁✺✻ ✼✽✾✼✿❁❂❃◆◗ ✂❇✹❃❅❈ ❂❉✽❅❊ ✿❋●❋✿❍✿■❃✻ ❂❃ ❈✁❏❃❋■❃❆❘❋ ❂▲✿▼◆❖

(i) 9x2 + 6xy + y2 (ii) 4y2 – 4y + 1 (iii) x2 – 

2

100

y

4. ✸✂✹✁✺✻ ✼✽✾✼✿❁❂❃❄❃❅❆ ❂❃ ✂❇✹❃❅❈ ❂❉✽❅❊ ✿❋●❋✿❍✿■❃✻ ❁❅❆ ✼❅ ✂❇❙✹❅❂ ❂❃ ✂❇✼❃❉ ❂▲✿▼◆❖

(i) (x + 2y + 4z)2 (ii) (2x – y + z)2 (iii) (–2x + 3y + 2z)2

(iv) (3a  – 7b – c)2 (v) (–2x + 5y – 3z)2 (vi)

2
1 1

1
4 2

a b
❚ ❯❱ ❲❳ ❨❩ ❬
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5. ①☎✁✂✆✝✂✞✟✆ ✠✡�☛☞✌

(i) 4x2 + 9y2 + 16z2 + 12xy – 24yz – 16xz

(ii) 2x2 + y2 + 8z2 – 2 2 xy + 4 2 yz – 8xz

6. �✆❢✆�✍�✝✂✄ ✎✂✆✂✏✞ ✠✂✏ ✑✒✓✂�✔✄ ✕✑ ✖✏✞ �✍�✝✂☞✌

(i) (2x + 1)3 (ii) (2a – 3b)3

(iii)

3
3

1
2

x
✗ ✘

✙✚ ✛✜ ✢
(iv)

3
2

3
x y
✣ ✤✥✦ ✧★ ✩

7. ♠✑✪☎✫✄ ✓✬✭✓�✖✠✂☞✮ ✑✒✪✂✏① ✠✔✬✏✯ �✆❢✆�✍�✝✂✄ ✬✏✯ ✖✂✆ ✰✂✄ ✠✡�☛☞✌

(i) (99)3 (ii) (102)3 (iii) (998)3

8. �✆❢✆�✍�✝✂✄ ✖✏✞ ✓✏ ✑✒✱✪✏✠ ✠✂ ①☎✁✂✆✝✂✞✟✆ ✠✡�☛☞✌

(i) 8a3 + b3 + 12a2b + 6ab2 (ii) 8a3 – b3 – 12a2b + 6ab2

(iii) 27 – 125a3 – 135a + 225a2 (iv) 64a3 – 27b3 – 144a2b + 108ab2

(v) 27p3 – 
1

216
 – 29 1

2 4
p p✙

9. ✓✱✪✂�✑✄ ✠✡�☛☞✌  (i) x3 + y3 = (x + y) (x2 – xy + y2) (ii) x3 – y3 = (x – y) (x2 + xy + y2)

10. �✆❢✆�✍�✝✂✄ ✖✏✞ ✓✏ ✑✒✱✪✏✠ ✠✂ ①☎✁✂✆✝✂✞✟✆ ✠✡�☛☞✌

                     (i) 27y3 + 125z3 (ii) 64m3 – 343n3

[❧✲✳✴✵✶ : ♥✏�✝✂☞ ✑✒✷✆ 9]

11. ①☎✁✂✆✝✂✞✟✆ ✠✡�☛☞✌  27x3 + y3 + z3 – 9xyz

12. ✓✱✪✂�✑✄ ✠✡�☛☞✌  x3 + y3 + z3 – 3xyz = 
2 2 21

( ) ( ) ( ) ( )
2

x y z x y y z z x✗ ✘✙ ✙ ✸ ✙ ✸ ✙ ✸✜ ✢

13. ✪�♥  x + y + z = 0 ❣✂✏, ✄✂✏ �♥✝✂✂r☞ �✠  x3 + y3 + z3 = 3xyz ❣✹✺

14. ✬✂♦✄✬ ✖✏✞ ✎✂✆✂✏✞ ✠✂ ✑�✔✠✍✆ �✠☞ �✻✆✂ �✆❢✆�✍�✝✂✄ ✖✏✞ ✓✏ ✑✒✱✪✏✠ ✠✂ ✖✂✆ ✰✂✄ ✠✡�☛☞✌

(i) (–12)3 + (7)3 + (5)3 (ii) (28)3 + (–15)3 + (–13)3

15. ✆✡✉✏ �♥☞ ①☞ ✼✂✪✄✂✏✞✽ �☛✆✖✏✞ ♠✆✬✏✯ ✾✂✏✿✂✑✯✍ �♥☞ ①☞ ❣✹✞✽ ✖✏✞ ✓✏ ✑✒✱✪✏✠ ✠✡ ✍✞✻✂r✭ ✼✂✹✔ ✉✂✹✟❀✂r✭

✬✏✯ �✍☞ ✓✞❁✂✬ ❂✪✞☛✠ ♥✡�☛☞✌

✾✂✏✿✂✑✯✍ : 25a2 – 35a + 12       ✾✂✏✿✂✑✯✍  : 35y2 + 13y –12

                              (i) (ii)
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16. ❄☎✆☎✝☎☎✞✟ (cuboids), ❢✠✆✡✞☛ ☞☎✌✍✆ ✆✎✏✞ ❢✄✑ ✒✑ �✓✟ ❢✔✕ ❢✡✖☎☞☎✞✟ ✡✞☛ ❢✗✑ ✘✟✝☎✡ ✙✌✟✠✔ ✚✌☎

�✓✟❣

    ☞☎✌✍✆ : 3x2 – 12x   ☞☎✌✍✆ : 12ky2 + 6ky – 20k

                              (i) (ii)

2.7 ✥✛✜✛✢✣✛

❜✘ ☞✤✌☎✌ ✖✞✟✕ ☞☎✂✆✞ ❢✆✦✆❢✗❢✧☎✍ ❢❝✟✄✁☞☎✞✟ ✔☎ ☞✤✌✌✆ ❢✔✌☎ �✓★

1. ✑✔ ✏✱ ✡☎✗☎ ❝�✁✂✄  p(x) ❢✆✦✆ ✩✂ ✔☎  x ✖✞✟ ✑✔ ❝✎✠✎✌ ✙✌✟✠✔ �✓★

p(x) = a
n
xn + a

n–1
xn – 1 + . . . + a

2
x2 + a

1
x + a

0
,

✠�☎t  a
0
, a

1
, a

2
, . . ., a

n
 ☞✏✱ �✓✟ ☞☎✓✱  a

n
 ✪ 0 �✓✫ a

0
, a

1
, a

2
, . . ., a

n
 ✬✖✭☎★  x0, x, x2, . . ., xn ✡✞☛

✒✁①☎☎✟✔ �✓✟ ☞☎✓✱  n  ✔☎✞ ❝�✁✂✄ ✔✎ ❄☎☎✍ ✔�☎ ✠☎✍☎ �✓✫ ✂❞✮✌✞✔  a
n
xn, a

n–1
 xn–1, ..., a

0
, ✠�☎t

a
n
 ✪ 0, ✔☎✞ ❝�✁✂✄  p(x) ✔☎ ✂✄ ✔�☎ ✠☎✍☎ �✓✫

2. ✑✔ ✂✄ ✡☎✗✞ ❝�✁✂✄ ✔☎✞ ✑✔✂✄✎ ✔�☎ ✠☎✍☎ �✓✫

3. ✄☎✞ ✂✄☎✞✟ ✡☎✗✞ ❝�✁✂✄ ✔☎✞ ❢♥✂✄ ✔�☎ ✠☎✍☎ �✓✫

4. ✍✎✆ ✂✄☎✞✟ ✡☎✗✞ ❝�✁✂✄ ✔☎✞ ❢r☎✂✄ ✔�☎ ✠☎✍☎ �✓✫

5. ✑✔ ❄☎☎✍ ✡☎✗✞ ❝�✁✂✄ ✔☎✞ ✱✓❢✧☎✔ ❝�✁✂✄ ✔�☎ ✠☎✍☎ �✓✫

6. ✄☎✞ ❄☎☎✍ ✡☎✗✞ ❝�✁✂✄ ✔☎✞ ❢♥❄☎☎✍✎ ❝�✁✂✄ ✔�☎ ✠☎✍☎ �✓✫

7. ✍✎✆ ❄☎☎✍ ✡☎✗✞ ❝�✁✂✄ ✔☎✞ ❢r☎❄☎☎✍✎ ❝�✁✂✄ ✔�☎ ✠☎✍☎ �✓✫

8. ✡☎♦✍❢✡✔ ✘✟✧✌☎ ‘a’,  ❝�✁✂✄  p(x) ✔☎ ✑✔ ✭☎✯✰✌✔ �☎✞✍✎ �✓✕ ✌❢✄  p(a) = 0 �☎✞✫

9. ✑✔ ✏✱ ✖✞✟ ✂❞✮✌✞✔ ✱✓❢✧☎✔ ❝�✁✂✄ ✔☎ ✑✔ ☞❢♥✍✎✌ ✭☎✯✰✌✔ �☎✞✍☎ �✓✫ ✑✔ ✭☎✯✰✌✞✍✱ ☞✏✱ ❝�✁✂✄

✔☎ ✔☎✞❜✲ ✭☎✯✰✌✔ ✆�✎✟ �✓ ☞☎✓✱ ✂❞✮✌✞✔ ✡☎♦✍❢✡✔ ✘✟✧✌☎ ✭☎✯✰✌ ❝�✁✂✄ ✔☎ ✑✔ ✭☎✯✰✌✔ �☎✞✍✎ �✓✫

10. ✳✴✵✶✴✷✸✹ ✷✺✻✵✼ : ✌❢✄  p(x), ✑✔ ✘✞ ☞❢✽✔ ✌☎ ✑✔ ✡✞☛ ❝✱☎❝✱ ❄☎☎✍ ✡☎✗☎ ✑✔ ❝�✁✂✄ �☎✞✕ ☞☎✓✱

p(x) ✔☎✞ ✱✓❢✧☎✔ ❝�✁✂✄  x – a ✘✞ ✝☎☎✒ ❢✄✌☎ ✒✌☎ �☎✞✕ ✍☎✞ ✭☎✞❧☎✂☛✗  p (a) �☎✞✍☎ �✓✫

11. ✌❢✄  p(a) = 0 �☎✞✕ ✍☎✞ x – a ❝�✁✂✄  p(x) ✔☎ ✑✔ ✒✁①☎✆✧☎✟✾ �☎✞✍☎ �✓ ☞☎✓✱ ✌❢✄ x – a, p(x) ✔☎

✑✔ ✒✁①☎✆✧☎✟✾ �☎✞✕ ✍☎✞ p(a) = 0 �☎✞✍☎ �✓✫

12. (x + y + z)2 = x2 + y2 + z2 + 2xy + 2yz + 2zx

13. (x + y)3 = x3 + y3 + 3xy(x + y)

14. (x – y)3 = x3 – y3 – 3xy(x – y)

15. x3 + y3 + z3 – 3xyz = (x + y + z) (x2 + y2 + z2 – xy – yz  – zx)
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✈�✁✂✁ 3

❢✄☎✆✝✞✟✟✠✡ ☛☞✟❢✌❢✍

What’s the good of Mercator’s North Poles and Equators, Tropics, Zones and
Meridian Lines? So the Bellman would cry; and crew would reply ‘ They are
merely conventional signs!’

✭✎✏✑✒✓✔✏ ✕✒ ✖✗✘✏✙ ✚✛✜✑✘✒✢ ✣✘✤✏ ✥✑✦✘✜✑✧ ✑★✗✘✘✒ ✢✩ ✖✦✪✘ ✕✥✔✫✢✚✘✒✢✩ ✎✢✬✮✘✒✢ ✣✘✤✏ ✯✘✎✘✒✗✘✏ ✏✒✰✘✘✣✘✒ ✢ ✎✒✢
❉✯✘ ✣✱✲✘✳✴ ✵✤✶ ✳✷✥✮✸ ✫✒✮✎✤✹ ✹✒ ✺✘✘✒✏ ✎✻✘✯✘ ✵✘✒✼✘ ✣✘✤✏ ✹✘✥✑✕ ✽✮ ✹✒ ✖✗✘✏ ✥✽✯✘ ✵✘✒✼✘✩
❫❫✯✒ ✑✒✓✑✮ ✾✏✢✾✏✘✼✧ ✥✻✿ ✵✤✢❀❀❁❂

LEWIS CARROLL, The Hunting of the Snark

3.1 ❍❃❄❅❆❇❃

❈❊❋ ●■ ❋❏❑ ▲▼◆❖P ■◗❘ ❙❚ ❯❚ ❱❘❲●❊ ❳❖❲❊❊ ❋❳
❯❚ ❙❨❩❬▼ ❚❊ ❭❪❊❊❴ ❙❴❵❊❛❳❜❊ ❙❚❱ ❋❝❚❊❳ ❙❚●❊
t❊❞❊ ■◗❡ ❈❊❋ ●■ ❣❊❤ ❋❏❑ ▲▼◆❖P ■◗❘ ❙❚ ❯❚ ❳❖❲❊❊
❋❳ ❯❚ ❙❨❩❬▼ ❚❤ ❙❭❪❊❙❞ ❚❤ ✐●❊❲●❊ ❙❚❱
❋❝❚❊❳ ❚❤ t❊❞❤ ■◗❡ ❯❖❱❤ ❈❴❖❚ ❙❭❪❊❙❞●❊❥ ■◗❘
❙t❴❦❖❖❘ ❯❚ ❙❨❩❬▼ ❧❊❞ ❚❳❴❖ ◆❖P ❙♠❯ ■❦❖❘ ❯❚
❱❖ ❈❙❵❚ ❳❖❲❊❊❈❊❖❘ ◆❖P ❱❘❬❣❊❛ ❦❖❘ ♥❱❚❤ ❙❭❪❊❙❞
❚❤ ✐●❊❲●❊ ❚❳❴❤ ■❊❖❞❤ ■◗❡ ♥❬❊■❳❜❊ ◆❖P ❙♠❯♦
❙❴♣❴❙♠❙❲❊❞ ❙❭❪❊❙❞●❊❖❘ ❋❳ ❙◆▲❊❳ ❚❤❙t❯q

I. ❈❊◆rP❙❞ s✉✇ ❦❖❘ ❯❚ ❦▼❲● ❦❊①❛ ■◗ t❊❖ ❋②◆❛
❱❖ ❋❙③▲❦ ❚❤ ❈❊❖❳ t❊❞❊ ■◗ ❈❊◗❳ ④❱ ❋❳ ❚▼⑤
❱⑥❑❚❖❘ ❨❴❤ ■◗❘♦ ④❴❚❤ ❱⑥❑❚ ⑦❦❊①❛⑧ ❱❘❲●❊❯❥
❋❙③▲❦ ❱ ❖ ❋②◆ ❛ ❚❤ ❈❊ ❖❳ ❬❤ ①④ ❛ ■◗ ❘ ❡

⑨⑩❶❷❸ ❹❺❻
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✐☞✌✍✎✏ ✑✒ ✓✏ ✔ ✕✖✗✘✙ ✐✚ ✛✜✎ ✕✏✖ ✜✖✎✢ ✐✚ ✑✢ ✣✍✖✤ ✥ ✦✢ ✧✏★ ✏ ✚ ✩✪ ✗✫✘ ✬✭✢ ✮ ✦✖✐✏✖✎ ✍ ✬✖ ✥ ✦✐✜✪

✑ ✬✎❧✪ ✯✎ ✰ ✕✏✖✜ ✏✖ ✐★ ✖ ❧✗✖ ✜✖ ✬✭✮ ✱✍✖ ✫✑✯ ✎ ✰ ✧❧✤ ✯ ✎ ✰✯❧ ✤ ✏ ✧✜✩✎ ✘✲✖ ✳✧✛✴ ✩✵ ✏✖ ✶✖★ ✬✖✎ ✜✖

✐✍✖ ✘✷★ ✬✖✎ ✗✖✸ ✹ ✩✖ ✬✚✺✖ ✯ ✎ ✰ ✧❧✤ ✻ ✍ ✧✩ ✬ ✕✎✢ ✯✎ ✰✯ ❧ ✍ ✬ ✶✖★ ✬✖✎ ✧✏ ✯ ✬ ✑✒ ✓✏ ✼ ✐✚ ✚ ✬★✪

✬✭ ★ ✖✎ ✱✍✖ ✬ ✕ ✹ ✑✯ ✎ ✰ ❣✖ ✚ ✏✖ ✐★✖ ✑ ✚❧★✖ ✑✎ ❧✗✖ ✑ ✏★ ✎ ✬✭✢✸ ✹ ★ ✜✪ ✑ ✚❧★ ✖ ✑ ✎ ✜ ✬✪✢ ✧✽★ ✜✪

✑ ✚❧★✖ ✑✎ ★ ✛ ✽✛✧✏ ✬✕✎✢ ✩✖✎ ✽✖ ✜✏✖ ✧✚✍✖✥ ✦✾✖✖ ✘★ ✿ ✑ ✒ ✓✏ ✏✪ ✯ ✬ ✑✢ ✣✍✖ ✧✽✑ ✐✚ ✹ ✑✏✖

✕✏✖ ✜ ✬ ✭ ✦✖ ✭✚ ✕✏✖ ✜ ✏✪ ✑ ✢ ✣✍✖ ✶✖★ ✬✖✎ ✜✎ ✐✚ ✬✖✎★ ✪ ✬✭✮ ✍ ✧✩ ✦✖ ✐ ✹ ✑ ✕✏✖ ✜ ✐✚ ✽✖ ✜✖ ❡✖ ✬★ ✎

✬✭✢ ✽✖✎ ✑ ✒ ✓✏ ✼ ✐✚ ✧❀✾✖★ ✬✭ ✦✖ ✭✚ ✧✽✑ ✏✪ ✑✢ ✣✍✖ ❁ ✬✭✻ ★✖✎ ✑ ✛✑✎ ✐✬❧✎ ✦✖ ✐✏✖✎ ✍ ✬ ✐★ ✖

❧ ✗✖✜✖ ✬✖✎ ✗✖ ✧✏ ✑ ✒ ✓✏ ✼ ✏✖ ✭✜✳✑✪ ✬✭ ✦✖ ✭✚ ★ ✛ ✹✑ ✕✏✖✜ ✏✖ ✐★ ✖ ❧ ✗✖✜✖ ✬✖✎★ ✖ ✬✭ ✧✽✑✏✪

✑✢ ✣✍✖ ❁ ✬ ✭✮ ✦✖✯ ❂ ✰✧★ ❃❄❅ ✕✎✢ H ✫✑ ✪ ✕✏✖ ✜ ✏✖ ❀✾✖✖ ✜ ✩✲✖✖ ✘★✖ ✬ ✭✮ ✫✑ ✪ ✐☞✏✖ ✚ ✻ P ✹ ✑ ✕✏✖ ✜

✏✖✎ ✩✲✖✖✘★ ✖ ✬✭ ✽✖✎ ✑✒ ✓✏ ✑✢ ✣✍✖ ❞ ✐✚ ✬ ✭ ✦✖ ✭✚ ✧✽✑✏✪ ✑✢ ✣✍✖ ❆ ✬✭✮

II. ✕ ✖ ✜ ❧ ✪ ✧ ✽ ✤ ✦ ✖ ✐ ✤ ✏ ✏ ✖ ✗ ✽ ✏ ✪ ✲ ✖ ✪ ❇ ✐ ✚ ✤ ✏ ✧ ✛ ✴ ✩ ✵ ❧ ✗ ✖ ✩ ✎ ★ ✎ ✬ ✭ ✢

[✦✖✯❂ ✰✧★ ❃❄ ✼ ✔a✙]✮ ✍ ✧✩ ✬✕ ✦✖ ✐✑✎ ✏✖✗✽ ✐✚ ❧ ✗✎ ✧✛✴ ✩✵ ✏✪ ✧❀✾✖ ✧★ ✯✎ ✰ ✛✖ ✚✎ ✕✎✢ ✐❈❉✎✢ ✻ ★ ✖✎

✦✖ ✐ ✫✑ ✎ ✯ ✭✰✑ ✎ ✛★ ✖✤ ✥✗✎✸ ✑✢ ✈✖✯★ ❊ ✦✖✐ ✫✑ ✐☞ ✲✜ ✏✖ ✹ ❋✖ ✚ ✫✑ ✐☞✏✖ ✚ ✩✎✢ ❊ ● ✧✛✴ ✩✵ ✏✖ ✗✽ ✯✎ ✰

✦✖ ❍✎ ✯✎ ✰ ■ ✐✚✪ ✈✖✖ ✗ ✕✎ ✢ ✧❀✾✖★ ✬✭❏ ✍✖ ❑❑✍ ✬ ✈✖✪ ✏ ✬ ✑✏★✎ ✬✭✢ ✧✏ ✍ ✬ ✧✛✴ ✩✵ ✏✖ ✗✽ ✏✪ ✛✖✍ ✪✢

✏✖✎ ✚ ✯ ✎ ✰ ✧✜✏ ❇ ✧❀✾ ✖★ ✬✭▲▲ ✍✖ ❑❑✍ ✬ ✧✛✴ ✩✵ ✏✖ ✗✽ ✏✪ ✛✖✍✪✢ ✦✖✎ ✚ ✯ ✎ ✰ ■✐✚✪ ✏✖✎ ✜✎ ✯ ✎ ✰ ✏✖ ✐✰✪

✧✜✏ ❇ ✧❀✾✖★ ✬✭✮❏ ✱✍✖ ■✐✚ ✧✩✤ ✗✤ ✏✾✖ ✜✖✎✢ ✕✎✢ ✑✎ ✧✏✑ ✪ ✈✖✪ ✏✾ ✖ ✜ ✯✎ ✰ ✦✖ ❍✖ ✚ ✐✚ ✦✖ ✐ ✧✛✴ ✩✵

✏✪ ▼✪✏ ✳▼✪✏ ✧❀✾✖ ✧★ ✛★✖ ✑ ✏★ ✎ ✬ ✭✢✸ ❀✐◆❇ ✬✭ ✧✏ ✹❋ ✖✚ ❑❑✜ ✬✪✢▲▲ ✬ ✭✮ ✐✚✴★ ✵ ✻ ✍ ✧✩ ✦✖ ✐ ✍ ✬

✏ ✬✎✢ ✧✏ ●✧✛✴ ✩✵ ✏✖✗✽ ✏✪ ✛✖✍✪✢ ✏✖✎ ✚ ✑✎ ❧ ✗✈✖✗ ❁ cm ✩❈✚ ✬✭✻ ★ ✖✎ ✫✑ ✑✎ ✦✖ ✐✏✖✎ ✧✛✴ ✩✵ ✏✪

✧❀✾ ✖✧★ ✏✖ ✦✖ ✈✖✖✑ ★ ✖✎ ✬✖✎ ✽✖★ ✖ ✬✭ ✧✐✰✚ ✈✖✪ ▼✪✏ ✳▼✖✏ ✧❀✾ ✖✧★ ✏✖ ✐★✖ ✜✬✪✢ ❡❧★ ✖ ✮ ✾ ✖✖✎✒ ✓✖ ✛✬✵★

✑✖✎❡ ✳✧✯❡ ✖✚ ✯ ✎ ✰ ✛✖ ✩ ✦✖ ✐ ✍ ✬ ✏ ✬ ✑✏★ ✎ ✬✭✢ ✧✏ ✑ ✛✑ ✎ ✜✪❡✎ ✯✖❧✪ ✚✎ ✣✖✖ ✑✎ ✧✛✴ ✩✵ ❖ cm ✏✪

✩❈✚✪ ✐✚ ✬✭✮ ✦✛ ✬✕ ✧✛✴ ✩✵ ✏✪ ✧❀✾ ✖✧★ ▼✪✏ ✳▼✖✏ ✛★✖ ✑✏★ ✎ ✬✭✢ ✮

P◗ ❘❙❚❯❱  3.2
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❜✄☎✆✝ ✞✟✠ ✡☛ ☞✌✆ ✞✍✎✏ ✑✆✒✌✌✓✌✆✔ ✓✕✌✌✖✏✗ ✘✌✙✚ ✘✛ ✜✌✎✛✔ ✘✌✆✑ ✓✌✢✑ ✘✌✙✚ ✘✛ ✄✜✄✆ ✍✛✣✆

☎✌✟✛ ✑✆✒✌✌ ✄✆ ✞✜♦☞✤ ✘✛ ✞✥✕✌✞✏ ✞✍✎✏ ✘✑✏✆ ✡✢✔ [✓✌☎✈✝✞✏ ✦✧★ ✩b✮]❆ ☞✪✄✑✆ ✫✌✬☞✌✆✔ ☛✆✔✭ ✡☛ ✎✡

✘✡ ✄✘✏✆ ✡✢✔ ✞✘ ✞✜♦☞✤ ✘✛ ✞✥✕✌✞✏ ❞✌✏ ✘✑✍✆ ☎✆✝ ✞✟✠ ☞✌✆ ✥☎✏✔✯✌ ✄✪✣✍✌✓✌✆✔ ✘✌ ✡✌✆✍✌ ✓✌☎✫✎✘

✡✌✆✏✌ ✡✢❆

✓✜ ✓✌✰ ✘✱✌✌ ☛✆✔ ✲✜✢✳✍✆ ✘✛ ✎✌✆✚✍✌✴ ✍✌☛✘ ✞✍✵✍✞✟✞✒✌✏ ✞✶✎✌✘✟✌✰ ✘✛✞✚✠✷

❢✸✹✺✻✼✺✽ 1 ✾✿❀❁❂❃ ✻❄ ✹✺❃❅❂✺❇ : ✄❧✌✛ ☛✆✚✌✆✔ ✘✌✆ ✠✘ ✄✌✕✌ ✒✌✛✔✣✘✑ ✓✰✍✛ ✘✱✌✌ ☛✆✔

✜✢✳✍✆ ✘✛ ✠✘ ✎✌✆✚✍✌ ✜✍✌❜✠❆ ✰❝❈✎✆✘ ☛✆✚ ✘✌✆ ✠✘ ☎✙✖ ✄✆ ✞✍❉✞✰✏ ✘✛✞✚✠❆ ✰❝❈✎✆✘ ☎✙✖ ☛✆✔

♠✄ ✞☎❊✌✕✌✛✖ ✘✌ ✍✌☛ ✞✟✞✒✌✠ ✞✚✄ ✰✑ ☎✡ ✜✢✳✏✌ ✡✢ ✓✌✢✑ ✞✚✄✆ ☎✡ ☎✙✖ ✞✍❉✞✰✏ ✘✑✏✌ ✡✢❆

✘✱✌✌ ☛✆✔ ✰❝❈✎✆✘ ✞☎❊✌✕✌✛✖ ✘✛ ✞✥✕✌✞✏ ✘✌ ✳✛✘❋✳✛✘ ✞✍●✌✖✑❍✌ ✞✍✵✍✞✟✞✒✌✏ ☞✌✆ ✄✪✣✍✌✓✌✆✔ ✘✛

✄✡✌✎✏✌ ✄✆ ✞✘✎✌ ✚✌✏✌ ✡✢❆

(i) ☎✡ ✥✏✔❧✌ ✞✚✄☛✆✔ ☎✡ ✜✢✳✏✌ ■ ✜✢✳✏✛ ✡✢❆

(ii) ☎✡ ✰✔✞❏✏ ✞✚✄☛✆✔ ☎✡ ✜✢✳✏✌ ■ ✜✢✳✏✛ ✡✢❆

✎✞☞ ✓✌✰ ♠✄ ☛✆✚ ✰✑ ✜✢✳✏✆ ✡✢✔ ✚✌✆ ❑☎✆✔ ✥✏✔❧✌ ✓✌✢✑ ✏✛✄✑✛ ✰✔✞❏✏ ☛✆✔ ✡✢✭ ✞✚✄✆

✓✌☎✈✝✞✏ ✦✧✦ ☛✆✔ ▲✌✞✎✏ ☎✙✖ ✄✆ ✞☞✒✌✌✎✌ ✙✎✌ ✡✢✭ ✏✌✆ ✓✌✰✘✛ ✞✥✕✌✞✏ ✘✌✆ ✩❑✭ ✦✮ ☎✆✝ ❉✰ ☛✆✔

❖✎❏✏ ✞✘✎✌ ✚✌ ✄✘✏✌ ✡✢✭ ✚✡✌▼ ✰✡✟✛ ✄✔✒✎✌ ✥✏✔❧✌ ✄✔✒✎✌ ✘✌✆ ✰❝✘◆ ✘✑✏✛ ✡✢ ✓✌✢✑ ☞✪✄✑✛

✄✔✒✎✌ ✰✔✞❏✏ ✄✔✒✎✌ ✘✌✆ ✰❝✘◆ ✘✑✏✛ ✡✢❆ ❏✎✌ ✎✡ ☎✡✛ ✡✢ ✚✌✆ ✞✘ ✩✦✭ ❑✮ ✡✢P ✓✌✰ ✓✰✍✛

✘✱✌✌ ☎✆✝ ✓♦✎ ✞☎❊✌✞✕✌✖✎✌✆✔ ☎✆✝ ✍✌☛ ✓✌✢✑ ♠✍☎✆✝ ✜✢✳✍✆ ✘✛ ✞✥✕✌✞✏✎✌▼ ✞✟✒✌✆✔❆ ♠☞✌✡✑❍✌ ☎✆✝ ✞✟✠✭

✎✞☞ ✄✌✆✞✍✎✌ ✣✌✢✕✌✆ ✥✏✔❧✌ ✓✌✢✑ ✰✡✟✛ ✰✔✞❏✏ ☛✆✔ ✜✢✳✏✛ ✡✢✭ ✏✌✆ ♠✄☎✆✝ ✞✟✠ S✩◗✭ ❘✮ ✞✟✞✒✌✠❆

✞✫✌✱✌✘ ✘✛ ☛✆✚ ✓✌✰☎✆✝ ✜✢✳✍✆ ✘✛ ✎✌✆✚✍✌ ☎✆✝ ✓✔✏✙✖✏ ✍✡✛✔ ✓✌✏✛ ✡✢❆ ✎✡✌▼ ✡☛ ✞✫✌✱✌✘ ✘✌✆

☎✆✝☎✟ ✠✘ ✰❝✆✱✌✘ ✡✛ ☛✌✍✏✆ ✡✢✔❆

❙❚❯❱❲❨❩ 3.3
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➴☞✌ ✍✎ ✏✏✑✒ ✓✔✕ ✖✑☞✗✔ ✘✙ ✚✔✛✑✑ ✙✜ ✢✍ ✣✍ ✤✥ ☞✌ ✌✛✑✎ ✙✦✧✒ ✢✍★✎ ✩✪✤✦ ✍✎ ✢✪✫✑✢✤

✚✑✔ ✥✕♥ ✌✔✛✑✑✖✑✔✕ ✍✎ ★✙✑✘✤✑ ★✔ ✢✗✬✢☞✤ ✍✎ ✭✑ ★✍✤✎ ✙✜✮ ✘✢✚ ✩✪✤✦ ✣✍ ✢♥✯✚✦ ✙✜✰ ✤✑✔ ✙✓✔✕

★♥★✔ ✗✎✏✔ ✩✑✥✎ ✌✔✛✑✑ ★✔ ✖✑✜✌ ✍✑❧✭ ✍✎ ♥✑✘✎✕ ✍✑✔✌ ★✔ ✢♥✯✚✦ ✍✎ ✚✱✌✎ ✲✑✤ ✙✑✔✗✑ ✖✑✩✳✘✍

✙✑✔✤✑ ✙✜✮ ❣❣♥✜✴✗✔ ✍✎ ✘✑✔✭✗✑✵✵ ✩✔✶ ★✕♥✕✷ ✓✔✕ ✙✓✔✕ ✪✤✕✸✑ ✍✎ ★✕✛✘✑ ✖✑✜✌ ☞✕✢✹✤ ✍✎ ★✕✛✘✑ ✍✑ ✭✑✗✗✑

✖✑✩✳✘✍ ✙✑✔✤✑ ✙✜✮ ✧★ ★✌✥ ✢✩✏✑✌✷✑✌✑ ✍✔ ✚✱✌❧✑✓✎ ☞✢✌✈✑✑✓ ✙✑✔✤✔ ✙✜✕ ✖✑✜✌ ✧★★✔ ❧✢✈✑✤ ✍✎

✺✻✼✽✾✿❀❀❁❂ ❃❄❀✺❅✺❆ (Coordinate Geometry) ✗✑✓✍ ✣✍ ✖✢✤ ✓✙✉✩☞✱✈✑✒ ✳✑✑✛✑✑ ✍✎ ❇✘✦✉☞✢❈✑

✙✦✧✒✮ ✧★ ✖❉✘✑✘ ✓✔✕✰ ✙✓✑✌✑ ✥❊✘ ✢✗✚✔✒✳✑✑✕✍ ❋✘✑✢✓✢✤ ✍✎ ✩✦✶● ✖✑✷✑✌✸✑✱✤ ★✕✍❍☞✗✑✖✑✔✕ ★✔ ✖✑☞✍✑✔

☞✢✌✢✏✤ ✍✌✑✗✑ ✙✜✮ ✧★✩✔✶ ♥✑✌✔ ✓✔✕ ✖✑☞ ✢✩✪✤✑✌ ★✔ ✖❉✘✘✗ ✐■✏ ✍❊✑✑✖✑✔✕ ✓✔✕ ✍✌✔✕❧✔✮ ☞❏✑✌✕✸✑ ✓✔✕

☞❏✶✑✕★✎★✎ ✚✑✳✑✒✢✗✍ ✖✑✜✌ ❧✢✈✑✤✲ ❥✽✻✽ ✼❂❀❆✽✾ ✗✔ ✧★ ✖❉✘✘✗ ✍✑✔ ✢✩✍✢★✤ ✢✍✘✑ ✫✑✑✮

♦❑▲▼ ◆✆✂❖ P◗✆☛❘✞✆◆ ✡✂✝ ❢❙❚☛❯ P❯ ◆✂❱✂ ❯❲�✆ P❳✝✁ ✞❯☛✂ ❲❨✝❩

✠❲❬ ❭✆✁☛ ❳❪✆❲♦❬✝ ☎✆☛✆❫✁❬ ♦✂▲ ✡❲✆� P◗▲✆✝❳❬❳❬ ❖❢❴✆☛❵

❛❜❝❜ ❞❡❤❦❜♠ ✞❬ ♣✆❬❩ P❯q☛❑ ♦❲ ❭✆◆❳❬ r✠❢s☛ �❲❬✝ ♣✆✆t ♦❲ ✠❲

❳✡✇☛✆ ♣✆✆ ❢✞ ❢❙❚☛❯ P❯ P①②✂③P①②✂ ❲❬ ❭❢④✞ ⑤⑥☛� ❢✞✠✆

⑦✆ ❳✞☛✆ ❲❨❩ ⑧✞ ❢✁� ⑦❙❢✞ ♦❲ ❭P�✂ ❢❙❚☛❯ P❯ ◆✂❱✂③◆✂❱✂

❭✆❯✆✡ ✞❯ ❯❲✆ ♣✆✆t ⑨❳�✂ ⑧✞ ☛◆ ✡✂✝ ⑧✞ ❢❙q✁❑ ✞❬ ❢❚♣✆❢☛

✞✆ ❢�④✆✄❯❴✆ ✞❯�✂ ❳✂ ❳✝❙✝❢④☛ ❳✡❚✠✆ ✞✆ ❲◆ ⑩❶❷⑩② ❢�✞✆◆✆❩

⑦❨❳✆❢✞ ❭✆P ✁✂❸✆✂✝❖✂ ⑨❳✞❬ ❢♦❢④ ❭❹✆✆✝☎✆ ❭✆❨❯ ✁✂☎✆✆✝☛❯ ✞❬ P❑❯✆�❬

❢♦⑥✆❯④✆❯✆ ✞❬ ❲❬ ⑧✞ ❢♦✞❢❳☛ ❺P ♣✆❬❩ ⑧✞ ☛◆ ✞❬ ⑧✞

❢❙q✁❑ ✞❬ ❢❚♣✆❢☛ ✞✆ ❢�④✆✄❯❴✆ ✞❯�✂ ✡✂✝ P◗✠❑s☛ P❻❢☛ ✞✆✂ ✁✞✆☛✂✄

♦✂▲ ❳❼✡✆� ✡✂✝ ❡❤❦❽♠❾ ❿➀➁❦ (Cartesian System) ➂✆❬

✞❲✆ ⑦✆☛✆ ❲❨❩

➃➄✿✻❀➅➆➇  3.1

1. ⑧✞ ❭q✠ r✠❢s☛ ✞✆✂ ❭✆P ❭P�✂ ❭➈✠✠� ✡✂⑦ P❯ ❯❸✆✂ ❱✂❙◆ ◆❨✝P ✞❬ ❢❚♣✆❢☛ ❢✞❳ ☛❯❲

❙☛✆⑧❷❖✂➉

2. ➊➋➌➍❡ ❾❤❜➎❝❤➏ : ⑧✞ �❖❯ ✡✂✝ ✁✆✂ ✡❑❸✠ ❳①②♦✂✝▲ ❲❨✝t ⑦✆✂ �❖❯ ♦✂▲ ♦✂▲q✁◗ P❯ ❢✡◆☛❬ ❲❨✝❩ ✠✂

✁✆✂ ❳①②♦✂✝▲ ⑨➐✆❯③✁❢❹✆❴✆ ✞❬ ❢✁☎✆✆ ❭✆❨❯ P❶♦✄③P❢☎⑥✡ ✞❬ ❢✁☎✆✆ ✡✂✝ ❲❨✝❩ �❖❯ ✞❬ ❭q✠ ❳➂✆❬

❳①②♦✂✝▲ ➑� ✡❑❸✠ ❳①②✞✆✂✝ ♦✂▲ ❳✡✆✝☛❯ P❯❚P❯ ➒➓➓ ✡❬❱❯ ✞❬ ✁❶❯❬ P❯ ❲❨✝❩ P◗➔✠✂✞ ❢✁☎✆✆ ✡✂✝ ◆❖➂✆❖

P✆❷⑥ ❳①②♦✂✝▲ ❲❨✝❩ → ❳✂✝❱❬✡❬❱❯ = ➒➓➓ ✡❬❱❯ ✞✆ P❨✡✆�✆ ◆✂✞❯ ❭P�❬ �✆✂❱ ❙❑✞ ✡✂✝ �❖❯ ✞✆ ⑧✞

✡✆➣①◆ ❙�✆➑⑧❩ ❳①②✞✆✂✝ ✞✆✂ ⑧✞◆ ❯✂❸✆✆❭✆✂✝ ❳✂ ❢�❺❢P☛ ✞❬❢⑦⑧❩

↔↕➙↕ ➛➜➝➞↕➟  (1596 -1650)

➠➝➡➢➞ ➤➥➦
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✈❦✄☎✆✝ ✞❦✟✠✡ ✞✆☛ ☞✌✍✎✏✑✒✆ ✌❦✆ ✌❦✓✂✔ ✕✖✗✘ ✈✙✆✌ ✚❦✟✑✍✛✓✜✔✓ ✢✣❦✤✒❦✕✆✥ ✕❦✆ ✑✌✂✔ ✕✤☛✦

☞✌ �☎✱❦✆✧❦ ✚❦✟✑✍✛✓✜✔✓ ✎❦✆ ✑✠★✌❦✆☛ ✑✆ ✩✙✔ ✕✤✪ �✫✙✞✆☛ ✑✆ ☞✌ ✬Ù❦✒✍✎�✭❦✁❦ �✎✱❦❦ ✞✆☛ ✫❦✂✔ ✕✤

✈❦✤✒ ✎✏✑✒✔ ✄✏☎✘✍✄�✱✣✞ ✌✔ �✎✱❦❦ ✞✆☛✦ ✄✮✯✰✆✌ ✚❦✟✑✍✛✓✜✔✓ ✌❦ �✙✎✆✘✱❦✙ ✗✑ ✄✮✌❦✒ �✌✰❦ ✫❦✂❦

✕✤❣ ✰�✎ ✎✏✑✒✔ ✑✠★✌ ✬Ù❦✒✍✎�✭❦✁❦ �✎✱❦❦ ✞✆☛ ✫❦✂✔ ✕✤ ✈❦✤✒ ✄❦✲✣☎✔☛ ✑✠★✌ ✄✏☎✘✍✄�✱✣✞ �✎✱❦❦

✞✆☛ ✫❦✂✔ ✕✤ ✈❦✤✒ ✰✆ ☞✌ ✚❦✟❡✑✳ ✄✒ �✞✡✂✔ ✕✤☛✪ ✂✩ ✗✑✆ ✕✞ ✚❦✟✑✍✛✓✜✔✓ ✢✴✪ ✵✥ ✌✕✆☛✳✆✦ ✗✑✔

✄✒☛✄✒❦ ✑✆ ✰✕ ✐❦✂ ✌✔�✫☞ �✌

(i) �✌✂✙✔ ✚❦✟✑✍✛✓✜✔✓❦✆☛ ✌❦✆ ✢❢✪ ✶✥ ✞❦✙❦ ✫❦ ✑✌✂❦ ✕✤✦

(ii) �✌✂✙✔ ✚❦✟✑✍✛✓✜✔✓❦✆☛ ✌❦✆ ✢✶✪ ❢✥ ✞❦✙❦ ✫❦ ✑✌✂❦ ✕✤✦

3.2 ❞✷✸✹✺✻ ✼✽✾✸

❫✿❀❁❂❃ ❄❅❆❇❈ ❉❊❋ ●❍❂❃❂ ■❊❀ ●❃❄ ❧❏❑✻✷ ▲▼❑✷✷ ❉❊❋ ♦❃◆❊ ■❊❀ ❄❖P ◗❘❉❊❋ ❙❚❀❯ ✿❀❁❂❃ ◆❊❁❃❃ ❄◆ ❱❲

❆❨❂❇ ❆♦❩❬❘ ✿❊ ❬❭❆◆❂❃❊❀ ❲❃❊ ♦◆❃♦◆ ❱❲❲❃❊❀ ■❊❀ ❱❲ ❆❬❪❃❃ ■❊❀ ❴❨❃❵■❲ ●❃❚◆ ❬❭✿◆❛ ❆❬❪❃❃ ■❊ ❀

➼❜❃❃❵■❲ ●❀❆❲❇ ❆❲❂❃ ❝❃❇❃ ❙❚❯ ❤✿ ❆♦❩❬❘ ❲❃❊❥ ❝❙❃♠ ✿❊ ❬❭❆◆❂❃♠ ●❀❆❲❇ ❲❛ ❝❃❇❛ ❙❚❀❥ ♥♣qr

✾st✉✇ (origin) ❲❙❃ ❝❃❇❃ ❙❚❯ ❱❲ ◆❊❁❃❃ ❄◆ ✿■❃❨ ❬❭❆◆❂❃❊❀ ❄◆ ❆♦❩❬❘●❃❊ ❀ ❲❃❊ ●❀❆❲❇ ❲◆❉❊❋❥

❙■ ✿❀❁❂❃ ◆❊❁❃❃ ❲❃ ❄①❂❃❊② ✿❀❁❂❃●❃❊❀ ❲❃❊ ❆❨③❆❄❇ ❲◆❨❊ ❉❊❋ ❆④❱ ❲◆❇❊ ❙❚❀❯ ❂❆❬ ❱❲ ❱❲❲

❬❭◆❛ ✿❀❁❂❃ ❫⑤❈ ❲❃❊ ❆❨③❆❄❇ ❲◆❇❛ ❙❃❊❥ ❇❃❊ ⑥ ❱❲❲ ❬❭◆❛ ✿❀❁❂❃ ❫⑥❈ ❲❃❊ ❆❨③❆❄❇ ❲◆❊②❛❥ ❝❙❃♠

'O' ■❭④❆♦❩❬❘ ❙❚❯ ■❭④❆♦❩❬❘ ✿❊ ❴❨❃❵■❲ ❆❬❪❃❃ ■❊❀ ❬❭◆❛ r ❄◆ ❆⑦⑧❃❇ ❆♦❩❬❘ ✿❀❁❂❃ r ❲❃❊ ❆❨③❆❄❇

❲◆❇❛ ❙❚❯ ■❭④❆♦❩❬❘ ✿❊ ➼❜❃❃❵■❲ ❆❬❪❃❃ ■❊❀ ❬❭◆❛ r ❄◆ ❆⑦⑧❃❇ ❆♦❩❬❘ ✿❀❁❂❃ r ❲❃❊ ❆❨③❆❄❇ ❲◆❇❛

❙❚❯ ✿❀❁❂❃ ◆❊❁❃❃ ❄◆ ❆❉❆⑨❃❩❨ ✿❀❁❂❃●❃❊❀ ❉❊❋ ⑦⑧❃❃❨ ●❃❉⑩❋❆❇ ⑥❶❷ ■❊❀ ❆❬❁❃❃❱ ②❱ ❙❚❀❯

❸❹❺❻❼❽❾  3.5

❬❲❃❇❊❿ ❨❊ ❱❲ ❇④ ❄◆ ❱❲ ❬❭✿◆❊ ❄◆ ④❀♦ ❬❃❊ ◆❊❁❃❃●❃❊❀ ❲❃❊ ❁❃❛❀◗❨❊ ●❃❚◆ ➀❨ ◆❊❁❃❃●❃❊❀ ❉❊❋

✿❃❄❊➁❃ ❇④ ❄◆ ❆♦❩❬❘●❃❊ ❀ ❲❃ ⑦⑧❃❃❨ ❆❨❴❃❿◆❜❃ ❲◆❨❊ ❲❃ ❆❉◗❃◆ ❄①⑦❇❘❇ ❆❲❂❃❯ ④❀♦ ◆❊❁❃❃❱♠ ❆❲✿❛

⑨❃❛ ❆❬❪❃❃ ■❊❀ ❙❃❊ ✿❲❇❛ ❙❚❀❥ ❝❚✿❃ ❆❲ ●❃❉⑩❋❆❇ ⑥❶➂ ■❊❀ ❆❬❁❃❃❂❃ ②❂❃ ❙❚❯ ④❊❆❲❨ ❝♦ ❙■ ➀✿

➃➄➅➆➅ ➇➈➈➉ ❱❲ ❇④ ■❊❀ ❆⑦⑧❃❇ ❱❲ ❆♦❩❬❘ ❲❃ ⑦⑧❃❃❨ ❆❨❴❃❿◆❜❃ ❲◆❨❊ ❉❊❋ ❆④❱ ❬❃❊ ◆❊❁❃❃❱♠ ④❀❊②❊❥

❇❃❊ ❱❲ ◆❊❁❃❃ ➁❃❚❆❇❝ ❙❃❊②❛ ●❃❚◆ ❬❭✿◆❛ ◆❊❁❃❃ ➊❍❉❃❿❴◆❥ ❝❚✿❃ ❆❲ ●❃❉⑩❋❆❇ ⑥❶➂ ➋c➌ ■❊❀ ❆❬❁❃❃❂❃

②❂❃ ❙❚❯
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✈ ☞✌✍✎ ✏✑  3.6

♦ ✒✓ ✔♦ ✕✖✗ ✘✖ ✙✖ ✚ ✒✒✛ ✜ ✢✣ ✤✥✦✒✙ ✤✥ ✒✧ ✔ ✦★ ✩ ✒✔★ ✪✫✗ ✬ ✭ ✒✖ ✣✗✚ ✘✒ ✙✖✚ ✒✒✛ ✜

②★✮✩✛ ✯ ✒✫✙ ✰ ✱✪✖✗ X✲X ✯ ✒✫✙ Y✲Y ✦✒ ❞ ✒✕ ✭✖ ✭★✮✩✛ ✳  X✲X ✦ ✒✖ ✴ ✒✫✮✔ ✩ ✙✮✚ ✒✛

[✩✫✣ ✒ ✮✦ ✯ ✒♦ t✵ ✮✔ 3.7✶a✷ ✕✖✗ ✮✭✚ ✒✒✘ ✒ ❡✘✒ ✪✫] ✯ ✒✫✙ ✢✣ ✤ ✙ ✸★✦ ✰ ✣★

✤✥✦ ✒✙ ✣ ✗✚ ✘✒✛ ✜ ✮②✮✚ ✒✛ ✩ ✫✣ ✒ ✮✦ ✣ ✗✚ ✘✒ ✙✖✚ ✒✒ ✤ ✙ ✮②✚ ✒★ ✩✒✔★ ✪✫✗ ✳ ✘✖ ✪★ ✣ ✐ ✒★

✮✹✘✒✛ ✜ ✯ ✒✤ Y✲Y ♦ ✖✵ ✣ ✒✺ ✒ ✦★✮✩✛ ✳ ✯✗ ✔ ✙ ♦✖✵♦ ② ✘✪★ ✪ ✫ ✮✦  Y✲Y ✴ ✒✫ ✮✔ ✩

❞ ✪★✗ ✪✫✉ ✯ ✮✤ ✔✻ ✼✽♦ ✒✾✿ ✙ ✪✫ [✭✖ ✮✚ ✒✛ ✯ ✒♥✮✔ 3.7 (b)]✳

✈ ☞✌✍✎ ✏✑  3.7

✭✒✖ ❞ ✒✖ ✗ ✙✖✚ ✒✒✯ ✒✖✗ ✦✒ ✣✗ ✘ ✒✖ ✩ ❞ ✢✣ ✤✥✦ ✒✙ ✦★ ✮✩✛ ✮✦ ✘✖ ✭✒✖ ✙✖✚ ✒✒✛ ✜ ✛✦❀✭❁✣ ✙✖ ✦✒✖ ✕❁ ②✮❂ ✱✭✻

✤ ✙ ✦✒❃✔★ ✪✒✖✗ ✶✯ ✒♦ t✵✮✔ ❄❅❆✷ ✳ ✴ ✒✫✮✔ ✩ ✙✖✚ ✒✒  X✲X  ✦ ✒✖  x - ✯✴ ✒ ✦✪✒ ✩✒✔✒ ✪✫ ✯ ✒✫✙ ✼✽♦ ✒✾✽ ✒✙

✙✖✚ ✒✒  Y✲Y  ✦✒✖  y - ✯✴ ✒ ✦ ✪✒ ✩✒✔✒ ✪✫✳ ♦ ✪ ✮❂ ✱✭✻ ✉ ✩✪ ✒✜  X ✲X  ✯ ✒✫✙  Y✲Y  ✛✦❀✭❁✣ ✙✖ ✦ ✒✖ ✦ ✒❃✔★

✪✫✗ ✉ ✰✣✖ ❇❈❉❊ ❋●❍ ■ (origin) ✦ ✪✒ ✩✒✔✒ ✪✫ ✯ ✒✫✙ ✢✣✖ O ✣ ✖ ✤✥✦ ❃ ✮✦ ✘✒ ✩ ✒✔ ✒ ✪✫✳ ❧✘ ✒✖✗ ✮✦

✽ ✒❞✒è✕✦ ✣✗✚ ✘✒✛ ✜  OX ✯ ✒✫✙   OY ✦★ ✮✭❏ ✒✒✯ ✒✖✗ ✕✖✗ ✮✓ ✺ ✒✔ ✪✫✗ ✉ ✢✣ ✮②✛ OX ✯✒✫✙  OY ✦✒✖ ✹✕❏ ✒✬
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x-✈✄☎ ✈☎✆✝  y-✈✄☎ ✞✟ ✠✡☎☛☞✞ ✌✍✎☎☎✏✑ ✞✒☎ ✓☎✔☎ ✒✆✕ ✖✗✟ ✘✙✞☎✝✚ OX✛ ✈☎✆✝ OY✛ ✞☎❞

x-✈✄☎ ✈☎✆✝  y-✈✄☎ ✞✟ ✜☞✎☎✢ ✣✤☎☎☛☞✞ ✌✍✎☎☎✏✑ ✞✒☎ ✓☎✔☎ ✒✆✕

❀✒☎✑ ✈☎✘ ❀✒ ✍❞✥☎✔❞ ✒✆✦ ✌✞ ❀❞ ✍☎❞✡☎❞✦ ✈✄☎ ✔✧ ✞☎❞ ★☎✝ ✩☎☎✪☎❞✦ ☞❞✦ ✌✫✩☎☎✌✓✔ ✞✝✔✟ ✒✆✦✕ ✖✡

★☎✝ ✩☎☎✪☎❞✦ ✞☎❞ ♣✬✭✮✯✯✰✱✯ (quadrants) ✲✏✞✳★☎✆✴☎☎✖✵✶ ✞✒☎ ✓☎✔☎ ✒✆✕  OX ✗❞ ✫☎☞☎✫✔✵ ✌✍✎☎☎ ☞❞✦

✖❜✒❞✦ I, II, III ✈☎✆✝ IV ★✔✷✴☎☎✸✎☎ ✞✒☎ ✓☎✔☎ ✒✆ ✲✍❞✌✥☎✏ ✈☎✫✹✺✌✔ ✻✼✽✶✕ ✖✗ ✘✙✞☎✝✚ ✖✗ ✔✧ ☞❞✦

✍☎❞✡☎❞✦ ✈✄☎ ✈☎✆✝ ★☎✝☎❞✦ ★✔✷✴☎☎✸✎☎ ✗✌♥☞✌✧✔ ✒✆✦✕ ✒☞ ✖✗ ✔✧ ✞☎❞ ✾✿❁❂❃❄ ❁❅ (Cartesian

plane) ❀☎ ❢❆❇❈❃❉✿✿❊✾ ❁❅ (Coordinate plane) ❀☎  xy-❁❅ (xy-plane) ✞✒✔❞ ✒✆✦✕ ✈✄☎☎❞✦ ✞☎❞

❢❆❇❈❃❉✿✿❊✾ ❋●✿ (coordinate axes) ✞✒☎ ✓☎✔☎ ✒✆✕

❍■❏❑▲▼◆ 3.8 ❍■❏❑▲▼◆ 3.9

✈☎✖✏ ✈❖ ✒☞ ❀✒ ✍❞✥☎❞✦ ✌✞ ✪✌✤☎✔ ☞❞✦ ✖✗ ✘P✌✔ ✞☎ ✖✔✡☎ ☞✒☛✫ ◗❀☎❞✦ ✒✆ ✈☎✆✝ ❀✒ ✌✞✗

✘✙✞☎✝ ✐✘❀☎❞✪✟ ✒☎❞✔✟ ✒✆✕ ✈☎✪❞ ✌✍❀☎ ✪❀☎ ✈☎✝❞✥☎ ✧✟✌✓✏✚ ✓✒☎✑ ✈✄☎☎❞✦ ✞☎❞ ✈☎✧❞✥☎ ✞☎✪✓

(graph paper) ✘✝ ✥☎✟✦★☎ ✪❀☎ ✒✆✕ ✈☎✖✏ ✒☞ ✈✄☎☎❞✦ ✗❞ ✌❖❜✍✷✈☎❞✦  P ✈☎✆✝  Q  ✞✟ ✍❘✌✝❀☎✑ ❙☎✔

✞✝❞✦✕ ✖✗✫❞✺ ✌✧✏  x-✈✄☎ ✘✝ ✧✦❖ PM ✈☎✆✝ y-✈✄☎ ✘✝ ✧✦❖ PN ❚☎✌✧✏✕ ✖✗✟ ✘✙✞☎✝✚ ✒☞ ✧✦❖

QR  ✈☎✆✝ QS ❚☎✧✔❞ ✒✆✦✚ ✓✆✗☎ ✌✞ ✈☎✫✹✺✌✔ ✻✼❯❱ ☞❞✦ ✌✍✥☎☎❀☎ ✪❀☎ ✒✆✕
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✈☞✌✍✎✏✑ 3.10

✒✓✔ ✔✓✕✖ ✗✘✙ ✚✛

(i) y-✒✜✓ ✢✖ ✚✣✤✥✦ P ✛❞ ✧✓✙✚✣✛ ✥★✩❞✪ ✚✫✢✖  x-✒✜✓ ✛❞ ✬✭✓✮✯✛ ✚✥✰✓✓ ✯✖✙ ✯✓✔✓ ✱✲✓

✗✘✪  PN = OM = 4 ✳✛✛ ✗✘✴

(ii) x-✒✜✓ ✢✖ ✚✣✤✥✦ P ✛❞ ✧✓✙✚✣✛ ✥★✩❞✪ ✚✫✢✖  y-✒✜✓ ✛❞ ✬✭✓✮✯✛ ✚✥✰✓✓ ✯✖✙ ✯✓✔✓ ✱✲✓

✗✘✪ PM = ON = 3 ✳✛✛ ✗✘✴

(iii) y-✒✜✓ ✢✖ ✚✣✤✥✦  Q ✛❞ ✧✓✙✚✣✛ ✥★✩❞✪ ✚✫✢✖  x-✒✜✓ ✛❞ ✵✶✓✓✮✯✛ ✚✥✰✓✓ ✯✖✙ ✯✓✔✓ ✱✲✓

✗✘✪ OR = SQ = 6 ✳✛✛ ✗✘✴

(iv) x-✒✜✓ ✢✖ ✚✣✤✥✦ Q ✛❞ ✧✓✙✚✣✛ ✥★✩❞✪ ✚✫✢✖  y-✒✜✓ ✛❞ ✵✶✓✓✮✯✛ ✚✥✰✓✓ ✯✙✖ ✯✓✔✓ ✱✲✓

✗✘✪  OS = RQ = 2 ✳✛✛ ✗✘✴

❜✭ ✥★✚✩✲✓✖✙ ✛❞ ✢✗✓✲✕✓ ✢✖ ✗✯ ✚✣✤✥✦✒✓✖✙ ✛✓ ✚✭✬✓✷✩✶✓ ✚✛✢ ✔✸✛✓✩ ✛✩✖✙ ✚✛ ✛✓✖❜✷ ✹✓✸✯ ✭

✩✗ ✫✓✳❥

✗✯ ✚✭❣✭✚✧✚✺✓✕ ✔✩✙✔✩✓✒✓✖✙ ✛✓✖ ✻✲✓✭ ✯✖✙ ✩✺✓✛✩ ✳✛ ✚✣✤✥✦ ✼✖✽ ✚✭✥✖✷✰✓✓✙✛ ✚✧✺✓✕✖ ✗✘✙✾

(i) ✳✛ ✚✣✤✥✦ ✛✓  x - ✚✭✥✖✷✰✓✓✙✛ (x-coordinate),  y-✒✜✓ ✢✖ ❜✢ ✚✣✤✥✦ ✛❞ ✧✓✙✚✣✛ ✥★✩❞

✗✘✪ ✚✫✢✖  x -✒✜✓ ✔✩ ✯✓✔✓ ✫✓✕✓ ✗✘ ✿✫✓✖ ✚✛ x-✒✜✓ ✛❞ ✬✭✓✮✯✛ ✚✥✰✓✓ ✯✖✙ ✬✭✓✮✯✛

✒✓✘✩  x-✒✜✓ ✛❞ ✵✶✓✓✮✯✛ ✚✥✰✓✓ ✯✖✙ ✵✶✓✓✮✯✛ ✗✓✖✕❞ ✗✘❀✴ ✚✣✤✥✦  P  ✼✖✽ ✚✧✳ ✲✗

+ 4 ✗✘ ✒✓✘✩  Q ✼✖✽ ✚✧✳ ✲✗ – 6 ✗✘✴ x - ✚✭✥✖✷✰✓✓✙✛ ✛✓✖ ❍❁❂❃ (abscissa) ✹✓❞ ✛✗✓ ✫✓✕✓

✗✘✴
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(ii) ✱✄ ☎✆✝✞✟ ✄✠  y-☎❢✞✡☛☞✠✠✌✄✍  x-✈✎✠ ✏✡ ✑✏✄✒ ✓✠✌☎✆✄ ✞✔✕✒ ✖✠✡✗✒ ✖✘ ☎✙✏✡  y-✈✎✠ ✚✕

❡✠✚✠ ✙✠✗✠ ✖✘ ✛✙✠✡ y-✈✎✠  ✄✒ ❞❢✠✜❡✄ ☎✞☞✠✠ ❡✡✌ ❞❢✠✜❡✄ ✈✠✘✕ y-✈✎✠ ✄✒

➼✢✠✠✜❡✄ ☎✞☞✠✠ ❡✡✌ ➼✢✠✠✜❡✄ ✖✠✡✗✒ ✖✘✣✤ ☎✆✝✞✟ P ♦✡✥ ☎✓✱ ✦✖  + 3 ✖✘ ✈✠✘✕  Q ♦✡✥

☎✓✱  –2 ✖✘✤  y-☎❢✞✡☛☞✠✠✌✄ ✄✠✡ ✧★✩✪✫ (ordinate) ❍✠✒ ✄✖✠ ✙✠✗✠ ✖✘✤

(iii) ☎❢✞✡☛☞✠✠✌✄ ✗✓ ❡✡✌ ✱✄ ☎✆✝✞✟ ♦✡✥ ☎❢✞✡☛☞✠✠✌✄ ☎✓✬✠✗✡ ✏❡✦ ✚✖✓✡  x-☎❢✞✡☛☞✠✠✌✄ ☎✓✬✠✗✡ ✖✘✌

✈✠✘✕ ✑✏♦✡✥ ✆✠✞  y-☎❢✞✡☛☞✠✠✌✄ ☎✓✬✠✗✡ ✖✘✌✤ ✖❡ ☎❢✞✡☛☞✠✠✌✄✠✡✌ ✄✠✡ ✄✠✡✭✮✄ ♦✡✥ ✈✌✞✕ ☎✓✬✠✗✡

✖✘✌✤

✈✗✯ P ♦✡✥ ☎❢✞✡☛☞✠✠✌✄ (4, 3) ✖✘✌ ✈✠✘✕ Q ♦✡✥ ☎❢✞✡☛☞✠✠✌✄ (– 6, – 2) ✖✘✌✤

è✦✠❢ ✞✒☎✙✱ ☎✄ ✗✓ ❡✡✌ ✱✄ ☎✆✝✞✟ ♦✡✥ ☎❢✞✡☛☞✠✠✌✄ ✈☎✰✗✒✦ ✖✠✡✗✡ ✖✘✌✤ ✲✏♦✡✥ ✈❢✟✏✠✕

☎❢✞✡☛☞✠✠✌✄ (3, 4) ✈✠✘✕ ☎❢✞✡☛☞✠✠✌✄ (4, 3) ✏❡✠❢ ❢✖✒✌ ✖✘✌✤

♠✳★✴✵✶★ 1 : ❢✒✉✡ ✞✒ ✷✲☛ ✈✠♦✸✥☎✗ ✹✺✻✻ ✄✠✡ ✞✡✬✠✄✕ ☎❢✼❢☎✓☎✬✠✗ ✄✽✠❢✠✡✌ ✄✠✡ ✚✔✕✠ ✄✒☎✙✱✯

(i) ☎✆✝✞✟ B ✄✠ ❍✠✟✙ ✈✠✘✕ ✄✠✡☎✾ ✿❡☞✠✯  _ _ _ _ ✈✠✘✕ _ _ _ _ ✖✘✌✤ ✈✗✯ B ♦✡✥ ☎❢✞✡☛☞✠✠✌✄

(_ _ _, _ _ _) ✖✘✌✤

(ii) ☎✆✝✞✟ M ♦✡✥  x-☎❢✞✡☛☞✠✠✌✄ ✈✠✘✕  y-☎❢✞✡☛☞✠✠✌✄ ✿❡☞✠✯  _ _ _ ✈✠✘✕ _ _ _ ✖✘✌✤ ✈✗✯ M ♦✡✥

☎❢✞✡☛☞✠✠✌✄  (_ _, _ _) ✖✘✌✤

(iii) ☎✆✝✞✟   L ♦✡✥ x-☎❢✞✡☛☞✠✠✌✄ ✈✠✘✕ y-☎❢✞✡☛☞✠✠✌✄ ✿❡☞✠✯ _ _ _ ✈✠✘✕ _ _ _ ✖✘✌✤ ✈✗✯  L ♦✡✥

☎❢✞✡☛☞✠✠✌✄  (_ _, _ _) ✖✘✌✤

(iv) ☎✆✝✞✟   S ♦✡✥  x-☎❢✞✡☛☞✠✠✌✄ ✈✠✘✕  y-☎❢✞✡☛☞✠✠✌✄ ✿❡☞✠✯ _ _ _ ✈✠✘✕  _ _ _ ✖✘✌✤ ✈✗✯  S  ♦✡✥

☎❢✞✡☛☞✠✠✌✄ (_ _, _ _) ✖✘✌✤
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✈☞✌✍✎  3.11

❣✏ : (i) ❉✑✒✓✔✕✖  y-✗✘✒ ✙✓ ✕✚✛✜✢ B ✖❞ ✜✣✤❞ ✥ ✦✖✖ ✧★✩ ✪✙✕✫✦ ✕✚✛✜✢ B ✖✒  x-✕✬✜✓✭✮✒✒✔✖

✑✒ ❀✒✢✯ ✥ ✧✒✓✰✒✱   x-✗✘✒ ✙✓ ✕✚✛✜✢ B ✖❞ ✜✣✤❞ ✲ ✦✖✖ ✧★✩ ✪✙✕✫✦ ✕✚✛✜✢  B ✖✒ y-✕✬✜✓✭✮✒✒✔✖

✗✳✒✒✭✴✵ ✖✒✓✕✶ ✲ ✧✒✓✰❞✱ ✗✴✷ ✕✚✛✜✢ B ♦✓✸ ✕✬✜✓✭✮✒✒✔✖ ✹✥✩ ✲✺ ✧★✔✱

➴✻✤ (i) ✖❞ ❀✒✒✔✕✴✷

(ii) ✕✚✛✜✢ M ♦✓✸ x-✕✬✜✓✭✮✒✒✔✖ ✗✒★✤  y-✕✬✜✓✭✮✒✒✔✖ ✼✽✮✒✷ –3 ✗✒★✤  4 ✧★✔✱ ✗✴✷ ✕✚✛✜✢  M  ♦✓✸

✕✬✜✓✭✮✒✒✔✖ (–3, 4) ✧★✔✱

(iii) ✕✚✛✜✢  L  ♦✓✸  x-✕✬✜✓✭✮✒✒✔✖ ✗✒★✤  y - ✕✬✜✓✭✮✒✒✔✖ ✼✽✮✒✷  –5 ✗✒★✤  – 4 ✧★✔✱ ✗✴✷ ✕✚✛✜✢  L  ♦✓✸

✕✬✜✓✭✮✒✒✔✖ (–5, – 4) ✧★✔✱

(iv) ✕✚✛✜✢  S ♦✓✸ x-✕✬✜✓ ✭✮✒✒✔✖ ✗✒★✤  y- ✕✬✜✓✭✮✒✒✔✖ ✼✽✮✒✷  3 ✗✒★✤   – 4 ✧★✱ ✗✴✷ ✕✚✛✜✢  S  ♦✓✸

✕✬✜✓✭✮✒✒✔✖ (3, – 4) ✧★✔✱
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♠✄☎✆✝✞☎ 2 : ✈✟✠✡☛☞✌ 3.12 ❡✍✎ ✈✏✟✟✍✎ ✑✒ ✈✎☞✓✌ ☞✔✕✖✗✈✟✍✎ ✠✍☛ ☞✘✖✍✙✚✟✟✎✓ ☞✛☞✜✟✢✣

✆❣ : ✈✟✑ ✤✥✟✦ ✖✍✜✟ ✧✓✌✍ ✥★✎ ☞✓ ✣

(i) ☞✔✕✖✗   A,  y-✈✏✟ ✧✍ + 4  ✢✓✓ ✓✱

✖♥✒✱ ✑✒ ✥★ ✈✟★✒  x-✈✏✟ ✧✍ ✖♥✒✱ 0 ✑✒

✥★✩ ✈✌✣ ☞✔✕✖✗ A ✓✟  x-☞✘✖✍✙✚✟✟✎✓  4 ✥★

✈✟★✒ y-☞✘✖✍✙✚✟✟✎✓ 0 ✥★✩ ✪✧☞✛✢  A  ✠✍☛

☞✘✖✍✙✚✟✟✎✓ (4, 0) ✥★✎✩

(ii) B ✠✍☛ ☞✘✖✍✙✚✟✟✎✓ (0, 3) ✥★✎✩ ✫✤✟✍✎✬

(iii) C ✠✍☛ ☞✘✖✍✙✚✟✟✎✓ (– 5, 0) ✥★✎✩ ✫✤✟✍✎✬

(iv) D ✠✍☛ ☞✘✖✍✙✚✟✟✎✓ (0, – 4) ✥★✎✩ ✫✤✟✍✎✬

(v) E ✠✍☛ ☞✘✖✍✙✚✟✟✎✓ 
2

, 0
3

✭ ✮
✯ ✰
✲ ✳

 ✥★✎✩ ✫✤✟✍✎✬

✫✤✟✍✎☞✓  x-✈✏✟ ✓✟ ✑✴✵✤✍✓ ☞✔✕✖✗  x-✈✏✟ ✧✍ ✚✟♥✕✤ ✖♥✒✱ ✑✒ ✥★✶ ✪✧☞✛✢ x-✈✏✟ ✑✒ ☞✷✸✟✌

✑✴✵✤✍✓ ☞✔✕✖✗ ✓✟ y-☞✘✖✍✙✚✟✟✎✓ ✧✖✟ ✥✱ ✚✟♥✕✤ ✥✟✍❢✟✩ ✪✧ ✌✒✥✶ x-✈✏✟ ✑✒ ☞✷✸✟✌ ☞✓✧✱ ✹✟✱ ☞✔✕✖✗

✠✍☛ ☞✘✖✍✙✚✟✟✎✓  (x, 0) ✠✍☛ ♦✑ ✠✍☛ ✥✟✍✎❢✍✶ ✺✥✟✦ y-✈✏✟ ✧✍ ☞✔✕✖✗ ✓✱ ✖♥✒✱  x ✥★✩ ✪✧✱ ✑✴✓✟✒✶

y-✈✏✟ ✑✒ ☞✷✸✟✌ ☞✓✧✱ ✹✟✱ ☞✔✕✖✗ ✠✍☛ ☞✘✖✍✙✚✟✟✎✓  (0, y) ✠✍☛ ♦✑ ✠✍☛ ✥✟✍✎❢✍✶ ✺✥✟✦  x-✈✏✟ ✧✍ ☞✔✕✖✗

✓✱ ✖♥✒✱ y ✥★✩ ✫✤✟✍✎✬

✻✼✽✾✿❀❁❂ O ❃❄❅ ✾❆❁❄❇❈❉❉❊❋ ●❍❉ ■❏❊❑ ●❍❉❄❊✾❋ ❁❉❄❆❉❄❊ ▲▼❉❉❄❊ ◆❄ ❖◆❋P ❁✼◗P ❈❉✼❀❍ ■❏❘ ❖◆✾✽❙ ❖◆❃❄❅

❚❉❂❯ ▲❉❏◗ ❋❉❄✾❱ ❁❉❄❆❉❄❊ ■P ❈❉✼❀❍ ■❉❄❊❲❄❨ ▲❩❬ ✻✼✽✾✿❀❁❂ ❃❄❅ ✾❆❁❄❇❈❉❉❊❋ (0, 0) ✥✟✍✌✍ ✥★✎✩

➴✑✒ ✠✍☛ ❭✖✟✥✒❪✟✟✍✎ ❡✍✎✶ ✈✟✑✘✍ ✢✓ ☞✔✕✖✗ ✠✍☛ ☞✘✖✍✙✚✟✟✎✓✟✍✎ ❡✍✎ ✛❢✍ ☞❫❴✟✍✎ ✈✟★✒ ❭✧ ☞✔✕✖✗ ✠✍☛

❫✌✗✸✟✟♣✚✟✶ ☞✺✧❡✍✎ ✠✥ ☞✷✸✟✌ ✥★✶ ✠✍☛ ✔✱❫ ✠✍☛ ☞✘❵✘☞✛☞✜✟✌ ✧✎✔✎❛✟✍✎ ✓✱ ✈✟✍✒ ✈✠✚✤ ❜✤✟✘ ☞✖✤✟

✥✟✍❢✟✣

(i) ✤☞✖ ☞✔✕✖✗ ✑✥✛✍ ❫✌✗✸✟✟♣✚✟ ❡✍✎ ✥★✶ ✌✟✍ ☞✔✕✖✗  (+, +) ✠✍☛ ♦✑ ✓✟ ✥✟✍❢✟✶ ✫✤✟✍✎☞✓ ✑✥✛✟

❫✌✗✸✟✟♣✚✟ ❛✘✟✵❡✓  x-✈✏✟ ✈✟★✒ ❛✘✟✵❡✓ y-✈✏✟ ✧✍ ✑☞✒✔❝ ✥★✩

(ii) ✤☞✖ ☞✔✕✖✗ ✖♥✧✒✍ ❫✌✗✸✟✟♣✚✟ ❡✍✎ ✥★✶ ✌✟✍ ☞✔✕✖✗  (–, +) ✠✍☛ ♦✑ ✓✟ ✥✟✍❢✟✶ ✫✤✟✍✎☞✓ ✖♥✧✒✟ ❫✌✗✸✟✟♣✚✟

➼❪✟✟✵❡✓ x-✈✏✟ ✈✟★✒ ❛✘✟✵❡✓  y-✈✏✟ ✧✍ ✑☞✒✔❝ ✥★✩

(iii) ✤☞✖ ☞✔✕✖✗ ✌✱✧✒✍ ❫✌✗✸✟✟♣✚✟ ❡✍✎ ✥★✶ ✌✟✍ ☞✔✕✖✗  (–, –) ✠✍☛ ♦✑ ❡✍✎ ✥✟✍❢✟✶ ✫✤✟✍✎☞✓ ✌✱✧✒✟ ❫✌✗✸✟✟♣✚✟

➼❪✟✟✵❡✓ x-✈✏✟ ✈✟★✒ ➼❪✟✟✵❡✓  y-✈✏✟ ✧✍ ✑☞✒✔❝ ✥★✩

❞❤✐❥❧ qrst
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(iv) ❀☞✌ ☞✍✎✌✏ ✑✒✓✔✒✕ ✑✖✏✔✒✒✗✘✒ ✙✕✚ ✛✓✜ ✖✒✕ ☞✍✎✌✏  (+, –) ♦✕✢ ✣✤ ✙✕✚ ✛✒✕✥✒✜ ✦❀✒✕✚☞✧ ✑✒✓✔✒✒ ✑✖✏✔✒✒✗✘✒

✴★✒✩✙✧ x-✈✪✒ ✈✒✓✫ ✬✭✒✒✩✙✧  y-✈✪✒ ✮✕ ✤☞✫✍✯ ✛✓ ✰✌✕☞✱✒✲ ✈✒♦✳✢☞✖ ✵✶✷✵✸✹

✺✻✼✽✾✿❁  3.13

❂❃❄❅❆❇❈ :  ✲✧ ✖❉ ✙✕✚ ☞❊✔✒✖ ✲✧ ☞✍✎✌✏ ✧❋ ●❀✒✱❀✒ ✧✫★✕ ♦✕✢ ✮✚✍✚✴ ✙✕✚ ❍✤✫ ✛✙★✕ ☞■✮

✤✯☞✖ ♦✕✢ ✍✒✫✕ ✙✕✚ ✑✑✒✐ ✧❋ ✛✓✜ ♦✛ ♦✕✢♦❉ ✲✧ ✤✫✚✤✫✒ ✛✓ ☞■✮✧✒✕ ✤❏✫✕ ☞♦✘♦ ✙✕✚ ❊♦❋✧✒✫ ☞✧❀✒

■✒✖✒ ✛✓✹ t✌✒✛✫✭✒ ♦✕✢ ☞❉✲✜ ✤✯☞✖ ✙✕✚ ✲✕✮✒ ❑✒❋ ✛✒✕ ✮✧✖✒ ✛✓ ☞✧ ✤✛❉✕ ✧✒✕☞▲ ☞❉✱✒❋ ■✒✲ ✈✒✓✫

t✮♦✕✢ ✍✒✌ ❑✒✏■ ☞❉✱✒✒ ■✒✲✹ ☞✤✢✫ ❑✒❋✜ ☞■✮ ✤✯☞✖ ✧✒ t♠❉✕✱✒ ✛✙★✕ ☞✧❀✒ ✛✓ t✮✕ ✤❏✫✒ ☞♦✘♦

☞✍★✒ ☞✧✮❋ ❑✒▼✙ ♦✕✢ ❊♦❋✧✒✫ ✧✫✖✒ ✛✓✹

❅◆❖P❇◗❘❈ 3.2

1. ❢�❙�❢❚❢❯✆☛ ❱❲☎�✆✂✝ ✡✂✝ ❳✂ ❱❲❨✠✂✞ ❱❲☎� ✞✆ ❩❬✆❭ ✁❪❢❫❴❵

(i) ✞✆☛❪✄✠ ☛❚ ✡✂✝ ❢✞❳❪ ❢❞❛✁❜ ✞❪ ❢❝❡✆❢☛ ❢�❣✆✄❢❭☛ ✞❭�✂ ❤✆❚❪ ❥✆❦❢☛❫ ❧✆❦❭ ♥♣❤✆✄❣❭ ❭✂❯✆✆❧✆✂✝

❤✂q r✠✆ �✆✡ s❦✝✉
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(ii) ❜✄ ☎❦✆ ✝✆✞❦❦✟❦✆✠ ✡✆ ☛✄✆ ✂☞ ✌✆✍ ✎✏✑✒✆✓ ✔❦❦✕ ✌✆✍ ✄❦✖ ☛✂❦❜✗✘

(iii) ♠✡ �☛✙☎✚ ✓❦ ✄❦✖ ☛✂❦❜✗ ✛✜❦✢ ✒✆ ☎❦✆ ✝✆✞❦❦✗✢ ✎✏�✂✣✤✆�☎✂ ✜❦✆✂✥ ✜✦✠✘

2. ✟❦✌✈✍�✂ ✧★✩✪ ☎✆✞❦✓✝ �✄✫✄�☞�✞❦✂ ✓❦✆ �☞�✞❦✗✬

(i) B ✌✆✍ �✄☎✆♦✭❦❦✠✓

(ii) C ✌✆✍ �✄☎✆♦✭❦❦✠✓

(iii) �✄☎✆♦✭❦❦✠✓  (–3, –5) ⑥❦✝❦ ✎✜✮❦✄❦ ✕✒❦ �☛✙☎✚

(iv) �✄☎✆♦✭❦❦✠✓  (2, – 4) ⑥❦✝❦ ✎✜✮❦✄❦ ✕✒❦ �☛✙☎✚

(v) D ✓❦ ✔❦✚✛

(vi) �☛✙☎✚ H ✌✍✥ ✓❦✆�✯

(vii) �☛✙☎✚  L ✌✆✍ �✄☎✆♦✭❦❦✠✓

(viii) �☛✙☎✚  M ✌✆✍ �✄☎✆♦✭❦❦✠✓

✰✱✲✳✴✵✶  3.14
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3.3 r☞ ✌✍✎ ✏✑ ✒✓✔✕✖ ✗✘☞✍✒✙✘r ✑✚✛✘ ✜✓✒✑ ✢✣✤✍✥ ✒✛✕✍✦✧✘✘✎✑ ✒✕✏ ★✖✏ ★✘✍✎

✈✩✪✫ ✬✭ ✮✯✰✱ ✈✪✲✳✱✴ ✵✶✷ ✵✸✹✺✻ ✼✪✫✽✾✱ ✮✿✽ ✈✪✿❀ ✈✪✲❁✱ ❂✰✳✱✴ ✵✰✺✱❃❄✪✪✽✭ ✸✬✪✰✱ ✳✱✴ ✵✶✷ ✭✮✪

✮✿❣ ✈✸ ✮✯ ✈✪✲✭✪✱ ❅✮ ✺❄✪✪❃✷❆❇✱ ✵✭ ✬✶ ✯✱✽ ❈✰ ✵✸✹✺✻✈✪✱✽ ✭✪✱ ✵✭❁ ✲❉✭✪❀ ✈✽✵✭✬ ✭❀✬✱ ✮✿✽

t✸✵✭ ❈✰✳✱✴ ✵✰✺✱❃❄✪✪✽✭ ✮✯✱✽ ❊✪✬ ✮✪✱✽❣ ❈❁ ✲❉❋✯ ✭✪✱ ✮✯ ●✵✸✹✺✻ ✭✪ ✈✪✶✱✼✪✰❍ (plotting the

point) ✭✮✬✱ ✮✿✽❣

✯✪✰ ✶✫✵t✷ ✷✭ ✵✸✹✺✻ ✳✱✴ ✵✰✺✱❃❄✪✪✽✭ ❡■❏ ❑▲ ✮✿✽❣ ✮✯ ❈❁ ✵✸✹✺✻ ✭✪✱ ✵✰✺✱❃❄✪✪✽✭ ✬✶ ✯✱✽

✈✪✶✱✵✼✪✬ ✭❀✰✪ ✾✪✮✬✱ ✮✿✽❣ ✮✯ ✵✰✺✱❃❄✪✪✽✭ ✈▼✪ ✼✪✫✽✾✬✱ ✮✿✽ ✈✪✿❀ ✈✲✰✱ ✷✭✭✪✱✽ ✭✪ ✾❅✰ ❈❁

✲❉✭✪❀ ✭❀✬✱ ✮✿✽ ✵✭ ✺✪✱✰✪✱✽ ✈▼✪✪✱✽ ✲❀ ✷✭ ❁✱✽✐✫✯✫✐❀ ✷✭ ✷✭✭ ✭✪✱ ✵✰◆✵✲✬ ✭❀✬✪ ✮✪✱❣ ✵✸✹✺✻

❡■❏ ❑▲ ✳✱✴ ✵✰✺✱❃❄✪✪✽✭ ❁✱ ✮✯✱✽ ❅✮ ✲✬✪ ✾✶✬✪ ✮✿ ✵✭ ❖✰✪P✯✭ x-✈▼✪ ✲❀ ❈❁ ✵✸✹✺✻ ✭✫

 y-✈▼✪ ❁✱ ✺◗❀✫ ■ ✷✭✭ ✮✿ ✈✪✿❀ ❖✰✪P✯✭  y-✈▼✪ ✲❀ ❈❁ ✵✸✹✺✻ ✭✫  x-✈▼✪ ❁✱ ✺◗❀✫ ❑ ✷✭✭

✮✿❣ ✯◗✶✵✸✹✺✻ O ❁✱ ✲❉✪❀✽✩✪ ✭❀✳✱✴ ✮✯ ❖✰✪P✯✭  x-✈▼✪ ✲❀ ■ ✷✭✭ ✭✫ ✵❇✰✬✫ ✭❀✬✱ ✮✿✽ ✈✪✿❀

❁✽❇✬ ✵✸✹✺✻ ✭✪✱  A ✳✱✴ ◆✲ ✯✱✽ ✈✽✵✭✬ ✭❀✬✱ ✮✿✽❣ ✈✸  A ❁✱ ✲❉✪❀✽✩✪ ✭❀✳✱✴ ✮✯  y-✈▼✪

❘❙❚❯❱❲❳  3.15
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❞✄ ☎✆✝✞✟❞ ✠✡☛✝✝ ✟☞✌ ✍✎✏☞ ✑✒✌ ✓✝✒✔ ✕ ✖❞❞ ❞✄ ✠✗✆✏✄ ❞✔✏☞ ✑✒✌ ✏✘✝✝ ✙✌✗✏ ✠✚✛✡✜ ❞✝☞  P

♦☞✢ ✣✤ ✟☞✌ ✓✌✠❞✏ ❞✔✏☞ ✑✒✌ ✥✡☞✠✦✝✖ ✓✝♦✧✢✠✏ ★✩✪✕✫✬ ✓✝✤ ✭✑✝✮ ✭✑ ✡☞✦✝✏☞ ✑✒✌ ✠❞  y-✓✈✝

✙☞ P ❞✄ ✡✯✔✄ ★ ✖❞❞ ✑✒ ✓✝✒✔ x - ✓✈✝ ✙☞ ✕ ✖❞❞ ✑✒✬ ✓✏✰  P ✠♦✍✝✔✝☎✄✆ ✠✚✛✡✜ ❞✄ ✠❢✘✝✠✏

✑✒✬ ❣✭✝✆ ✡✄✠✱✖ ✠❞ P ✤✑✎☞ ✍✏✜✘✝✝✐☛✝ ✟☞✌ ✠❢✘✝✏ ✑✒✲ ✳✭✝✌☞✌✠❞  P ♦☞✢ ✡✝☞✆✝☞✌ ✠✆✡☞✴☛✝✝✌❞ ☎✆✝✞✟❞ ✑✒✌✬

❜✙✄ ✤✵❞✝✔ ✓✝✤ ✠✆✡☞✴☛✝✝✌❞ ✏✎ ✟☞✌ ✠✚✛✡✜  Q (5, – 4) ✓✝✎☞✠✦✝✏ ❞✔ ✙❞✏☞ ✑✒✌✬ ✶✷✝✝✞✟❞

 y-✓✈✝ ♦☞✢ ✓✆✜✠✡☛✝  x-✓✈✝ ✙☞  Q  ❞✄ ✡✯✔✄ ✸ ✖❞❞ ✑✒ ✠✱✙✙☞ ✠❞ ❜✙❞✝ y-✠✆✡☞✴☛✝✝✌❞

– 4 ✑✒ ✥✡☞✠✦✝✖ ✓✝♦✧✢✠✏ ★✩✪✕✫✬ ✠✚✛✡✜ Q ✍✝✒✘✝☞ ✍✏✜✘✝✝✐☛✝ ✟☞✌ ✠❢✘✝✏ ✑✒✬ ✳✭✝☞✌♣

♠✹✺✻✼✽✺ 3 : ❞✝✏✄✴✭ ✏✎ ✟☞✌ ✠✚✛✡✜✓✝☞✌ (5, 0), (0, 5), (2, 5), (5, 2), (–3, 5), (–3, –5), (5, –3)

✓✝✒✔ (6, 1) ❞✝ ❢✘✝✝✆ ✠✆☎✝✴✔✷✝ ❞✄✠✱✖✬

✻✾ : 1cm = 1 ✖❞❞ ✎☞❞✔ ✑✟ x-✓✈✝ ✓✝✒✔  y-✓✈✝ ✦✝✄✌✍✏☞ ✑✒✌✬ ✠✚✛✡✜✓✝☞✌ ❞✄ ✠❢✘✝✠✏✭✝☞✌ ❞✝☞

✓✝♦✧✢✠✏ ★✩✪✿ ✟☞✌ ✗✑✔☞ ✠✚✛✡✜✓✝☞✌ ✙☞ ✠✡✦✝✝✭✝ ✗✭✝ ✑✒✬

❀❁❂❃❄❅❆  3.16
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✉☞✌✍ :  ➴✎✏ ✑✒✓ ✔✓ ✕✒✖✗✏✘✖ ✙✚✛ ✗✙ ✜✗ ✒✚✢✖✣✚ ✗✤✛ ✑✥ (5, 0) ✈✖✤✏ (0, 5) ❧✙✖✦ ✦✗✧✛ ✗✤✛★ ✩❧✧

✎✐✥✖✏✪ (5, 2) ✈✖✤✏ (2, 5) ✈✫✔✬✈✫✔ ✑✭✮✖✑✣✜✖✯ ✗✤✛ ✈✖✤✏ (–3, 5) ✈✖✤✏ (5, –3) ✑✰✖✱✦✬✑✰✖✱✦

✑✭✮✖✑✣✜✖✯ ✗✤✛★ ✩❧✧ ✎✐✥✖✏ ✲✚✳ ✈✦✚✥ ✕✒✖✗✏✘✖ ✫✚✦✚ ✎✏ ✈✖✎ ✜✗ ✒✚✢✖✚✛✔✚ ✑✥ ✜✑✒  x ✴ y ✗✖✚✪ ✣✖✚✚

✥✖✣✧❞✜ ✣✫ ✙✚✛  (x, y)  ✥✧ ✑✭✮✖✑✣  (y, x)  ✥✧ ✑✭✮✖✑✣ ❧✚ ✑✰✖✱✦ ✗✖✚✣✧ ✗✤★ ✈✣✵ ✜✑✒ ✗✙

✑✦✒✚❞✶✖✖✛✥✖✚✛  x ✈✖✤✏  y ✙✚✛ ✈✒✫✖✬✷✒✫✧ ✥✏✚✛✪ ✣✖✚  (y, x) ✥✧ ✑✭✮✖✑✣  (x, y) ✥✧ ✑✭✮✖✑✣ ❧✚ ✑✰✖✱✦

✗✖✚ ❣✖✓✔✧★ ✩❧❧✚ ✜✗ ✈✮✖❞ ✑✦✥✫✣✖ ✗✤ ✑✥ (x, y) ✙✚✛  x ✈✖✤✏ y  ✲✚✳ ♦✙ ✥✖ ✥✖✎✳✧ ✙✗✸✲

✗✖✚✣✖ ✗✤★ ✈✣✵  (x, y) ✥✖✚ ♦✑✙✣ ✜✹✺✙ (ordered pair) ✥✗✖ ❣✖✣✖ ✗✤★ ♦✑✙✣ ✜✹✺✙  (x, y) ✴

♦✑✙✣ ✜✹✺✙  (y, x), ✜✑✒  x ✴ y  ✗✤ ✈✖✤✏  (x, y) = (y, x), ✜✑✒ x = y ✗✤★

♠✻☞✼✽✾☞ 4 : ✑✦✿✦✑✫✑✢✖✣ ❧✛✢✜✖✬✜✹✺✙✖✚✛ ✥✖✚ ✥✖✣✧❞✜ ✣✫ ✥✚ ✑✷✱✒✹✈✖✚✛ ✲✚✳ ❀✎ ✙✚✛ ✈✖✫✚✑✢✖✣

✥✧✑❣✓★ ✈❁✖✖✚✛ ✎✏ ✎✤✙✖✦✖ ❂ ❧✚✛❃✧✙✧❃✏ = ❂ ✓✥✥ ✫✧✑❣✓★

x – 3 0 – 1 4 2

y 7 –3.5 – 3 4 – 3

✼❄ : ❧✖✏✘✖✧ ✙✚✛ ✑✒✓ ✔✓ ❧✛✢✜✖✬✜✹✺✙✖✚✛ ✥✖✚ ✑✷✱✒✹✈✖✚✛ (❅ 3, 7), (0, –3.5), (– 1, ❅  3), (4, 4) ✈✖✤✏

(2, ❅ 3) ❧✚ ✑✦❀✑✎✣ ✑✥✜✖ ❣✖ ❧✥✣✖ ✗✤★ ✑✷✱✒✹✈✖✚✛ ✲✚✳ ✭✮✖✖✦✖✚✛ ✥✖✚ ✈✖✲❆✳✑✣ 3.17 ✙✚✛ ✔✗✏✚ ✑✷✱✒✹✈✖✚✛

❧✚ ✑✒✢✖✖✜✖ ✔✜✖ ✗✤★

❇❈❉❊❋●❍  3.17
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❢✄☎✆✝✞✆✟ 2 : ♥✠✡ ☛☞✌✍✎☞✠✡✏ ✑✠ ✒✑ ✓✠✡✔ ❆ ✭✕✖✗✘✙✚ ✗✛✜✢✣✤ ✥ ✦✖✧ ✚✖★✩✪✫ ✙✖ ✬✮✯✗✧✰✱

①✲✖✳✰ ✳✧✳✫✱ ✕✴①✥✕✴① ✫✩①✖✧✩ ✗✧✰ ✦✖✧ ✳✖✮✧✱ ✵✖✶ ✴✷✬✸✣ ✴✖✴ ✕✖✹✫ ✺✫✧ ✫✩① ✗✧✰ ✦✖✧ ✳✖✮✧✻❆

✳✲✐✙✧✚ ✚✖★✩✪✫ ✚✖✧ (0, 0) ✳✫ ✫✬✼✖✣❆ ✳✲✐✙✧✚ ✬✼✖✴✖✽✾✷ ✣✚ ✮✖✿✖ ✦✖✧ ✳✖✮✧ ✳✧✩✰✚✜✷ ✺✹✩❆ ✸❀

✳✺✴✷ ✬✼✖✴✖✽✾✷ ✣✧✮✖ ✚✫✜✷ ✺✹✱ ✜✖✧ ✵✖✶ ✴✷✬✸✣ ✴✖✴ ✳✖✮✧ ✳✫ ❁ ✕✖✜✖ ✺✹ ✕✖✹✫ ✺✫✧ ✳✖✮✧ ✳✫

❂ ✕✖✜✖ ✺✹❆ ✕✜❃ ✗✺ ✕✳✶✖ ✚✖★✩✪✫  (3, 1) ✚✷ ✕✖✧✫ ✴✧ ✸✖✜✷ ✺✹❆ ❞✮✷ ✳✲✚✖✫✱ ✙✬✦ ✦❄✮✫✷

✬✼✖✴✖✽✾✷ ✴✖✴ ✳✫ ❅ ✕✖✹✫ ✺✫✧ ✳✫ ❇ ✳✧✩✰✚✜✷ ✺✹✱ ✜✖✧ ✗✺ ✕✳✶✖ ✚✖★✩✪✫  (2, 4) ✚✷ ✕✖✧✫ ✴✧

✸✖✜✷ ✺✹❆ ✦❄✮✫✷ ❀✖✫ ✳✧✩✰✚✶✧ ✳✫ ✙✬✦ ✳✺✴✷ ✬✼✖✴✖✽✾✷ ✴✖✴ ✳✫ ❂ ✕✖✹✫ ✺✫✧ ✳✫ ❇ ✳✧✩✰✚✜✷ ✺✹✱

✜✖✧ ✗✺ ✕✳✶✖ ✚✖★✩✪✫ (3, 1) ✮✧  (3 + 1, 1 + 4) ✚✷ ✕✖✧✫ ✴✧ ✸✖✜✷ ✺✹❆ ✕✿✖✖❈✜❉ ✭❁✱ ❂✻ ✗✧✰

 x-✬✶✦✧❈✘✖✖✩✚ ✵✧✩ ❂ ✸✖✧✽✾ ✦✧✜✷ ✺✹ ✕✖✹✫  y-✬✶✦✧❈✘✖✖✩✚ ✵✧✩ ❇ ✸✖✧✽✾ ✦✧✜✷ ✺✹❆

❞✮ ✼✖✧✴ ✚✖ ★❜✧✘✙ ✮✷✵✖ ✴✖✤❊✖✧ ✬❀✶✖ ✳✺✴✧ ✭❂❋✱ ❂❋✻ ✳✫ ✳✺✢✤●✶✖ ✺✹✱ ✕✿✖✖❈✜❉ ✶ ✜✖✧ ❍✖✢✸

✕✖✹✫ ✶ ✺✷ ✚✖✧✬✪ ❂❋ ✮✧ ✕✬✈✚ ✺✖✧ ✮✚✜✷ ✺✹❆ ■✙✖✶ ✫✺✧ ✬✚ ✣✚ ✚✖★✩✪✫ ✚✷ ✬✛✿✖✬✜ ✦❄✮✫✧

✚✖★✩✪✫ ✚✷ ✬✛✿✖✬✜ ✗✧✰ ✮✖✿✖ ✮✩✳✖✜✷ ✶✺✷✩ ✺✖✧✶✷ ●✖✬✺✣❆ ★✦✖✺✫❏✖ ✗✧✰ ✬✴✣✱ ✙✬✦ ✳✺✴✷ ✬✼✖✴✖✽✾✷

✚✖ ✚✖★✩✪✫ ★✮ ✬❀❑✦✢ ✚✷ ✕✖✧✫ ①✬✜✵✖✶ ✺✖✧✜✖ ✺✹ ✸✺✖✤ ✳✺✴✧ ✮✧ ✺✷ ✦❄✮✫✷ ✬✼✖✴✖✽✾✷ ✚✖ ✚✖★✩✪✫

✬✛✿✖✜ ✺✹✱ ✜✖✧ ✦❄✮✫✷ ✬✼✖✴✖✽✾✷ ✚✖ ✚✖★✩✪✫ ✭❋✱ ❋✻ ✳✫ ✕✖ ✸✖✣①✖❆ ✙✬✦ ✮✷✵✖ ✴✖✤❊✖✧ ✬❀✶✖ ●✖✴

●✴✶✖ ✮✩❍✖✗ ✶✺✷✩ ✺✹✱ ✜✖✧ ✬✼✖✴✖✽✾✷ ✮✧ ✗✺ ❀✖✫✷ ♣❄✪ ✸✖✜✷ ✺✹❆ ❞✮ ✼✖✧✴ ✚✖✧ ✕✬✈✚ ✮✩✼✙✖

✵✧✩ ✕✳✶✷ ✮✺✧✬✴✙✖✧✩ ✚✖✧ ✴✧✚✫ ✕✖✳ ✼✖✧✴ ✮✚✜✷ ✺✹✩❆

❢▲▼✟◆✆❖ :  ✚✖✜✷❈✙ ✜✴ ✵✧✩ ✬❀❑✦✢✕✖✧✩ ✗✧✰ ✕✖✴✧✼✖✶ ✚✷ ✜✢✴✶✖ ✗✢✰♣ ✮✷✵✖ ✜✚ ✮✵✙✥✦❄✫✷ ①✲✖✳✰✱

❍✖✢✸✖✥✳✬✫✵✖✳ ①✲✖✳✰✱ ✕✖✬✦ ✬✸✶✚✖ ✕■✙✙✶ ✕✖✳ ✬✳♣✴✷ ✚P✖✖✕✖✧✩ ✵✧✩ ✚✫ ●✢✗✧✰ ✺✹✩✱ ✸✹✮✷

✬✗✬❍✖❑✶ ✬✛✿✖✬✜✙✖✧✩ ✮✧ ✚✷ ✸✖ ✮✚✜✷ ✺✹❆ ✣✧✮✷ ✬✛✿✖✬✜ ✵✧✩✱  x-✕P✖ ✕✖✹✫  y-✕P✖ ✗✧✰ ✛✿✖✖✶ ✳✫

✕P✖✖✧✩ ✚✖✧ t-✕P✖✱  d-✕P✖,  s-✕P✖ ✙✖  p-✕P✖ ✕✖✬✦ ✚✺ ✮✚✜✧ ✺✹✩❆

✟◗❘❙✆❚✞❖  3.3

1. �❯❱ ❲✂❨❩❦❦❬❭❦ ❪❫❴ ❵❦ �❯❱ ❛❝❦ ❡❣ �❤❥❧❨  (– 2, 4), (3, – 1), (– 1, 0), (1, 2) ❛❦♠❣  (– 3, – 5) �♦❩❦✂

q♠❴r ❯❦✂st❵ ✂✉ ❡❣ ✇②❯❦ ♦❩❦❦② �②③❦t❣✁❦ ❯❣④❫⑤ ❛❡②❫ ⑥Ù❦❣ ❱⑦❵❦�❡✂ ❯s�⑧⑨⑩

2. ❛❝❦❦❫❴ ❡❣ ❧❶❣s ❯❦ ⑥❡❵❨❷✂ ⑨❯❯ ✉❫❯❣ ②s❲❫ ❱❦❣✁❦s ❪❫❴ �❧⑨ ❸⑨ �❤❥❧❨❛❦❫❴  ❯❦❫ ✂✉ ❡❣

❛❦✉❫�❹❦✂ ❯s�⑧⑨❺

x – 2 –1 0 1 3

y 8 7 – 1.25 3 – 1
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3.4 ✥☞✌☞✍✎☞

❜✏ ✑✒✠✆✠ ✡✂✝✓ ✑✆✔�✂ ❢�✕�❢✖❢✗✆☛ ❢✘✙✁✚✑✆✂✝ ✞✆ ✑✒✠✠� ❢✞✠✆ ✛✜✢

1. ✱✞ ☛✖ ✡✂✝ ✱✞ ✣✤☛✚ ✠✆ ✱✞ ❢✘✙✁✚ ✞✆ ✤✦✆✆� ❢�✧✆✄★✩✆ ✞★�✂ ✣✂✪ ❢✖✱ ✁✆✂ ✖✆✝❢✘✞ ★✂✗✆✆✑✆✂✝

✞❞ ✑✆✣☎✠✞☛✆ ✛✆✂☛❞ ✛✜ ❢✫✏✡✂✝ ✱✞ ✬✆✜❢☛✫ ✛✆✂☛❞ ✛✜ ✑✆✜★ ✁✭✏★❞ ✮✒✣✆✄✧★ ✛✆✂☛❞ ✛✜✯

2. ☛✖ ✞✆✂ ✞✆☛❞✄✠ ✠✆ ❢�✁✂✄☎✆✆✝✞ ☛✖ ✞✛✆ ✫✆☛✆ ✛✜ ✑✆✜★ ★✂✗✆✆✑✆✂✝ ✞✆✂ ❢�✁✂✄☎✆✆✝✞ ✑✬✆ ✞✛✆ ✫✆☛✆

✛✜✯

3. ✬✆✜❢☛✫ ★✂✗✆✆ ✞✆✂  x -✑✬✆ ✑✆✜★ ✮✒✣✆✄✧★ ★✂✗✆✆ ✞✆✂  y-✑✬✆ ✞✛✆ ✫✆☛✆ ✛✜✯

4. ❢�✁✂✄☎✆✆✝✞ ✑✬✆ ☛✖ ✞✆✂ ✰✆★ ✲✆✆✳✆✂✝ ✡✂✝ ✘✆✴✵ ✁✂☛✂ ✛✜✝✓ ❢✫✙✛✂✝ ✰☛✚✦✆✆✶☎✆ ✞✛✆ ✫✆☛✆ ✛✜✯

5. ✑✬✆✆✂✝ ✞✂ ✔✈❢☛✷✸✂✁ ❢✘✙✁✚ ✞✆✂ ✡✭✖❢✘✙✁✚ ✞✛✆ ✫✆☛✆ ✛✜✯

6. y - ✑✬✆ ✏✂ ❢✞✏❞ ❢✘✙✁✚ ✞❞ ✁✭★❞ ✞✆✂ ✹✏✞✆ x-❢�✁✂✄☎✆✆✝✞ ✠✆ ✲✆✚✫ ✞✛✆ ✫✆☛✆ ✛✜✯ ✏✆✦✆ ✛❞✓

x-✑✬✆ ✏✂ ❢✘✙✁✚ ✞❞ ✁✭★❞ ✞✆✂ y-❢�✁✂✄☎✆✆✝✞ ✠✆ ✞✆✂❢✵ ✞✛✆ ✫✆☛✆ ✛✜✯

7. ✠❢✁ ✱✞ ❢✘✙✁✚ ✞✆ ✲✆✚✫  x ✛✆✂ ✑✆✜★ ✞✆✂❢✵  y ✛✆✂✓ ☛✆✂  (x, y) ✞✆✂ ❢✘✙✁✚ ✣✂✪ ❢�✁✂✄☎✆✆✝✞ ✞✛✆ ✫✆☛✆

✛✜✯

8. x-✑✬✆ ✔★ ✱✞ ❢✘✙✁✚ ✣✂✪ ❢�✁✂✄☎✆✆✝✞  (x, 0) ✣✂✪ ♦✔ ✣✂✪ ✛✆✂☛✂ ✛✜✝ ✑✆✜★  y-✑✬✆ ✔★ ❢✘✙✁✚ ✞✂ ❢�✁✂✄☎✆✆✝✞

(0, y) ✣✂✪ ♦✔ ✣✂✪ ✛✆✂☛✂ ✛✜✝✯

9. ✡✭✖❢✘✙✁✚ ✣✂✪ ❢�✁✂✄☎✆✆✝✞ (0, 0) ✛✆✂☛✂ ✛✜✝✯

10. ✱✞ ❢✘✙✁✚ ✣✂✪ ❢�✁✂✄☎✆✆✝✞ ✔✛✖✂ ✰☛✚✦✆✆✶☎✆ ✡✝✂✝  (+ , +) ✣✂✪ ♦✔ ✣✂✪ ✁✭✏★✂ ✰☛✚✦✆✆✶☎✆ ✡✂✝  (–, +) ✣✂✪ ♦✔

✣✂✪✓ ☛❞✏★✂ ✰☛✚✦✆✆✶☎✆ ✡✂✝  (–, –) ✣✂✪ ♦✔ ✣✂✪ ✑✆✜★ ✰✆✜✦✆✂ ✰☛✚✦✆✆✶☎✆ ✡✂✝  (+, –) ✣✂✪ ♦✔ ✣✂✪ ✛✆✂☛✂ ✛✜✝✓

✫✛✆✴  + ✱✞ ✧�✆✺✡✞ ✣✆✤☛❢✣✞ ✏✝✗✠✆ ✞✆✂ ✑✆✜★  – ✱✞ ✻✩✆✆✺✡✞ ✣✆✤☛❢✣✞ ✏✝✗✠✆ ✞✆✂ ✔✈✞✵

✞★☛✂ ✛✜✝✯

11. ✠❢✁  x ✼ y ✛✆✂✓ ☛✆✂  (x, y) ✼ (y, x) ✛✆✂✳✆ ✑✆✜★ ✠❢✁ x =  y ✛✆✂✓ ☛✆✂ (x, y) = (y, x) ✛✆✂✳✆✯
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✈�✁✂✁ 4

♥✄☎ ✆✝✄☎✞ ✟✄✠☎ ✝✡☛☞✄✌ ✍✎✏✌✝✑✄

The principal use of the Analytic Art is to bring Mathematical Problems to

Equations and to exhibit those Equations in the most simple terms that can be.

✭♦✒✓✔✕✖✗✘✙ ✙✔✘ ✙✘ ✚✛✜✢ ✣✤✢✘✕✥ ✥✖✦✘✧★✢ ✩✚✪✢✘✫✘✕✬ ✙✘✕ ✩✚★✙✮✦✘ ✚✕✬ ✔✘✯✘ ✰✒ ✫✘✒✮ ✱✯
✩✚★✙✮✦✘✘✕ ✬ ✙✘✕ ✢❧✘✘✩✬✲✘♦ ✩✮✔ ✣✳✘✕ ✬ ✚✕✬ ✣✤✪✧✛✧ ✙✮✯✘ ✰✒✴❆

—Edmund Halley

4.1 ❍✵✶✷✸✹✵

❢✺✻✼✽ ✾✿❀❀❁❀❂❃ ❄❂❃❅ ❁❀✺ ❇✾ ❈❉ ❊❀✼❂ ❉❋❢●❀✾ ■❄✽✾❉❏❀❀❂❃ ✾❀ ❁❑▲▲▼ ✾❉ ❈◆❊❂❖ P❋❃◗ ❘▲❀
❁❀✺ ❇✾ ❈❉ ❊❀✼❀ ✾❀❂❙❚ ❉❋❢●❀✾ ■❄✽✾❉❏❀ ❢✼●❀ ■✾❯❂ P❋❃❱ ❁❀✺ ✾P ■✾❯❂ P❋❃ ❢✾
x + 1 = 0, x + 2  = 0 ❁❀❋❉ 2 y + 3  = 0 ❇✾ ❈❉ ❊❀✼❂ ❉❋❢●❀✾ ■❄✽✾❉❏❀❀❂❃ ❊❂❖ ❲❳❀P❉❏❀
P❋❃◗ ❁❀✺ ▲P ❣❀✽ ❨❀▼❯❂ P❋❃ ❢✾ ❇❂■❂ ■❄✽✾❉❏❀❀❂ ❃ ✾❀ ❇✾ ❁❢❩❯✽▲ ❬❁❭❀❀❚❯❪ ❇✾ ❁❀❋❉ ❊❂❖❊✼
❇✾❫ P✼ P❀❂❯❀ P❋◗ ❁❀✺✾❀❂ ■❃❣❀❊❯❴ ▲P ❣❀✽ ▲❀❳ P❀❂❵❀ ❢✾ ❇✾ ■❃●▲❀ ❉❂●❀❀ ✺❉ P✼ ✾❀❂ ❢✾■
✺✐✾❀❉ ❢▼❛❢✺❯ ❢✾▲❀ ❨❀❯❀ P❋◗ ❙■ ❁❑▲❀▲ ❄❂❃❅ P❄ ❇✾ ❈❉ ❊❀✼❂ ❉❋❢●❀✾ ■❄✽✾❉❏❀❀❂❃ ✺❉ ✺◆▼❴
❢❊❈❀❉ ✾❉❂❃❵❂ ❁❀❋❉ ❲▼■❂ ■❃❜❃❢❝❯ ❞❀▼ ✾❀❂ ❳❀❂ ❈❉❀❂❃ ❊❀✼❂ ❉❋❢●❀✾ ■❄✽✾❉❏❀❀❂❃ ✺❉ ✼❀❵❡ ✾❉❂❃❵❂◗
▲P❀❤ P❄ ❙■ ✺✐✾❀❉ ❊❂❖ ✺✐❥▼❀❂❃ ✺❉ ❢❊❈❀❉ ✾❉❂❃❵❂❴ ❘▲❀ ❳❀❂ ❈❉❀❂❃ ❊❀✼❂ ❉❋❢●❀✾ ■❄✽✾❉❏❀ ✾❀ ❇✾
P✼ P❀❂❯❀ P❋❱ ▲❢❳ P❀❤❅ ❯❀❂ ❘▲❀ ▲P ❁❢❩❯✽▲ P❀❂❯❀ P❋❱ ✾❀❯✽❚▲ ❯✼ ✺❉ P✼ ❢✾■ ✺✐✾❀❉
❢❳●❀❀❙❚ ✺❦♠❯❀ P❋❱ ❙■ ✺✐✾❀❉ ❊❂❖ ✺✐❥▼❀❂ ❃ ✾❀ ❁❑▲▲▼ ✾❉▼❂ ❊❂❖ ❢✼❇❅ P❄ ❁❑▲❀▲ ♣ ❄❂❃ ❜❯❀❙❚
❵❙❚ ■❃✾①✺▼❀❁❀❂❃ ✾❀ ❣❀✽ ✺✐▲❀❂❵ ✾❉❂ ❃❵❂◗

4.2  qr✷s✵✹ t✸✉✹q✇✵
❁❀❙❇ ✺P✼❂ P❄ ▲P ❳❂●❀❂❃ ❢✾ ❁❣❀✽ ❯✾ ❁❀✺▼❂ ❘▲❀②❘▲❀ ❁❑▲▲▼ ❢✾▲❀ P❋◗ ❁❀❙❇ P❄
❢▼③▼❢✼❢●❀❯ ■❄✽✾❉❏❀ ✼❂❃ ❴

2x + 5 = 0
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❜✎✏✑ ✒✓✔ ✕✖✑✑✗✘✙ ✎✚✛✏✜✢✑ ✏✑ ✚✣✓  
5

2
✤  ✒❣✥ ❜✎✦ ✎✧★✩✑ ✜✦★✑✑ ✪✜ ❜✎ ✪✫✏✑✜ ✬✭✮✬✪✘

✬✏✩✑ ❢✑ ✎✏✘✑ ✒❣✔ ❢❣✎✑ ✬✏ ✭✛✯✦ ✏✛ ✕✑✰✱✲✬✘ ✚✦✧ ✬✳★✑✑✩✑ ✴✩✑ ✒❣ ✵

✈✶✷✸✹✺✻  4.1

✼✏ ✎✚✛✏✜✢✑ ✏✑✦ ✒✓ ✏✜✘✦ ✎✚✩ ✬✭✽✭✬✓✬★✑✘ ✾✑✘✑✦✧ ✏✑✦ ✿✩✑✭ ✚✦✧ ✜★✑✭✑ ✒✑✦✘✑ ✒❣✥

✼✏ ✜❣✬★✑✏ ✎✚✛✏✜✢✑ ✪✜ ✘✾ ✏✑✦❜✗ ✪✫❀✑✑✰ ✭✒✛✧ ✪❁❂✘✑ ❢✾✬✏✵

(i) ✎✚✛✏✜✢✑ ✰✦✲ ✳✑✦✭✑✦✧ ✪❧✑✑✦✧ ✚✦✧ ✎✚✑✭ ✎✧★✩✑ ❢✑✦❁❂✛ ✩✑ ❃✑❄✑❜✗ ❢✑✘✛ ✒❣✥

(ii) ✎✚✛✏✜✢✑ ✰✦✲ ✳✑✦✭✑✦✧ ✪❧✑✑✦✧ ✏✑✦ ✎✚✑✭ ❅✑✣❆✩✦✘✜ ✎✧★✩✑ ✎✦ ✴❇✢✑✑ ✩✑ ❀✑✑✴ ✬✳✩✑ ❢✑✘✑ ✒❣✥

✕✑❜✼ ✕✾ ✒✚ ✬✭✽✭✬✓✬★✑✘ ✬❈✖✑✬✘ ✪✜ ✬✰✯✑✜ ✏✜✦✦✧✵

✭✑✴✪❇✜ ✚✦✧ ❀✑✑✜✘ ✕✑❣✜ ✉✛✓✧✏✑ ✰✦✲ ✾✛✯ ★✑✦✓✦ ✴✼ ✼✏ ✼✏✬✳✰✎✛✩ ✕✧✘✜✑✗❉❄❊✛✩ ✬❋✰✦✲❄

✚❣✯ ✚✦✧ ✳✑✦ ❀✑✑✜✘✛✩ ✾❡✓✦✾✑❢✑✦✧ ✭✦ ✼✏ ✎✑✖✑ ✬✚✓✏✜ ●❍■ ✜✭ ✾✭✑✼✥ ❜✎ ❢✑✭✏✑✜✛ ✏✑✦ ✼✏

✎✚✛✏✜✢✑ ✰✦✲ ✮✪ ✚✦✧ ❏✩❑✘ ✏✛✬❢✼✥

✩✒✑▲ ✕✑✪ ✩✒ ✳✦★✑ ✎✏✘✦ ✒❣✧ ✬✏ ✳✑✦✭✑✦✧ ✾❡✓✦✾✑❢✑✦✧ ✚✦✧ ✎✦ ✬✏✎✛ ❀✑✛ ✾❡✓✦✾✑❢ ▼✑✜✑ ✾✭✑✼

✴✼ ✜✭ ①✑✘ ✭✒✛✧ ✒❣✧✔ ✕✖✑✑✗✘✙ ✩✒✑▲ ✳✑✦ ✕①✑✘ ✜✑✬❅✑✩✑▲ ✒❣✧✥ ✕✑❜✼ ✒✚ ❜✭ ✕①✑✘ ✜✑✬❅✑✩✑✦✧ ✏✑✦

 x ✕✑❣✜  y  ✎✦ ✪✫✏❄ ✏✜✦✧✥ ❜✎ ✘✜✒ ✼✏ ✾❡✓✦✾✑❢ ▼✑✜✑ ✾✭✑✼ ✴✼ ✜✭✑✦✧ ✏✛ ✎✧★✩✑ x ✒❣ ✕✑❣✜

✳✣✎✜✦ ✾❡✓✦✾✑❢ ▼✑✜✑ ✾✭✑✼ ✴✼ ✜✭✑✦✧ ✏✛ ✎✧★✩✑  y ✒❣✥ ✒✚ ❢✑✭✘✦ ✒❣✧ ✬✏

x + y = 176

✒❣✔ ❢✑✦ ✬✏ ✕❀✑✛❉❄ ✎✚✛✏✜✢✑ ✒❣✥

✩✒ ✳✑✦ ✯✜✑✦✧ ✰✑✓✦ ✼✏ ✜❣✬★✑✏ ✎✚✛✏✜✢✑ ✏✑ ✼✏ ◆✳✑✒✜✢✑ ✒❣✥ ✩✒ ✪✜✧✪✜✑ ✜✒✛ ✒❣ ✬✏

❜✎ ✪✫✏✑✜ ✰✦✲ ✎✚✛✏✜✢✑✑✦✧ ✰✦✲ ✯✜✑✦✧ ✏✑✦  x ✕✑❣✜  y ✎✦ ✪✫✏❄ ✬✏✩✑ ❢✑✘✑ ✒❣✔ ✪✜✧✘❇ ✕❆✩ ✕❧✑✜✑✦✧

✏✑ ❀✑✛ ✪✫✩✑✦✴ ✬✏✩✑ ❢✑ ✎✏✘✑ ✒❣✥ ✳✑✦ ✯✜✑✦✧ ✰✑✓✦ ✜❣✬★✑✏ ✎✚✛✏✜✢✑✑✦✧ ✰✦✲ ✰❇✲❞ ◆✳✑✒✜✢✑ ✩✦ ✒❣✧✵

1.2s + 3 t = 5, p + 4q = 7, ❖u + 5v = 9 ✕✑❣✜ 3 = 2 x – 7y
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❉✄☎ ✆☎✝ ✞✟✠✡ ✆☎☛☞ ✌✍☎✎☞✏☎ ✍✑ ✒✓✔✑ ✎☛✕✖ ✗✄☎✘ ✍✙✚✛✜ ✚✓ ✆☎✝ ✢✘ ✒✣✙✓☞✏☎☎✑✕ ✓☎✑

Ø✣✤☎✥  1.2s + 3t – 5 = 0, p + 4q – 7 = 0, ✦u + 5v – 9 = 0 ✆☎☛☞ 2 x – 7y – 3 = 0 ✞✑✠ ♦✝

✣✑✕ ❡✄❉✔ ✓☞ ✒✓✔✑ ✎☛✕✧

✆✔✥ ✌✒ ✒✣✙✓☞✏☎ ✓☎✑✈ ✚✛✒✑  ax + by + c = 0 ✞✑✠ ♦✝ ✣✑✕ ❡✄❉✔ ✚✓✄☎ ✛☎ ✒✓✔☎ ✎☎✑✈

✛✎☎t a, b ✆☎☛☞  c  ✞☎★✔✚✞✓ ✒✕✩✄☎✜t ✎☛✕ ✆☎☛☞  a  ✆☎☛☞  b ✍☎✑✘☎✑✕ ✤☎♥✪✄ ✘✎✙✕ ✎☛✕✈ ✫✬✭ ✮✯✬✭✰ ✱✬✲✬

✯❥✳✴✬✵ ✶✷✸✵✯✹✬ (linear equation in two variables) ✓✎☎ ✛☎✔☎ ✎☛✧

♠✺✻✼✽✾✻ 1 : ✘✙✉✑ ✚✍✜ ✿✜ ✒✣✙✓☞✏☎☎✑✕ ✓☎✑  ax + by + c = 0  ✞✑✠ ♦✝ ✣✑✕ ✚❀✚✩☎✜ ✆☎☛☞ ✝❁❂✄✑✓

✚★❢☎✚✔ ✣✑✕  a, b ✆☎☛☞  c ✞✑✠ ✣☎✘ ❃✔☎✢✜ ✥

(i) 2x + 3y = 4.37 (ii) x – 4 = 3 y (iii) 4 = 5x – 3y (iv) 2x = y

✼❣ : (i) 2x + 3y = 4.37 ✓☎✑  2x + 3y – 4.37 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧ ✄✎☎t

 a = 2, b = 3 ✆☎☛☞  c = – 4.37 ✎☛✧

(ii) ✒✣✙✓☞✏☎  x – 4 = 3 y ✓☎✑  x – 3 y – 4 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧ ✄✎☎t

a = 1,  b = – 3  ✆☎☛☞  c = – 4 ✎☛✧

(iii) ✒✣✙✓☞✏☎  4 = 5x – 3y ✓☎✑  5x – 3y – 4 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧ ✄✎☎t

 a = 5, b = –3 ✆☎☛☞  c = – 4 ✎☛✧ ❉✄☎ ✆☎✝ ✢✒ ❃☎✔ ✒✑ ✒✎✣✔ ✎☛✕ ✚✓ ✢✒✑

–5x + 3y + 4 = 0 ✞✑✠ ♦✝ ✣✑✕ ❄☎✙ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✖ ✢✒ ✚★❢☎✚✔ ✣✑✕✈  a = –5, b = 3

✆☎☛☞ c = 4 ✎☛✧

(iv) ✒✣✙✓☞✏☎  2x = y ✓☎✑ 2x – y + 0 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧ ✄✎☎t  a = 2,

b = –1 ✆☎☛☞  c = 0 ✎☛✧

✒✣✙✓☞✏☎ ax  + b = 0  ❄☎✙ ✍☎✑ ✉☞☎✑✕ ✞☎❀✑ ☞☛✚✩☎✓ ✒✣✙✓☞✏☎☎✑✕ ✓☎ ✎✙ ✜✓ ✌✍☎✎☞✏☎ ✎☛✈ ❉✄☎✑✕✚✓

✢✒✑ ax  + 0.y + b = 0 ✓✑ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧

✌✍☎✎☞✏☎ ✞✑✠ ✚❀✜✈  4 – 3x = 0 ✓☎✑  –3x + 0.y + 4 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧

♠✺✻✼✽✾✻ 2 : ✚✘❅✘✚❀✚✩☎✔ ✣✑✕ ✒✑ ✝❁❂✄✑✓ ✓☎✑ ✍☎✑ ✉☞☎✑✕ ✞☎❀✑ ✒✣✙✓☞✏☎☎✑✕ ✞✑✠ ♦✝ ✣✕✑ ❡✄❉✔

✓✙✚✛✜✥

(i) x = –5 (ii) y = 2 (iii) 2x = 3 (iv) 5y = 2

✼❣ : (i) x = –5 ✓☎✑ 1.x + 0.y = –5, ✄☎ 1.x + 0.y + 5 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧

(ii) y = 2 ✓☎✑ 0.x + 1.y = 2, ✄☎ 0.x + 1.y – 2 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧

(iii) 2x = 3 ✓☎✑ 2.x + 0.y – 3 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧

(iv) 5y = 2 ✓☎✑  0.x + 5.y – 2 = 0 ✞✑✠ ♦✝ ✣✑✕ ✚❀✩☎☎ ✛☎ ✒✓✔☎ ✎☛✧
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✐✎✏✑✒✓✔✕  4.1

1. ✱✡ ✖�✁✗✘✙✡ ✡✌ ✡✌☞✚ ✱✡ ✡✝☞ ✡✌ ✡✌☞✚ ☛✁ ♥�✁ ✛✙✖✌ ✜✞✢ ✣☛ ✡✤�✖ ✡�✁ ✟✖✥✟✦✚ ✡✄✖✁

✆✁♦ ✟✝✱ ♥�✁ ✂✄�✁☎ ✆�✝� ✱✡ ✄✞✟✠�✡ ☛☞✌✡✄✍� ✟✝✟✠�✱✢

✭☛☎✆✁♦✚ ✧ ☞�✖ ✝✌✟★✱✩ ✖�✁✗✘✙✡ ✡✌ ✡✌☞✚ x ✪ ✜✞ ❣�✞✄ ✡✝☞ ✡✌ ✡✌☞✚  y ✪ ✜✞✫✢

2. ✟✖❢✖✟✝✟✠�✚ ✄✞✟✠�✡ ☛☞✌✡✄✍��✁☎ ✡�✁  ax + by + c = 0 ✆✁♦ ✥✦ ☞✁☎ ✬✮✯✚ ✡✌✟★✱ ❣�✞✄ ✦✰✲✮✁✡

✟✳✤�✟✚ ☞✁☎  a, b ❣�✞✄  c ✆✁♦ ☞�✖ ✘✚�✣✱✧

(i) 2x + 3y = 9.35 (ii) x – 
5

y
 – 10 = 0 (iii) –2x + 3y = 6 (iv) x = 3y

(v) 2x = –5y (vi) 3x + 2 = 0 (vii) y – 2 = 0 (viii) 5 = 2x

4.3 ✴✵✶✷✒✸ ✹✺✕✸✴✻✒ ✸✒ ✼✔

✈✽✾✿❀ ❁❀❂✽✽ ❃❄ ❅❆ ❇❆ ❈❉ ❊✽❋❀ ✾●❍■❀❆ ❉❄❅❂✽❆ ❏❑▲❆❉▼✽ ❆✽ ❇❆ ✈❅◆❖▲■ ❃❋ ❃✽❀❖✽ ❃❄P

❁✽❀ ❈❉✽❀◗ ❊✽❋❀ ❉❄❅❂✽❆ ❏❑▲❆❉▼✽ ❊❀❘ ❃❋ ❊❀❘ ❙✽❉❀ ❑❀◗ ✈✽✾ ❚■✽ ❆❃ ❏❆❖❀ ❃❄◗❯ ❚■✽❀◗❅❆

❏❑▲❆❉▼✽ ❑❀◗ ❁✽❀ ❈❉ ❃❄◗❧ ❱❏❅❋❇ ❃❋ ❆✽ ✈❲✽❳ ❃✽❀❖✽ ❃❄ x ❖❲✽✽  y  ❆❀ ❞✿ ❑✽✿✽❀◗ ❆✽ ■❨❩❑ ❬✽❀

❅❁❇ ❃❨❇ ❏❑▲❆❉▼✽ ❆✽❀ ❏◗❖❨❭❪ ❆❉❖❀ ❃❄◗P ✈✽❱❇❧ ❃❑ ❏❑▲❆❉▼✽ 2x + 3y = 12 ❋❀◗P ■❃✽②

x = 3 ✈✽❄❉  y = 2  ❇❆ ❃❋ ❃❄❧ ❚■✽❀◗❅❆ ❬❙ ❃❑ ❫✾❉ ❊❀❘ ❏❑▲❆❉▼✽ ❑❀◗ x = 3 ✈✽❄❉  y = 2

✾●❅❖❴❲✽✽❅✾❖ ❆❉❖❀ ❃❄◗ ❖❙ ❃❑❀◗ ■❃ ✾●✽❵❖ ❃✽❀❖✽ ❃❄❛

2x + 3y = (2 × 3) + (3 × 2) = 12

❱❏ ❃❋ ❆✽❀ ❇❆ ❜❅❑❖ ■❨❩❑  (3, 2) ❊❀❘ ❝✾ ❑❀◗ ❅❋❂✽✽ ❬✽❖✽ ❃❄❧ ❅❬❏❑❀◗ ✾❃❋❀  x  ❆✽

✈✽❄❉ ❞❏❊❀❘ ❙✽❁  y ❆✽ ❑✽✿ ❅❋❂✽✽ ❬✽❖✽ ❃❄P ❱❏▲ ✾●❆✽❉❧ (0, 4) ❡✽▲ ❫✾❉ ❅❁❇ ❤❇ ❏❑▲❆❉▼✽

❆✽ ❇❆ ❃❋ ❃❄P

❱❏❊❀❘ ❅❊✾❉▲❖❧  (1, 4) ❫✾❉ ❅❁❇ ❤❇ ❏❑▲❆❉▼✽ ❆✽ ❇❆ ❃❋ ✿❃▲◗ ❃❄❧ ❚■✽❀◗❅❆  x  = 1 ✈✽❄❉

 y = 4 ✾●❅❖❴❲✽✽❅✾❖ ❆❉✿❀ ✾❉ ❃❑❀◗  2x + 3y = 14 ✾●✽❵❖ ❃✽❀❖✽ ❃❄ ❬✽❀ 12 ✿❃▲◗ ❃❄P ✉■✽✿ ❁▲❅❬❇

❅❆ (0, 4) ❖✽❀ ❇❆ ❃❋ ❃❄ ✾❉◗❖❨ (4, 0) ❇❆ ❃❋ ✿❃▲◗ ❃❄P ❱❏ ❖❉❃ ✈✽✾✿❀  2x + 3y = 12 ❊❀❘

❆❑ ❏❀ ❆❑ ❁✽❀ ❃❋ (3, 2) ✈✽❄❉ (0, 4) ✾●✽❵❖ ❆❉ ❅❋❇ ❃❄◗P

❚■✽ ✈✽✾ ❆✽❀❱❳ ✈❥■ ❃❋ ✾●✽❵❖ ❆❉ ❏❆❖❀ ❃❄◗❯ ❚■✽ ✈✽✾ ❱❏ ❙✽❖ ❏❀ ❏❃❑❖ ❃❄◗ ❅❆

(6, 0) ❇❆ ✈❥■ ❃❋ ❃❄❯ ■❅❁ ❃✽②❧ ❖✽❀ ✈✽✾ ❱❏❀ ❏❍■✽❅✾❖ ❆▲❅❬❇P ❊❴❖❨❖❛ ❅✿❦✿ ❅❊❅♠ ❏❀

❃❑ ❆❱❳ ❃❋ ✾●✽❵❖ ❆❉ ❏❆❖❀ ❃❄◗❛

✈✽✾  2x + 3y = 12 ❑❀◗ ✈✾✿▲ ❱♣q✽✿❨❏✽❉  x ❆✽ ❇❆ ❑✽✿ r❑✽✿ ❋▲❅❬❇ x = 2s ❋❀

❏❆❖❀ ❃❄◗P ❖❙ ❏❑▲❆❉▼✽ 4 + 3y = 12 ❃✽❀ ❬✽❖✽ ❃❄❧ ❬✽❀ ❅❆ ❇❆ ❈❉ ❊✽❋✽ ❉❄❅❂✽❆ ❏❑▲❆❉▼✽



82 ❳❦�✁❦✂

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-4\Chap-4 PM65

❣✄☎ ✆✝✞ ❣✟ ✠✡☛✞ ☞✡ ❣✌✞✍  y = 
8

3
 ☞✐✎✏✑ ❣✎✞✑✎ ❣✄☎ ✒✑✓  

8
2,

3

✔ ✕
✖ ✗
✘ ✙

,  2x + 3y = 12 ✠✎ ❞✠ ✒✚✛

❣✟ ❣✄☎ ✆✝✜ ☞✐✠✎✡✢  x = –5 ✟✞☛✞ ☞✡ ❣✌ ☞✎✑✞ ❣✄✍ ②✠ ✝✌✜✠✡✣✎  –10 + 3y = 12 ❣✎✞ ✤✎✑✎

❣✄☎ ✆✝✝✞  y = 
22

3
☞✐✎✏✑ ❣✎✞✑✎ ❣✄☎ ✒✑✓  

22
5,

3

✔ ✕
✥✖ ✗
✘ ✙

, 2x + 3y = 12 ✠✎ ❞✠ ✒✚✛ ❣✟ ❣✄☎

✆✝②✟❞ ❜✎✞ ✦✡✎✞✍ ✧✎✟✞ ✡✄②★✎✠ ✝✌✜✠✡✣✎ ✧✞✩ ②✧②✪✎✚☛ ❣✟✎✞✍ ✠✎ ✠✎✞✆✫ ✒✍✑ ☛❣✜✍ ❣✄☎ ✠❣☛✞ ✠✎

✒✈✎✫ ❣✄ ②✠ ♥✬✭ ✮✯✬✭✰ ✱✬✲✭ ✯✳✴✵✬✶ ✷✸✹✶✯✺✬ ✱✭✻ ✼✽✴✯✴✸✾ ✿✽ ✷✭ ✼❀✭✶ ❁✲ ❁✬✭✾✭ ❁✳✰❂

♠❃❄❅❆❇❄ 3 : ✝✌✜✠✡✣✎  x + 2y = 6 ✧✞✩ ✦✎✡ ✒✟♦❈✒✟♦ ❣✟ ❉✎✑ ✠✜②✤❞☎

❅❊ : ❜✞★✎☛✞ ☞✡  x = 2, y = 2 ❞✠ ❣✟ ❣✄✢ ❋✛✎✍✞②✠  x = 2, y = 2 ☞✡

x + 2y = 2 + 4 = 6

❣✄☎ ✒✎✆❞✢ ✒● ❣✌  x = 0 ✟✞✍☎  x ✧✞✩ ✆✝ ✌✎☛ ☞✡ ②❜✛✎ ❣❍✒✎ ✝✌✜✠✡✣✎  2y = 6 ❣✎✞ ✤✎✑✎

❣✄✢ ②✤✝✠✎ ②✠ ❞✠ ✒②■✑✜✛ ❣✟  y = 3 ❣✎✞✑✎ ❣✄☎ ✒✑✓  x = 0, y = 3  ✪✎✜  x + 2y = 6 ✠✎

❞✠ ❣✟ ❣✄☎ ✆✝✜ ☞✐✠✎✡✢ y = 0 ✟✞☛✞ ☞✡ ②❜✛✎ ❣❍✒✎ ✝✌✜✠✡✣✎  x = 6 ❣✎✞ ✤✎✑✎ ❣✄☎ ✒✑✓

x = 6, y = 0 ✪✎✜  x + 2y = 6 ✠✎ ❞✠ ❣✟ ❣✄☎ ✒✍✑ ✌✞✍✢ ✒✎✆❞ ❣✌  y = 1 ✟✞✍☎ ✒● ②❜✛✎ ❣❍✒✎

✝✌✜✠✡✣✎  x + 2 = 6  ❣✎✞ ✤✎✑✎ ❣✄✢ ②✤✝✠✎ ❣✟  x = 4  ❣✄☎ ✆✝②✟❞✢  (4, 1) ✪✎✜ ②❜❞ ❣❍❞

✝✌✜✠✡✣✎ ✠✎ ❞✠ ❣✟ ❣✄☎ ✒✑✓✢ ②❜❞ ❣❍❞ ✝✌✜✠✡✣✎ ✧✞✩ ✒☞②✡②✌✑ ❧☞ ✝✞ ✒☛✞✠ ❣✟✎✞✍ ✌✞✍

✦✎✡ ❣✟ ✛✞ ❣✄✍✓

(2, 2), (0, 3), (6, 0) ✒✎✄✡ (4, 1)

❢❏❑▲❇❄▼ :  è✛✎☛ ❜✜②✤❞ ②✠ ❞✠ ❣✟ ☞✐✎✏✑ ✠✡☛✞ ✠✜ ✝✡✟ ②✧②◆  x = 0  ✟✞☛✎ ❣✄ ✒✎✄✡  y ✠✎

✝✍♦✑ ✌✎☛ ☞✐✎✏✑ ✠✡☛✎ ❣✄☎ ✆✝✜ ☞✐✠✎✡✢ ❣✌  y = 0 ✟✞ ✝✠✑✞ ❣✄✍ ✒✎✄✡ ✑●  x ✠✎ ✝✍♦✑ ✌✎☛

☞✐✎✏✑ ✠✡ ✟✞✑✞ ❣✄✍☎

♠❃❄❅❆❇❄ 4 : ②☛❖☛②✟②★✎✑ ✝✌✜✠✡✣✎✎✞✍ ✌✞✍ ✝✞ ☞✐P✛✞✠ ✝✌✜✠✡✣✎ ✠✞ ❜✎✞ ❣✟ ❉✎✑ ✠✜②✤❞✓

(i) 4x + 3y = 12

(ii) 2x + 5y = 0

(iii) 3y + 4 = 0

❅❊ : (i) x = 0 ✟✞☛✞ ☞✡✢ ❣✌✞✍  3y = 12, ✒✈✎✎✫✑◗  y = 4 ☞✐✎✏✑ ❣✎✞✑✎ ❣✄☎ ✒✑✓  (0, 4) ✪✎✜ ②❜❞ ❣❍❞

✝✌✜✠✡✣✎ ✠✎ ❞✠ ❣✟ ❣✄☎ ✆✝✜ ☞✐✠✎✡✢  y = 0 ✟✞☛✞ ☞✡ ❣✌✞✍  x = 3 ☞✐✎✏✑ ❣✎✞✑✎ ❣✄☎ ✆✝ ✑✡❣✢

(3, 0) ✪✎✜ ❞✠ ❣✟ ❣✄☎

(ii) x = 0  ✟✞☛✞ ☞✡✢ ❣✌✞✍  5y = 0, ✒✈✎✎✫✑◗  y = 0 ☞✐✎✏✑ ❣✎✞✑✎ ❣✄☎ ✆✝②✟❞  (0, 0) ②❜❞ ❣❍❞ ✝✌✜✠✡✣✎

✠✎ ❞✠ ❣✟ ❣✄☎
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✈✎✏ ✑✒✓ ✔✕ y = 0 ✥✖✗✏ ✘✙✖ ✔✕✖✗ ✚✛ ✔✥ ✜✖✢ ✣✤ ✕✖✗ ✤✦✧★ (0, 0) ✤✐✙✩✘ ✔✙✖✘✙ ✔✪✫ ✬✙✖ ✒✛

✜✔♦ ✔✪ ✒✬✭✖ ✔✕✧✖ ✤✔✥✖ ✤✐✙✩✘ ✒✛✑✙ ✮✙✙✯ ✚✛ ✈✰✑ ✔✥ ✤✐✙✩✘ ✛✱✧✖ ✜✖✢ ✒✥✚  x = 1  ✥♦✒✬✚✯

✘✎ ✈✙✤ ✓✖r✙ ✭✛✘✖ ✔✪✗ ✒✛  y  ✛✙ ✭✗❞✘ ✕✙✧  
2

5
✲  ✔✪✯ ✈✘★  

2
1,

5

✳ ✴✲✵ ✶
✷ ✸

,  2x + 5y = 0 ✛✙

✚✛ ✈✰✑ ✔✥ ✔✪✯

(iii) ✭✕♦✛✱❧✙  3y + 4 = 0 ✛✙✖  0.x + 3y + 4 = 0  ✜✖✢ ✣✤ ✕✖✗ ✒✥r✙✧✖ ✤✱✏  x  ✜✖✢ ✒✛✭♦ ✹✙♦

✕✙✧ ✤✱ ✔✕✖✗ y = 
4

–
3

 ✤✐✙✩✘ ✔✙✖❞✙✯ ✈✘★ ✔✕✖✗ ✓✙✖ ✔✥  
4 4

0, – 1, –
3 3

✳ ✴ ✳ ✴
✵ ✶ ✵ ✶✷ ✸ ✷ ✸

✺�✄✞ ✤✐✙✩✘

✔✙✖ ✭✛✘✖ ✔✪ ✗✯

✻✼✽✾✿❀❁❂  4.2

1. ✟❢❃❢✟✝✟✠�❄ ✟✆✡❅❆�✁☎ ☞✁☎ ✡�✞❢❇☛� ✟✆✡❅❆ ☛❈❉ ❊✞❋ ✺�✞✄ ●❉�✁☎❍

y = 3x + 5 ✡�

(i) ■✡ ✺✟❏❄✌❉ ❊✝ ❊✞ (ii) ✆✁❑✆✝ ♥�✁ ❊✝ ❊✞☎ (iii) ✺❆✟✄✟☞❄ ▲❆ ☛✁ ✺❢✁✡ ❊✝ ❊✞☎

2. ✟❢❃❢✟✝✟✠�❄ ☛☞✌✡✄✍��✁☎ ☞✁☎ ☛✁ ❆▼❈❉✁✡ ☛☞✌✡✄✍� ✆✁❑ ✂�✄ ❊✝ ✟✝✟✠�■◆

(i) 2x + y = 7 (ii) ❖x + y = 9 (iii) x = 4y

3. ❝❄�P■ ✟✡ ✟❢❃❢✟✝✟✠�❄ ❊✝�✁☎ ☞✁☎ ✡�✞❢❇✡�✞❢ ☛☞✌✡✄✍�  x – 2y = 4  ✆✁❑ ❊✝ ❊✞☎ ✺�✞✄ ✡�✞❢❇✡�✞❢
❊✝ ❢❊✌☎ ❊✞☎ ◆

(i) (0, 2) (ii) (2, 0) (iii) (4, 0) (iv) ◗ ❘2 , 4 2 (v) (1, 1)

4. k ✡� ☞�❢ ❙�❄ ✡✌✟❚■ ❚❝✟✡  x = 2, y = 1 ☛☞✌✡✄✍�  2x + 3y = k ✡� ■✡ ❊✝ ❊�✁❯

4.4  ❱✿❲ ❳❨✿❲❩ ❀✿❁❲ ❨❬❭❪✿❫ ❴❵❂❫❨❛✿ ❫✿ ❜✿❁❲❪✿

✈✹✙♦ ✘✛ ✈✙✤✧✖ ✓✙✖ ❡✱✙✖✗ ✜✙✥✖ ✱✪✒r✙✛ ✭✕♦✛✱❧✙ ✜✖✢ ✔✥ ✎♦✬♦✑ ✣✤ ✭✖ ✤✐✙✩✘ ✒✛✚ ✔✪✗✯ ✈✙❣✚

✈✎ ✔✕ ❣✭✜✖✢ ❤✑✙✒✕✘♦✑ ✒✧✣✤❧✙ ✛✙✖ ✓✖r✙✖✗✯ ✈✙✤ ✬✙✧✘✖ ✔✪✗ ✒✛ ✤✐❥✑✖✛ ✚✖✭♦ ✭✕♦✛✱❧✙ ✜✖✢

✈✤✒✱✒✕✘ ✣✤ ✭✖ ✈✧✖✛ ✔✥ ✔✙✖✘✖ ✔✪✗✯ ❣✰✔✖✗ ✔✕ ✒✧✓✖❦♠✙✙✗✛ ✘✥ ✕✖✗ ✒✛✭ ✤✐✛✙✱ ✓♠✙✙❦ ✭✛✘✖ ✔✪✗♣

✔✥ ✛✙✖ ✕✙✧q✑✦s✕✙✖✗ ✕✖✗ ✒✥r✙✧✖ ✤✱ ✈✙✤✛✙✖ ❣✭✜✖✢ ✜✦✢t ✭✗✜✖✢✘ ✒✕✥ ✭✛✘✖ ✔✪✗✯ ✉✓✙✔✱❧✙ ✇ ✆✁❑

✱✪✒r✙✛ ✭✕♦✛✱❧✙

x + 2y = 6 (1)

✜✖✢ ✔✥ ✛✙✖  x  ✜✖✢ ✭✗❞✘ ✕✙✧✙✖✗ ✜✖✢ ✧♦❡✖ y ✜✖✢ ✕✙✧ ✒✥r✙✛✱ ✚✛ ✭✙✱❧✙♦ ✜✖✢ ✣✤ ✕✖✗ ❣✭ ✤✐✛✙✱

①✑②✘ ✒✛✑✙ ✬✙ ✭✛✘✙ ✔✪★
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❧✄☎✆✄✝ 1

x 0 2 4 6 . . .

y 3 2 1 0 . . .

❢✞✟✠✡ ☛☞✌✍✌ ✎✡✏ ☛✍✞✑✡ ✌✒

♥✡✓✍✍ ✒✔ ❢✕ ✖✕ ☛✍✠✡✓✍ ✕✍✗✘

(graph paper) ✞✥ ❢✙✏♥✚☛✍✡✏ ✕✍✡ ❢✕✛

✞✐✕✍✥ ☛✍✠✡❢✓✍✜ ❢✕✌✍ ✘✍✜✍ ✒✔✢ ☛✍✣✖

✒✎ ☛✍✠✡✓✍ ✕✍✗✘ ✞✥ ❢✙✏♥✚☛✍✡ ✏

(0, 3), (2, 2), (4, 1) ☛✍✔✥  (6, 0) ✕✍✡

☛✍✠✡❢✓✍✜ ✕✥✡✏✢ ☛✙ ❢✕✈✒✤✏ ♥✍✡ ❢✙✏♥✚☛✍✡✏

✕✍✡ ❢✎✠✍✕✥ ✖✕ ✥✡✓✍✍ ✞✐✍❞✜ ✕✤❢✘✖✢

✎✍✑ ✠✤❢✘✖ ✌✒ ✥✡✓✍✍  AB  ✒✔

✭♥✡❢✓✍✖ ☛✍✦✧★❢✜ ✩✪✫✬✢

❉✌✍ ☛✍✞ ♥✡✓✍✜✡ ✒✔✏ ❢✕ ☛✈✌ ♥✍✡ ❢✙✏♥✚ ✮✍✤ ✥✡✓✍✍  AB ✞✥ ❢✯✰✍✜ ✒✔✏✱ ☛✙✲ ✣✛ ✥✡✓✍✍ ✞✥

✖✕ ☛✈✌ ❢✙✏♥✚✲ ✎✍✑ ✠✤❢✘✖  (8, –1), ✠✤❢✘✖✢ ❉✌✍ ✌✒ ✖✕ ✒✠ ✒✔✱ ✦✯✜✚✜②

8 + 2(–1) = 6 ✒✔✢ ☛✜② (8, –1) ✖✕ ✒✠ ✒✔✢ ✣✛ ✥✡✓✍✍  AB ✞✥ ✖✕ ☛✈✌ ❢✙✏♥✚ ✠✤❢✘✖ ☛✍✔✥

✘✍t✳ ✕✤❢✘✖ ❢✕ ✣✛✦✡★ ❢✑♥✡✴✵✍✍✏✕ ✛✎✤✕✥✶✍ ✕✍✡ ✛✏✜✚✷✸ ✕✥✜✡ ✒✔✏ ✌✍ ✑✒✤✏✢ ☛✙ ✖✕ ✖✡✛✍ ❢✙✏♥✚

✠✤❢✘✖ ✘✍✡ ✥✡✓✍✍  AB ✞✥ ❢✯✰✍✜ ✑✒✤✏ ✒✍✡✢ ✎✍✑ ✠✤❢✘✖ ✌✒ ❢✙✏♥✚  (2, 0) ✒✔✢ ❉✌✍ ✣✛✦✡★ ❢✑♥✡✴✵✍✍✏✕

✛✎✤✕✥✶✍ ✕✍✡ ✛✏✜✚✷✸ ✕✥✜✡ ✒✔✏✱ ✘✍t✳ ✕✥✑✡ ✞✥ ☛✍✞ ✌✒ ♥✡✓✍✡✏✗✡ ❢✕ ✌✡ ❢✑♥✡✴✵✍✍✏✕ ✛✎✤✕✥✶✍

✕✍✡ ✛✏✜✚✷✸ ✑✒✤✏ ✕✥✜✡✢

✣✛ ✜✥✒✲ ✒✎ ✌✒ ♥✡✓✍✜✡ ✒✔✏ ❢✕

1. ✞✐✹✌✡✕ ❢✙✏♥✚ ❢✘✛✦✡★ ❢✑♥✡✴✵✍✍✏✕ ✛✎✤✕✥✶✍ ✭✺✬ ✕✍✡ ✛✏✜✚✷✸ ✕✥✜✡ ✒✔✏✻ ✥✡✓✍✍ AB ✞✥ ❢✯✰✍✜

✒✍✡✜✍ ✒✔✢

2. ✥✡✓✍✍ AB ✞✥ ❢✯✰✍✜ ✞✐✹✌✡✕ ❢✙✏♥✚ (a, b) ✛✡ ✛✎✤✕✥✶✍ ✭✺✬ ✕✍ ✖✕ ✒✠

x = a, y = b ✞✐✍❞✜ ✒✍✡ ✘✍✜✍ ✒✔✢

3. ✕✍✡✣✴ ✮✍✤ ❢✙✏♥✚✲ ✘✍✡ ✥✡✓✍✍  AB ✞✥ ❢✯✰✍✜ ✑✒✤✏ ✒✔✲ ✛✎✤✕✥✶✍ ✭✺✬ ✕✍ ✒✠ ✑✒✤✏ ✒✍✡✗✍✢

✼✽✾✿❀❁❂  4.2
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✈✎✏ ✈✑✒ ✓✔ ✕✖✗✘✗✑✙ ✕✖✘✑✚ ✛✘✎✜ ✔✢✣ ✕✘ ✤✜✥✑✑ ✒✤ ✕✦✧✑✎ ✒★✩✓✜✘ ✕✪✣✫✬ ✤✜✥✑✑ ✭✜✮

✛❧✯✘✤✰✑ ✘✑✜ ✛✣✎✬✗✱ ✘✤✎✑ ✔✢ ✈✑✢✤ ✛❧✯✘✤✰✑ ✘✑ ✒★✩✓✜✘ ✔✚ ✤✜✥✑✑ ✒✤ ✕✦✧✑✎ ✲✘ ✕✪✣✫✬ ✔✑✜✎✑

✔✢❣ ✭✦✎✬✎✏ ✫✑✜ ✳✤✑✜✣ ✭✑✚✜ ✲✘ ✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✴✓✑✕❧✎✯✓ ✵✒ ✛✜ ✲✘ ✲✜✛✯ ✤✜✥✑✑ ✛✜ ✕✖✵✕✒✎

✕✘✓✑ ❢✑✎✑ ✔✢ ✕❢✛✘✜ ✛✶✑✯ ✕✪✣✫✬ ✛❧✯✘✤✰✑ ✘✜ ✔✚ ✔✑✜✎✜ ✔✢✣❣ ✷✛✜ ✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✘✑ ✸✹✺✻✼✹

✘✔✑ ❢✑✎✑ ✔✢❣ ✈✎✏ ✫✑✜ ✳✤✑✜✣ ✭✑✚✜ ✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✘✑ ✈✑✚✜✥✑ ✒★✑❞✎ ✘✤✖✜ ✭✜✮ ✕✚✲ ✫✑✜ ✔✚✑✜✣

✘✜ ✛✣✽✎ ✫✑✜ ✕✪✣✫✬ ✈✑✚✜✕✥✑✎ ✘✤✖✑ ✈✑✢✤ ✾✿✔✜✣ ✲✘ ✤✜✥✑✑ ✛✜ ✕❧✚✑ ✫✜✖✑ ✒✓✑✙❞✎ ✔✑✜✎✑ ✔✢❣ ✕✒✮✤

✶✑✯❍ ✾❀✑❧ ✎✑✜ ✓✔ ✔✑✜✽✑ ✕✘ ✷✛ ✒★✘✑✤ ✭✜✮ ✫✑✜ ✛✜ ✈✕❁✘ ✕✪✣✫✬ ✈✑✚✜✕✥✑✎ ✕✘✲ ❢✑✲❂ ✕❢✛✛✜

✕✘ ✈✑✒ ✈✑✚✜✥✑ ✘✯ ❃✑✬❄✎✑ ✘✯ ❢✑❂✳ ✎✬✤✣✎ ✘✤ ✛✭✜✣✮❣

❅❆❇❈❉❊❋ : ✲✘ ●✑✑✎ ✭✑✚✜ ✪✔✬✒✫ ✛❧✯✘✤✰✑  ax + by  + c = 0 ✘✑✜ ✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✷✛✕✚✲

✘✔✑ ❢✑✎✑ ✔✢❍ ■✓✑✜✣✕✘ ✷✛✘✑ ✴✓✑✕❧✎✯✓ ✕✖✵✒✰✑ ✲✘ ✛✤✚ ✤✜✥✑✑ ✔✑✜✎✯ ✔✢❣

♠❏❊❑▲❉❊ 5 : ✓✕✫ ✕✪✣✫✬  (1, 2) ✕✫✓✑ ✔✬✈✑ ✔✑✜❍ ✎✑✜ ■✓✑ ✈✑✒ ✾✛ ✤✜✥✑✑ ✘✑ ✛❧✯✘✤✰✑ ✫✜ ✛✘✎✜

✔✢✣ ✕❢✛ ✒✤ ✭✔ ✕✪✣✫✬ ✕✦✧✑✎ ✔✢▼ ✷✛ ✒★✘✑✤ ✭✜✮ ✕✘✎✖✜ ✛❧✯✘✤✰✑ ✔✑✜ ✛✘✎✜ ✔✢✣▼

❑◆ : (1, 2) ✾✛ ✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✘✑ ✲✘ ✔✚ ✔✢ ✕❢✛✜ ✈✑✒ ❖P❂❖◗ ✤✔✜ ✔✢✣❣ ✷✛ ✒★✘✑✤ ✈✑✒

✲✘ ✲✜✛✯ ✤✜✥✑✑ ✘✑ ✒✎✑ ✚✽✑✖✑ ✳✑✔✎✜ ✔✢✣ ❢✑✜ ✕✪✣✫✬ (1, 2) ✛✜ ✔✑✜✘✤ ❢✑✎✯ ✔✢❣ ✷✛ ✒★✘✑✤ ✭✜✮

✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✘✑ ✲✘ ✾✫✑✔✤✰✑  x + y = 3 ✔✢❣ ✈✿✓ ✛❧✯✘✤✰✑ ✔✢✣✏  y – x = 1,  y = 2x,

■✓✑✜✣✕✘ ✓✜ ✶✑✯ ✕✪✣✫✬ (1, 2) ✭✜✮ ✕✖✫✜✙❃✑✑✣✘✑✜✣  ✛✜ ✛✣✎✬✗✱ ✔✑✜ ❢✑✎✜ ✔✢✣❣ ✭✦✎✬✎✏❍ ✲✜✛✜ ✈✒✕✤✕❧✎ ✵✒

✛✜ ✈✖✜✘ ✤✢✕✥✑✘ ✛❧✯✘✤✰✑ ✔✢✣ ❢✑✜ ✕✪✣✫✬ (1, 2) ✭✜✮ ✕✖✫✜✙❃✑✑✣✘✑✜✣ ✛✜ ✛✣✎✬✗✱ ✔✑✜ ❢✑✎✜ ✔✢✣❣ ■✓✑ ✈✑✒

✷✛✜ ✕✳❜✑✯✓ ✵✒ ✛✜ ✫✜✥✑ ✛✘✎✜ ✔✢✣▼

♠❏❊❑▲❉❊ 6 : x + y = 7  ✘✑ ✈✑✚✜✥✑ ✥✑✯✣✕✳✲❣

❑◆ : ✽★✑✒✮ ①✈✑✚✜✥✑❘ ✥✑✣✯✣✳✖✜ ✭✜✮ ✕✚✲ ✔❧✜✣ ✛❧✯✘✤✰✑ ✭✜✮ ✘❧ ✛✜ ✘❧ ✫✑✜ ✔✚✑✜✣ ✘✯ ✈✑✭❃✓✘✎✑

✔✑✜✎✯ ✔✢❣ ✈✑✒ ✓✔ ✫✜✥✑ ✛✘✎✜ ✔✢✣ ✕✘ ✕✫✲ ✔✬✲ ✛❧✯✘✤✰✑ ✭✜✮ ✔✚  x = 0, y = 7 ✈✑✢✤  x = 7,

y = 0 ✔✢✣❣ ✈✎✏ ✽★✑✒✮ ✥✑✯✣✳✖✜ ✭✜✮ ✕✚✲ ✈✑✒ ✖✯✳✜ ✫✯ ✽✷✙ ✛✑✤✰✑✯ ✘✑ ✒★✓✑✜✽ ✘✤ ✛✘✎✜ ✔✢✣✏

❙❊▲❉❊❋ 2

x 0 7

y 7 0

✛✑✤✰✑✯ ❚ ✭✜✮ ✫✑✜ ✕✪✣✫✬✈✑✜✣ ✘✑✜ ✈✑✚✜✕✥✑✎ ✘✤✭✜✮ ✷✿✔✜✣ ✲✘ ✤✜✥✑✑ ✛✜ ✕❧✚✑✘✤ ✈✑✚✜✥✑ ✥✑✯✣✕✳✲

①✫✜✕✥✑✲ ✈✑✭❯✮✕✎ ❱❲❳❘❣
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✈✄☎✆✝✞✟ 4.3

♠✠✡☛☞✌✡ 7 : ✍✎✏ ✑✎✒✓✔ ✕✖✗ ✘✙ ✚✙ ✛✏✜ ✏✢

②✣✎✤✎ ✣✤✎ ✥② ✛✏✜ ✦✔✗ ✧★✏✩✒ ★✪✢✫✎ ✪✔✬

✍✒✭✮✦✎✒✭✏✎✓✯ ✕✎✔✓✎ ✕✖✰ ✱✲ ✘✳✴✎✘✓ ✙✎✔ ✵✤✶✓

✙✢✒✔ ✪✎②✎ ✚✙ ✲✦✯✙✢✫✎ ✘②✘❞✎✚ ✍✎✖✢ ✲✦✯✙✢✫✎

✙✎✔ ✍✎②✔✘❞✎✓ ✙✯✘✑✚✰

☛❣ : ✤✕✎❀ ✷✢✸ ✥② ✍✎✖✢ ★✪✢✫✎ ✕✖✗✰ ✦✎✒ ②✯✘✑✚

②✣✎✤✎ ✣✤✎ ✥②  y  ✦✎❡✎✙ ✕✖ ✍✎✖✢ ✧★✏✩✒ ★✪✢✫✎

x ✦✎❡✎✙ ✕✖✰ ✍✒✭✏✎✓ ✍✎✖✢ ✲✦✎✒✭✏✎✓ ✲✔ ✍✎✏ ✱✲

✓✴✤ ✙✎✔ ✱✲ ✏r✙✎✢ ✵✤✶✓ ✙✢ ✲✙✓✔ ✕✖✗✹

y = kx

✑✕✎❀  k ✚✙ ✍✷✢ ✕✖✰ ✺✘✪✻✎✒ ✪✔✬ ✍✼✤✤✒ ✲✔

✍✎✏ ✤✕ ✑✎✒✓✔ ✕✖✗ ✘✙ ✪✎✳✓✪ ✦✔✗  k  ✛✏✜ ✙✎

♥r✵✤✦✎✒ ✕✎✔✓✎ ✕✖✽✰

✍✥ ✶✤✎✔✗✘✙ ✕✦ ✤✕ ✒✕✯✗ ✑✎✒✓✔ ✘✙  k  ✶✤✎ ✕✖✸ ✱✲✘②✚ ✕✦  y = kx ✙✎ ✏✘✢✾✎✭✿ ✍✎②✔❞✎

✒✕✯✗ ❞✎✗✯✗✷ ✲✙✓✔✰ ✘✏✬✢ ✉✎✯✸ ✤✘♥ ✕✦  k ✙✎✔ ✚✙ ✦✎✒ ♥✔ ♥✔✗✸ ✓✥ ✕✦ ✍✎②✔❞✎ ❞✎✯✗✷ ✲✙✓✔

✕✖✗✰ ✍✎✱✚ ✕✦  k = 3 ②✔✗✰ ✓✥ ✕✦ y = 3x ✙✎✔ ✘✒❁✘✏✓ ✙✢✒✔ ✪✎②✯ ✢✔❞✎✎ ❞✎✯✗✷ ✲✙✓✔ ✕✖✗✰

✈✄❂✞✟ ❃❄❃
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❜✎✏✑✒ ✓✔✕✖ ❜✎ ✎✗✘✙✚✛✜ ✙✑ ✢✗ ✣✜✑ ✢✔ ✤✜✥ ✙✚✥✑ ✢✦✧★ ✗✜✩ ✔✘✓✪✕ ✫✑ ✢✔ (0, 0) ✈✜✦✚

(2, 6) ✢✦✧ ❣✣✑✓✬✜✕ ✈✜✭✓✥ 4.4✮★

❜✎ ✈✜✔✑✬✜ ✎✑ ✈✜✯ ✫✢ ✣✑✬✜ ✎✙✥✑ ✢✦✧ ✓✙ ✪✰ ✔✱✜✫✜ ✱✫✜ ✰✔ ✲ ✗✜✳✜✙ ✢✜✑✥✜ ✢✦✖ ✥✰

♠✴✯✵✩ ✴✏✚✛✜ ✶ ✗✜✳✜✙ ✢✜✑✥✜ ✢✦★ ✈✜✯ ✫✢✜✷ ✫✢ ✸✜✘ ✣✑✬✜✥✑ ✢✦✧ ✓✙ ✓✰✧✣✹ ❣✺✖ ✺✮ ✈✜✔✑✬✜ ✯✚

✓❢✻✜✥ ✢✦✖ ✓✪✎✙✜ ✈✻✜✼ ✫✢ ✢✦ ✓✙ ✪✰ ✔✱✜✫✜ ✱✫✜ ✰✔ 0 ✗✜✳✜✙ ✢✜✑✥✜ ✢✦ ✥✜✑ ♠✴✯✵✩ ✴✏✚✛✜

0 ✗✜✳✜✙ ✢✜✑✥✜ ✢✦★

✽✾✿❀❁❂❃ :  y = kx ✏✑✒ ♦✯ ✏✒✘ ✎✗✘✙✚✛✜ ✙✜ ✈✜✔✑✬✜ ✕✙ ✚✑✬✜✜ ✢✜✑✥✘ ✢✦ ✪✜✑ ✎✣✜ ✗❄✔✓✰✧✣✹ ✎✑

✢✜✑✙✚ ✪✜✥✘ ✢✦★

❅❆❂❇❈❁❂ 8 : ✈✜✏❉✒✓✥ ❊❋● ✗✑✧ ✓✣✕ ✱✕ ✯❍✴✫✑✙ ✈✜✔✑✬✜ ✙✜✑ ■✫✜✩ ✎✑ ✣✑✓✬✜✕ ✈✜✦✚ ✩✘❏✑ ✏✑✒

✯❍✴✫✑✙ ✈✜✔✑✬✜ ✏✑✒ ✓✏✙✐✯✜✑✧ ✎✑ ✈✜✔✑✬✜ ✗✑✧ ✓✣✕ ✱✕ ✎✗✘✙✚✛✜ ✙✜ ❏✫✩ ✙✘✓✪✕❑

(a) ✈✜✏❉✒✓✥  4.5 (i) ✏✑✒ ✓✔✕✖

(i) x + y = 0 (ii) y = 2x (iii) y = x (iv) y = 2x + 1

(b) ✈✜✏❉✒✓✥ 4.5 (ii) ✏✑✒ ✓✔✕✖

(i) x + y = 0 (ii) y = 2x (iii) y = 2x + 4 (iv) y = x – 4

(c) ✈✜✏❉✒✓✥ 4.5 (iii) ✏✑✒ ✓✔✕✖

(i) x + y = 0 (ii) y = 2x (iii) y = 2x + 1 (iv) y = 2x – 4

(i)
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✈✄☎✆✝✞✟ 4.5

❣✠ : (a) ✡☛☞✌✍✎✏  4.5 (i) ❡✑✒ ✓✑✔☛☛ ✕✓ ✎✖✒✗✘ (–1, –2), (0, 0), (1, 2) ✙✚✒✛ ✗✑✔☛✜✑ ✕✓✢ ✣✤ ✡☛✥✑✔☛

❞☛ ✤✒✦✏ ✤❡✧❞✓★☛  y = 2x  ✙✚✛ ✡☛✕ ✩✙☛✒✪ ✩✙ ✗✑✔☛ ✤❞✏✑ ✙✚✒ ✎❞ ✕✫✬✩✑❞ ✎✭✮☛✎✏ ❡✑✒

y-✎✜✗✑❢✯☛☛✒❞✢ x-✎✜✗✑❢✯☛☛✒❞ ☞✍☛ ✗☛✑✦✘✜☛ ✙✚✛

(b) ✡☛☞✌✍✎✏  4.5 (ii) ❡✑✒ ✓✑✔☛☛ ✕✓ ✎✖✒✗✘  (–2, 0), (0, 4), (1, 6) ✙✚✒✛ ✡☛✕ ✰☛✜✏✑ ✙✚✒ ✎❞ ✡☛✥✑✔☛ ☞✑✍

✎✖✒✗✘✡☛✑✒ ☞✑✍ ✎✜✗✑❢✯☛☛✒❞ ✤❡✧❞✓★☛  y = 2x + 4 ❞☛✑ ✤✒✏✘✱✲ ❞✓✏✑ ✙✚✒✛ ✡✏✳✢  y = 2x + 4  ✡☛☞✌✍✎✏

4.5 (ii) ☞✑✍ ✡☛✥✑✔☛ ❞☛ ✤✒✦✏ ✤❡✧❞✓★☛ ✙✚✛

(c) ✡☛☞✌✍✎✏ 4.5 (iii) ❡✑✒✢ ✓✑✔☛☛ ✕✓ ✎✖✒✗✘  (–1, – 6), (0, – 4), (1, – 2), (2, 0) ✙✚✒✛ ✗✑✔☛❞✓ ✡☛✕ ✩✙

❞✙ ✤❞✏✑ ✙✚✒ ✎❞  y = 2x – 4 ✎✗✴ ✙✘✴ ✡☛✥✑✔☛ ❞☛ ✤✒✦✏ ✤❡✧❞✓★☛ ✙✚✛

✐✵✶✷✸✹✺✻  4.3

1. ♥❦✼ ✽✾❦✼✿ ❀❦❁✼ �❂❃❂�❁�❄❦✂ ✾❅�❄❦❆ ❇❈❉❆✾✁❦❦✼✿ ❈✼✿ ❇✼ ❊❋●❍✼❆ ❆❦ ■❦❁✼❄❦ ❄❦❉✿�✽❏❑

(i) x + y = 4 (ii) x – y = 2 (iii) y = 3x (iv) 3 = 2x + y

2. �▲✿♥▼ ◆❖P ◗❘❙ ❇✼ ❚❦✼❆✾ ❯❦❂✼ ❀❦❁❉ ♥❦✼ ✾✼❄❦❦■❦✼✿ ❀✼❱ ❇❈❉❆✾✁❦ �❁�❄❦❏❲ ❨❇ ❊❋❆❦✾ ❆❉ ■❦❅✾

�❆✂❂❉ ✾✼❄❦❦❏❩ ❚❦✼ ❇❆✂❉ ❚❅✿P ■❦❅✾ ❬❍❦✿✼❭

3. ❍�♥ �▲✿♥▼ ◆❪P ❘❙ ❇❈❉❆✾✁❦  3y = ax + 7 ❀✼❱ ■❦❁✼❄❦ ❊✾ �♦❫❦✂ ❚❅P ✂❦✼  a  ❆❦ ❈❦❂ ❴❦✂

❆❉�❯❏❲

4. ❏❆ ❂❵✾ ❈✼✿ ❛❅❬❇❉ ❆❦ �❆✾❦❍❦ �❂❃❂�❁�❄❦✂ ❚❅ ❑ ❊❚❁✼ �❆❁❦✼❈❉❛✾ ❆❦ �❆✾❦❍❦ ❜ ❝ ❚❅ ■❦❅✾

(iii)(ii)
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♠☛✆✁✎ ✏�♥ ✡✌ ♥✑✄✌ ✆✁✎ ✟✝✒ ✓✔✟✕ ✟✡✝�✁☞✌✖✄ ✡� ✟✡✄�✗� ✘ ✙ ✚✞✛ ✗✟♥ ✕✗ ✡✌ ✜✢✣ ♥✑✄✌

x ✟✡✝�✁☞✌✖✄ ✚�✁✥ ✤�✞✄ ✆✦✎✝ ✟✡✄�✗� y ✙ ✚�✁✥ ✕�✁ ✢☛✡� ✒✡ ✄✞✟✠�✡ ☛☞✌✡✄✍� ✟✝✟✠�✒ ✤�✞✄

♠☛✡� ✤�✝✁✠� ✠�✌☎✟✂✒✛

5. ✟❢✧❢✟✝✟✠�✕ ✤�✝✁✠��✁☎ ☞✁☎ ☛✁ ✓✔★✗✁✡ ✤�✝✁✠� ✆✁✎ ✟✝✒ ✟♥✒ ✜✒ ✟✆✡✩✓�✁☎ ☛✁ ☛✚✌ ☛☞✌✡✄✍� ✡�

✂✗❢ ✡✌✟♣✒✪

✈✫✬✭✮✯✰  4.6 ✬♦✮ ✯✱✲ ✈✫✬✭✮✯✰  4.7 ✬♦✮ ✯✱✲

(i) y = x (i) y = x + 2

(ii) x + y = 0 (ii) y = x – 2

(iii) y = 2x (iii) y = –x + 2

(iv) 2 + 3y = 7x (iv) x + 2y = 6

✳✴✵✶✷ ✸✹✺ ✳✴✵✶✷ ✸✹✻

6. ✒✡ ✤✂✄ ✏✝ ✝✜�❢✁ ✓✄ ✒✡ ✼✓✽ ✾�✄� ✟✡✗� ✜✗� ✡�✗✣ ✼✓✽ ✾�✄� ✕✗ ✡✌ ✜✢✣ ♥✑✄✌ ✆✁✎

✤❢✦✿☞�❢✦✓�✕✌ ✚�✁✕� ✚✞✛ ✢☛ ✡❀�❢ ✡�✁ ♥�✁ ✂✄�✁☎ ✆�✝✁ ✒✡ ☛☞✌✡✄✍� ✆✁✎ ❁✓ ☞✁☎ ❂✗❃✕ ✡✌✟♣✒

✤�✞✄ ✤✂✄ ✏✝ ✘ ☞�❄�✡ ✝✁✡✄ ✢☛✡� ✤�✝✁✠� ✠�✌☎✟✂✒✛ ✗✟♥ ✼✓✽ ✾�✄� ✕✗ ✡✌ ✜✢✣ ♥✑✄✌

(i) 2 ☞�❄�✡ (ii) 0 ☞�❄�✡

✚�✁✥ ✕�✁ ✤�✝✁✠� ☛✁ ✟✡✗� ✚✦✤� ✡�✗✣ ❣�✕ ✡✌✟♣✒✛

7. ✒✡ ✟✆❅�✝✗ ✡✌ ✡❆�� IX ✡✌ ❇�❄��✒☎ ✗�✟☞❢✌ ✤�✞✄ ✓✎�✟✕☞� ❢✁ ✟☞✝✡✄ ❈�✑✆☎✎✓ ✓✌✟✽❉✕

❂✗✟❃✕✗�✁☎ ✡✌ ☛✚�✗✕� ✆✁✎ ✟✝✒ ✓✔❖�❢☞☎❄�✌ ✄�✚✕ ✡�✁❊� ☞✁☎ ❋●● ✙ ✤☎❍�♥�❢ ✟♥✗�✛ ✒✡ ✄✞✟✠�✡

☛☞✌✡✄✍� ✟✝✟✠�✒ ♣�✁ ✢❢ ✤�☎✡✽❉�✁☎ ✡�✁ ☛☎✕✦❊✖ ✡✄✕✌ ✚�✁✛ ❧✤�✓ ♠❢✡� ✤☎❍�♥�❢ x ✙  ✤�✞✄  y

✙ ☞�❢ ☛✡✕✁ ✚✞☎)✛ ✢☛ ☛☞✌✡✄✍� ✡� ✤�✝✁✠� ✠�✌☎✟✂✒✛
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8. ✈✄☎✆✝❦ ✈❦✞☎ ✝✟❦✠❦ ✡✞☛☞ ✌☞✍❦❦☞✎ ✄☞✎ ✂❦✏✄❦✟ ✏✑❦☎☞✟✒❦✓✔ ✄☞✎ ✄❦✏❦ ✡❦✂❦ ✒✞✕ ✡✖�✝ ✗❦❦☎✂ ✡✞☛☞

✌☞✍❦❦☞✎ ✄☞✎ ✂❦✏✄❦✟ ☛☞�♥☛✘☛ ✄☞✎ ✄❦✏❦ ✡❦✂❦ ✒✞✙ ✘✒❦✚ ✏✑❦☎☞✟✒❦✓✔ ✝❦☞ ☛☞�♥☛✘☛ ✄☞✎ ✛✏❦✎✂�☎✂ ✝☎✟☞

♦❦✜❦ ✢✝ ☎✞�✣❦✝ ☛✄✆✝☎✁❦ �✌✘❦ ✤✘❦ ✒✞ ✥

F =
9

C + 32
5

✦ ✧
★ ✩
✪ ✫

(i) ☛☞�♥☛✘☛ ✝❦☞  x-✈✬❦ ✈❦✞☎ ✏✑❦☎☞✟✒❦✓✔ ✝❦☞  y- ✈✬❦ ✄❦✟✝☎ ✭✏☎ �✌✢ ✤✢ ☎✞�✣❦✝

☛✄✆✝☎✁❦ ✝❦ ✈❦✜☞✣❦ ✣❦✆✎�❧✢✙

(ii) ✘�✌ ✂❦✏✄❦✟  30°C ✒✞✕ ✂❦☞ ✏✑❦☎☞✟✒❦✓✔ ✄☞ ✎ ✂❦✏✄❦✟ ✮✘❦ ✒❦☞✤❦✯

(iii) ✘�✌ ✂❦✏✄❦✟  95°F ✒✞✕ ✂❦☞ ☛☞�♥☛✘☛ ✄☞✎ ✂❦✏✄❦✟ ✮✘❦ ✒❦☞✤❦✯

(iv) ✘�✌ ✂❦✏✄❦✟  0°C ✒✞✕ ✂❦☞ ✏✑❦☎☞✟✒❦✓✔ ✄☞✎ ✂❦✏✄❦✟ ✮✘❦ ✒❦☞✤❦✯ ✈❦✞☎ ✘�✌ ✂❦✏✄❦✟ 0ºF ✒✞✕ ✂❦☞

☛☞�♥☛✘☛ ✄☞✎ ✂❦✏✄❦✟ ✮✘❦ ✒❦☞✤❦✯

(v) ✮✘❦ ✢☞☛❦ ✗❦✆ ✝❦☞✓❉ ✂❦✏✄❦✟ ✒✞ ✡❦☞ ✏✑❦☎☞✟✒❦✓✔ ✈❦✞☎ ☛☞�♥☛✘☛ ✌❦☞✟❦☞✎ ♦☞✑ �✜✢ ☛✎✣✘❦✰✄✝✂✥

☛✄❦✟ ✒✞✯ ✘�✌ ✒❦✚✕ ✂❦☞ ✱☛☞ ✲❦✂ ✝✆�✡✢✙

4.5  x-✳✴✵ ✳✵✶✷  y-✳✴✵ ✸✹ ✺✻✵✼✽✷ ✷✹✾✵✵✳✵✹✼ ✿✹❀ ✺✻❁✸✷❂✵

❃❄❅ ❆❇ ❅❈❊ ❋●❍■❏ ❇❑▲ ▼◆ ▼◆❖ ❅P◆❄◗ ◆❄❘❙❚❆

❘r ❯■▲ ❱◆ ▼❲❱ ❇●❱ ▼❨▲❲● ❍■❏ ▼❩❲■❚❬❄❄▲◆ ▼r❭❄■ ❪❄❘■

❇❑▲❣ ❫❆❄ ❃❄❅ ❪❄❩❘■ ❇❑▲ ▼◆ ◆❄❘❙❚❆ ❘r ❅◗ (2, 0),

(–3, 0), (4, 0) ❃❄❑◗ (n, 0), ❪❇❄t  n  ◆❄■❞❚ ❍❄❴❘▼❍◆

❖▲❭❆❄ ❇❑❵ ◆❇❄t ❅◗ ▼❴❛❄❘ ❇❄■❘■ ❇❑▲❜ ❇❄t❵ ❆■ ❖❝❄❙

▼❨▲❲● x-❃❡❄ ❅◗ ▼❴❛❄❘ ❇❑▲❣ ❅◗▲❘● ❫❆❄ ❃❄❅ ❪❄❩❘■ ❇❑▲

▼◆ ❱■❖❄ ❫❆❄■▲ ❇❑❜ ❱■❖❄ ❞❖▼r❱ ❇❑ ❫❆❄■▲▼◆

 x-❃❡❄ ❅◗ ❅P❢❆■◆ ▼❨▲❲● ◆❄  y-▼❩❲■❚❬❄❄▲◆ ❤ ❇❄■❘❄

❇❑❣ ❍❴❘●❘✐ x-❃❡❄ ❅◗ ▼❴❛❄❘ ❅P❢❆■◆ ▼❨▲❲●  (x, 0) ❍■❏

❥❅ ◆❄ ❇❄■❘❄ ❇❑❣ ❫❆❄ ❃❨ ❃❄❅  x-❃❡❄ ❍■❏

❖❯❙◆◗♠❄ ◆❄ ❃❩●❯❄❩ r♣❄ ❖◆❘■ ❇❑▲❜ ❇❄t❵ ❆❇

❖❯❙◆◗♠❄  y = 0 ❇❄■❘❄ ❇❑❣ ❪❑❖❄ ▼◆ ❃❄❅ ❲■❭❄

❖◆❘■ ❇❑▲❵  y = 0 ◆❄■  0.x + 1.y = 0 ❍■❏ ❥❅ ❯■▲

q❆❫❘ ▼◆❆❄ ❪❄ ❖◆❘❄ ❇❑❣ ❞❖❙ ❅P◆❄◗❵ ❃❄❅ ❆❇

❲■❭❄ ❖◆❘■ ❇❑▲ ▼◆  y-❃❡❄ ◆❄ ❖❯❙◆◗♠❄  x = 0

❇❄■❘❄ ❇❑❣

s✉✇①②③④  4.8
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✈✎ ✏✑✒✓✔✕✖ x – 2 = 0 ②✒✗✘✙✚ ✛✗✜ ✢✏✣ ✤✑ ✥✣✦✥② ✙✓ ✧✔  x ✥✖②✖ ✙✓ ✏✑✒✓✔✕✖

✑✖❡ ②✣★✩ ✪✖✣ ✢✏✓✖ ✙✓ ✈✗✫✪✒✛ ✤②  x = 2  ✤✖✣✪✖ ✤❣✩ ✘✖✣ ✏★✬✛✖ ✔✣✬✖✖ ✭✔ ✗✮✯✖✪ ✙✓ ✗✎★✜✰

✤❣✚ ✏✖✯✖ ✤✒✩ ✢✏✣ ✜✖✣ ✧✔✖✣★ ✥✖②✖ ✏✑✒✓✔✕✖ ✑✖❡ ②✣❡✣ ✭✔ ✢✏✣  x + 0.y – 2 = 0 ✥✣✦ ✱✭ ✑✣★ ✲✛✳✪

✗✓✛✖ ✘✖ ✏✓✪✖ ✤❣✚ ✢✏✥✣✦ ✈✭✗✔✗✑✪ ✱✭ ✏✣ ✈❡✣✓ ✤② ✤❣★✩ ✘✖✣ (2, r) ✓✣ ✱✭ ✓✣ ✤❣★✩ ✘✤✖✴

r ✙✓ ✥✖✮✪✗✥✓ ✏★✬✛✖ ✤❣✚ ✏✖✯✖ ✤✒ ✈✖✭ ✛✤ ✘✖✴✧ ✏✓✪✣ ✤❣★ ✗✓  (2, r) ✥✣✦ ✱✭ ✓✖ ✭♦✵✛✣✓

✗✎★✜✰ ✢✏ ✏✑✒✓✔✕✖ ✓✖ ✙✓ ✤② ✤❣✚ ✈✪❢ ✜✖✣ ✧✔✖✣ ★ ✥✖②✣ ✏✑✒✓✔✕✖ ✓✒ ✶✖✖★ ✗✪✩

x – 2 = 0 ✥✣✦ ✈✖②✣✬✖ ✓✖✣ ✈✖✥✷✦✗✪ ✸✹✺ ✑✣★ ✔✣✬✖✖  AB  ✏✣ ✗❡✱✗✭✪ ✗✓✛✖ ✘✖✪✖ ✤❣✚

♠✻✼✽✾✿✼ 9 : ✏✑✒✓✔✕✖   2x + 1 = x – 3 ✓✖✣ ✤② ✓✒✗✘✙ ✈✖❣✔ ✤② ✓✖✣ (i) ✏★✬✛✖ ✔✣✬✖✖

(ii) ✓✖✪✒❞✛ ✪② ✭✔ ✗❡✱✗✭✪ ✓✒✗✘✙✚

✽❀ : 2x + 1 = x – 3 ✓✖✣ ✤② ✓✔❡✣ ✭✔ ✛✤ ✭♦✖❁✪ ✤✖✣✪✖ ✤❣❢

2x – x = –3 – 1

✈✯✖✖❞✪❂ x = – 4

(i) ✏★✬✛✖ ✔✣✬✖✖ ✭✔ ✤② ✥✣✦ ✗❡✱✭✕✖ ✓✖✣ ✈✖✥✷✦✗✪ ✸✹❧ ✑✣★ ✗✜✬✖✖✛✖ ❃✛✖ ✤❣✩ ✘✤✖✴  x = – 4 ✓✖✣

✙✓ ✧✔ ✥✖②✖ ✏✑✒✓✔✕✖ ✑✖❡✖ ❃✛✖ ✤❣✚

❄❅❆❇❈❉❊  4.9

(ii) ✤✑ ✘✖❡✪✣ ✤❣★ ✗✓ ✧✔  x ✈✖❣✔ y ✥✖②✣ ✔❣✗✬✖✓ ✏✑✒✓✔✕✖ ✥✣✦ ✱✭ ✑✣★ ✤✑ x = – 4 ✓✖✣

x + 0.y = – 4  ✥✣✦ ✱✭ ✑✣★ ✗②✬✖ ✏✓✪✣ ✤❣★✚ ✢✏✣ ✙✓ ✔✣✬✖✖ ✏✣ ✗❡✱✗✭✪ ✗✓✛✖ ✘✖✪✖ ✤❣✚ ✈✎

y ✥✣✦ ✏✶✖✒ ✑✖❡ ✑✖❋✛ ✤✖✣✪✣ ✤❣★✩ ✳✛✖✣★✗✓  0.y  ✏✜✖ ✤✒ ●✖❍❋✛ ✤✖✣✪✖ ✤❣✚ ✗✭✦✔ ✶✖✒  x  ✓✖✣ ✏★✎★■

x = – 4  ✓✖✣ ✈✥●✛ ✏★✪✰❏❑ ✓✔❡✖ ✧✖✗✤✙✚ ✈✪❢ ✗✜✙ ✤✰✙ ✏✑✒✓✔✕✖ ✥✣✦ ✜✖✣ ✤②  x = – 4,

y =  0 ✈✖❣✔ x = – 4, y = 2 ✤❣★✚

è✛✖❡ ✜✒✗✘✙ ✗✓ ✈✖②✣✬✖  AB, y-✈▲✖ ✥✣✦ ✏✑✖★✪✔ ✙✓ ✔✣✬✖✖ ✤❣ ✘✖✣ ✢✏✓✣ ✎✖✛✒★ ✈✖✣✔

✸ ✙✓✓ ✓✒ ✜❍✔✒ ✭✔ ✤❣ ▼✜✣✗✬✖✙ ✈✖✥✷✦✗✪ ✸✹◆❖P✚
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✈✄☎✆✝✞✟  4.10

❜✠✡ ☛☞✌✍✎✏  y = 3 ❀✍ 0.x + 1.y = 3  ♦✑✒ ☛☞✌✍✎ ♦✑✒ ✠✓✡✌✎✔✍✍✑✕ ♦✑✒ ✠✕✖✗✏ ✘✓ x-✙✚✍ ♦✑✒

✠✓✍✕✗✎ ❧✌ ✎✑✛✍✍ ☛☞✍✜✗ ✌✎ ✠✌✗✑ ✘✢✕✣

✐✤✥✦✧★✩✪  4.4

1. (i) ✱✫ ✬✭ ✮❦✯✰ (ii) ♥❦✰ ✬✭ ✮❦✯✰

✲✳✴✫✭✁❦ ✮✰✵ ✶✷ ✳✰✸ y = 3 ✫❦ ❞✹❦�✳✂✴✹ �✺✶✷✁❦ ✫✴�✻✱✼

2. (i) ✱✫ ✬✭ ✮❦✯✰ (ii) ♥❦✰ ✬✭ ✮❦✯✰

✲✳✴✫✭✁❦ ✮✰✵ ✶✷ ✳✰✸ 2x + 9 = 0 ✫❦ ❞✹❦�✳✂✴✹ �✺✶✷✁❦ ✫✴�✻✱✼

4.6 ✽✧✾✧✿✥✧

❁✲ ❂❃✹❦✹ ✳✰✸❄ ❂❦✷✺✰ �✺❅✺�✯�❆❦✂ �❇✸♥❈❂❦✰✸ ✫❦ ❂❃✹✹✺ �✫✹❦ ❉❊❋

1. ax + by + c = 0 ✮✰✵ ✶✷ ✮✰✵ ✲✳✴✫✭✁❦ ✫❦✰ ✻❉❦●, a , b  ❂❦❊✭  c  ✮❦❍✂�✮✫ ✲✸❆✹❦✱● ❉❊✸ ❂❦❊✭
 a ❂❦❊✭ b  ♥❦✰✺❦✰✸ ■❦❏❑✹ ✺❉✴✸ ❉❊✸❄ ♥❦✰ ✬✭❦✰✸ ✮❦✯❦ ✭❊�❆❦✫ ✲✳✴✫✭✁❦ ✫❉❦ ✻❦✂❦ ❉❊✼

2. ♥❦✰ ✬✭❦✰✸ ✮❦✯✰ ✭❊�❆❦✫ ✲✳✴✫✭✁❦ ✮✰✵ ❂✷�✭�✳✂ ✶✷ ✲✰ ❂✺✰✫ ❉✯ ❉❦✰✂✰ ❉❊✸✼

3. ♥❦✰ ✬✭❦✰✸ ✮❦✯✰ ✷▲▼✹✰✫ ✭❊�❆❦✫ ✲✳✴✫✭✁❦ ✫❦ ❂❦✯✰❆❦ ✱✫ ✲✭✯ ✭✰❆❦❦ ❉❦✰✂❦ ❉❊✼
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4. x = 0,  y-✈✎� ✡� ☛☞✌✡✄✍� ✏✞ ✈�✞✄  y = 0,   x-✈✎� ✡� ☛☞✌✡✄✍� ✏✞✑

5. x = a  ✡� ✈�✝✁✠�  y-✈✎� ✆✁✒ ☛☞�☎✓✄ ✔✡ ☛✄✝ ✄✁✠�� ✏�✁✓� ✏✞✑

6. y = a  ✡� ✈�✝✁✠�  x-✈✎� ✆✁✒ ☛☞�☎✓✄ ✔✡ ☛✄✝ ✄✁✠�� ✏�✁✓� ✏✞✑

7. y = mx ✆✁✒ ♦✕✡�✄ ✡� ☛☞✌✡✄✍� ☞✖✝✟✗☎♥✘ ☛✁ ✏�✁✡✄ ✙�✚✁ ✆�✝✌ ✔✡ ✄✁✠�� ✡�✁ ✟✚✛✟♦✓

✡✄✓� ✏✞✑

8. ♥�✁ ✂✄�✁☎ ✆�✝✁ ✄✞✟✠�✡ ☛☞✌✡✄✍� ✆✁✒ ✈�✝✁✠� ♦✄ ✟✜✢�✓ ♦✕✣✤✁✡ ✟✗☎♥✘ ✄✞✟✠�✡ ☛☞✌✡✄✍� ✡� ✔✡

✏✝ ✏�✁✓� ✏✞✑ ☛�✢� ✏✌❣ ✄✞✟✠�✡ ☛☞✌✡✄✍� ✡� ♦✕✣✤✁✡ ✏✝ ✄✞✟✠�✡ ☛☞✌✡✄✍� ✆✁✒ ✈�✝✁✠� ♦✄

✟✜✢�✓ ✔✡ ✟✗☎♥✘ ✏�✁✓� ✏✞✑
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✈ �✁ ✂✁ 5

❀✄☎✆✝✞ ✟✠ ✡❀☛☎☞☎✌ ✟☛ ✍☎✎✏❀

5.1 ❍✑✒✓✔✕✑

✬✖✗✘ ✙✚✛ ✖✜✢✜ ✣✤ (geometry) ✛ ✥✦ ✖✦ ✧ ★ ✖✖✩✖✖ ✪✫✭ ✬✖✗✘✖✫ ✮ ✙✜✯✛ ✖✫✤ (geo) ✰ ✖✱✲ ✙✢✧✳✴✧✦ ✤ (metrein)

❧✫ ✜✢✵ ✶✲ ✷✦ ✖ ✸✱✹ ✜✯ ✛ ✖✫ ✶✖ ✰✺ ✖✻ ✸✱ ✙✼✽✺ ✪✧✤ ✛ ✖ ✙ ★ ✖✥✜✢✤ ✰ ✖✱✲ ✢✧✳✴✧✦ ✶✖ ✰✺ ✖✻ ✸✱ ✙✢ ✖✼✦ ✖✤✹
❜❧❧✫ ✾✫ ❧✖ ✼ ✿✣✧✣ ✸✖✫ ✣ ✖ ✸✱ ✜ ✶ ✚✛ ✖✜✢✜ ✣ ✶✖ ❁✘❂❃✢ ★ ✖✥✜✢ ✢ ✖✼✦ ✫ ✶✧ ✰ ✖✪✬✛ ✶✣ ✖ ✪✫✭ ✶✖✲ ❄✖ ✸❅✰ ✖
✸✱✹ ❃✜❄ ✖✣ ✶✧ ❜❧ ✬✖✖❣ ✖✖ ✶✖ ✰❆✛✛✦ ✜ ✪✜ ★ ✖❇✦ ❈✼ ✖✫ ✮ ✢✫ ✮ ✼ ✿❉✛✫ ✶ ✼ ✿✖❊✧✦ ❧★✛ ✣ ✖✰ ✖✫ ✮ ❋✖✲ ✖ ✜✶✛ ✖
❃✛ ✖① ❊ ✖✸✫ ✪✸ ✜✢ ❧✿ ✸✖✫① ✷✫ ✷✧✵ ✖✫✦ ✸✖✫① ❊✧✦ ✸✖✫① ★✖✖✲ ✣ ✸✖✫① ✛✥✦ ✖✦ ✸ ✖✫ ✛ ✖ ❜✦ ✶✖❧ (incas),

❜❉✛ ✖✜✘✹ ❜✦ ❧★✛ ✣✖✰ ✖✫ ✮ ✪✫✭ ✵ ✖✫ ❃✖✫ ✮ ✶✖✫ ✰✦ ✫ ✶ ●✛ ✖✪ ✸✖✜✲ ✶ ❧✢■✛ ✖✰ ✖✫ ✮ ✶✖ ❧✖✢✦ ✖ ✶✲✦ ✖ ✼❏❑ ✖
✜✯✦ ✢✫ ✮ ✚ ✛ ✖✜✢✜✣ ✪✫✭ ✜ ✪✶✖❧ ✶✧ ✜✪✜★ ✖❇✦ ✼ ✿✶✖✲ ❧✫ ✰ ✖✪ ✬✛ ✶✣✖ ✼❏❑✧✹

❁✘✖✸✲ ❄✖ ✪✫✭ ✣✖✱✲ ✼✲① ✯ ✷ ★ ✖✧ ✦ ✧✵ ✦ ✘✧ ✢✫ ✮ ✷✖♠❑
✰ ✖✣✧ ✺ ✖✧① ✣ ✖✫ ✜ ✪✜★ ✖❇✦ ★ ✖✥✜✢ ■ ✪ ✖✜✢✛ ✖✫ ✮ ✪✫✭ ❧ ✮✵▲✦ ❣ ✖✫ ✣ ✖✫ ✮

✪✫ ✭ ✷✧ ❊ ✶✧ ✼✜✲ ❧✧✢✖✰ ✖✫ ✮ (boundaries) ✶✖✫ ✰✼✦ ✫ ❧✖✺ ✖
✷✸✖ ✵✫ ✯ ✖✣✧ ✺ ✖✧✹ ❜✦ ✷✖♠❑ ✖✫ ✮ ✪✫✭ ✷✖✘① ❜✦ ✼✜✲ ❧✧✢ ✖✰ ✖✫ ✮
✶✖✫ ✼ ❅✦ ❞ ✷✦ ✖✛ ✖ ✯ ✖✣ ✖ ✺ ✖✖✹ ❜❧ ✶✖✛ ✻ ✪✫✭ ✜✵ ✾① ✜✢ ❧✿✪✖✜❧✛✖✫ ✮

✦ ✫ ❧✲ ✵ ✉ ✖✫ ▼ ✖✼✭✵ ✼✜✲ ✶✜✵ ✣ ✶✲✦ ✫ ✪✫✭ ❧✖✺ ✖ ✸✧ ❧✲✵
✲ ❊✦ ✖✾❥ ✶✲✦ ✫ ✪✫✭ ✜✵ ✾① ✰ ✦✫ ✶ ✚✛ ✖✜✢✣✧✛ ✣✶✦ ✧✪✫ ✮✭ ✰ ✖✱✲
✜✦✛✢ ✜✪ ✶✜ ❧✣ ✜ ✶✾✹ ❁❇ ✸✖✫ ✮✦ ✫ ✚✛ ✖✜✢✜✣ ✪✫✭ ❢ ✖✦ ✶✖

❁✼✛ ✖✫ ❃ ✰ ❇✦ ★ ✖❄❏ ✖✲ ✖✫ ✮ ✪✫✭ ✰ ✖✛ ✣✦ ✜✦ ✶✖✵✦ ✫ ✣✺ ✖✖ ✦ ✸✲ ✖✫ ✮
✰ ✖✱✲ ✜✼✲ ✖✜✢❏ ✖✫ ✮ (pyramids) ✪✫✭ ✜✦✢ ✖✻❄✖ ✶✲ ✦✫ ✢✫ ✮ ✜✶✛ ✖✹

✪ ✫ ✾ ✶ ✶✳ ✫ ✸ ❅ ✾ ✜ ✼ ✲ ✖✜✢ ❏ (truncated pyramid)

◆✘✫✜❣ ✖✾ ✰ ✖❖✜ ✣ P◗❘❙ ✶✖ ✰ ✖✛ ✣✦ ❢ ✖✣ ✶✲ ✦✫ ✶✖ ❧✸✧
❚ ❯ ❱ ❲ ❳ 5.1 : ❨❩ ❯ ❬❭ ❚ ❯ ❲ ❪❫ ❯❲ ❴❵
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❧✍✎✏ ✑✏✒ ✓✏✔✕✖ ✗✏✖✘ ✙✏✚ ✓✏✔✕✖ ✛✜✢ ✣✤ ✣✚✥✏✣✦✧ ★✤ ★✖❧✒ ✩✏✖❧ ✙✏✪✣✕ ✛✏✖✕✒ ✛✜✫ ✣✓❧✤✏ ✙✏✬✏✏✥

★✤ ✣✎✏✑✏✱✓ ✭✏ ✮✯✰ ✭✏ ✤✏✖✲✰ ✙✳✭ ✴✛✱✑✏✱✓ ✛✏✖✕✏ ✛✜ ✙✏✜✥ ✣✓❧✮✖✵ ✚✏✶✮✰ ✚✵✷✤ (side faces

✭✏ lateral faces), ➴✚✥ ★✤ ✛✒ ✣✴✢✸✱ ✚✥ ✣✦✷✔✖ ✮✏✷✖ ✣✎✏✑✏✱✓ ✛✏✖✕✖ ✛✜✢✘

✑✏✏✥✕✒✭ ❍✚✹✦✛✏✺✒✚ ✦✖✢✫ ✛✧✻✼✚✏ ✙✏✜✥ ✦✏✖✛✔✓✏✖✸✧✻✏✖✫ ✲✽✭✏✣✸ ✤✒ ✾✏✱✸✏✲✭✏✖✢ ❧✖ ✭✛ ✚✕✏

✷✯✕✏ ✛✜ ✣✤ ✣❧✳②✱ ✿✏✏❁✒ ✤✒ ❧✑✭✕✏ ❂✷✯✑✏✯ ❃❄❄❄ ✲✰❅✚✍❅❆ ✔✖ ❇✭✏✣✦✣✕ ✤✏ ✚❈❉✱✥ ✦✏✎✏✏ ✦✖✢
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✆✔✍☛☛✆✵✞ ✆✗✕☛✸ ✆✵✦✝✌✑ ❧✌ ✣✓✹✕✌✗ ✗☛✌ ❢✣❡✆✬✞✗☛◗ ✝☛✦☛ ✵☛✞☛ ✠✏✒

✙✦ ✣❡✆✬✞✗☛✎☛✌✑ ✦✌ ❧✝✬✞ ✆✔✯✔ ✗☎ ✛✕☛✆✝✆✞ ❧✑✭✑✩☎ ❧✝❘ ✗☛✌

✎☛✦✌ ✔☛✮☎ ✣☎✆❙❚✕☛✌✑ ✞✗ ✣✓✍☛☛✆✔✞ ✆✗✕☛✒

✙❧ ✎P✕☛✕ ✝✌✑✸ ✠✝ ✛✕☛✆✝✆✞ ✔✌✥ ✣✓✆✞ ✕✴✆❅✮❆ ✔✌✥ ✫✿✆❞✺✗☛✌✤☛ ✗☎ ✶✶☛✚ ✗✟✌✑✘✌ ✎☛✏✟

✛✕☛✆✝✆✞ ✔✌✥ ✔✞✚✝☛✦ ✬✔♦✣ ❧✌ ✙❧✌ ✵☛✌❆❚✦✌ ✗☛ ✣✓✕✹✦ ✗✟✌✑✘✌✒

5.2 ❯❱❲❳●❨ ❩❍ ❬❲❭❪❫❫❴❫❫❊❵❛ ❝❲❪❫❣❤❥❍❦ ❝❫♥❭ ❝❲❪❫♣❫❭q❫❫❊❵

✕✴✆❅✮❆ ✔✌✥ ❧✝✕ ✔✌✥ ✕✴✦☛✦☎ ✘✆✤☛✞✲☛✌✑ ✦✌ ✛✕☛✆✝✆✞ ✗☛✌ ♠❧ ✆✔✯✔ ✗☛ ☞✗ ✆❧✱☛✑✞☎✕ ✣✓✆✞✝☛✦

(model) ❧☛✌✶☛ ✆✵❧✝✌✑ ✔✌ ✟✠✞✌ ✡☛✌✒ ✆✭✑✫❡ (point), ✟✌✜☛☛ (line), ✞✮ (plane) [✕☛ ✣✿❞r (surface)],

st✉✇② ③④⑤⑥ ✙✚❃✣✴❃⑦⑧⑤④ ✙✚❃✣✴❃⑨

⑩t❶❷❸ 5.2

❹❺❻❼❽❾ ❿➀➁➂ ➃➄ñ➅❺ñ➆➁➇➂ ➃➄➈➅❺➈➉
⑩t❶❷❸ 5.3
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❜✍✎✏✑✒ ✓✔ ✕✖✗✏✘✙✏✏✚✛ ✜✢ ✖ ✣✤✥✕✏✦✧ ★✦ ✣✩✏✏✑✪✤ ✓✔ ✫❜✬ ✭✏✦ ✜✢✖✦✮ ✕✏★✯✪✏ ★ ✩✏✔✧✰ ✕✏✓✏✱✏

(space) ✕✏✈✘ ✜✢✖ ✦✮ ✕✏★✯✪✏ ★ ✖✦✮ ✲✏✦ ★✏✦✧ ✖✦✮ ✕✳✎✎✢✏✦✧ ✖✦✮ ✕✏✗✏✘ ✪✘✴ ✚✓ ✲✏✦★ ✖ ✣✤✥ ✓✔

✑★❢✏✧✤✔✎ ✵✎✏✑✶✤✔✎ ✕✖✗✏✘✙✏✏ ✑✖✓ ✑★✤ ✓✔ ✫ ❜✷✰ ✚✓ ✲✏✦ ★ (solid) ✓✏ ✕✏✓✏✘ ❞✏✦ ✤✏ ❞✈✴ ✶✏✪

✕✏✈✘ ✑✣✩✏✑✤ ❞✏✦✤✔ ❞✈ ✤✩✏✏ ✜★✦ ✚✓ ✣✩✏✏✢ ★✦ ✒✸★✘✦ ✣✩✏✏✢ ✤✓ ✹✦ ✭✏✎✏ ✭✏ ★✓✤✏ ❞✈✰ ❜★✓✔

✪✑✘★✔✶✏✚✛ ✐✺✻✼ (surface) ✓ ❞✹✏✤✔ ❞✈✧✰ ✎✦ ✕✏✓✏✱✏ ✖✦✮ ✚✓ ✽✏✏✫ ✓✏✦ ✒✸★✘✦ ✽✏✏✫ ★✦ ✪✾✩✏✓ ✓✘ ✤✔

❞✈✧ ✕✏✈✘ ❜✢ ✓✔ ✓✏✦❜✷ ✶✏✦❣✏ ❜✷ ✢ ❞✔✧ ❞✏✦ ✤✔✰ ✪✾✿✲✏✦✧ ✓✔ ✪ ✑✘ ★✔✶✏ ✚✛ ♦❁ (curves) ✎✏ ★✔✳✏✔ ❥ ❂❃❄❄ ❅❆

(lines) ❞✏✦✤✔ ❞✈✧✰ ❜✢ ✘✦❇✏✏✕✏✦✧ ✓✦ ✑★✘✦ ✑❈✧ ✒✥ (points) ❞✏✦✤✦ ❞✈✧✰

✲✏✦ ★✏✦ ✧ ★✦ ✑❈✧ ✒✥✕✏✦✧ ❉✲✏✦ ★✯✪✾ ✿✲✯✘ ✦ ❇✏✏ ✚✛✯✑❈✧ ✒✥❊ ✤✓ ✖✦✮ ✤✔✢ ❋✘✙✏✏✦✧ ✪✘ ✑✖ ❋✏✘ ✓✔ ✑✭ ✚✰ ✪● ✍✎✦✓

❋✘ ✙✏ ✶✦✧✴ ❞✶ ✚✓ ✑✖ ✣ ✤✏✘✴ ✑✭★✦ ❞✶ ✑✖ ✶✏ (dimension) ✽✏✔ ✓ ❞✤✦ ❞✈✧✴ ★✦ ✖✧ ✑❋ ✤ ❞✏✦ ✤✦ ❞ ✈✧✰

❜★✑✹✚✴ ✎ ❞ ✓ ❞✏ ✭✏ ✤✏ ❞ ✈ ✑✓ ✚✓ ✲✏✦ ★ ✓✔ ✤✔✢ ✑✖ ✶✏ ✚ ✛ ❞✏✦ ✤✔ ❞✈✧✴ ✚✓ ✪✾ ✿✲ ✓✔ ✒✏✦ ✑✖ ✶✏ ✚ ✛✴

✚✓ ✘ ✦ ❇✏✏ ✓✔ ✚✓ ✑✖ ✶✏ ❞✏✦ ✤✔ ❞✈ ✕✏✈✘ ✚✓ ✑❈✧ ✒✥ ✓✔ ✓✏✦ ❜✷ ✑✖ ✶✏ ✢ ❞✔✧ ❞✏✦ ✤✔✰ ✎ ✸✑❍ ✹■ ✢✦ ❜✢

✓✩ ✏✢ ✏✦✧ ✓✏✦ ★✧ ✑❏✏ ❑ ✤ ▲✪ ★✦ ✪ ✑✘ ✽✏✏ ✿✏✏ ✕✏✦ ✧ ✖ ✦✮ ▲✪ ✶✦✧ ✪● ✣ ✤ ✥✤ ✑✓✎✏✰ ✜ ▼ ❞✏✦ ✧✢ ✦ ✕✪✢ ✦ ❜✢

✘ ❞ ✣✎✏✦ ✒◆✏✏❣✢ ✏✦✧ ✓✏ ✪●✏✘ ❖ ✽✏ P✚ ✹✔✶✦✧❣◗ ★❘ ✓✔ ✪ ✥✣✤✓ ❙ ✶✦✧ ❚❯ ✪ ✑✘ ✽✏✏✿✏✏✚ ✛ (definitions) ✒✦✓✘

✑✓✎✏✰ ❜✢✶✦✧ ★✦ ✖ ✥✮❱ ✪ ✑✘ ✽✏✏ ✿✏✏ ✚ ✛ ✢✔ ❋✦ ✒✔ ✭✏ ✘ ❞✔ ❞✈✧ ❲

1. ✚✓ ❳❨ ❩❬❭ (point) ✖ ❞ ❞✈ ✑✭ ★✓✏ ✓✏✦ ❜✷ ✽✏✏✫ ✢ ❞✔✧ ❞✏✦ ✤✏✰

2. ✚✓ ❥ ❂❃ ❄❄ (line) ❋✏ ✈■♣✏ ❜✷ ✘ ✑❞✤ ✹❖❈✏ ❜✷ ❞✏✦ ✤✔ ❞✈✰

3. ✚✓ ✘✦ ❇✏✏ ✖ ✦✮ ✑★✘✦ ✑❈✧ ✒✥ ❞✏✦ ✤✦ ❞✈✧✰

4. ✚✓ ❧ ❪ ❫ ❪ ❥ ❂ ❃ ❄ ❄ ✚ ✦ ★ ✔ ✘ ✦ ❇✏ ✏ ❞ ✈ ✭ ✏ ✦ ✣ ✖ ✎ ✧ ✪ ✘ ✑❈ ✧ ✒ ✥ ✕ ✏✦ ✧ ✖ ✦ ✮ ★ ✏ ✩ ✏ ★ ✪ ✏ ❣ ▲ ✪ ★ ✦ ✑ ✣ ✩ ✏ ✤

❞✏ ✦ ✤ ✔ ❞ ✈✰

5. ✚✓ ✐ ✺ ✻✼ (surface) ✖ ❞ ❞ ✈ ✑✭ ★✓✔ ✖✦ ✮✖ ✹ ✹❖❈✏❜✷ ✕✏ ✈✘ ❋✏✈■ ♣✏ ❜✷ ❞✏✦ ✤✔ ❞✈✰

6. ✪✾ ✿✲ ✖✦✮ ❳❴❵❄❥ ❂ (edges) ✘ ✦ ❇✏✏ ✚✛ ❞✏✦ ✤✔ ❞✧ ✈✰

7. ✚✓ ★✶ ✤ ✹ ✪✾ ✿✲ (plane surface)  ✚✦ ★✏ ✪✾ ✿✲ ❞✈ ✭✏✦ ✣✖✎✧ ✪✘ ★✔✗ ✔ ✘✦ ❇✏✏ ✕✏✦✧ ✖✦✮ ★✏✩✏

★✪✏❣ ▲✪ ★✦ ✑✣✩✏ ✤ ❞✏✦ ✤✏ ❞✈✰

✎ ✑✒ ✕✏✪ ✳✎✏✢✪ ✸✖ ✷✓ ❜✢ ✪ ✑✘ ✽✏✏ ✿✏✏✕✏✦✧ ✓✏✦ ✒✦ ❇✏✦✧✴ ✤✏✦ ✕✏✪ ✪✏ ✚ ✛✫✦ ✑✓ ✖ ✥✮❱ ✪ ✒✏✦✧ ✭✈★✦ ✽✏✏✫✴

❋✏ ✈■♣✏ ❜✷✴ ✹❖❈✏ ❜✷✴ ★✪✏❣ ▲✪ ★✦✴ ❜✍✎✏ ✑✒ ✓✏✦ ✣✪ ✿❣ ▲✪ ★✦ ✕✏✫✦ ✕✏ ✈✘ ✕✑✗✓ ★✶❛✏✢ ✦ ✓✔

✕✏✖✱ ✎✓ ✤✏ ❞✈✰ ✜ ✒✏❞✘✙✏✏✩✏✷✴ ✑❈✧ ✒✥ ✓✔ ✪ ✑✘ ✽✏✏✿✏✏ ✪✘ ✑✖ ❋✏✘ ✓✔✑✭✚ ✭✏✦ ✎ ✸✑❍✹■ ✢ ✦ ✒✔ ❞✈✰ ❜★

✪ ✑✘ ✽✏✏ ✿✏✏ ✶✦✧✴ P✚✓ ✽✏✏✫❘ ✓✏✦ ✪ ✑✘ ✽✏✏ ✑✿✏ ✤ ✓✘ ✢✦ ✓✔ ✕✏✖✱ ✎✓ ✤✏ ❞✈✰ ✶✏✢ ✹✔ ✑✭✚ ✑✓ ❞✶ ✎ ❞

✪ ✑✘ ✽✏✏ ✑✿✏ ✤ ✓✘✦✧ ✑✓ ✚✓ ✽✏✏✫ ✖ ❞ ❞✈ ✭✏✦ P❏✏✦ ❝✏❘ ◆✏✦✘ ✤✏ ❞ ✈✴ ✤✏✦ ❞✶✦✧ ✪✥✢ ❲ P❏✏✦ ❝✏❘ ✓✏✦ ✪ ✑✘ ✽✏✏ ✑✿✏ ✤ ✓✘✢ ✦

✓✔ ✕✏✖✱✎✓ ✤✏ ❞✏✦ ✫✔✰ ✕✤ ❲ ✚✓ ✖ ✣✤ ✥ ✓✏✦ ✪ ✑✘ ✽✏✏ ✑✿✏ ✤ ✓✘✢ ✦ ✖ ✦✮ ✑✹✚✴ ✕✏✪✓✏✦ ✕✢✦✓ ✖ ✣✤✥ ✕✏✦✧
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❞☎✆ ✝✞✟✠☎☎✞✡☎☛ ❞✟☞ ✆ ❞✌ ✍☎ ✎✏✑ ❞☛☎ ✒☎ ✆☛ ✌ ✒✓ ✍☎✓ ✟ ✞✔☞☎ ✞ ❞✕ ✌ ✍✖☛ ✎✆✗ ✝✞ ✟✠ ☎☎✡☎☎ ✍☎ ✆✖ ❞✌ ✘ ❞

②❊✔ ✌ ✥☎✙ ✖✚☎ ②☎ ✝ ✛☎✜☛ ✒☎✆ ✕ ❞☛ ✌ ✒✓ ✢ ✣✤ ✒✌✖ ❞☎ ✟✦☎ ✎✏☎✧ ★✞ ✦☎☛ ✩☎ ✆✖ ✪☎ ✟☎ ✑ ✒ ✕ ✫✞✎✬☎☎ ✭☞ ❞ ✝☎✑☎ ★✑ ☎

✞ ❞ ✎✫ ✗❢ ✮✑☎✞✯☛ ✌✑ ✝ ✰☎ ✆✖ ❞☎ ✆ ✈✱✲✳✴ ✵✵✲✶✵✷ (undefined) ✯☎☞ ✞②✑☎ ✭☎✘ ✢ ✣✕ ✞ ✎✞ ❡ ✕ ✆✧ ✒✯

✘ ❞ ✞✔ ✖✰✫ ❞✌ ✮✑☎✞✯☛ ✌✑ ✕ ✖ ❞✸✝☞ ☎ ❞☎ ✹✝✟ ✰✌ ✒✫ ✣✺ ✻✝✞ ✟✠ ☎☎ ✡☎☎ ✼ ❞✌ ☛✫ ②☞ ☎ ✯ ✆✖ ✘ ❞ ✔ ✆✒☛ ✟

✍✖☛ ✩☎ ✺☞ ☎✽✯❞ ✍☎✠ ☎☎✕ ✝ ✛☎✜☛ ❞✟ ✆✖★✆✢ ✣✕ ✞②✘ ✧ ✒✯ ✞✔ ✖✰✫ ❞☎✆ ✘ ❞ ✕ ✾✿✯ ✞✔ ✖✰✌ (dot) ✕ ✆ ✞☞ ❧✞✝☛

❞✟☛ ✆ ✒✓ ✖✧ ✝✟✤☛✫ ✣✕ ✕ ✾✿✯ ✞✔ ✖✰✌ ❞✌ ✎✫ ✗❢ ☞ ✎✫ ✗❢ ✞✎✯☎ ✍✎✏✑ ✒☎ ✆☛ ✌ ✒✓ ✢

✣✕ ✌ ✝ ✛❞☎ ✟ ❞✌ ✕ ✯❜✑☎ ❀✝ ✟☎ ✆❁☛ ✝✞✟✠☎☎ ✡☎☎ ❂ ✯✆✖ ✠ ☎ ✌ ✍☎☛ ✌ ✒✓ ✢ ✣✕ ✯ ✆✖ ❃☎✓❄ ❅☎ ✣✺ ✍☎✓ ✟ ②❊✔☎ ✣✺

❞☎ ✕ ✖ ✰✠ ☎ ✺ ✍☎☛ ☎ ✒✓ ✍☎✓ ✟ ✣☞✯ ✆✖ ✕ ✆ ✞❞✕ ✌ ❞☎ ✆ ✠☎ ✌ ✝ ✒②✆ ✝✞✟✠☎☎✞✡☎☛ ☞ ✒ ✌✖ ✞ ❞✑☎ ★✑ ☎ ✒✓ ✢ ✣✕ ✌

❞☎✟ ✦☎✧ ✞❞✕ ✌ ✠ ☎✌ ✞ ✎✡☎✑ ✎✆✗ ✍✬✑✑☞ ✎✆✗ ✞②✘ ✎✫ ✗❢ ✝ ✰☎✆✖ ❞☎ ✆ ✍✝✞ ✟✠ ☎☎✞ ✡☎☛ ✟✚☎☎ ★✑☎ ✒✓ ✢

✣✕✞ ②✘✧ ✮✑☎✞✯✞☛ ✯ ✆✖ ✒✯ ✞✔ ✖✰✫✧ ✟✆✚ ☎☎ ✍☎✓ ✟ ☛ ② ❆✑ ✾✞ ❁②❄ ✎✆✗ ✏☎❇ ✰☎ ✆✖ ✯ ✆✖ ✕ ✯☛ ② ✝✙ ✡❈❉ ❞☎ ✆

✍✝✞ ✟✠ ☎☎✞ ✡☎☛ ✏ ☎❇ ✰☎ ✆✖ ✎✆✗ ❧✝ ✯ ✆✖ ✯☎☞ ❞✟ ❃ ②☛ ✆ ✒✓ ✖✢ ✎ ✆✗✎ ② ✑ ✒ ✔☎☛ ✍✎✏✑ ✒✓ ✞❞ ✒✯ ✣✤ ✒✆✖

✍✖☛ ✩☎ ✺☞☎✽✯ ❞ ❧ ✝ ✕ ✆ ✞☞❧ ✞✝☛ ❞✟ ✕ ❞☛ ✆ ✒✓ ✖ ✍❋☎✎☎ ✻✠☎☎✓✞☛ ❞ ✝✛✞☛ ✯☎☞ ☎✆✖✼ ❆ ✎❜☛ ✫ ✍☎ ✆✖❉ ❞✌

✕ ✒☎✑☛☎ ✕ ✆ ❜✝✡● ❞✟ ✕ ❞☛ ✆ ✒✓ ✖✢

✍✝☞ ✌ ✣☞ ✝✞✟✠☎☎ ✡☎☎ ✍☎ ✆✖ ✕ ✆ ✝ ✛☎✟❊✠ ☎ ❞✟☛ ✆ ✒✫✘ ✧ ✑ ✾✞❁ ②❄ ☞ ✆ ✎✫ ✗❢ ★✫ ✦☎☎ ✆✖ ❞☎ ✆ ✞✔☞ ☎ ✞✕ ❍ ✞ ❞✘

✕✽✑ ❞❋☎☞ ✯☎☞☞ ✆ ❞✌ ❞✸✝☞ ☎ ❞✌✢ ✑ ✆ ❞✸✝☞☎✘ ■ ✎☎ ❜☛ ✎ ✯ ✆✖ ✻❜✝ ✡●☛ ❏ ✕ ✎ ✺❑✑☎✝ ✌ ✕✽✑ ✼ ❋☎ ✆✢

❀ ✤ ✒☎ ✆✖☞ ✆ ✣☞ ❞☎ ✆ ✰☎✆ ✎★☎ ✆♠ ✯ ✆✖ ✞ ✎✠☎☎✞ ✭☛ ✞ ❞✑☎ ✢ ✑ ✆ ✎ ★✺ ❋☎ ✆ ❏ ▲▼◆❖ P ◗❘❙ ❚ (axioms) ✍☎✓✟

▲▼◆❖ ❯❖❖ ❱ ❲❖❖ ❳❨ (postulates)✢ ❀ ✤ ✒☎ ✆✖☞ ✆ ▲▼◆❖ ❩❖❱ ❲❖ ❖ ✏☎❇ ✰ ❞☎ ✝ ✛✑☎ ✆★ ❀ ☞ ❞✸✝☞ ☎ ✍☎ ✆✖ ✎✆✗ ✞②✘

✞ ❞✑ ☎ ✭☎ ✆ ✞ ✎✞✏☎ ✡● ❧ ✝ ✕ ✆ ✮✑☎✞✯✞☛ ✕ ✆ ✕ ✖✔ ✖✞ ❡☛ ❋☎ ✌✖✢ ✰✾✕ ✟ ✌ ✍☎ ✆✟✧ ✕ ☎✯☎✤✑ ✍✎❡☎ ✟ ✦☎☎✘ ■ ❬✞ ✭✤ ✒ ✖✆

✝ ✛☎✑❏ ▲▼◆❖P ◗❘❙❚ (axioms) ❞✒☎ ★✑☎❭ ✎✆ ❞✸✝☞☎✘ ■ ❋☎ ✌✖ ✞ ✭✤ ✒ ✆✖ ✞☞ ✟✖☛ ✟ ★✞✦☎☛ ✯✆✖ ✝ ✛✑☎ ✆★ ✞❞✑☎

★✑☎ ✍☎✓ ✟ ✞ ✭☞ ❞☎ ✎✆✗✎ ② ✮✑ ☎✞✯✞☛ ✕ ✆ ✒✌ ✞ ✎✏☎ ✆✡☎ ✕ ✖✔ ✖❡ ☞ ✒✌✖ ❋☎☎ ✢ ✍✞✠ ☎ ★✙ ✒✌☛ ✍☎✓ ✟ ✍✞✠ ☎✬☎☎ ✟✦☎☎ ✍☎ ✆✖

❞✌ ✍☎✓ ✟ ✍✞ ❡❞ ✭☎☞ ❞☎✟ ✌ ✎ ✆✗ ✞ ②✘ ✝✞ ✟✞✏☎ ✡● ❪ ❞☎ ✆ ✰✆✞✚ ☎✘ ✢

❫❴▼❵❛❝ ❣❤✐ ❣❥✐❦ ▲▼◆❖P ◗❘❙❚❖ ❤♥ ❞☎✆✧ ✞✔☞☎ ❀☞ ✎✆✗ ✪☎ ✟☎ ✞✰✘ ♦✯ ✎✆✗✧ ☞ ✌❃ ✆ ✞✰✑☎ ✭☎ ✟✒☎ ✒✓❏

(1) ✎ ✆ ✎❜☛ ✫✘ ■ ✭☎ ✆ ✘ ❞ ✒✌ ✎❜☛✫ ✎ ✆✗ ✔ ✟☎✔ ✟ ✒☎ ✆✖ ✘ ❞ ✰✾✕ ✟ ✆ ✎✆✗ ✔ ✟☎✔ ✟ ✒☎✆☛ ✌ ✒✓ ✖✢

(2) ✑✞ ✰ ✔ ✟☎✔ ✟☎ ✆✖ ❞☎ ✆ ✔ ✟☎✔ ✟☎✆✖ ✯ ✆✖ ✭☎ ✆❄ ❅☎ ✭☎✘ ✧ ☛☎ ✆ ✝ ✾✦☎ ✺ ✠☎ ✌ ✔ ✟☎✔ ✟ ✒☎ ✆☛ ✆ ✒✓ ✖✢

(3) ✑✞ ✰ ✔ ✟☎✔ ✟☎ ✆✖ ❞☎ ✆ ✔ ✟☎✔ ✟☎ ✆✖ ✯ ✆✖ ✕ ✆ ♣☎ ●☎✑☎ ✭☎✘ ✧ ☛☎ ✆ ✏ ☎✆✡☎✝ ✗② ✠ ☎ ✌ ✔ ✟☎✔ ✟ ✒☎ ✆☛ ✆ ✒✓ ✖✢

(4) ✎ ✆ ✎❜☛✫✘ ■ ✭☎ ✆ ✝ ✟❜✝✟ ✕ ✖✝☎☛ ✌ ✒☎ ✆✖✧ ✘ ❞ ✰✾✕ ✟✆ ✎✆✗ ✔ ✟☎✔ ✟ ✒☎ ✆☛ ✌ ✒✓ ✖✢

(5) ✝ ✾✦☎ ✺ ✍✝☞ ✆ ✠ ☎☎ ★ ✕ ✆ ✔❄ ❅☎ ✒☎ ✆☛☎ ✒✓ ✢

(6) ✘ ❞ ✒✌ ✎❜☛✫ ✍☎ ✆✖ ✎ ✆✗ ✰✫ ★✫☞ ✆ ✝ ✟❜✝✟ ✔ ✟☎✔ ✟ ✒☎ ✆☛ ✆ ✒✓ ✖✢

(7) ✘ ❞ ✒✌ ✎❜☛✫ ✍☎ ✆✖ ✎✆✗ ✍☎ ❡✆ ✝✟ ❜✝ ✟ ✔ ✟☎✔ ✟ ✒☎✆☛ ✆ ✒✓ ✖✢
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✍✎ ✏✑✒✑✓✍ ✔✕✖✑✗✘✑✑✙✚ ✛✜✏✢ ✣✤✜✑✗ ✕✎✥ ✣✛✗✒✑✘✑✑✎✦ (magnitudes) ✕✎✥ ✏✦♦✧✑★ ✒✎✦ ✜✩✢ ✪✫★

✩❣✦✬ ✣✩✭✢ ✏✑✒✑✓✍ ✔✕✖✑✗✘✑✑ ✜✑✎ ✏✒✮✭✢✍ ✔✑✯✛✮✍✑✎✦ ✕✎✥ ✛✭✙ ✣✤✍✑✎✪ ✛✜✍✑ ✰✑ ✏✜✮✑ ✩❣✬

♠♦✑✩✗✘✑✑✱✑★✲ ✍✛♦ ✙✜ ✛✳✑✧✑✴✰ ✜✑ ✵✑✎✳✑✣✥✭ ✙✜ ✔✑✍✮ ✕✎✥ ✵✑✎✳✑✣✥✭ ✕✎✥ ✶✗✑✶✗ ✩✑✎ ✔✑❣✗ ✫✏

✔✑✍✮ ✜✑ ✵✑✎✳✑✣✥✭ ✙✜ ✕✪★ ✕✎✥ ✵✑✎✳✑✣✥✭ ✜✎ ✶✗✑✶✗ ✩✑✎✲ ✮✑✎ ✛✳✑✧✑✴✰ ✜✑ ✵✑✎✳✑✣✥✭ ✧✑✢ ✕✪★ ✕✎✥

✵✑✎✳✑✣✥✭ ✕✎✥ ✶✗✑✶✗ ✩✑✎✪✑✬

✙✜ ✩✢ ✣✤✜✑✗ ✕✎✥ ✣✛✗✒✑✘✑✑✎✦ ✜✢ ✮✴✭✷✑ ✜✢ ✰✑ ✏✜✮✢ ✩❣ ✔✑❣✗ ♠✓✩✎✦ ✰✑✎✸✹✑ ✧✑✢ ✰✑ ✏✜✮✑

✩❣✲ ✣✗✦✮✴ ✛✧✑✓✷✺✛✧✑✓✷ ✣✤✜✑✗ ✕✎✥ ✣✛✗✒✑✘✑✑✎✦ ✜✢ ✮✴✭✷✑ ✷✩✢✦ ✜✢ ✰✑ ✏✜✮✢ ✩❣✬ ♠♦✑✩✗✘✑✑✱✑★✲ ✙✜

✗✎❥✑✑ ✜✑✎ ✙✜ ✔✑✍✮ ✒✎✦ ✰✑✎✸✹✑ ✷✩✢✦ ✰✑ ✏✜✮✑ ✔✑❣✗ ✷ ✩✢ ✙✜ ✜✑✎✘✑ ✜✢ ✙✜ ✣✦✻✧✑✴✰

(pentagon) ✏✎ ✮✴✭✷✑ ✜✢ ✰✑ ✏✜✮✢ ✩❣✬

➴✣✗ ✛♦✍✑ ✩✴✔✑ ✻✑❣✱✑✑ ✔✛✧✑✪✼✩✢✮ ✍✩ ✶✮✑✮✑ ✩✴✔✑ ✣✤✮✢✮ ✩✑✎✮✑ ✩❣ ✛✜ ✍✛♦ ♦✑✎ ✕✽✮✴✙✚

✏✕★✏✒ (identical) ✩✑✎✦ ✾✔✱✑✑★✮✿ ✕✎ ✙✜ ✩✢ ✩✑✎✦❁✲ ✮✑✎ ✕✎ ✶✗✑✶✗ ✩✑✎✮✢ ✩❣✦✬ ♦❂✏✗✎ ❃✑❄♦✑✎✦ ✒✎✦✲ ✜✑✎✫★

✧✑✢ ✕✽✮✴ ✽✕✍✦ ✕✎✥ ✶✗✑✶✗ ✩✑✎✮✢ ✩❣✬ ✍✩ ✔❍✍✑✗✑✎✣✘✑ (superposition) ✕✎✥ ✛✏❅✑✦✮ ✜✢

✮✕★✥✏✦✪✮✮✑ ✣✤✜r ✜✗✮✑ ✩❣✬ ✔✛✧✑✪✼✩✢✮ ✾❆❁ ❇✏✎ ✶✸✹✑ ✩❣ (greater than)❈ ✜✢ ✣✛✗✧✑✑❞✑✑ ♦✎✮✑

✩❣✬ ♠♦✑✩✗✘✑✑✱✑★✲ ✍✛♦ ✜✑✎✫★ ✗✑✛❃✑ B, ✛✜✏✢ ✔✓✍ ✗✑✛❃✑ A ✜✑ ✙✜ ✧✑✑✪ ✩✑✎✲ ✮✑✎ A ✜✑✎ ✗✑✛❃✑ B

✔✑❣✗ ✙✜ ✔✓✍ ✗✑✛❃✑ C ✕✎✥ ✍✑✎✪ ✕✎✥ ❉✣ ✒✎✦ ✛✭❥✑✑ ✰✑ ✏✜✮✑ ✩❣✬ ✏✑✦✕✎✥✛✮✜ ❉✣ ✏✎✲ A > B

✜✑ ✔✱✑★ ✩❣ ✛✜ ✜✑✎✫★ C ✙✎✏✑ ✩❣ ✛✜ A = B + C ✩❣✬

✔✑✫✙ ✔✶ ✍❂✛✈✭✸ ✜✢ ✣✑✚✻ ✔✛✧✑✖✑✗✘✑✑✔✑✎✦ (postulates) ✜✢ ✻✻✑★ ✜✗✎✦✬ ✍✎ ✫✏ ✣✤✜✑✗

✩❣✦❊

❋●■❏❑❏▲▼❏❏ 1 :  ◆❖ P◗❘❙❚ ❯❱ ◆❖ ❲❳❨ P◗❘❙❚ ❩❖ ◆❖ ❯❬❭❬ ❪❱❫❴❴ ❫❴❬❘❵❬ ❛❴ ❯❖❩❬ ❜❝❡

❍✍✑✷ ♦✢✛✰✙ ✛✜ ✍✩ ✔✛✧✑✖✑✗✘✑✑ ✩✒✎✦ ✶✮✑✮✢ ✩❣ ✛✜ ♦✑✎ ✛✧✑✓✷ (distinct) ✛✶✦♦✴✔✑✎✦ ✏✎ ✩✑✎✜✗

✜✒ ✏✎ ✜✒ ✙✜ ✗✎❥✑✑ ✔✕❃✍ ❥✑✢✦✻✢ ✰✑ ✏✜✮✢ ✩❣✲ ✣✗✓✮✴ ✫✏✏✎ ✍✩ ✷✩✢✦ ❢✑✮ ✩✑✎✮✑ ✛✜ ✙✎✏✢

✙✜ ✏✎ ✔✛✖✜ ✏✢✖✢ ✗✎❥✑✑✙✚ ✷✩✢✦ ✩✑✎ ✏✜✮✢✦✬ ✣✗✓✮✴ ✔✣✷✎ ✏✒✽✮ ✜✑✍✑✎❤ ✒✎✦ ✍❂✛✈✭✸ ✷✎✲ ✛✶✷✑

✕✴✥✐ ✶✮✑✙✲ ✍✩ ✶✑✗✺✶✑✗ ✜❦✣✷✑ ✜✢ ✩❣ ✛✜ ♦✑✎ ✛✧✑✓✷ ✛✶✦♦✴✔✑✎✦ ✏✎ ✙✜ ✔✛❧✮✢✍ (unique)

✗✎❥✑✑ ✩✢ ❥✑✢✦✻✢ ✰✑ ✏✜✮✢ ✩❣✬ ✩✒ ✫✏ ✣✛✗✘✑✑✒ ✜✑✎ ✙✜ ✔✛✧✑✪✼✩✢✮ ✕✎✥ ❉✣ ✒✎✦ ✷✢✻✎ ♦✎ ✗✩✎

✩❣✦❊

❋●■❏♥♣qst 5.1 : P❙◆ ❜❚◆ ❙❴❱ P✉❴❳✇ P◗❘❙❚❲❴❱❘ ❯❱ ❜❴❱❖❪ ◆❖ ❲P①❩❬❨ ❪❱❫❴❴ ❫❴❬❘❵❬ ❛❴ ❯❖❩❬

❜❝❡

✛✶✦♦✴ P ✏✎ ✩✑✎✜✗ ✛✜✮✷✢ ✗✎❥✑✑✙✚ ❥✑✢✦✻✢ ✰✑ ✏✜✮✢ ✩❣✦ ✰✑✎ ✛✶✦♦✴ Q ✏✎ ✩✑✎✜✗ ✧✑✢ ✰✑✮✢ ✩✑✎✦

✾♦✎✛❥✑✙ ✔✑✯✛✮ ❆②③❁④ ✕✎✥✕✭ ✙✜✬ ✍✩ ✗✎❥✑✑ PQ ✩❣✬ ✛✶✦♦✴ Q ✏✎ ✩✑✎✜✗ ✰✑✷✎ ✕✑✭✢ ✙✎✏✢
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❢☎✆✝✞ ✟✠✡☛☛☞✌ ✍✎✏ ✑☛✠ ❢✒✏✓✔ P ❧✠ ✍☛✠☎✟ ✕☛✞ ✑☛✆✞ ✍✎✖ ✗✠✘✗✙ ☞☎✚ ✛✜☛☛✢✆✣ ✟✠✡☛☛ PQ❆ ✤❧ ✥✦☎☛✟✚

♠✥✟☛✠✧✆ ☎✜☛✝ ☞☎ ★✗✩✏ ❢❧✪ (self evident) ❧✫✩ ✍✎ ✛☛✎✟ ✤❧✞❢✙☞ ✍✬ ✤❧✠ ☞☎ ✛❢✕☛✭✮✍✞✆

✗✠✘ ♦✥ ✬✠✏ ✬☛✝ ✙✠✆✠ ✍✎✏❆

✈✯✰✱✲  5.4

✳✴✵✶✷✶✸✹✶✶ 2 : ✺✻ ✼✽✾✿ ❀❁❂✽✽ (terminated line) ✻✽❁ ❞❃❄❃❅❇✿ ❈❉ ✼❁ ❊❋●✽❍✽ ■✽ ✼✻✿✽

❣❏❑

è✩☛✝ ✓✞❢✑☞ ❢✑❧☎☛✠ ✍✬ ✛☛✑☎✙ ✟✠✡☛☛✡☛✏▲ (line segment) ☎✍✆✠ ✍✎✏✚ ♠❧✠ ✩▼❢✧✙▲ ✝✠

❧☛✏✆ ✟✠✡☛☛ ☎✍☛ ✜☛☛❆ ✛✆◆✚ ✗✆✢✬☛✝ ☎✞ ✕☛☛❖☛☛ ✬✠✏✚ ✓▼❧✟✞ ✛❢✕☛P☛✟◗☛☛ ✩✍ ☎✍✆✞ ✍✎ ❢☎ ☞☎

✟✠✡☛☛✡☛✏▲ ☎☛✠ ✓☛✠✝☛✠✏ ✛☛✠✟ ❢✗★✆✮✆ ☎✟✗✠✘ ☞☎ ✟✠✡☛☛ ✒✝☛✤✢ ✑☛ ❧☎✆✞ ✍✎ ❥✓✠❢✡☛☞ ✛☛❘❢✆ ❙❚❙❯❆

✈✯✰✱✲ 5.5

✳✴✵✶✷✶✸✹✶✶ 3 : ❃✻✼❱ ✻✽❁ ❲❁❳❨❩❬ ❭✽❄ ✻❀ ❞✽❏❀ ❃✻✼❱ ❃❪✽❫❍✽ ✼❁ ✺✻ ❲❴❵✽ ❂✽❱ ✾❇✽ ■✽

✼✻✿✽ ❣❏❑

✳✴✵✶✷✶✸✹✶✶ 4 :  ✼❛✽❱ ✼❭✻✽❁❜✽ ✺✻ ❩❝✼❀❁ ❲❁❳ ❊❀✽❊❀ ❣✽❁✿❁ ❣❏✾❑

✳✴✵✶✷✶✸✹✶✶ 5 : ❍❃❩ ✺✻ ✼❱❡❱ ❀❁❂✽✽ ❩✽❁ ✼❱❡❱ ❀❁❂✽✽❞✽❁✾ ❉❀ ❃❤❀ ✻❀ ❞❉❄❁ ✺✻ ❣❱ ❞✽❁❀ ❩✽❁

❞✾✿✐ ✻✽❁❜✽ (interior angles) ❦✼ ❉❬✻✽❀ ❊❄✽✺ ❃✻ ❦❄ ❩✽❁❄✽❁✾ ✻✽❁❜✽✽❁✾ ✻✽ ❍✽❁❤ ❃❭♥ ✻❀ ❩✽❁

✼❭✻✽❁❜✽✽❁✾ ✼❁ ✻❭ ❣✽❁♣ ✿✽❁ ❲❁ ❩✽❁❄✽❁✾ ✼❱❡❱ ❀❁❂✽✽✺q ❞❃❄❃❅❇✿ ❈❉ ✼❁ ❊❋●✽✺ ■✽❄❁ ❉❀ r✼❱ ❞✽❁❀

❃❭♥✿❱ ❣❏✾ ❃■✼ ❞✽❁❀ ❍❣ ❍✽❁❤ ❩✽❁ ✼❭✻✽❁❜✽✽❁✾ ✼❁ ✻❭ ❣✽❁✿✽ ❣❏❑

♠✓☛✍✟◗☛☛✜☛✢✚ ✛☛❘❢✆ ❙❚s ✬✠✏✚ ✟✠✡☛☛ PQ ✟✠✡☛☛✛☛✠✏ AB

✛☛✎✟ CD ✥✟ ✤❧ ✥✦☎☛✟ ❢✭✟✆✞ ✍✎ ❢☎ ✛✏✆◆ ☎☛✠◗☛☛✠✏ t ✛☛✎✟

✉ ☎☛ ✩☛✠✭✚ ✑☛✠ PQ ✗✠✘ ✒☛✤✇ ✛☛✠✟ ❢★✜☛✆ ✍✎✏✚ t②③º ❧✠ ☎✬

✍✎❆ ✛✆◆✚ ✟✠✡☛☛☞✌ AB ✛☛✎✟ CD ✛✏✆✆◆ PQ ✗✠✘ ✒☛✤✇ ✛☛✠✟

✥✦❢✆④⑤✠✓ ☎✟✠✏✭✞❆ ✈✯✰✱✲ ⑥⑦⑧
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♠✍✎✏✑✒✓ ✍✏✔✕✏✑✖ ✗✘✙✏✚✏✎✛✏✏✗✏✑✖ ✜✏✑ ✢✑✣✢✤ ✥✑✦✏✧✑ ★✏✩✏ ✪✑✫ ✬★✑✖ ✭✬ ✮✍✯✰✓✱ ✍✓✏ ✕✤ ✲✏✳✴✏

✘✜ ✗❢✭ ✗✘✙✏✵✏✏✎✛✏✏✗✏✑✖ ✜✶ ✓✷✤✧✏ ★✑✖ ✗✘✙✏✚✏✎✛✏✏ ✸ ✢✷✣✹ ✗✘✚✜ ✲✘✰✤ ✬✺✻ ✥✼✪✎✶ ✗✏✑✎✫

✗✘✙✏✚✏✎✛✏✏✳✔ ✈ ✪✑ ✽ ✾✓✧✶ ✪✎✤ ✗✏✺✎ ✮✍✯✰ ✬✺✖ ✘✜ ♠❢✬✑✖ ✮✢✭✖ ✘✪✿ ✪❁✭ ✢✑✣ ❂✍ ★✑✖ ★✏✧

✘✤✭✏ ✲✏✓✏ ✬✺✻ ✍✎❢✓✷✫ ✾❢✬✑✖ ✘✪✿ ✜✎✧✏ ✪✖✙✏✢ ✧✬✶✖ ✬✺✻ ✾✪✘✤✳✫ ✾✧ ✜❃✏✧✏✑✖ ✜✏✑ ✘❄✧✏ ♠✍✍✘❅✏

(proof) ✢✑✣ ✮✢✶♦✓ ✜✎ ✘✤✭✏ ✴✭✏ ✬✺ ❆✥✑✘✦✏✳ ✍✘✎✘❇✏✯✰ ✈❈✻ ✾✪ ✲✘✰✤✓✏ ✢✑✣ ✜✏✎✛✏✫ ✍✏✔✕✢✶✖

✗✘✙✏✚✏✎✛✏✏ ✍✎ ✗✴✤✑ ✗✧✷❉✹✑✥ ★✑✖ ✗✘✚✜ ✵✭✏✧ ✘✥✭✏ ✲✏✳✴✏✻

✗✏✲✜✤✫ ❊✗✘✙✏✚✏✎✛✏✏❋ ✗✏✺✎ ❊✗✘✙✏✴●✬✶✓❋ ✥✏✑✧✏✑✖ ✍✥✏✑✖ ✜✏✑ ✳✜ ✥✼✪✎✑ ✢✑✣ ✘✤✳ ✳✜ ✬✶ ✗❃✏❍

★✑✖ ✍❡✭✏✑✴ ✘✜✭✏ ✲✏✓✏ ✬✺✻ ✢✏✮✓✢ ★✑✖✫ ✗✘✙✏✚✏✎✛✏✏ ✳✜ ✘■✭✏ (verb) ✬✺✻ ✲❄ ✬★ ✜✬✓✑ ✬✺✖ ✘✜

❊✗✏✾✳ ✗✘✙✏✵✏✏✎✛✏✏ ✜✎✑✖❋✫ ✓✏✑ ✾✪✜✏ ✗❃✏❍ ✬✺ ✘✜ ❊✗✏✾✳ ✘✢❇✢ ★✑✖ ✍❡✑✘❫✏✓ ✍✘✎❏✏✰✧✏✗✏✑✖

(phenomena) ✢✑✣ ✗✏✚✏✎ ✍✎ ✢✷✣✹ ✜❃✏✧ ✜✬✑✖✻❋ ✾✪✜✶ ✪❁✭✓✏❑★✏❢✭✓✏ ✜✶ ✲✏✔✕ ❄✏✥ ★✑✖ ✜✶

✲✏✓✶ ✬✺✻ ✭✘✥ ✢✬ ✪❁✭ ✬✺✫ ✓✏✑ ♠✪✑ ❊✗✘✙✏✵✏✏✎✛✏✏❋ ✢✑✣ ❂✍ ★✑✖ ✮✢✶♦✓ ✜✎ ✘✤✭✏ ✲✏✓✏ ✬✺✻

✢✷✣✹ ✗✘✙✏✴●✬✶✓✏✑✖ ✜✏ ✳✜ ✘✧✜✏✭ (system) ▲▼◆❖P◗❘❙ (consistent) ✜✬✤✏✓✏ ✬✺

❆✥✑✘✦✏✳ ✍✘✎✘❇✏✯✰ ✈❈✫ ✭✘✥ ✾✧ ✗✘✙✏✴●✬✶✓✏✑✖ ✪✑ ✳✑✪✏ ✜❃✏✧ ✘✧✘★❍✓ ✜✎✧✏ ✗✪✖✙✏✢ ✬✏✑✫ ✲✏✑

✘✜✪✶ ✗❢✭ ✗✘✙✏✴●✬✶✓ ✭✏ ✍✬✤✑ ✘✪✿ ✘✜✳ ✴✳ ✘✜✪✶ ✜❃✏✧ ✢✑✣ ✘✢✎✏✑✚✶ (contradictory)

✬✏✑✻ ✗✓✱✫ ✭✘✥ ✗✘✙✏✴●✬✶✓✏✑✖ ✜✏ ✜✏✑✾❍ ✘✧✜✏✭ ✘✥✭✏ ✬✏✑✫ ✓✏✑ ✭✬ ✪✷✘✧✘❇✕✓ ✜✎✧✏ ✗✏✢❇✭✜ ✬✺

✘✜ ✭✬ ✘✧✜✏✭ ✗✘✢✎✏✑✚✶ ✬✏✑✻

✭✼✘✒✤❚ ✧✑ ✗✍✧✶ ✗✘✙✏✚✏✎✛✏✏✳✔ ✗✏✺✎ ✗✘✙✏✴●✬✶✓✏✑✖ ✜✏✑ ✥✑✧✑ ✢✑✣ ❄✏✥✫ ✾✧✜✏ ✍❡✭✏✑✴ ✗❢✭

✍✘✎✛✏✏★✏✑✖ ✜✏✑ ✘✪✿ ✜✎✧✑ ★✑✖ ✘✜✭✏✻ ✘✍✣✎ ✾✧ ✍✘✎✛✏✏★✏✑✖ ✜✏ ✍❡✭✏✑✴ ✜✎✢✑✣✫ ♠❢✬✏✑✖✧✑ ✘✧✴★✘✧✜

✓✢❍✣✛✏ (deductive reasoning) ❯✏✎✏ ✢✷✣✹ ✗✏✺✎ ✍✘✎✛✏✏★✏✑✖ ✜✏✑ ✘✪✿ ✘✜✭✏✻ ✘✲✧ ✜❃✏✧✏✑✖ ✜✏✑

✘✪✿ ✘✜✭✏ ✢✑ ❧❱❲❳ (propositions) ✭✏ ✐❨❩❬❳ (theorems) ✜✬✤✏✓✶ ❃✏✶✖✻ ✭✼✘✒✤❚ ✧✑

✗✍✧✶ ✗✘✙✏✴●✬✶✓✏✑✖✫ ✗✘✙✏✚✏✎✛✏✏✗✏✑✖✫ ✍✘✎✙✏✏✯✏✏✗✏✑✖ ✗✏✺✎ ✍✬✤✑ ✘✪✿ ✜✶ ✴✾❍ ✍❡★✑✭✏✑✖ ✜✏ ✍❡✭✏✑✴

✜✎✢✑✣✫ ✳✜ ✓✏✘✢❍✣✜ ❭✏●✖✦✏✤✏ ★✑✖ ✽❪✸ ✪✏✵✭ ✘✧✴✘★✓ (deduce) ✘✜✳✻ ❴✭✏✘★✘✓ ✢✑✣ ✢✷✣✹ ✗✴✤✑

✗✵✭✏✭✏✑✖ ★✑✖ ✗✏✍ ✾✧ ✗✘✙✏✴●✬✶✓✏✑✖ ✜✏ ✍❡✭✏✑✴ ✜✎✢✑✣ ✢✷✣✹ ✍❡★✑✭✏✑✖ ✜✏✑ ✘✪✿ ✜✎✑✖✴✑✻

✗✏✾✳ ✗✏✴✑ ✗✏✧✑ ✢✏✤✑ ♠✥✏✬✎✛✏✏✑✖ ★✑✖ ✥✑✦✏✑✖ ✘✜ ✭✼✘✒✤❚ ✧✑ ✢✷✣✹ ✍✘✎✛✏✏★✏✑✖ ✜✏✑ ✘✪✿ ✜✎✧✑

✢✑✣ ✘✤✳ ✗✍✧✶ ✗✘✙✏✴●✬✶✓✏✑✖ ✗✏✺✎ ✗✘✙✏✚✏✎✛✏✏✗✏✑✖ ✜✏ ✘✜✪ ✍❡✜✏✎ ✍❡✭✏✑✴ ✘✜✭✏✻

❵❛❱❜❝❞❱ 1 : ✭✘✥ A, B ✗✏✺✎ C ✳✜ ✎✑✦✏✏ ✍✎ ✘✮❃✏✓ ✓✶✧ ✘❄✖✥✷ ✬✺✖ ✗✏✺✎ B ✘❄✖✥✷✗✏✑✖ A ✗✏✺✎ C

✢✑✣ ❄✶✕ ★✑✖ ✘✮❃✏✓ ✬✺ ❆✥✑✘✦✏✳ ✗✏♦✘✓ ✸❣❤❈✫ ✓✏✑ ✘✪✿ ✜✶✘✲✳ ✘✜ AB + BC = AC ✬✺✻

❥❦♥♣q 5.7
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❣☎ : ♠✆✝✞✟✠✡ ☛✞☞✌✡ ✍✟✎✏ AB + BC ♦✟✑ ✒✞✓✞ AC ✒✎✆✞✡❧ ✔✕✖

✒✞✓✞ ✔❧✏ ✗✘✌✠✙✚ ✛✞ ☛✌✜✞✢✣✔❧✡ ✤✥✦ ✛✔✡✞ ✔✕ ✌✛ ♦✟ ♦✧✡★✩✪ ✫✞✟ ✆✝✧✆✝ ✒✎✆✞✡❧ ✔✞✟✎ ✩✛ ✬✘✒✝✟

♦✟✑ ✭✝✞✭✝ ✔✞✟✡❧ ✔✕✎✖ ☛✡✮✏ ✗✔ ✌✒✯ ✌✛✗✞ ✫✞ ✒✛✡✞ ✔✕ ✌✛

AB + BC = AC

✔✕✖ ✰✗✞✱ ✬❧✌✫✩ ✌✛ ✲✒ ✔✙ ✍✟✎ ✗✔ ✍✞✱ ✌✙✗✞ ✢✗✞ ✔✕ ✌✛ ✬✞✟ ✌✭✎✬★☛✞✟✎ ✒✟ ✔✞✟✛✝ ✩✛ ☛✌✳✡❧✗

✝✟❥✞✞ ❥✞❧✎✴❧ ✫✞ ✒✛✡❧ ✔✕✖

✵✶✷❣✸✹✷ 2 : ✌✒✯ ✛❧✌✫✩ ✌✛ ✩✛ ✌✬✩ ✔★✩ ✝✟❥✞✞❥✞✎✚ ✆✝ ✩✛ ✒✍✭✞✔★ ✌❢✞✜✞★✫ ✛❧ ✝✴✱✞

✛❧ ✫✞ ✒✛✡❧ ✔✕✖

❣☎ : ♠✆✝✞✟✠✡ ✛✓✞✱ ✍✟✎✏ ✩✛ ✬❧ ✔★✲✺ ✙✻✭✞✲✺ ✛✞ ✩✛ ✝✟❥✞✞❥✞✎✚✏ ✍✞✱ ✙❧✌✫✩✏ AB ✌✬✗✞ ✔✕

[✬✟✌❥✞✩ ☛✞☞✌✡ 5.8 (i)]✖

✈✼✽✾✿ 5.8

✗✔✞✪ ☛✞✆✛✞✟ ♦★✑❀ ✝✴✱✞ ✛✝✱✟ ✛❧ ☛✞♦❁✗✛✡✞ ✔✕✖ ✗✘✌✠✙✚ ✛❧ ☛✌✜✞❂✞✝❃✞✞ ✤❄✦ ✛✞ ✆❅✗✞✟✢

✛✝♦✟✑✏ ☛✞✆ ✌✭✎✬★ A ✛✞✟ ♦✟✑❞✬❅ ☛✞✕✝ AB ✌❢✞❆✗✞ ✙✟✛✝ ✩✛ ♦✣❇✞ ❥✞❧✎✴ ✒✛✡✟ ✔✕✎

[✬✟✌❥✞✩ ☛✞☞✌✡ 5.8 (ii)]✖ ✲✒❧ ✆❅✛✞✝✏ B ✛✞✟ ♦✟✑❞✬❅ ✍✞✱✛✝ ☛✞✕✝ BA ✌❢✞❆✗✞ ✙✟✛✝ ✩✛ ☛❞✗

♦✣❇✞ ❥✞❧✎✴✞ ✫✞ ✒✛✡✞ ✔✕✖ ✗✟ ✬✞✟✱✞✟✎ ♦✣❇✞ ✍✞✱ ✙❧✌✫✩ ✌✭✎✬★ C ✆✝ ✌✍✙✡✟ ✔✕✎✖ ☛✭ ✝✟❥✞✞❥✞✎✚✞✟✎ AC

☛✞✕✝ BC ❥✞❧✎✴ ✛✝ ❈ ABC ✭✱✞✲✩ [✬✟✌❥✞✩ ☛✞☞✌✡ 5.8 (iii)]✖

✲✒✌✙✩✏ ☛✞✆✛✞✟ ✌✒✯ ✛✝✱✞ ✔✕ ✌✛ ✗✔ ✌❢✞✜✞★✫ ✩✛ ✒✍✭✞✔★ ✌❢✞✜✞★✫ ✔✕❜ ☛✓✞✞✺✡❉ AB = AC

= BC ✔✕✖

☛✭✏ AB = AC ✔✕✏ ✠✗✞✟✎✌✛ ✗✟ ✩✛ ♦✣❇✞ ✛❧ ✌❢✞❆✗✞✩✪ ✔✕✎✖ (1)

✲✒❧ ✆❅✛✞✝✏ AB = BC ✤✩✛ ✔❧ ♦✣❇✞ ✛❧ ✌❢✞❆✗✞✩✪✦ (2)
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♠✍✎✏✑✒✓ ✔✏✑✕✏✑✖ ✓✗✘✏✑✖ ✙✏✚✎ ✘✛✜✒✢✣ ✤✑✥ ✍✦✢✑ ✙✜✧✏★✩✦✪✓ ✫✤✑ ✤✬✓✭✮✯ ✰✏✑ ✮✱ ✦✪ ✤✬✓✭ ✤✑✥ ✲✎✏✲✎

✦✏✑✓✪ ✦✚✖ ✮✱ ✔✛❣✎✑ ✤✑✥ ✲✎✏✲✎ ✦✏✑✓✪ ✦✚✖✳ ❣✑ ✙✏✍ ✜✕✴✱✴✏✵ ✜✕✱✏✢ ❣✱✓✑ ✦✚✖ ✜✱

AB = BC = AC ✦✚✶

✙✓✈✷ ✸ ABC ✮✱ ❣✹✲✏✦✭ ✜✺✏✧✏✭✰ ✦✚✶

è✘✏✕ ✔✪✜✰✮ ✜✱ ✘✦✏✯ ✘✛✜✒✢✣ ✕✑✷ ✜✲✕✏ ✱✦✪✖ ✲✓✏✮✷ ✘✦ ✹✏✕ ✜✢✘✏ ✦✚ ✜✱ ✤✑✥✻✔✼✏✑✖ A ✙✏✚✎

B ✱✏✑ ✢✑✱✎ ❞✏✪✖✽✑ ★✮ ✤✩✾✏ ✍✎✬✍✎ ✮✱ ✜✲✖✔✭ ✍✎ ✜✹✢✑✖★✑✶

✙✲ ✦✹ ✮✱ ✍✼✹✑✘ ✜❣✿ ✱✎✑✖★✑ ✰✏✑ ✜✤✜✧✏✻✕ ✍✜✎❁✏✏✹✏✑✖ ✹✑✖ ✙✕✑✱ ✲✏✎ ✙✜❂✱✏✖❃✏✓✈ ✍✼✘✏✑★ ✱✪

✰✏✓✪ ✦✚✈

✐❄❅❆❇ 5.1 : ♥❈❉ ❊❋❈●❍ ■❉❏❈❈❑❈❉▲ ▼❉▲ ◆❖ P❉ ❑❊◗❖ ❊❘▲♥❙ ❚❋❈❯❊❍❱❲ ❍❳❨▲ ❳❈❉ P❖❩❈❬

❭✐✐❪❫❴ : ✘✦✏✯✷ ✦✹✑✖ ✔✏✑ ✎✑❞✏✏✮✯ l ✙✏✚✎ m ✔✪ ✦✭❵✵ ✦✚✖✶ ✦✹✑✖ ✘✦ ✜❣✿ ✱✎✕✏ ✦✚ ✜✱ l ✙✏✚✎ m ✹✑✖ ✤✑✥✤✢

✮✱ ✜✲✖✔✭ ♠✧✏✘✜✕✴❛ ✦✚✶

✗✏✏✑✣❜✑ ❣✹✘ ✤✑✥ ✜✢✮✷ ✘✦ ✹✏✕ ✢✪✜✰✮ ✜✱ ✘✑ ✔✏✑ ✎✑❞✏✏✮✯ ✔✏✑ ✜✧✏✻✕ ✜✲✖✔✭✙✏✑✖ P ✙✏✚✎ Q ✍✎

✍✼✜✓❝❡✑✔ ✱✎✓✪ ✦✚✖✶

❵❣ ✍✼✱✏✎✷ ✔✏✑ ✜✧✏✻✕ ✜✲✖✔✭✙✏✑✖ P ✙✏✚✎ Q ❣✑ ✦✏✑✱✎ ✰✏✕✑ ✤✏✢✪ ✙✏✍✤✑✥ ✍✏❣ ✔✏✑ ✎✑❞✏✏✮✯ l ✙✏✚✎

m ✦✏✑ ✰✏✓✪ ✦✚✖✶ ✍✎✻✓✭ ✘✦ ✱✗✏✕ ✙✜✧✏★✩✦✪✓ ❢❤❥ ✤✑✥ ✜✤❦✿ ✦✚✷ ✜✰❣✤✑✥ ✙✕✭❣✏✎ ✔✏✑ ✜✧✏✻✕

✜✲✖✔✭✙✏✑✖ ❣✑ ✦✏✑✱✎ ✮✱ ✙✜❧✓✪✘ ✎✑❞✏✏ ❞✏✪✖✽✪ ✰✏ ❣✱✓✪ ✦✚✶ ✙✓✈✷ ✦✹ ✜✰❣ ✱♦✍✕✏ ❣✑ ✽✢✑

✗✏✑ ✜✱ ✔✏✑ ✎✑❞✏✏✮✯ ✔✏✑ ✜✧✏✻✕ ✜✲✖✔✭✙✏✑✖ ❣✑ ✦✏✑✱✎ ✰✏✓✪ ✦✚✖ ★✢✓ ✦✚✶

❵❣❣✑ ✦✹ ✒✘✏ ✜✕✴✱✴✏✵ ✜✕✱✏✢ ❣✱✓✑ ✦✚✖♣ ✦✹ ✜✕✴✱✴✏✵ ✜✕✱✏✢✕✑ ✍✎ ✲✏è✘ ✦✏✑ ✰✏✓✑ ✦✚✖

✜✱ ✔✏✑ ✜✧✏✻✕ ✎✑❞✏✏✙✏✑✖ ✹✑✖ ✮✱ ❣✑ ✙✜❂✱ ✜✲✖✔✭ ♠✧✏✘✜✕✴❛ ✕✦✪✖ ✦✏✑★✏✶ q

✐❄rs❴t✉✇  5.1

1. ✁①②①✁✄✁③✟✡ ✆④✟①✟⑤⑥ ✠⑤⑥ ⑦⑤ ✆✟⑧①⑨⑦⑤ ✆④✟① ⑦⑩❀ ❶⑧⑥ ❷✟⑧☞ ✆✟⑧①⑨⑦⑤ ✆④✟① ❷⑦⑩❀ ❶⑧⑥❸ ❷☛①⑤ ❹❺✟☞✟⑤⑥

❻⑤❼ ✁✄❽ ✆✟☞❾✟ ❿✝✁➀❽➁

(i) ❽✆ ✁➂⑥❿➃ ⑦⑤ ❶✟⑤✆☞ ❻⑤❼❻✄ ❽✆ ❶✝ ☞⑤③✟✟ ③✟✝⑥✌✝ ➀✟ ⑦✆✡✝ ❶⑧➁

(ii) ❿✟⑤ ✁➄✟➅① ✁➂⑥❿➃❷✟⑤⑥ ⑦⑤ ❶✟⑤✆☞ ➀✟①⑤ ❻✟✄✝ ❷⑦⑥③❀ ☞⑤③✟✟❽➆ ❶⑧⑥➁

(iii) ❽✆ ⑦✟⑥✡ ☞⑤③✟✟ ❿✟⑤①✟⑤⑥ ❷✟⑤☞ ❷✁①✁➇✌✡ ➈☛ ⑦⑤ ➂➉➊✟➋➌ ➀✟ ⑦✆✡✝ ❶⑧➁

(iv) ❀✁❿ ❿✟⑤ ❻➍❺✟ ➂☞✟➂☞ ❶⑧⑥➎ ✡✟⑤ ❹①✆✝ ✁➏✟✞❀✟❽➆ ➂☞✟➂☞ ❶✟⑤✡✝ ❶⑧⑥➁

(v) ❷✟➐✁✡ ➑➒➓ ✠⑤⑥➎ ❀✁❿ AB = PQ ❷✟⑧☞ PQ = XY ❶⑧➎ ✡✟⑤ AB = XY ❶✟⑤➔✟➁
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✈ ☎ ✆ ✝ ✞ 5.9

2. �❢ ✟❢� ✠�✡✂✄ ☛☞✂✌✍ ✎✌✍ ✏✌ ☛✑✒✓✌ ✔ ✔✕ ☛� ✖✗✂✂✘✂✂ ☞✕�✙✚✛ ✜✓ ✂ ✢❢ ✣✌✤ � ✠✚ ✣ ✥✤ ✦ ✚✌ ✏✌ ☛☞ ✧★✍✩ �✙✪ ✧✌✍

☛� ✖✗✂✂�✘✂✄ ✔✖❢✌ ✔✕ ✐✂ ✣✫✓ ✔✄✂ ✧★ ✬ ✣✌ ✜✓✂ ✧★✍ ✐✂★ ✖ ✐✂ ☛ ✢✪ ✧✌✍ ✣★✤ ✏✌ ☛� ✖✗✂✂�✘✂ ✄ ✔ ✖ ☛✂✚ ✭①✌ ✬

(i) ✏✎✂✍✄ ✖ ✖✌✡✂✂✚ ✭ (ii) ✠✟② ✖✌✡✂✂✚ ✭ (iii) ✖✌✡✂✂✡✂✍ ❥

(iv) ✣♦✮✂ ✔✕ �✯✂ ✰✓✂ (v) ✣①✱

3. ❢✕ ✉✌ ☞✕ ✧✥ ✢✱ ☞✂ ✌ ✐� ✗✂ ✲✂ ✖✁ ✂✂ ✐✂✌✍ ☛ ✖ � ✣✉✂ ✖ ✔✕� ✙✚ ✳

(i) ☞✂✌ � ✗✂✪❢ �②✍☞ ✥ A ✐✂★ ✖ B �☞✚ ✖✧❢✌ ☛✖✩ ✚ ✔ ✄✕ ✏✖✂ �②✍☞ ✥ C ✚✌ ✏✂ � ✣✴ ✎✂ ❢ ✧★ ✙✂✌ A ✐✂★ ✖

B ✣✌✤ ②✕ ✉ �✵✶✂✄ ✧✂✌✄✂ ✧★✛

(ii) ✓ ✧✂ ✭ ✔✎ ✏✌ ✔✎ ✚✌ ✏✌ ✄✕❢ �② ✍☞ ✥ � ✣✴ ✎✂❢ ✧★✍ � ✔ ✣✌ ✚ ✔ ✖✌✡✂✂ ☛✖ �✵✶✂✄ ❢ ✧✕✍ ✧★✍✛

✜✓✂ ✢❢ ✐� ✗✂ ✲✂ ✖✁ ✂✂ ✐✂✌✍ ✎✌✍ ✔✂✌ ✢✱ ✐☛� ✖✗✂ ✂�✘✂✄ ✫✂ ❉☞ ✧★✍ ✬ ✜✓✂ ✓ ✌ ✐� ✗✂ ✲✂ ✖✁ ✂✂✚ ✭ ✐� ✣✖✂✌ ✲✕ ✧★✍ ✬ ✜✓ ✂

✓✌ ✓❀� ✜✠❥ ✔✕ ✐�✗✂ ✲✂ ✖✁ ✂✂ ✐✂✌✍ ✏✌ ☛✑✂ ✷✄ ✧✂✌✄✕ ✧★✍ ✬ ✵ ☛✘✸ ✔✕� ✙✚✛

4. ✓�☞ ☞✂✌ �②✍☞ ✥✐✂✌✍ A ✐✂★ ✖ B ✣✌✤ ②✕✉ ✚✔ �②✍☞✥ C ✚✌ ✏✂ �✵✶✂✄ ✧★ �✔ AC = BC ✧★✩ ✄✂✌ � ✏❣ ✔✕� ✙✚

� ✔ AC = 
1

2
AB ✧★✛ ✚ ✔ ✐✂ ✹�✄ ✡✂✕✍ ✉ ✔✖ ✢ ✏✌ ✵ ☛✘ ✸ ✔✕� ✙✚✛

5. ☛✑✫❢ ✺ ✎✌✍ ✩ C ✖✌✡✂✂✡✂✍ ❥ AB ✔✂ ✚ ✔ ✎❞✓ ✻�②✍ ☞ ✥ ✔ ✧✠✂✄✂ ✧★✛ � ✏❣ ✔✕� ✙✚ �✔ ✚ ✔ ✖✌✡✂✂ ✡✂ ✍ ❥

✔✂ ✚ ✔ ✐✂★ ✖ ✣✌✤ ✣ ✠ ✚ ✔ ✧✕ ✎❞✓ ✻�②✍☞ ✥ ✧✂✌✄✂ ✧★✛

6. ✐✂ ✹�✄ ✼✽ ✾✿ ✎✌✍✩ ✓ �☞ AC = BD ✧ ★, ✄✂✌ � ✏❣ ✔✕� ✙✚ �✔ AB = CD ✧★ ✛

✈ ☎ ✆ ✝✞ ❁❂❃❄

7. ✓❀ �✜✠ ❥ ✔✕ ✐� ✗✂① ♦✧✕✄✂✌✍ ✔✕ ✏❀ ✉✕ ✎✌✍ �☞✓ ✂ ✧ ✥✐✂ ✐� ✗✂① ♦✧✕✄ ✼ ✚ ✔ ✏ ✣✱ ❅✓✂ ☛✕ ✏✒✓ ✜✓✂✌✍ ✎✂ ❢✂

✙✂ ✄✂ ✧★ ✬ t❞✓ ✂❢ ☞ ✕� ✙✚ � ✔ ✓ ✧ ☛✑✫❢ ☛✂ ✭✉✣✕✍ ✐� ✗✂ ✲✂ ✖✁ ✂✂ ✏✌ ✏✍②✍� ✲✄ ❢ ✧✕✍ ✧★✛ ❆

5.3 ❇❈❊❋● ❍ ■❏ ❑ ▲▼◆ ❖❏P ◗❊❘ ▲❙ ▲❚❯ ▲▲ ❖❱❲ ❳❨❩❬❭❇ ❪❑ ▲❫❩❚❯ ▲

❴❵❛❜❝ ❡❤❦ ❧❵❝♠❜♥ ♣❤q rs❵✇③④ ⑤⑥ ⑦❜⑧⑨❡⑥q ⑩❵❶❜❷❜❜❸❛❜❜ ⑤❜ ⑩❹r❜❵❺⑤ ♣♠❹❡ ♠❻❼ ⑩❽❾❿➀❤➁ ➂➃➄

♥ ❤ ⑦❾ ❽➅ ❧♥ ⑩❵❶ ❜❺ ❜❸ ❛❜❜ ⑤❜❤ r❜➁ ⑤⑥❵➆➇ ❼ ❧♥ ⑩❵❶ ❜❺ ❜❸❛❜❜ ❡ ❤❦ ⑦❵ ❸ ❛❜❜♣➈❡ ➉ ⑦ r❵➁ ➁ ❜❤



❀�✁✂✄☎ ✆✝ ✞❀✟✁✠✁✡ ✆✟ ☛✁☞✌❀ 105

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-5\Chap-5 PM65

❥✍✎✏✏✑✏✍✒ ✓❥ ✔✕❥✖✍ ✗✏✘✙ ❥✍✎✏✏ ✗✍✚ ✛✜ ✢✙ ✑✏✍❥ ✗✍✚ ✣✏✍✖✏✍✒ ✑✒✤✥ ✜✏✍✦✏✏✍✒ ✜✏ ✧✏✍✕ ★✩✪✵ ✢✏✍✫ ✤✏✍

✣✏✍✖✏✍✒ ❥✍✎✏✏✛♥ ✜✬✏✙ ✬✏✙ ✓✭✔✤✮✯✍✣ ✖✢✙✒ ✜❥ ✰✜✤✙✒✱ ✲✰ ✑✔✬✏✳✏❥✦✏✏ ✗✍✚ ✑✖✍✜ ✰✴✤✶✷✧ ✸✓✏✒✤❥✦✏

(equivalent versions) ✢❣✒✱ ✲✖✴✍✒ ✰✍ ✛✜ ✹✘✍✓✍✚✧❥ ✜✏ ✑✔✬✏✕✺✢✙✤ (Playfair's Axiom) ✢❣

✻✔✼✰✍ ✽✜✏✾✘✍✒✿ ✗✍✚ ✛✜ ✕✔✦✏✤❁ ✼✏❂✖ ✹✘✍✓✍✚✧❥ ✖✍ ★❃❄❅ ✴✍✒ ✔✣✧✏ ❆✏✏❇✱ ✧✢ ✲✰ ✓✭✜✏❥ ✢❣✥

✐❈❉❊❋● ❍❋■❏❏ l ✈❏❑❍ ▲▼ ✐❍ ◆ ❖P◗❏❘ ✐❈❉❊❋● ❖❙❚❯❱

P ♦❋❲ ❖❳❨❩ ❨● ✈❖❬❘❭❊ ❍❋■❏❏ m ❨❋▼❭ ❪❏❋❘❭ ❪❑ ❫❏❋

P ▼❋ ❪❏❋●❍ ❫❏❘❭ ❪❑ ✈❏❑❍ l ♦❋❲ ▼❴❏❚❘❍ ❪❑❵

✑✏❛✔✤ ❜❝★★ ✴✍✒✫ ✑✏✓ ✣✍✎✏ ✰✜✤✍ ✢❣✒ ✔✜ P ✰✍

✢✏✍✜❥ ✼✏✖✍ ✗✏✘✙ ✰✬✏✙ ❥✍✎✏✏✑✏✍✒ ✴✍✒ ✰✍ ✗✍✚✗✘ m ✢✙

❥✍✎✏✏ l ✗✍✚ ✰✴✏✒✤❥ ✢❣✱

✲✰ ✓✔❥✦✏✏✴ ✜✏✍ ✔✖❞✖✔✘✔✎✏✤ ✸✓ ✴✍✒ ✬✏✙ ❡✧❢✤ ✔✜✧✏ ✼✏ ✰✜✤✏ ✢❣ ✥

❯❏❋ ❖❤❏❦◆ ✐❈❖❘❧♠❋❯❭ ❍❋■❏❏❨♣ ❨● ❪❭ ❍❋■❏❏ ♦❋❲ ▼❴❏❚❘❍ ◆❪❭❚ ❪❏❋ ▼●❘❭❚❵

qrst✉✇ ①②③ ④⑤⑥⑦ ⑤⑧⑨②⑩ ❶❷ ⑤⑧⑩③q② ③❸ ①②③ s❹❺ ①❻⑥③ ⑩③❸ ⑤②❼❽❾⑦❸

④s❿②➀②❻➁②② ①⑦ ①②③➂➃ ④②❾➄q①➅② ⑥➆⑦❸ ⑤✇➇⑦➈ ④⑥③① ➉s➁②➅➊②③❸ ④②➋❻ ➌❾q❸

qrst✉✇ ①②③ q➆ s❾➄❾②❹ ⑨②② s① ⑤②❼❽❾⑦❸ ④s❿②➀②❻➁②② ❾②➌➅❾ ⑩③❸ ➍① ⑤⑧⑩③q ➆➋➎

s➏❹③ ❽②❻②③❸ ④s❿②➀②❻➁②②③❸ ④②➋❻ ④➐q ④s❿②➉➑➆⑦➅②③❸ ①⑦ ❹➆②q➅② ❹③ s❹❺ s①q② ➏②

❹①➅② ➆➋➈ ⑤❻➐➅➒ ⑤②❼❽❾⑦❸ ④s❿②➀②❻➁②② ①②③ ⑤⑧⑩③q ❾③➓ ➔⑤ ⑩③❸ s❹❺ ①❻⑥③ ❾③➓ ❹❿②⑦
⑤⑧q→⑥ ④❹⑤➓✉ ❻➆③➈ ⑤❻➐➅➒ ➂⑥ ⑤⑧q→⑥②③❸ ❾③➓ ①②❻➁② ➍① ⑩➆→❾⑤r➁②➃ ➣⑤✉s↔➀

➆➒➂➃ ↕ q➆ ➣⑤✉s↔➀ ④⑥③① ④➐q ➙q②s⑩s➅q②③❸ ①⑦ ❻❽⑥②➍❼ ➛❹➑s➜➝➞ ❻➆⑦➈ q③

➙q②s⑩s➅q②❼ qrst✉✇⑦q ➙q②s⑩s➅ (Euclidean Geometry)  ❹③ ➟➆➒➅ s❿②➐⑥ ➆➋❸➈
➠➡➢➤➥ ➦➧➨➩➫➭➯➲➧ ➳➧➵➩➸➩➺➧➵➻ (Non-Euclidean Geometries) ①➆② ➏②➅② ➆➋➈ ➂⑥ ➙q②s⑩s➅q②③❸ ①⑦ ❻❽⑥② ①②③
s❾❽②❻②③❸ ❾ ③➓ ➂s➅➆②❹ ⑩③❸ ➍① ⑩⑦✉ ①② ⑤→⑨②❻ ⑩②⑥② ➏②➅② ➆➋➎ tq②③❸s① ➅➟ ➅① ⑤⑧→q③① ➼qst➅ q➆ s❾➄❾②❹ ①❻➅②

⑨②② s① qrst✉✇ ①⑦ ➙q②s⑩s➅ ➆⑦ ➍① ⑩②➽② ➙q②s⑩s➅ ➆➋ ④②➋❻ ❹❸⑤r➁②➃ s❾➄❾ qrst✉✇⑦q ➆➋➈ s➏❹ s❾➄❾ ⑩③❸ ➆⑩

❻➆ ❻➆③ ➆➋❸➎ ➣❹①⑦ ➙q②s⑩s➅ ①②③ ④➟ ④qrst✉✇⑦q ➙q②s⑩s➅ ➾➄②②➃q② ➏② ❽➒①② ➆➋➈ ❾②➌➅❾ ⑩③❸➎ q➆ ➚➵➤➭➵➪➵➶
➳➧➵➩➸➩➺ (spherical geometry ) ①➆✉②➅⑦ ➆➋➈ ➉②③✉②①②❻ ➙q②s⑩s➅ ⑩③❸ ❻ ③➹②②➍❼ ❹⑦➀⑦ ❻③➹②②➍❼ ⑥➆⑦❸ ➆②③➅⑦ ➆➋❸➈ q③ ❻ ③➹②②➍❼

➾⑦➘②➃ ❾➑➴②②③❸ (great circles) ➛➏②③ ➍① ➉②③✉③ ④②➋❻ ➣❹❾③➓ ❾③➓➐➾⑧ ❹③ ➆②③①❻ ➏②⑥③ ❾②✉③ ➅✉②③❸ ❾③➓ ⑤⑧s➅➷➬③➾⑥ ❹③ ⑤⑧②➮➅
❾➑➴② ➆②③➅③ ➆➋❸➞ ❾③➓ ❿②②➉ ➆②③➅⑦ ➆➋❸➈

④②➱s➅ 5.12 ⑩③❸➎ ❻ ③➹②②➍❼ AN ④②➋❻ BN ➛➏②③ ➍① ➉②③✉③ ❾③➓ ➾⑦➘②➃ ❾➑➴②②③❸ ❾③➓ ❿②②➉ ➆➋❸➞ ➍① ➆⑦ ❻③➹②② AB

⑤❻ ✉✃➟ ➆➋❸➈ ⑤❻➐➅➒ q③ ➍① ➾r❹❻③ ❹③ s⑩✉ ❻➆⑦ ➆➋❸➎ q❐s⑤ ❻③➹②② AB ❾③➓ ➍① ➆⑦ ④②③❻ ❾③➓ ④❸➅❒ ①②③➁②②③❸ ①②

q②③➉ ➾②③ ❹⑩①②③➁②②③❸ ❹③ ①⑩ ⑥➆⑦❸ ➆➋ ➛❾②➌➅❾ ⑩③❸➎ q➆ ❮❰º Ï ❮❰º = Ð❷❰º ➆➋➞➈ ❹②⑨② ➆⑦➎ Ñq②⑥ ➾⑦s➏➍ s①

s➽②❿②➒➏ NAB ❾③➓ ①②③➁②②③❸ ①② q②③➉ 180º ❹③ ④s➀① ➆➋➎ tq②③❸s① ÒA + Ò B = 180º ➆➋➈ ➂❹ ⑤⑧①②❻➎ qrst✉✇⑦q
➙q②s⑩s➅ ❾③➓❾✉ ➍① ➅✉ ⑩③❸ ➟⑥⑦ ④②➱s➅q②③❸ ❾③➓ s✉➍ ➆⑦ ⑩②➐q ➆➋➈ ❾Ó ⑤➑➜Ô②③❸ ⑩③❸ q➆ ④❹⑤➓✉ ❻➆➅⑦ ➆➋➈

ÕÖ×ØÙ ÚÛÜÜ

ÕÖ×ØÙ ÚÛÜÝ
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✈☎✆ ✈✝✞✟ ✟✠ ✡☛✝☞✌✍✝ ✎✏✑✒

♠✓✔✕✖✗✔ 3 : ❢✘✙✘ ✠✚✝✘ ✛✌ ❢✜✢✝✌ ✠✣❢✤✟ ✥ ✦✣✧✣ ✌✏★✝✝✈✝✏✑ ✜✏✩ ✟✠ ✟✏✦✏ ✪✫✬✭ ✠✝ ✈❢✮✯✰✜

☞❣✆ ✤✝✏ ✟✠ ☛✱✦✌✏ ✦✏ ✛✲✰✪✏✠ ✮✚✝✝✘ ✛✌ ✦✭☛✱✌✮✚✝ (equidistant) ☞✝✏✯✣ ☞❣✑✒ ✳✪✝ ✪☞ ✠✚✝✘

✪✱❢✳✎❀ ✠✣ ✛✝✴✢✜✣✑ ✈❢✵✝✧✝✌✍✝✝ ✠✝ ✟✠ ✛✲✰✪✶✝ ✷✦✣✧✝✸ ✛❢✌✍✝✝✭ ☞❣✹ ✮✛✺✻ ✠✣❢✤✟✒

✕✼ : ✟✠ ✌✏★✝✝ l ✎✣❢✤✟ ✈✝❣✌ ✟✠ ❢☎✑☛✫ ✟✏✦✝ ✎✣❢✤✟ ✤✝✏ ✌✏★✝✝ l  ✛✌ ❢✮✚✝✯ ✘ ☞✝✏✒  ✯☎✆ r✎✏✛✏✩✪✌

✈❢✵✝✽✾☞✣✯ ✦✏✆ ✤✝✏ ✪✱❢✳✎❀ ✠✣ ✛✝✴✢✜✣✑ ✈❢✵✝✧✝✌✍✝✝ ✜✏✩ ✦✭✯✫✿✪ ☞❣✆ ☞✭ ✤✝✘✯✏ ☞❣✑ ❢✠ P ✦✏

☞✝✏✠✌ ✤✝✯✣ ☞✫✞❁ ✟✠ ✈❢❂✯✣✪ ✌✏★✝✝ m ☞❣ ✤✝✏ l ✜✏✩ ✦✭✝✑✯✌ ☞❣✒

✈☎✆ ❃❄ ❅❆❇❈❉ ❄❊ ❃❄ ❋●❍■■ ❏● ❈❑❋❊ ▲❏ ❅❆❇❈❉ ❏● ❋●❍■■ ▼❋ ◆■❖● P❃ ❖◗❆ ❄❊ ❖◗❆■❘❙

❚■●❯❊ ❚❱❲   m ✛✌ ❢✮✚✝✯ ❢✠✦✣ ❢☎✑☛✫ ✦✏ ✌✏★✝✝ l ✠✣ ☛✱✌✣ ✈✝❣✌ l ✛✌ ❢✮✚✝✯ ❢✠✦✣ ❢☎✑☛✫ ✦✏ ✌✏★✝✝

m ✠✣ ☛✱✌✣ ✦☛❣✜ ✦✭✝✘ ☞✝✏✽✣✒ ✈✯✥✆ ✪✏ ☛✝✏✘✝✏✑ ✌✏★✝✝✟✴ l ✈✝❣✌ m ✛✲✰✪✏✠ ✮✚✝✝✘ ✛✌ ✟✠ ☛✱✦✌✏ ✦✏

✦✭☛✱✌✮✚✝ ☞❣✑✒

❳❨❩❬✗✔❭ ❪ ✈✽✎✏ ✜✫✩❫ ✈❴✪✝✪✝✏✑ ✭✏✑ ✤✝✏ ✈✝✛ ✛❵❛✏✑✽✏ ✜☞ ✪✱❢✳✎❀✣✪ ❜✪✝❢✭❢✯ ☞✝✏✽✣✒ ✛✌❝✯✫✆ ✞✘✭✏✑

☞✭✝✌✏ ❂✝✌✝ ✛✲✪✝✏✽ ❢✠✟ ✽✟ ✈❢✵✝✽✾☞✣✯ ✈✝❣✌ ✛✲✭✏✪ ✪✱❢✳✎❀ ✜✏✩ ✈❢✵✝✽✾☞✣✯ ✈✝❣✌ ✛✲✭✏✪✝✏✑ ✦✏ ❢✵✝❝✘

☞✝✏ ✦✠✯✏ ☞❣✑✒

❬✐❞❡✔❤✼❭  5.2

1. ❥✂❦ ❧♥�♦♣q st ❦✂✉✇②t③ ❥�④✂⑤✂⑥✁✂✂ s✂⑦ �s⑧ ❦⑨s✂⑥ �♣⑩✂⑦③①⑦ ✄✂�s ②❶ ⑧⑥♣✄✂ ⑧⑦ ⑧❷❸t

❹✂ ⑧②⑦❺❻

2. ♦❧✂ ❧♥�♦♣q st ❦✂✉✇②t③ ❥�④✂⑤✂⑥✁✂✂ ⑧⑦ ⑧❷✂③✄⑥ ⑥⑦⑩✂✂❥✂⑦ ③ ②⑦❺ ❥�❼✄❽② s✂ ❥✂❾�✇❽❧ �❿⑤✂➀�⑥✄

❶✂⑦✄✂ ❶❾❻ ❼❦➁➂ st�❹➃➄

5.4 ➅✔✖✔➆❞✔

➇⑧ ❥➈❧✂❧ ❷⑦③➉ ❥✂❦❿⑦ �❿➊❿�♣�⑩✂✄ �➋③➌➍❥✂⑦③ s✂ ❥➈❧❧❿ �s❧✂ ❶❾➎

1. ❧➏�❦ ❧♥�♦♣q ❿⑦ �➋③➌➍➉ ⑥⑦⑩✂✂ ❥✂❾⑥ ✄♣ s✂⑦ ❦�⑥④✂✂�➁✂✄ �s❧✂ ❶❾➉ ❦⑥➐✄➍ ①�✁✂✄➑✂⑦③ ❿⑦ ➇❿

❦�⑥④✂✂➁✂✂❥✂⑦③ s✂⑦ ❼②ts✂⑥ ❿❶t③ �s❧✂ ❶❾➄ ➇⑧�♣➃ ➒❧✂�❷�✄ ❷⑦③ ➇➐❶⑦③ ❥➋ ❥❦�⑥④✂✂�➁✂✄ ❦➌✂⑦③ ②⑦❺ ➓❦

❷⑦③ �♣❧✂ ❹✂✄✂ ❶❾➄

2. ❥�④✂①➔❶t✄ ❥✂❾⑥ ❥�④✂⑤✂⑥✁✂✂➃✉ ➃⑦⑧t s→❦❿✂➃✉ ❶❾③ ❹✂⑦ ❼❦➁➂✄➎ ⑧②➀➣❧✂❦t ⑧❽❧ ❶✂⑦✄t ❶❾③➄ ➇➐❶⑦③ �⑧↔

❿❶t③ �s❧✂ ❹✂✄✂ ❶❾➄
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3. ☛✐✠✍❀ ✎✍ ✆✏✟✑ ✒✓✔ ✁✕✖✒✍✔ ☛✁☞✗✟✟✘✟✟✙✟✍✔✚ ✙✁✗✟✛✜✒✝✡✟✍✔✚ ☛✒✄✍ ✁✢✣ ✁✆✤ ✛✤ ✆✏✟✑✟✍✔ ✙✟✓☞ ✁✑✛✠✁✑✆

✡✎r✥✦✟ ✧✟☞✟ ✁✢✣ ✁✆❀✟ ✕✟✡✟ ✒✓★

4. ❀�✁✂✄☎ ✎✍✥ ✎✩✥✪ ✙✁✗✟✛✜✒✝✡ ✏✟✍ ✫

(1) ✎✍ ✎♦✡✩✤✬ ✕✟✍ ✤✆ ✒✝ ✎♦✡✩ ✎✍✥ ✭☞✟✭☞ ✒✟✍✔✚ ✤✆ ✮�✢☞✍ ✎✍✥ ✭☞✟✭☞ ✒✟✍✡✝ ✒✓✔★

(2) ❀✁✮ ✭☞✟✭☞✟✍✔ ✆✟✍ ✭☞✟✭☞✟✍✔ ✠✍✔ ✕✟✍☎✯✟ ✕✟✤✚ ✡✟✍ ☛�✦✟r ✗✟✝ ✭☞✟✭☞ ✒✟✍✡✍ ✒✓✔★

(3) ❀✁✮ ✭☞✟✭☞✟✍✔ ✆✟✍ ✭☞✟✭☞✟✍✔ ✠✍✔ ✢✍ ✰✟✱✟❀✟ ✕✟✤✚ ✡✟✍ ✲✟✍✘✟☛✥✄ ✗✟✝ ✭☞✟✭☞ ✒✟✍✡✍ ✒✓✔★

(4) ✎✍ ✎♦✡✩✤✬ ✕✟✍ ☛☞♦☛☞ ✢✔☛✟✡✝ ✒✟✍ ✔ ✤✆ ✮�✢☞✍ ✎✍✥ ✭☞✟✭☞ ✒✟✍✡✝ ✒✓✔★

(5) ☛�✦✟r ✙☛✑✍ ✗✟✟✛ ✢✍ ✭☎✯✟ ✒✟✍✡✟ ✒✓★

(6) ✤✆ ✒✝ ✎♦✡✩✙✟✍✔ ✎✍✥ ✮✩✛✩✑✍ ☛☞♦☛☞ ✭☞✟✭☞ ✒✟✍✡✍ ✒✓✔★

(7) ✤✆ ✒✝ ✎♦✡✩✙✟✍ ✔ ✎✍✥ ✙✟✳✍ ☛☞♦☛☞ ✭☞✟✭☞ ✒✟✍✡✍ ✒✓✔★

5. ❀�✁✂✄☎ ✆✝ ✙✁✗✟✳✟☞✦✟✟✤✬ ✁✑✴✑ ✏✟✝✔ ✫

✈✵✶✷✸✷✹✺✷✷ 1 : ✤✆ ✁✭✔✮✩ ✢✍ ✤✆ ✙✖❀ ✁✭✔✮✩ ✡✆ ✤✆ ✢✝✳✝ ☞✍✻✟✟ ✻✟✝✔✌✝ ✕✟ ✢✆✡✝ ✒✓★

✈✵✶✷✸✷✹✺✷✷ 2 : ✤✆ ✢✟✔✡ ☞✍✻✟✟ ✆✟✍ ✙✁✑✁✲✌✡ ✼☛ ✢✍ ✭✽✯✟❀✟ ✕✟ ✢✆✡✟ ✒✓★

✈✵✶✷✸✷✹✺✷✷ 3 : ✁✆✢✝ ✆✟✍ ✎✍✥✖✮✐ ✠✟✑ ✆☞ ✙✟✓☞ ✁✆✢✝ ✁❢✟✞❀✟ ✢✍ ✤✆ ✎✜✾✟ ✻✟✝✔✌✟ ✕✟ ✢✆✡✟

✒✓★

✈✵✶✷✸✷✹✺✷✷  4 : ✢✗✟✝ ✢✠✆✟✍✦✟ ✤✆ ✮�✢☞✍ ✎✍✥ ✭☞✟✭☞ ✒✟✍✡✍ ✒✓✔★

✈✵✶✷✸✷✹✺✷✷  5 : ❀✁✮ ✤✆ ✢✝✳✝ ☞✍✻✟✟ ✮✟✍ ✢✝✳✝ ☞✍✻✟✟✙✟✍✔ ☛☞ ✁✛☞ ✆☞ ✙☛✑✍ ✤✆ ✒✝ ✙✟✍☞ ✮✟✍

✙✔✡✫ ✆✟✍✦✟ ✿✢ ☛✐✆✟☞ ✭✑✟✤ ✁✆ ✿✑ ✮✟✍✑✟✍✔ ✆✟✍✦✟✟✍✔ ✆✟ ❀✟✍✛ ✁✠✄ ✆☞ ✮✟✍ ✢✠✆✟✍✦✟✟✍✔ ✢✍ ✆✠ ✒✟✍✚

✡✟✍ ✎✍ ✮✟✍✑✟✍✔ ✢✝✳✝ ☞✍✻✟✟✤✬ ✙✁✑✁✲✌✡ ✼☛ ✢✍ ✭✽✯✟✤ ✕✟✑✍ ☛☞ ❁✢✝ ✙✟✍☞ ✁✠✄✡✝ ✒✓✔ ✁✕✢ ✙✟✍☞ ❀✒

❀✟✍✛ ✮✟✍ ✢✠✆✟✍✦✟✟✍ ✔ ✢✍ ✆✠ ✒✟✍✡✟ ✒✓★

6. ❀�✁✂✄☎ ✆✝ ☛✟✬✌✎✝✔ ✙✁✗✟✳✟☞✦✟✟ ✎✍✥ ✮✟✍ ✢✠✡✩❂❀ ✼☛✟✔✡☞✦✟ ✒✓✔ ✫

(i) ☛✐❃❀✍✆ ☞✍✻✟✟ l ✙✟✓☞ ❁✢ ☛☞ ✑ ✁♦✏✟✡ ☛✐❃❀✍✆ ✁✭✔✮✩ P ✎✍✥ ✁✄✤✚ ✤✆ ✙✁✧✡✝❀ ☞✍✻✟✟ m ✤✍✢✝

✒✟✍✡✝ ✒✓ ✕✟✍ P ✢✍ ✒✟✍✆☞ ✕✟✡✝ ✒✓ ✙✟✓☞ l ✎✍✥ ✢✠✟✔✡☞ ✒✓★

(ii) ✮✟✍ ✁✗✟✖✑ ☛✐✁✡♥✪✍✮✝ ☞✍✻✟✟✤✬ ✤✆ ✒✝ ☞✍✻✟✟ ✎✍✥ ✢✠✟✔✡☞ ✑✒✝✔ ✒✟✍ ✢✆✡✝✔★

7. ❀�✁✂✄☎ ✆✝ ☛✟✬✌✎✝✔ ✙✁✗✟✳✟☞✦✟✟ ✆✟✍ ☛✒✄✝ ✌✟☞✟✍✔ ✙✁✗✟✳✟☞✦✟✟✍✔ ✆✝ ✢✒✟❀✡✟ ✢✍ ✁✢✣ ✆☞✑✍ ✎✍✥

✢✗✟✝ ☛✐❀❃✑ ✙✢☛✥✄ ☞✒✍★ ☛☞✖✡✩ ✿✑✢✍ ✙✖❀ ✞❀✟✁✠✁✡❀✟✍ ✔ ✆✝ ✻✟✟✍✕ ✒✩✿r ✁✕✖✒✍ ✔ ✙❀�✁✂✄☎✝❀

✞❀✟✁✠✁✡❀✟✬ ✆✒✟ ✕✟✡✟ ✒✓★
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✈�✁✂✁ 6

❥✄☎✆✆✝✞ ✟✆✠❥ ✡✆✄☛✆

6.1 ❍☞✌✍✎✏☞

✑✒✓✔✓ ✕ ✖✗✘✙ ✑✔✚ ✚✛✜ ✢✣✤✗✥ ✦✧✘ ★✩ ✪✩ ✫✗✬✔✔ ✩✔✗ ✬✔✭✘✢✮✗ ✤✗✥ ★✯✪ ✰✓✱✮✲✖ ✳✔✗ ★✴✘✳✣✑✔✗✘ ✩✭
✑✔✤✵✓✩✲✔ ✦✔✗✲✭ ✦✧✶ ✑✔✚✮✗ ✤✣✥✷ ✑★✸✔✹✺✦✭✲✔✗✘ (axioms) ✩✔ ✸✔✭ ✑✒✓✓✮ ★✩✓✔ ✦✧ ✑✔✧✫
♠✮✩✭ ✻✦✔✓✲✔ ✻✗ ✤✣✥✷ ✑✰✓ ✩✼✔✮✔✗✘ ✩✔✗ ★✻✽ ★✩✓✔ ✦✧✶ ✾✻ ✑✒✓✔✓ ✖✗✘✙ ✑✔✚ ✩✔✗✿✔✔✗✘ ✤✗✥ ♠✮
✹✣✿✔✔✗✘ ✩✔ ✑✒✓✓✮ ✩✫✗✘✹✗ ①✴ ✳✔✗ ✫✗✬✔✔✪❀ ✚✫❁✚✫ ✚❂★✲❃✷✗✳ ✩✫✲✭ ✦✧✘ ✑✔✧✫ ✩✔✗✿✔✔✗✘ ✤✗✥ ♠✮ ✹✣✿✔✔✗✘
✩✔ ✸✔✭ ✑✒✓✓✮ ✩✫✗✘✹✗ ①✴ ✪✩ ✫✗✬✔✔ ✳✔✗ ✓✔ ✑★❞✩ ✻✖✔✘✲✫ ✫✗✬✔✔✑✔✗✘ ✩✔✗ ★✸✔✰✮❄★✸✔✰✮ ★✴✘✳✣✑✔✗✘
✚✫ ✩✔✐✲✭ ✦✧✶ ✻✔✼✔ ✦✭✙ ✑✔✚ ✾✮ ✹✣✿✔✔✗✘ ✩✔ ★✮✹✖★✮✩ ✲✤❅✥✿✔ (deductive reasoning) ❆✔✫✔
✤✣✥✷ ✩✼✔✮✔✗✘ ✩✔✗ ★✻✽ ✩✫✮✗ ✖✗✘ ✸✔✭ ✚❂✓✔✗✹ ✩✫✗✘✹✗ ♦✳✗★✬✔✪ ✚★✫★✵✔❇✐ ❈❉✶ ✑✔✚ ★✚✷✯✭ ✩❊✔✔✑✔✗✘
✖✗✘ ✾✮ ✩✼✔✮✔✗✘ ✩✭ ✤✣✥✷ ★❡✓✔✩✯✔✚✔✗✘ ❆✔✫✔ ①✔❀✢ ♦✚✣★❇✐❉ ✩✫ ✢✣✤✗✥ ✦✧✘✶

✑✔✚ ✑✚✮✗ ✳✧★✮✩ ①✭✤✮ ✖✗✘ ✻✖✲✯ ✚✺❇❋✔✗✘ ✤✗✥ ★✩✮✔✫✔✗✘ (edges) ✤✗✥ ✴✭✢ ✴✮✗ ✑✮✗✩ ✚❂✩✔✫
✤✗✥ ✩✔✗✿✔ ✳✗✬✔✲✗ ✦✧✘✶ ✻✖✲✯ ✚✺❇❋✔✗✘ ✩✔ ✚❂✓✔✗✹ ✩✫✤✗✥✙ ✪✩ ✦✭ ✚❂✩✔✫ ✤✗✥ ✖✔●■✯ ✴✮✔✮✗ ✤✗✥ ★✯✪✙
✑✔✚✩✔✗ ✩✔✗✿✔✔✗✘ ✤✗✥ ✴✔✫✗ ✖✗✘ ★✤❁✲✺✲ ①✔✮✩✔✫✭ ✩✭ ✑✔✤✵✓✩✲✔ ✦✔✗✲✭ ✦✧✶ ♠✳✔✦✫✿✔✔✼✔❅✙ ✑✔✚ ✑✚✮✗
★✤❢✔✯✓ ✩✭ ✚❂✳★✵✔❅✮✭ ✤✗✥ ★✯✪ ✴✔❀✻✔✗✘ ✩✔ ✚❂✓✔✗✹ ✩✫✤✗✥ ✪✩ ❏✔✗✘✚■✜✭ ✩✔ ✖✔●■✯ ✴✮✔✮✔ ✢✔✦✲✗
✦✧✘✶ ✻✔✗★✢✪✙ ✑✔✚ ✾✻✗ ✤✧✥✻✗ ✴✮✔✪❀✹✗✶ ✤✣✥✷ ✴✔❀✻✔✗✘ ✩✔✗ ✑✔✚ ✚✫❁✚✫ ✻✖✔✘✲✫ ✫✬✔✗✘✹✗ ✑✔✧✫ ✤✣✥✷ ✩✔✗
★✲✫✷✔ ✫✬✔✗✘✹✗✶ ①✴ ✪✩ ✑✔★✤❅✥✐✗❑✐ (architect) ✪✩ ✴✦✣✲✯✭✓ ✸✔✤✮ ✤✗✥ ★✯✪ ✪✩ ✫✗✬✔✔★✢▲✔
✬✔✭✘✢✲✔ ✦✧✙ ✲✔✗ ♠✻✗ ★✤★✸✔✰✮ ✩✔✗✿✔✔✗✘ ✚✫ ✚❂★✲❃✷✗✳✭ ✑✔✧✫ ✻✖✔✘✲✫ ✫✗✬✔✔✪❀ ✬✔✭✘✢✮✭ ✚■✜✲✭ ✦✧✘✶ ❑✓✔
✑✔✚ ✻✔✗✢✲✗ ✦✧✘ ★✩ ✤✦ ✫✗✬✔✔✑✔✗✘ ✑✔✧✫ ✩✔✗✿✔✔✗✘ ✤✗✥ ▼✔✮ ✩✗ ★✴✮✔ ✾✻ ✸✔✤✮ ✩✭ ◆✚✫✗✬✔✔ ✬✔✭✘✢
✻✩✲✔ ✦✧❧

★✤▼✔✮ ✖✗✘✙ ✑✔✚ ✚❂✩✔✵✔ ✤✗✥ ✹✣✿✔✔✗✘ ✩✔ ★✩✫✿✔ ✑✔✫✗✬✔ (ray diagrams) ✬✔✭✘✢ ✩✫ ✑✒✓✓✮
✩✫✲✗ ✦✧✘✶ ♠✳✔✦✫✿✔✔✼✔❅✙ ✚❂✩✔✵✔ ✤✗✥ ✑✚✤✲❅✮ (refraction) ✹✣✿✔ ✩✔ ✑✒✓✓✮ ✩✫✮✗ ✤✗✥ ★✯✪✙ ①✴
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✐✠✡☛☞☛ ✡✌ ✍✡✎✏☛✑✒ ✓✡ ✔☛✕✖✔ (medium) ❧✑ ✗✘❧✎✑ ✔☛✕✖✔ ✔✑✒ ✐✠✙✑☞☛ ✡✎✚✌ ✛✜✒✢ ✣☛✐ ✐✠✍✚✤✥✑✗✌

✎✑✦☛☛✣☛✑✒ ✣☛✜✎ ❧✔☛✒✚✎ ✎✑✦☛☛✣☛✑✒ ✙✑✧ ★✩✏☛☛✑✒ ✡☛ ✐✠✖☛✑★ ✡✎✚✑ ✛✜✒✪ ✫✬ ✓✡ ✍✐✒✭ ✐✎ ✗☛✑ ✖☛ ✣✍✮✡

✬❝ ✡☛✖✯ ✡✎ ✎✛✑ ✛☛✑✒✢ ✚☛✑ ✣☛✐ ✰✱ ✬❝☛✑✒ ✡☛ ✲❧ ✍✐✒✭ ✐✎ ✐✍✎✏☛☛✔✌ ✬❝ ✳☛✚ ✡✎✱✑ ✙✑✧ ✍❝✓✢

✓✡ ✓✑❧☛ ✣☛✎✑✦☛ ✦☛✌✒✴✚✑ ✛✜✒ ✍✫❧✔✑✒ ✬❝☛✑✒ ✡☛✑ ✍✗✵✶ ✎✑✦☛☛✦☛✒✭☛✑✒ (directed line segments) ⑥☛✎☛

✍✱❢✍✐✚ ✍✡✖☛ ✫☛✚☛ ✛✜✪ ✲❧ ❧✔✖✢ ✣☛✐✡☛✑ ✲✱ ✡☛✑✏☛☛✑✒ ✙✑✧ ✬✌✴ ❧✒✬✒✮ ✫☛✱✱✑ ✡✌ ✣☛✙☞✖✡✚☛

✛☛✑★✌ ✍✫✱✡✌ ✍✡✎✏☛✑✒ ❣✣✷☛✙☛ ✎✑✦☛☛✦☛✒✭✸ ✐✎✹✐✎ ❧✔☛✒✚✎ ✖☛ ✐✠✍✚✤✥✑✗✌ ✛☛✑✒★✌✪ ✓✡ ✔✌✱☛✎ ✡✌

➴✺✴☛✰✯ ✳☛✚ ✡✎✱✑ ✣✷☛✙☛ ✍✡❧✌ ✫✛☛✫ ✡✌ ✓✡ ✐✠✡☛☞☛ ✐✩✒✫ (light house) ❧✑ ✗✘✎✌ ✳☛✚ ✡✎✱✑

✙✑✧ ✍❝✓✢ ✛✔✑✒ ♦☛✜✍✚✫ ✣☛✜✎ ✗✻✍✵✶ ✎✑✦☛☛ (line of sight) ✙✑✧ ✬✌✴ ✬✱✑ ✡☛✑✏☛ ✡✌ ✫☛✱✡☛✎✌ ✡✌

✣☛✙☞✖✡✚☛ ✛☛✑★✌✪ ✐✠✴✩✎ ✔☛✈☛☛ ✔✑✒ ✓✑❧✑ ✲✗☛✛✎✏☛ ✍✗✓ ✫☛ ❧✡✚✑ ✛✜✒ ✫✛☛✺ ✎✑✦☛☛✣☛✑✒ ✣☛✜✎ ✡☛✑✏☛☛✑✒ ✡☛

✐✠✖☛✑★ ✍✡✖☛ ✫☛✚☛ ✛✜✪ ❚✖☛✍✔✍✚ ✙✑✧ ✣☛✱✑ ✙☛❝✑ ✣✕✖☛✖☛✑✒ ✔✑✒✢ ✣☛✐ ✎✑✦☛☛✣☛✑✒ ✣☛✜✎ ✡☛✑✏☛☛✑✒ ✙✑✧ ✰✱ ★✩✏☛☛✑✒

✡☛ ✣❞✖ ✲✐✖☛✑★✌ ★✩✏☛☛✑✒ ✡☛✑ ✍✱★✍✔✚ ❣✍✱✡☛❝✱✑✸ ✡✎✱✑ ✔✑✒ ✐✠✖☛✑★ ✡✎✑✒★✑✪

✣☛✰✓ ✐✛❝✑ ✛✔ ✍✐✥❝✌ ✡♦☛☛✣☛✑✒ ✔✑✒ ✎✑✦☛☛✣☛✑✒ ✣☛✜✎ ✡☛✑✏☛☛✑✒ ❧✑ ❧✒✬✒✍✮✚ ✐✼✽✑ ★✓ ✐✗☛✑✒ ✣☛✜✎

✐✍✎✾☛☛✵☛☛✣☛✑✒ ✡☛ ✐✩✱✍✙✯❝☛✑✡✱ ✡✎✑✒✪

6.2 ✿❀❁❀❂❃❀❄❅ ❆❇ ✿❀❈❂ ❆❉❂❃❀❀❊❀❀❋●

✖☛✗ ✡✌✍✫✓ ✍✡ ✓✡ ✎✑✦☛☛ ✡☛ ✙✛ ✾☛☛★ ✍✫❧✙✑✧ ✗☛✑ ✣✒✚ ✍✬✒✗✩ ✛☛✑✒ ✓✡ ❂❍■❀❀■❀❏❑ ✡✛❝☛✚☛ ✛✜

✣☛✜✎ ✎✑✦☛☛ ✡☛ ✙✛ ✾☛☛★ ✍✫❧✡☛ ✓✡ ✣✒✚ ✍✬✒✗✩ ✛☛✑ ✓✡ ❉▲❂▼❀ ✡✛❝☛✚☛ ✛✜✪ ✕✖☛✱ ✗✌✍✫✓

✍✡ ✎✑✦☛☛✦☛✒✭ AB ✡☛✑  AB  ❧✑ ◆✖❖✚ ✍✡✖☛ ✫☛✚☛ ✛✜ ✣☛✜✎ ✲❧✡✌ ❝✒✬☛✰✯ ✡☛✑ AB ❧✑ ◆✖❖✚ ✍✡✖☛

✫☛✚☛ ✛✜✪ ✍✡✎✏☛ AB ✡☛✑ AB ❧✑ ✣☛✜✎ ✎✑✦☛☛ AB ✡☛✑ AB ❧✑ ◆✖❖✚ ✍✡✖☛ ✫☛✚☛ ✛✜✪ ✐✎❞✚✩ ✛✔ ✰✱

❧✒✙✑✧✚✱☛✑✒ ✡☛ ✐✠✖☛✑★ ✱✛✌✒ ✡✎✑✒★✑ ✚✷☛☛ ✎✑✦☛☛ AB, ✍✡✎✏☛ AB✢ ✎✑✦☛☛✦☛✒✭ AB ✣☛✜✎ ✲❧✡✌ ❝✒✬☛✰✯

✡☛✑ ✓✡ ✛✌ ❧✒✙✑✧✚ AB ❧✑ ◆✖❖✚ ✡✎✑✒★✑✪ ✰✱✡☛ ✣✷☛✯ ❧✒✗✾☛✯ ❧✑ ✹✐✵✶ ✛☛✑ ✫☛✓★☛✪ ✡✾☛✌P✡✾☛✌

✥☛✑✶✑ ✣♦☛✎ ✫✜❧✑ l, m, n ✰❜✖☛✍✗ ✡☛ ✐✠✖☛✑★ ✎✑✦☛☛✣☛✑✒ ✡☛✑ ◆✖❖✚ ✡✎✱✑ ✔✑✒ ✍✡✖☛ ✫☛✓★☛✪

✖✍✗ ✚✌✱ ✖☛ ✣✍✮✡ ✍✬✒✗✩ ✓✡ ✛✌ ✎✑✦☛☛ ✐✎ ✍✹✷☛✚ ✛☛✑✒✢ ✚☛✑ ✙✑ ◗❏❂❍■❀ ❉❘❏❇❙ (collinear

points) ✡✛❝☛✚✑ ✛✜✒✢ ✣❞✖✷☛☛ ✙✑ ✿◗❏❂❍■❀ ❉❘❏❇❙ (non-collinear points) ✡✛❝☛✚✑ ✛✜✒✪

✖☛✗ ✡✌✍✫✓ ✍✡ ✫✬ ✗☛✑ ✍✡✎✏☛✑✒ ✓✡ ✛✌ ✣✒✚ ✍✬✒✗✩ ❧✑ ✐✠☛✎❯✾☛ ✛☛✑✚✌ ✛✜✒✢ ✚☛✑ ✓✡ ▲❀❍▼❀

(angle) ✬✱✚☛ ✛✜✪ ✡☛✑✏☛ ✡☛✑ ✬✱☛✱✑ ✙☛❝✌ ✗☛✑✱☛✑✒ ✍✡✎✏☛✑✒ ✡☛✑✏☛ ✡✌ ❃❀❙❱❀❋● (arms ✖☛ sides)

✡✛❝☛✚✌ ✛✜✒ ✣☛✜✎ ✙✛ ✲✾☛✖✍✱✵❲ ✣✒✚ ✍✬✒✗✩ ✡☛✑✏☛ ✡☛ ❳❀❨❊❀❩ (vertex) ✡✛❝☛✚☛ ✛✜✪ ✣☛✐

✍✐✥❝✌ ✡♦☛☛✣☛✑✒ ✔✑✒✢ ✍✙✍✾☛❞✱ ✐✠✡☛✎ ✙✑✧ ✡☛✑✏☛☛✑✒ ✫✜❧✑ ❞✖✘✱ ✡☛✑✏☛ (acute angle), ❧✔✡☛✑✏☛

(right angle), ✣✍✮✡ ✡☛✑✏☛ (obtuse angle),  ❮✫✩ ✡☛✑✏☛ (straight angle) ✣☛✜✎ ✐✠✍✚✙✚✌✯ ✡☛✑✏☛

(reflex angle) ✙✑✧ ✬☛✎✑ ✔✑✒ ✐✼✽ ✴✩✙✑✧ ✛✜✒ ❣✗✑✍✦☛✓ ✣☛❬✍✚ ❭❪❫✸✪
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(i) ❯☎ ✆✝ ✞✟✠✡ ✟ : 0° < x < 90° (ii) ❧☛✞✟✠✡✟ : y = 90° (iii) ✈☞✌✞ ✞✟✠✡✟ : 90° < z < 180°

(iv) ❮✍✎ ✞✟✠✡✟  : s = 180° (v) ✐✏☞✑ ✒✑ ✓✔ ✞✟✠✡✟ : 180° < t  < 360°

✕ ✖ ✗ ✘ ✙ 6.1 : ❞✖ ✚✛✖ ✖ ✚✜ ✢ ✚✣ ✤✥ ❞✖ ✦

✱ ✞ ✧★✩✪ ✫✬✭✮ ✬ ✞✟ ☛✟✐ ✯º ✈ ✟✰✲ ✳✯º ✒✠✴ ✵✓✶ ✷ ✟✠✑ ✟ ✷✰ ✸ ✍ ✵☞✞ ✱ ✞ ✹✺✫ ✬✭✮ ✬ ✞✟ ☛✟✐

❇✓✞ ✳✯º ✷ ✟✠✑ ✟ ✷✰✻ ✳✯º ❧ ✠ ✈ ☞✌✞ ✐✲❯✑ ✎ ✼✽✯ º ❧ ✠ ✞☛ ☛✟✐ ✒ ✟✾✟ ✞✟✠✡✟ ✿❀❁✫ ✫ ✬✭✮ ✬

✞✷ ✾✟✑ ✟ ✷✰✻ ❧ ✟❂ ✟ ✷ ✓✸ ☎ ✟❃ ✞✓☞✍✱ ☞✞ ✱ ✞ ❄❅❆ ✫ ✬✭✮ ✬ ✼✽✯º ✒ ✠✴ ✵✲ ✟✵✲ ✷ ✟✠✑ ✟ ✷✰✻ ✒✷ ✞✟✠✡✟

✍ ✟✠ ✼✽✯º ❧ ✠ ✈ ☞✌✞✸ ✐✲❯✑ ✎ ❈❉✯º ❧ ✠ ✞☛ ☛✟✐ ✞✟ ✷ ✟✠✑ ✟ ✷✰ ✱ ✞ ❊❋ ❀●❍●■ ❏ ✫ ✬✭✮ ✬ ✞✷ ✾✟✑ ✟

✷✰✻ ❣❧ ✒ ✠✴ ✈ ☞✑ ☞✲❑✑ ✸ ☎ ☞❃ ❃ ✟✠ ✞✟✠✡ ✟✟✠▲ ✞✟ ☎ ✟✠▼ ✱ ✞ ❧ ☛✞✟✠✡✟ ✒✠✴ ✵✲ ✟✵✲ ✷ ✟✠✸ ✑ ✟✠ ✱ ✠❧ ✠ ✞✟✠✡✟ ❊✩◆✫

✫ ✬✭✮ ✬ (complementary angles) ✞✷ ✾✟✑ ✠ ✷✰ ▲ ✈ ✟✰ ✲ ✒✠ ❃ ✟✠ ✞✟✠✡✟✸ ☞✍ ✝ ✞✟ ☎ ✟✠▼ ✼✽✯º ✷ ✟✠ ✸

✹ ❖❊✩◆✫ ✫✬✭✮ ✬ (supplementary angles) ✞✷ ✾✟✑ ✠ ✷ ✰ ▲✻

✈ ✟ ✐ ☞ ✐ P ✾ ✓ ✞ ◗ ✟ ✟ ✈ ✟ ✠ ▲ ☛ ✠ ▲ ✈ ✟ ❧ ❯ ✝ ✞ ✟ ✠ ✡ ✟ ✟ ✠ ▲

(adjacent angles) ✒ ✠✴ ✵ ✟✲ ✠ ☛✠ ▲ ♦ ✟ ✓ ✐❘ ❙ ✶ ✎ ✒ ✠✴ ✷ ✰ ▲

❚ ❃ ✠☞❱ ✟✱ ✈ ✟❲ ☞✑ 6.2❳✻ ❃ ✟✠ ✞✟ ✠✡ ✟ ✿ ✬✹✧ ✪ ✫ ✬✭✮ ✬

(adjacent angles) ✞✷ ✾ ✟✑ ✠ ✷ ✰ ▲✸ ☎ ☞❃ ❨ ✝ ☛✠ ▲ ✱ ✞

❨♦ ✟☎ ☞✝♠❇ ❩ ✟✓♠✟✔ ✷ ✟✠✸ ✱ ✞ ❨ ♦ ✟☎ ☞✝ ♠❇ ♦ ✟✎✍ ✟ ✷ ✟✠ ✈ ✟✰ ✲

❨ ✝ ✞✓ ✒ ✠ ♦ ✟✎✍ ✟✱ ❬ ✍ ✟✠ ❨♦ ✟☎ ☞✝ ♠❇ ✝✷ ✓▲ ✷✰ ▲✸ ❨♦ ✟☎ ☞✝ ♠❇

♦ ✟✎✍ ✟ ✒✠✴ ☞✒✐✲✓✑ ✈ ✟✠✲ ☞❭❂ ✟✑ ✷ ✟✠▲✻ ✈ ✟❲☞✑ ❉❪❫ ☛✠▲ ✸

❴ ABD ✈ ✟✰ ✲ ❴ DBC ✈ ✟❧ ❯✝ ✞✟✠✡✟ ✷✰ ▲✻ ☞✞✲ ✡✟ BD

❣✝✞✓ ❨♦ ✟☎ ☞✝ ♠❇ ♦ ✟✎✍ ✟ ✷✰ ✈ ✟✰ ✲ B ❣✝ ✞✟ ❨♦ ✟☎ ☞✝ ♠❇
✕ ✖ ✗ ✘ ✙ 6.2 : ✕✖ ❵❛ ❜ ❞✖ ✚✛✖
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✬✠✡☛✠☞ ✌✍✎ ✏✑✒✓✠ BA ✈✠✍✒ ✏✑✒✓✠ BC ♦✔ ✕✠✖✗✠✘✙ ✌✍✚ ✗✠✔ ✛✕✠✜✏✢☛✣ ✢✌✡✚ ✌✍✚✎ ✤✥♦✔✦ ✈✏✧✏✒★✧✩

✗t ✪✠✔ ✑✠✔✓✠ ✈✠✥✫✢ ✑✠✔✓✠ ✌✠✔✧✔ ✌✍✚✩ ✧✠✔ ✛✢✑✠ ✜✠✔✭ ✛✥ ✑✠✔✓✠ ♦✔✦ t✒✠t✒ ✌✠✔✧✠ ✌✍ ✗✠✔ ✤✢✑✡

✛✢ ✕✠✖✗✠✈✠✔✚ ✥✔ t✢✧✠ ✌✍✩ ✗✠✔ ✛✕✠✜✏✢☛✣ ✢✌✡✚ ✌ ✍✚✎ ✈✧♠ ✌✮ ✏✯✰✠ ✥✑✧✔ ✌✍✚ ✏✑

✱ ABC = ✱ ABD + ✱ DBC ✌✍✎

è✜✠✢ ✪✡✏✗✘ ✏✑ ✱ ABC ✈✠✍✒ ✱ ABD ✈✠✥✫✢

✑✠✔✓✠ ✢✌✡✚ ✌✍✚✎ ★✜✠✔✚❞ ✤✥✑✠ ✑✠✒✓✠ ✜✌ ✌✍ ✏✑

✈✛✕✠✜✏✢☛✣ ✕✠✖✗✠✘✙ ✲✈✳✠✠☞✧✴ ♦✔ ✕✠✖✗✠✘✙ ✗✠✔ ✛✕✠✜✏✢☛✣

✢✌✡✚ ✌✍✚✉ BD ✈✠✍✒ BC ✛✕✠✜✏✢☛✣ ✕✠✖✗✠  BA ♦✔✦ ✘✑

✌✡ ✈✠✔✒ ✏❣✳✠✧ ✌✍✎

✜✏✪ ✈✠❀✏✧ ✵✶✷ ✮✔✚✩ ✈✛✕✠✜✏✢☛✣ ✕✠✖✗✠✘✙ BA

✈✠✍✒ BC ✘✑ ✒✔✰✠✠ t✢✠✘✙✩ ✧✠✔ ✜✌ ✈✠❀✏✧ ✵✶✸ ✗✍✥✠

✯✭✔✭✠✎ ✤✥ ✏❣✳✠✏✧ ✮✔✚✩ ✱ABD ✈✠✍✒ ✱ DBC ✹✺✻✼✺✺✻✽

✹✺ ✾✹ ✿❁❂❃✺✹ ❄❅❆❇ (linear pair of angles)

t✢✠✧✔ ✌✍✚✎

✈✠❈ ❉✺❊❋✺✺●❂❍✺❇❅❃✺ ✹✺✻✼✺✺✻✽ (vertically opposite

angles) ✑✠✔ ✕✠✡ ✜✠✪ ✑✒ ✥✑✧✔ ✌✍✚✩ ✗✠✔ ✪✠✔ ✒✔✰✠✠✈✠✔✚✩

✮✠✢ ✯✡✏✗✘✩ AB ✈✠✍✒  CD ✑✠✔ ❈✒❣❈✒ ✏t✚✪✖ O ❈✒

❈✐✏✧■❏✔✪ ✑✒✢✔ ❈✒ t✢✧✔ ✌✍✚ ✲✪✔✏✰✠✘ ✈✠❀✏✧ ✵✶❑✉✎

✜✌✠✙ ✬✠✡☛✠✠☞✏✕✠✮✖✰✠ ✑✠✔✓✠✠✔✚ ♦✔✦ ✪✠✔ ✜✖▲✮ ✌✍✚✎ ✤✢✮✔✚ ✥✔ ✘✑

✜✖▲✮ ✱ AOD ✈✠✍✒  ✱ BOC ✑✠ ✌✍✎ ★✜✠ ✈✠❈ ✪▼✥✒✠

✜✖▲✮ ◆✠✧ ✑✒ ✥✑✧✔ ✌✍✚❞

6.3 ❖P❂◗❘❙✻❚❊ ✿✻❃✺✺✾❯ ❱✺❁✿ ❱❖P❂◗❘❙✻❚❊ ✿✻❃✺✺✾❯

✘✑ ✑✠✭✗ ❈✒ ✪✠✔ ✏✕✠✫✢ ✒✔✰✠✠✘✙ PQ ✈✠✍✒  RS ✰✠✡✚✏❬✘✎ ✈✠❈ ✪✔✰✠✔✚✭✔ ✏✑ ✈✠❈ ✤✢ ✒✔✰✠✠✈✠✔✚ ✑✠✔ ✪✠✔

❈✐✑✠✒ ✥✔ ✰✠✡✚❬ ✥✑✧✔ ✌✍✚✩ ✗✍✥✠ ✏✑ ✈✠❀✏✧ 6.5 (i) ✈✠✍✒ ✈✠❀✏✧ 6.5 (ii) ✮✔✚ ✪✬✠✠☞✜✠ ✭✜✠ ✌✍✎

❲❳❨❩❭ 6.4 : ❪❳❫❴❳❳❵❩❛❳❜❝❡❳ ❢❳❤❦❳

❲❳❨❩❭ 6.3 : ❢❳❤❦❳❳❤❧ ❢❳ ♥♣❩❡❳❢ q❝r❜
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(i) ✐☎✆✝✞✟✠✡☛ ☞✠✌✍✍✎✏ (ii) ✈✐☎✆✝✞✟✠✡☛ ✑✒✓✍✔✝☞✕ ☞✠✌✍✍✎✏

✖✗✘✙✚ 6.5 : ♥✗✛ ✜✛✢✗✗✣✤ ✢✗✥✦✧★✛ ✩✛✪ ✙✩✙✫✗✬★ ✭✮✯✗✜

☞✠✌✍✍ ❥☛ ✰✒ ✈✱✲✍☞✳✍✍ ❥✍✠ ✴✍☛ ✵✍✡ ❥☛✆✶✎ ✆❥ ✱✷ ✡✍✠✸✍✠✔ ✆✡✹✍✍✈✍✠✔ ✓✠✔ ✈✆✸✆✹✺✝ ✻✐

✒✠ ✆✱❧✝✼✝ ✷✍✠✝☛ ✷✽✾ ☞✠✌✍✍✎✏ PQ ✈✍✽☞ RS ✈✍✿✆✝ 6.5 (i) ✓✠✔ ✐☎✆✝✞✟✠✡☛ ☞✠✌✍✍✎✏ ✷✽✔ ✈✍✽☞

✈✍✿✆✝ 6.5 (ii) ✓✠✔ ✵✠ ✒✓✍✔✝☞ ☞✠✌✍✍✎✏ ✷✽✔✾ ❡✵✍✸ ✡☛✆✶✎ ✆❥ ✰✸ ✡✍✠✸✍✠✔ ✒✓✍✔✝☞ ☞✠✌✍✍✈✍✠✔ ✱✠❀ ✆✱✆✴✍❁✸

✆❢✔✡❂✈✍✠✔ ✐☞ ❃✸✱✠❀ ❃✴✍✵✆✸❄❅ ❆❇❢✍✠✔ ❥☛ ❆✔❢✍✰✵✍✏ ✒✓✍✸ ☞✷✠✔❈☛✾ ❉❊ ❋●❍■ ❏❑▲❍▼◆ ❖❍P■❍P❑ ❋●❍❑◗❘

❘P❙❍❍❚❍P❑ ❯P❱ ▲❲❳ ❨❲ ❖❩❘❲ ❨❊❏❍◗❲ ❊❬❭

6.4 ❞❪❫❴❪❪❫❵ ❛❫❜ ❝❣❤❦

✈✸❂✞✟✠✡ ♠♦♣ ✓✠✔q ✈✍✐ ❥✍✠✳✍✍✠✔ ✱✠❀ ✱❂❀✟ ✵❂r✓✍✠✔ ✶✽✒✠

✐s☞❥ ❥✍✠✳✍q ✒✔✐s☞❥ ❥✍✠✳✍q ✈✍✒❁✸ ❥✍✠✳✍q ❥✍✠✳✍✍✠✔ ❥✍

☞✽✆✌✍❥ ✵❂r✓q ✰t✵✍✆✡ ❥☛ ✐✆☞✴✍✍❄✍✍✈✍✠✔ ✱✠❀ ❢✍☞✠ ✓✠✔ ✐✉✇

✺❂✱✠❀ ✷✽✔✾ ②✵✍ ✈✍✐ ✰✸ ❥✍✠✳✍✍✠✔ ✓✠✔ ✆❥✒☛ ✒✔❢✔✲ ✱✠❀

❢✍☞✠ ✓✠✔ ✒✍✠✺ ✒❥✝✠ ✷✽✔③ ✈✍✰✎ ✈❢ ❃✸ ❥✍✠✳✍✍✠✔ ✓✠✔

✒✔❢✔✲ ✐☞ ✆✱✺✍☞ ❥☞✠✔ ✆✶❁✷✠✔ ❥✍✠✰④ ✆❥☞✳✍ ✆❥✒☛ ☞✠✌✍✍

✐☞ ✆❧⑤✍✝ ✷✍✠❥☞ ❢✸✍✝☛ ✷✽q ✶✽✒✍ ✆❥ ✈✍✿✆✝ ♠♦♠ ✓✠✔

✡✹✍✍④✵✍ ❈✵✍ ✷✽✾ ☞✠✌✍✍ ❥✍✠ AB ✈✍✽☞ ✆❥☞✳✍ ❥✍✠ OC

❥✆✷✎✾ ✆❢✔✡❂ O ✐☞ ❢✸✸✠ ✱✍❆✠ ❥✍✠✳✍ ②✵✍ ✷✽✔③ ✵✠

⑥ AOC, ⑥ BOC ✈✍✽☞ ⑥ AOB ✷✽✔✾

②✵✍ ✷✓ ⑥ AOC + ⑥ BOC = ⑥ AOB ✆❆✌✍ ✒❥✝✠ ✷✽✔③ (1)

✷✍✏⑦ ✑②✵✍✠✔③ ✈✸❂✞✟✠✡ ♠♦♣ ✓✠✔ ✆✡✎ ✈✍✒❁✸ ❥✍✠✳✍✍✠✔ ❥✍✠ ✡✠✆✌✍✎✾✕

⑥ AOB ❥✍ ✓✍✐ ②✵✍ ✷✽③ ✵✷ 180° ✷✽✾ ✑②✵✍✠✔③✕ (2)

②✵✍ ✑⑧✕ ✈✍✠☞ ✑♣✕ ✒✠q ✈✍✐ ❥✷ ✒❥✝✠ ✷✽✔ ✆❥ ⑥ AOC + ⑥ BOC = 180° ✷✽③ ✷✍✏⑦ ✑②✵✍✠✔③✕

❃✐☞✍✠②✝ ✺✺✍④ ✱✠❀ ✈✍✲✍☞ ✐☞q ✷✓ ✆✸❇✸ ✈✆✴✍❈✼✷☛✝ ❥✍✠ ✆❆✌✍ ✒❥✝✠ ✷✽✔⑨

✖✗✘✙✚ 6.6 : ✯✗✛⑩✗✗✛✦ ✯✗ ✜❶✙✢✗✯ ❷❸❹❺
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✈✠✡☛☞✌✍✎✏ 6.1 : ❀✑✒ ✓✔ ✑✔✕✖✗ ✓✔ ✕✘✙✗✗ ✚✕ ✙✗✛✜✢ ✣✗✘✤ ✥✗✘ ✦✧ ✚★✔✗✕ ✩✪✘ ✒✗✘✪✗✘✫ ✬✗✧✭✪

✔✗✘✖✗✗✘✫ ✔✗ ❀✗✘❞ ✶✮✯º ✣✗✘✥✗ ✣✰✱

✲✳✴ ✵✷✸✹✺ ✸✵ ✹✻ ✴✳✼ ✽✳✾✿❁ ✵✳✼❂✳✳✼❃ ✵✳ ✲✳✼❄ ✶✮✯º ❅✳✼❆ ❇✳✼ ❈✼ ✵✳✼❂✳✳✼❃ ✵✳ ✺✵ ❉❊✠❋☛●

❍■❏❑ ✻❁✳❇✼ ❅▲❃▼

✽✸◆✳❄❖❅✷❇ P◗✶ ❘✼❃ ✲❅ ✸✴✲✳ ❅▲ ✸✵ ❙✺✵ ✸✵❚❂✳ ✺✵ ❚✼❯✳✳ ❱❚ ❯✳❲❳✷ ❅✳✼❨▼ ❩✾ ✸✴✺ ❅❬✺ ✾✼❆

❅❘❁✼ ✸❁❣✵❣✳❭ ✸❁✵✳❪✳ ✸✵ ❩✾ ❱❫✵✳❚ ✻❁✼ ✴✳✼❁✳✼❃ ✽✳✾✿❁ ✵✳✼❂✳✳✼❃ ✵✳ ✲✳✼❄ ✶✮✯º ❅✳✼❇✳ ❅▲▼ ❴✲✳ ❅❘

✽✸◆✳❄❖❅✷❇ P◗✶ ✵✳✼ ✺✵ ✸❈❱❚✷❇ ❱❫✵✳❚ ✾✼ ✸❪❯✳ ✾✵❇✼ ❅▲❃❵ ✽❛✳✳❭❇❜ ✽✸◆✳❄❖❅✷❇ P◗✶ ❈✼❝ ✸❁❣✵❣✳❭

✵✳✼ ✸✴✲✳ ❅❬✽✳ ❘✳❁✼❃ ✽✳▲❚ ❡✾❈✼❝ ✸✴✺ ❅❬✺ ✵✳✼ ✸❁❣✵❣✳❭ ❘✳❁✼❃▼ ❇✻ ❅❘✼❃ ✲❅ ❱❫✳❢❇ ❅✳✼❄✳❤

(A) ✲✸✴ ✴✳✼ ✽✳✾✿❁ ✵✳✼❂✳✳✼❃ ✵✳ ✲✳✼❄ ✶✮✯º ❅▲❆ ❇✳✼ ✺✵ ✸✵❚❂✳ ✺✵ ❚✼❯✳✳ ❱❚ ❯✳❲❳✷ ❅✳✼❇✷

❅▲ ✐✽❛✳✳❭❇❜ ✽❡◆✳✲✸❁❣❦ ◆✳❬✹✳✺❧ ✺✵ ❅✷ ❚✼❯✳✳ ❘✼❃ ❅▲❃♠▼

✽✻ ✽✳❱ ✴✼❯✳❇✼ ❅▲❃ ✸✵ ✽✸◆✳❄❖❅✷❇ 6.1 ✽✳▲❚ ✵❛✳❁ (A) ✺✵ ✴♥✾❚✼ ❈✼❝ ✸❈❱❚✷❇ ❅▲❃▼ ❅❘ ❩❁❘✼❃

✾✼ ❱❫♦✲✼✵ ✵✳✼ ✴♥✾❚✼ ✵✳ ✠♣q☛r❑ (converse) ✵❅❇✼ ❅▲❃▼ ❅❘ ✲❅ ❁❅✷❃ ✹✳❁❇✼ ✸✵ ✵❛✳❁ (A)

✾♦✲ ❅▲ ✲✳ ❁❅✷❃▼ ✽✳❩✺ ❩✾✵✷ ✹✳❧s ✵❚✼❃❃▼ ✸❈✸◆✳✿❁ ❘✳❱✳✼❃ ❈✼❝❆ ✽✳t✸❇ P◗✉ ❘✼❃ ✴✇✳✳❭✺ ✽❁❬✾✳❚❆

✽✳✾✿❁ ✵✳✼❂✳ ❯✳✷❃✸s✺▼ ❱❫♦✲✼✵ ✸①❛✳✸❇ ❘✼❃❆ ✽❡◆✳✲✸❁❣❦ ◆✳❬✹✳✽✳✼❃ ❘✼❃ ✾✼ ✺✵ ◆✳❬✹✳ ❈✼❝ ✽❁❬✸✴✇✳

✺✵ ❱②❚✷ (ruler) ❚✸❯✳✺▼ ❴✲✳ ✴♥✾❚✷ ◆✳❬✹✳ ◆✳✷ ❩✾ ❱②❚✷ ❈✼❝ ✽❁❬✸✴✇✳ ✸①❛✳❇ ❅▲❵

③④⑤⑥⑦ 6.7 : ⑥⑧⑥⑨④⑩❶ ❷④❸④❹❺ ⑧❹❻ ③④❼⑩❶ ❽④❹❾④



114 ①�✁✂✄

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-6\Chap-6 PM65

✈☎✆ ✆☎✝✞✟✠ ✡☛ ☞✠✌☞✍ ✈☎✎✡✏ 6.7 (iii) ❡✠✑ ✒✓ ✔☎✠✕☎✠✑ ✈✖✗☎✘✡✕✙✚ ✗☎✛✜☎✝✞ ✆✢✣✓ ☞✠✌ ✈✕✛✡✔✤☎

✒❣✑✥ ✈✦☎☎✧✏★  A, O ✈☎❣✣ B ✝☛ ✒✓ ✣✠✱☎☎ ✆✣ ✡✩✦☎✏ ✒❣✑ ✈☎❣✣ ✡☛✣✪☎ OC ❜✫ ✣✠✱☎☎ ✆✣ ✱☎✬✭✓ ✒❣✮

✫☎✦☎ ✒✓✥ ✘✒ ✗☎✓ ✔✠✡✱☎✝ ✡☛ ✯ AOC + ✯ COB = 125º + 55º = 180º ✒❣✮ ❜✫✫✠ ✈☎✆ ✡✕✙☛✙☎✧

✡✕☛☎✍ ✫☛✏✠ ✒❣✑ ✡☛ ☛✦☎✕ (A) ✫❧✘ ✒❣✮ ✈✏✰✥ ✈☎✆ ❜✫✠ ✝☛ ✈✡✗☎✟✲✒✓✏ ☞✠✌ ✳✆ ❡✠✑ ✡✕✴✕

✆✐☛☎✣ ✡✍✱☎ ✫☛✏✠ ✒❣✑ ✰

✵✶✷✸✹✺✻✼✽ 6.2 : ❀✾✿ ✿❁❂ ❃❁❄❅❆ ❇❁❂❈❁❁❂❉ ❇❁ ❀❁❂❊ ❋●❍º ■❏❑ ▲❁❂ ▼❆❇◆ ❃▼❖❁❀✾❆P◗ ❖❁❘❙❁❚❯ ❚❇

❥❂❱❁❁ ❲❆❁▲◆ ■❏❉❳

✩✆✙✢ ☛☎✣✪☎☎✠✑ ✫✠✥ ✖✆✣☎✠❨✏ ✔☎✠✕☎✠✑ ✈✡✗☎✟✲✒✓✏☎✠ ✑ ☛☎✠ ✡❡✍☎ ☛✣ ❩❬✶❭✸❪ ❫❴❵❛ ✵✶✷✸✹✺✻✼✽

(Linear Pair Axiom) ☛✒✏✠ ✒❣✑✮

✈☎❜✝ ✈❝ ✖✫ ✡✩✦☎✡✏ ☛✓ ✜☎✞❞ ☛✣✠✑ ✜❝ ✔☎✠ ✣✠✱☎☎✝✞ ✆✐✡✏❢❤✠✔ ☛✣✏✓ ✒❣✑✮

✡✆❤✍✓ ☛❦☎☎✈☎✠✑ ✫✠ ✈☎✆☛☎✠ ✘☎✔ ✒☎✠✟☎ ✡☛ ✘✡✔ ✔☎✠ ✣✠✱☎☎✝✞ ✆✣✩✆✣ ✆✐✡✏❢❤✠✔ ☛✣✠✑✥ ✏☎✠

✤☎✓✙☎✧☎✡✗☎❡✛✱☎ ☛☎✠✪☎ ❝✣☎❝✣ ✒☎✠✏✠ ✒❣✑✮ ✈☎❜✝ ✈❝ ❜✫ ✆✡✣✪☎☎❡ ☛☎✠ ✡✫♠ ☛✣✠✑✮ ✝☛ ✖✆✆✡♥☎

(proof) ❡✠✑ ✡✕✡✒✏ ✈☞✘☞☎✠✑ ☞✠✌ ✡✍✝✥ ✆✡✣✡✤☎✙✢ ❋ ☛☎✠ ✔✠✡✱☎✝ ✈☎❣✣ ✕✓❞✠ ✔✓ ✒✛❜✧ ✖✆✆✡♥☎ ☛☎✠

✆♦✭✏✠ ✫❡✘ ❜♣✒✠✑ q✘☎✕ ❡✠✑ ✣✡✱☎✝✮

rs❛t❫ 6.1 : ❀✾✿ ✿❁❂ ❥❂❱❁❁❚❯ ✉❥✇✉❥ ✉②✾▲③④❂✿ ❇❥▲◆ ■❏❉❑ ▲❁❂ ⑤❁◆P❁❁⑥✾❖❁⑦❘❱❁ ❇❁❂❈❁ ❲❥❁❲❥ ■❁❂▲❂ ■❏❉❳

⑧rr✶⑨✸ : ✖✆✣☎✠❨✏ ☛✦☎✕ ❡✠✑ ✘✒ ✡✔✘☎ ✒❣ ✡☛ ✔☎✠ ✣✠✱☎☎✝✞

✆✣✩✆✣ ✆✐✡✏❢❤✠✔ ☛✣✏✓ ✒❣✑✮ ✈✏✰ ❡☎✕ ✍✓✡✜✝ ✡☛ AB

✈☎❣✣ CD ✔☎✠ ✣✠✱☎☎✝✞ ✒❣✑ ✜☎✠ ✆✣✩✆✣ ✡❝✑✔✛ O ✆✣ ✆✐✡✏❢❤✠✔

☛✣✏✓ ✒❣✑✥ ✜❣✫☎ ✡☛ ✈☎✎✡✏ ⑩❶● ❡✠✑ ✔✤☎☎✧✘☎ ✟✘☎ ✒❣✮ ❜✫✫✠

✒❡✠✑ ✤☎✓✙☎☎✧✡✗☎❡✛✱☎ ☛☎✠✪☎☎✠✑ ☞✠✌ ✡✕✴✕ ✔☎✠ ✘✛❷❡ ✆✐☎❸✏ ✒☎✠✏✠ ✒❣✑✰

(i) ✯ AOC ✈☎❣✣ ✯ BOD (ii) ✯ AOD ✈☎❣✣ ✯ BOC

✒❡✠✑ ✡✫♠ ☛✣✕☎ ✒❣ ✡☛ ✯ AOC = ✯ BOD ✒❣ ✈☎❣✣ ✯ AOD = ✯ BOC ✒❣✮

✈❝ ✡☛✣✪☎ OA ✣✠✱☎☎ CD ✆✣ ✱☎✬✭✓ ✒❣✮

✈✏✰✥ ✯ AOC + ✯ AOD = 180º (✣❣✡✱☎☛ ✘✛❷❡ ✈✡✗☎✟✲✒✓✏) (1)

❨✘☎ ✒❡ ✯ AOD + ✯ BOD = 180º ✡✍✱☎ ✫☛✏✠ ✒❣✑❹ ✒☎✞✮ (❨✘☎✠✑❹) (2)

(1) ✈☎❣✣ (2) ✫✠✥ ✒❡ ✡✍✱☎ ✫☛✏✠ ✒❣✑ ✡☛✰

✯ AOC + ✯ AOD = ✯ AOD + ✯ BOD

❜✫✫✠ ✡✕✙☛✙☎✧ ✡✕☛✍✏☎ ✒❣ ✡☛ ✯ AOC = ✯ BOD ❺✈✕✛❢❤✠✔ ❻❶❼ ☛☎ ✈✡✗☎✟✲✒✓✏ ❽ ✔✠✡✱☎✝❾

❿➀➁➂➃➄➅ 6.8 : ➆➇➈➉➇➇➊➋➌➇➍➎➏➇ ➐➇➑➒➇
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❜✠✡ ☛☞✌✍✎✏ ✑✠✒ ✑✌✓✍ ✔✍ ✠✌✕✍ ✖✗ ✑✌ ✘AOD = ✘BOC ✖✗❣ ✙

✈✍❜✚ ✈✛ ✎✗✑✜✍✌ ✓✢✣✤ ✈✑✥✍✦✧✖✡✕ ✈✍✗✎ ☛☞✤★✓ ✩✪✫ ☛✎ ✈✍✬✍✑✎✕ ✭✢✮✯ ✰✱✍✖✎✲✍ ✖✳ ✌✎★✴❣

♠✵✶✷✸✹✶ 1 : ✈✍✺✑✕ ✩✪✻ ✤★✴✏ ✎★✜✍✍✚✼ PQ ✈✍✗✎ RS ☛✎✐☛✎

✑✛✴✱✢ O ☛✎ ☛☞✑✕✽✯★✱ ✌✎✕✡ ✖✗✴❣ ✓✑✱ ✘ POR : ✘ ROQ

= 5 : 7 ✖✗✏ ✕✍★ ✠✥✍✡ ✌✍★✲✍ ✾✍✕ ✌✡✑✔✚❣

✷✿ : ✘ POR +✘ ROQ = 180º

❀✎✗✑✜✍✌ ✓✢✣✤ ✭★✮ ✌✍★✲✍❁

☛✎❂✕✢✏ ✘ POR : ✘ ROQ = 5 : 7 ❀✑✱✓✍ ✖✗❁

✈✕❃✏ ✘ POR =
5

12
 × 180° = 75°

❜✠✡ ☛☞✌✍✎✏ ✘ ROQ =
7

12
 × 180° = 105°

✈✛ ✘ POS = ✘ROQ = 105° ❀❄✍✡❅✍✍❆✑✥✍✤✢✜✍ ✌✍★✲✍❁

✈✍✗✎ ✘ SOQ = ✘POR = 75° ❀❄✍✡❅✍✍❆✑✥✍✤✢✜✍ ✌✍★✲✍❁

♠✵✶✷✸✹✶ 2 : ✈✍✺✑✕ ✩✪✫❇ ✤★✴✏ ✑✌✎✲✍ OS ✎★✜✍✍ POQ ☛✎ ✜✍❈❉✡ ✖✗❣ ✑✌✎✲✍ OR ✈✍✗✎ OT

Ø✤❄✍❃ ✘ POS ✈✍✗✎ ✘ SOQ ✭★✮ ✠✤✑♦✥✍✍✔✌ ✖✗✴❣ ✓✑✱ ✘ POS = x ✖✗✏ ✕✍★  ✘ ROT ✾✍✕

✌✡✑✔✚❣

✷✿ : ✑✌✎✲✍ OS ✎★✜✍✍ POQ ☛✎ ✜✍❈❉✡ ✖✗❣

✈✕❃, ✘ POS + ✘ SOQ = 180º

☛✎❂✕✢✏ ✘ POS = x

✈✕❃✏ x + ✘ SOQ = 180º

❜✠✑✳✚✏ ✘ SOQ = 180º – x

✈✛ ✑✌✎✲✍ OR, ✘ POS ✌✍★ ✠✤✑♦✥✍✍✑✔✕ ✌✎✕✡ ✖✗❣

❜✠✑✳✚✏ ✘ ROS =
1

2
 × ✘ POS

=
1

2
 × x = 

2

x

❊❋●❍■❏❑ 6.9

❊❋●❍■❏❑  6.10
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❜☎ ✆ ✝✞✟✠✡ ☛ ☞ SOT =
1

2
× ☞ SOQ

=
1

2
 × (180° – x)

= 90
2

x
✌ ✍

✈ ✎ ☛ ☞ ROT = ☞ ROS + ☞ SOT

= 90 –
2 2

x x
✏ ✑

= 90°

♠✒✓ ✔✕✖✓ 3 : ✈✠✗✘✙ ✚✛✜✜ ✢✣ ✤☛ OP, OQ, OR ✈✠✥✡ OS

♣✠✡ ✘ ✟✡ ✦✠✣ ✤ ✧✥ ✤★ ✘☎ ✩ ✟✆✘✪ ✫ ✘✟ ☞ POQ + ☞ QOR +

☞ SOR + ☞ POS = 360° ✧✥ ★

✔ ❣ : ✈✠✗✘✙ 6.11 ✢✣ ✤☛ ✈✠ ✝✟✠✣ ✘ ✟✡✦✠✠✣ ✤ OP, OQ, OR

✈✠✥✡ OS ✢✣ ✤ ☎✣ ✘ ✟☎ ✆ ✫ ✟ ✟✠✣ ✝✆❡✣ ✫ ✟ ✘✎✤✬✭ ✙ ✟

✎❝✮✠ ✫ ✪✠✯✣ ✟✆ ✈✠✰ ✱✲ ✟✙✠ ✧✥ ★ ✈✠ ❜✫ ✘✟✡ ✦✠ OQ ✟✠✣

✫ ✟ ✘ ✎✤✬✭ T ✙✟ ✝✆❡✣ ✎❝✮✠ ✬✣ ✤ ✙✠✘✟  TOQ ✫✟ ✡✣ ✳✠✠

✧✠✣ ✴ ✬✣✘ ✳✠ ✫ ✈✠✗✘ ✙ ✚✛✜✵✶ ★

✈✎ ✘✟✡✦✠ OP ✡✣ ✳✠✠ TOQ ✝✡ ✳✠ ✐✮ ✆ ✧✥ ★

✈ ✙ ✷ ☛ ☞ TOP + ☞ POQ = 180° (1)

✴✡ ✥✘✳✠✟ ✲✭✸ ✢ ✈✘✹✠✺✻ ✧✆✙ ✶

❜☎ ✆ ✝✞✟✠✡ ☛ ✘ ✟✡✦✠ OS  ✡ ✣ ✳✠✠ TOQ ✝✡ ✳✠ ✐✮ ✆ ✧✥ ★

✈ ✙ ✷ ☛ ☞ TOS + ☞ SOQ = 180° (2)

✝✡ ✼ ✙ ✭ ☞ SOQ = ☞ SOR + ☞ QOR ✧✥ ★

✈✙✷ ☛ (2) ✘✯ ❢✯ ✧✠✣ ✪ ✠✙ ✆ ✧✥ ✷

☞ TOS + ☞ SOR + ☞ QOR = 180° (3)

✽ ✾✿❀❁ ❂❃  6.11

✽ ✾✿❀ ❁ ❂❃  6.12



❥�✁✂✂✄☎ ✆✂✝❥ ✞✂�✟✂ 117

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-6\Chap-6 PM65

✈✠✡ (1) ✈☛☞✌ (3) ❞☛✍ ✎☛✍✏✑✒✍ ✓✌✡ ✈☛✓❞☛✍ ✓✔☛✕✖ ✗☛✍✘☛✙

✚ TOP + ✚ POQ + ✚ TOS + ✚ SOR + ✚ QOR = 360° (4)

✓✌✐✖✛ ✚ TOP + ✚ TOS = ✚ POS ✗☞❣

✈✖✙✡ (4) ❢✒✜✒ ✗☛✍ ✎☛✖✢ ✗☞ ✙

✚ POQ + ✚ QOR + ✚ SOR + ✚ POS = 360°

✣✤✥✦✧★✩✪  6.1

1. ✆✂✫✬✭ 6.13 ❡�✮, ❥�✁✂✂✄☎  AB ✆✂✝❥ CD ✬✯✮✰✱ O ✲❥ ✲✳✬✭✴✵�✰

✞❥✭✶ ✷✝✮✸ ✹✬✰ ✺ AOC + ✺ BOE = 70° ✷✝ ✆✂✝❥

✺BOD = 40° ✷✝✻ ✭✂� ✺ BOE ✆✂✝❥ ✲✳✬✭✼✭✶✽ ✺COE ❑✂✭

✞✶✬✾✄✸

2. ✆✂✫✬✭ ✿❀❁❂ ❡�✮✻ ❥�✁✂✂✄☎  XY ✆✂✝❥ MN ✬✯✮✰✱ O ✲❥

✲✳✬✭✴✵�✰ ✞❥✭✶ ✷✝✮✸ ✹✬✰ ✺ POY = 90° ✆✂✝❥

a : b = 2 : 3 ✷✝, ✭✂� c ❑✂✭ ✞✶✬✾✄✸

3. ✆✂✫✬✭ 6.15 ❡�✮✻ ✹✬✰ ✺ PQR = ✺ PRQ ✷✝✻ ✭✂� ✬❃❄

✞✶✬✾✄ ✬✞ ✺ PQS = ✺ PRT ✷✝✸

❅❆❇❈❉❊❋  6.13

❅❆❇❈❉❊❋  6.14

❅❆❇❈❉❊❋  6.15
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4. ✈✂☎�✄ 6.16 ❡✆✝, ❀�✞ x + y = w + z ❣✟, ✄✂✆ �r✠ ✡☛�☞✌

�✡ AOB ✌✡ ✱✆✍✂✂ ❣✟✎

5. ✈✂☎�✄  6.17 ❡✆✝, POQ ✌✡ ✱✆✍✂✂ ❣✟✎ �✡✱✁✂ OR ✱✆✍✂✂

PQ ✐✱ ✏✑✒ ❣✟✎ �✡✱✁✂✂✆✝ OP ✈✂✟✱ OR ♦✆✓ ✒☛✔ ❡✆✝ OS

✌✡ ✈✕❀ �✡✱✁✂ ❣✟✎ �r✠ ✡☛�☞✌✖

✗ ROS = 
1

2
 (✗ QOS – ✗POS)

6. ❀❣ �✞❀✂ ❣✟ �✡ ✗ XYZ = 64° ❣✟ ✈✂✟✱ XY ✡✂✆ �✒✝✞❞ P ✄✡ ✒✘✙✂❀✂ ①❀✂ ❣✟✎ ✞☛ ❣❞✚✛ r✜✔✢✂ r✆

✌✡ ✈✂☎�✄ ✍✂☛✝�✔✌✎ ❀�✞ �✡✱✁✂ YQ, ✗ ZYP ✡✂✆ r❡�✣✤✂✂�☞✄ ✡✱✄☛ ❣✟✥ ✄✂✆ ✗ XYQ ✈✂✟✱

✐✦�✄♦✄☛✛ ✗ QYP ✡✆ ❡✂✢ ✧✂✄ ✡☛�☞✌✎

6.5 ❧★✩✪✫✬ ✬✭✮✩✩✯✰ ✲✩✳✬ ✴✫✵✶✷ ✬✭✮✩✩

✸✹✺✻✹✼ ✽✹✾ ✿✹✼❁✹ ❂✻ ❃✿ ❄✼❅✹✹ ❆✹✼ ✾✹✼ ✽✹ ✸❂❇✻ ❄✼❅✹✹✸✹✼❈

✻✹✼ ❂❉✹❊❋ ❂●❈✾❍✸✹✼❈ ✺❄ ✺■❂❏❑▲✼✾ ✻❄❏▼ ✿◆ ❖✻ ✴✫✵✶✷ ✬✭✮✩✩

(transversal) ✻✿P✹❏▼ ✿◆ ◗✾✼❂❅✹❖ ✸✹❘❂❏ ❙❚❯❱❲❳

❄✼❅✹✹  l ❄✼❅✹✹✸✹✼❈ m ✸✹◆❄ n ✻✹✼ ❨❩❬✹❭ ❂●❈✾❍✸✹✼❈ P ✸✹◆❄ Q ✺❄

✺■❂❏❑▲✼✾ ✻❄❏▼ ✿◆❳ ✸❏❭ ❄✼❅✹✹ l ❄✼❅✹✹✸✹✼❈ m ✸✹◆❄ n ❃✼❪ ❂P❖

❖✻ ❂❏✽❫✻ ❄✼❅✹✹ ✿◆❳ ✾✼❂❅✹❖ ❂✻ ✺■♥✽✼✻ ❂●❈✾❍ P ✸✹◆❄ Q ✺❄

♣✹❄ ✻✹✼❴✹ ●❋ ❄✿✼ ✿◆❈❳

✸✹❵❖ ❵❋ ✻✹✼❴✹✹✼❈ ✻✹✼ ✸✹❘❂❏ ❙❚❯❱ ❩✼❈ ✾❬✹✹❫❖ ✸❋❍❛✹❄

❜ 1, ❜ 2, . . ., ❜8 ❛✼ ❋✹❩✹❈❂✻❏ ✻❄✼❈❳

❝❢❤❥❦  6.16

❝❢❤❥❦ 6.17

❝❢❤❥❦ 6.18
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✠ 1, ✠ 2, ✠ 7 ✆✂✝❥ ✠ 8 ❝✡☛☞ ✌✡✍✎✡ (exterior angles) ❞✏✑✒✓✔ ✏✕✖✗ ✠ 3, ✠ 4, ✠ 5 ✈✒✕✘

✠ 6 ✙✚✛☞ ✌✡✍✎✡ (interior angles) ❞✏✑✒✓✔ ✏✕✖✗

❀✒✜ ❞✢✣✤✥ ✣❞ ✣✦✧✑✢ ❞★✒✒✈✒✔✖ ✩✔✖✪ ✈✒✦✫✔ ✬✭✮✧ ❞✒✔✯✒✒✔✖ ✬✔✮ ❀✭✰✩✒✔✖ ❞✒ ✫✒✩✒✖❞✫ ✣❞❀✒ ✱✒✒✪

✤✒✔ ✥❞ ✣✓❀t❞ ✘✔✲✒✒ ✳✒✘✒ ✜✒✔ ✘✔✲✒✒✈✒✔✖ ❞✒✔ ✦✴✣✓✵✧✔✜ ❞✘✫✔ ✶✔ ✷✫✓✔ ✏✕✖✗ ❀✔ ❀✭✰✩ ✣✫✸✫ ✏✕✖✹

(a) ❧✚✺✛ ✌✡✍✎✡ (Corresponding angles) :

(i) ✠ 1 ✈✒✕✘  ✠ 5 (ii) ✠ 2 ✈✒✕✘ ✠ 6

(iii) ✠ 4 ✈✒✕✘ ✠ 8 (iv) ✠ 3 ✈✒✕✘ ✠ 7

(b) ✻✌✡✚✛✼ ✙✚✛☞ ✌✡✍✎✡ (Alternate interior angles) :

(i) ✠ 4 ✈✒✕✘  ✠ 6 (ii) ✠ 3 ✈✒✕✘ ✠ 5

(c) ✻✌✡✚✛✼ ❝✡☛☞ ✌✡✍✎✡ (Alternate exterior angles) :

(i) ✠ 1 ✈✒✕✘  ✠ 7 (ii) ✠ 2 ✈✒✕✘ ✠ 8

(d) ❢✛✽✾✌ ✼✍✿✡✡ ❁✍❂ ✻✌ ❃❄ ✙✡✍✼ ❁✍❂ ✙✚✛☞ ✌✡✍✎✡☞

(i) ✠ 4 ✈✒✕✘  ✠ 5 (ii) ✠ 3 ✈✒✕✘ ✠ 6

✣✓❀ t❞ ✘✔✲✒✒ ✬✔✮ ✥❞ ✏✢ ✈✒✔✘ ✬✔✮ ✈✖✓✹ ❞✒✔✯✒✒✔ ✖ ❞✒✔ Ø❅✡✺✛ ✙✚✛☞ ✌✡✍✎✡

(consecutive interior angles) ❀✒ ❧✚❝✚❢❆✛ ✌✡✍✎✡ (allied angles)  ❀✒ ❧❃❇✙✚✛☞ ✌✡✍✎✡

(co-interior angles) ❍✒✢ ❞✏✒ ✤✒✓✒ ✏✕✗ ✶✒✱✒ ✏✢✪ ✈✫✔❞ ✷✒✘ ✏✩ ✥❞✒✖✓✘ ✈✖✓✹ ❞✒✔✯✒✒✔ ✖ ✬✔✮

✣✑✥ ✬✔✮✬✑ ❈✒❉✜✒✔✖ ✥❞✒✖✓✘ ❞✒✔✯✒✒✔ ✖ ❞✒ ✦✴❀✒✔❊ ❞✘✓✔ ✏✕✖✗

✈✒❋✥ ✈✷ ❋✫ ❞✒✔✯✒✒✔✖ ✩✔✖ ✶✖✷✖● ■✒✓ ❞✘✔✖ ✤✷ ✘✔✲✒✒✥❏

m ✈✒✕✘   n ✶✩✒✖✓✘ ✏✕✖✗ ✈✒✦ ✤✒✫✓✔ ✏✕✖ ✣❞ ✈✒✦❞✢

✈❍❀✒✶❑✦✭✣▲✓❞✒ ✦✘ ✷✫✢ ✶✢●✢ ✑❞✢✘✔✖ (ruled lines)

✦✘▲✦✘ ✶✩✒✖✓✘ ✏✒✔✓✢ ✏✕✖✗ ❋✶✣✑✥✪ ❋✫ ✑❞✢✘✒✔✖ ✬✔✮ ✈✫✭✣✜❈✒

✦✐✘✢ ✈✒✕✘ ✦✔✖✣✶✑ ❞✢ ✶✏✒❀✓✒ ✶✔ ✜✒✔ ✶✩✒✖✓✘ ✘✔✲✒✒✥❏ ❍✒✢

✲✒✢✖✣❬✥✪ ✤✕✶✒ ✣❞ ✈✒▼✣✓ ◆❖P◗ ✩✔✖ ✜❈✒✒t❀✒ ❊❀✒ ✏✕✗
❘❙❚❯❱ 6.19
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✈☎ ✆✝✞✟ ✠✡☛☞✡✡☛✝ ✌☛✍ ✎✠✆✏ ✑✡✏ ✒✓✔✕ ✠✡☛ ✕✡✎✖✗ ✈✡✘✙ ✚✛✌☛✍ ☎✏✜ ✕☛✝ ✆✝☎✝✢ ✣✡✟ ✠✏✎✤✗✥

✈✡✖ ✣✡✟ ✠✙ ✆✠✟☛ ✦✘✝ ✎✠  ✧ 1 = ✧ 5, ✧ 2 = ✧ 6, ✧ 4 = ✧ 8 ✈✡✘✙ ✧ 3 = ✧ 7 ✦✘✥ ❣✆✆☛

✈✡✖ ✎✛★✛ ✈✎✑✡✞✩✦✏✟ ✠✡☛ ✪✌✏✫✟ ✠✙ ✆✠✟☛ ✦✘✝✬

✭✮✯✰✱✲✳✴✵ 6.3 : ❀✶✷ ✸✹ ✶✺❀✻✹ ✼✽✾✿✿ ✷✿✽ ❁❂✿❃✺✼ ✼✽✾✿✿❄✿✽❃ ✹✿✽ ❅❆✶✺❇❈✽✷ ✹✼✽❉ ✺✿✽ ❁❃❊✺ ✹✿✽❋✿✿✽ ❃

✹✿ ❅❆❞❀✽✹ ❀●❍❂ ■✼✿■✼ ❏✿✽✺✿ ❏❑▲

✈✎✑✡✞✩✦✏✟ ▼◆❖ ✠✡☛ ❧P✱✵ ◗✰❘❙✰ ✭✮✯✰✱✲✳✴✵ ✑✡✏ ✠✦✡ ✤✡✟✡ ✦✘✥ ✈✡❣✗ ✈☎ ❣✆

✈✎✑✡✞✩✦✏✟ ✌☛✍ ✎✌❚✡☛✕ (converse) ✠✏ ✜✜✡❯ ✠✙☛✝❱ ✤✡☛ ✎✛★✛ ✦✘✬

❫✒✎❲ ✗✠ ✎✟✒❯✠ ✙☛❳✡✡ ❲✡☛ ✙☛❳✡✡✈✡☛✝ ✠✡☛ ❣✆ ✖❨✠✡✙ ✖❨✎✟❩❬☛❲ ✠✙☛ ✎✠ ✆✝✞✟ ✠✡☛☞✡✡☛✝ ✠✡ ✗✠

✒✓✔✕ ☎✙✡☎✙ ✦✡☛❱ ✟✡☛ ❲✡☛✛✡☛✝ ✙☛❳✡✡✗❭ ✆✕✡✝✟✙ ✦✡☛✟✏ ✦✘✝❪✥

❴✒✡ ✒✦ ✠❵✡✛ ✆❛✒ ✦✘❜ ❣✆✠✏ ✤✡❭✜ ✎✛★✛ ✖❨✠✡✙ ✠✏ ✤✡ ✆✠✟✏ ✦✘ ✬ ✗✠ ✙☛❳✡✡ AD

❳✡✏✝✎✜✗ ✈✡✘✙ ✚✆ ✖✙ ❲✡☛ ✎☎✝❲✓ B ✈✡✘✙ C ✈✝✎✠✟ ✠✏✤✗✥ B ✈✡✘✙ C ✖✙ ✐✕❝✡✬ ✧ ABQ ✈✡✘✙

✧ BCS ✠✏ ✙✜✛✡ ✠✏✎✤✗ ✤✡☛ ✖✙✪✖✙ ☎✙✡☎✙ ✦✡☛✝❱ ✤✘✆✡ ✎✠ ✈✡✫✎✟ 6.20 (i) ✕☛✝ ❲❝✡✡❯✒✡ ✞✒✡

✦✘✥

❡❢❤❥❦ 6.20

QB ✈✡✘✙ SC ✠✡☛  AD ✌☛✍ ❲♦✆✙✏ ✈✡☛✙ ☎♠♥✡✠✙ ✙☛❳✡✡✗❭ PQ ✈✡✘✙ RS ✖❨✡♣✟ ✠✏✎✤✗❱ ✤✘✆✡ ✎✠

✈✡✫✎✟ ▼◆qr (ii) ✕☛✝ ❲❝✡✡❯✒✡ ✞✒✡ ✦✘✥ ✈✡✖ ❲☛❳✡ ✆✠✟☛ ✦✘✝ ✎✠ ✒☛ ✙☛❳✡✡✗❭ ✖✙✪✖✙ ✖❨✎✟❩❬☛❲ ✛✦✏✝

✠✙✟✏✝✥ ✈✡✖ ❲✡☛✛✡☛✝ ✙☛❳✡✡✈✡☛✝ PQ ✈✡✘✙ RS ✌☛✍ ✎✌✎✑✡s✛ ✎☎✝❲✓✈✡☛✝ ✖✙ ✚✑✡✒✎✛t✉ ❚★☎ ❳✡✏✝✜ ✠✙

✈✡✘✙ ✚✛✠✏ ❚★☎✡❣✒✡❭ ✕✡✖ ✠✙ ❲☛❳✡ ✆✠✟☛ ✦✘✝ ✎✠ ✒☛ ❚✝☎✡❣✒✡❭ ✖❨❛✒☛✠ ✪❵✡✡✛ ✖✙ ☎✙✡☎✙ ✦✘✝✥

✈✟✬ ✈✡✖ ✎✛t✠t✡❯ ✎✛✠✡❚ ✆✠✟☛ ✦✘✝ ✎✠ ✒☛ ✙☛❳✡✡✗❭ ✆✕✡✝✟✙ ✦✘✝✥ ✈❵✡✡❯✟✇ ✆✝✞✟ ✠✡☛☞✡ ✈✎✑✡✞✩✦✏✟

✠✡ ✎✌❚✡☛✕ ✑✡✏ ✆❛✒ ✦✘✥ ❣✆ ✖❨✠✡✙❱ ✦✕ ✎✛★✛ ✈✎✑✡✞✩✦✏✟ ✖❨✡♣✟ ✠✙✟☛ ✦✘✝ ✬

✭✮✯✰✱✲✳✴✵ 6.4 : ❀✶✷ ✸✹ ✶✺❀✻✹ ✼✽✾✿✿ ✷✿✽ ✼✽✾✿✿❄✿✽❃ ✹✿✽ ②❁ ❅❆✹✿✼ ❅❆✶✺❇❈✽✷ ✹✼✽ ✶✹ ❁❃❊✺

✹✿✽❋✿✿✽❃ ✹✿ ✸✹ ❀●❍❂ ■✼✿■✼ ❏❑❉ ✺✿✽ ✷✿✽③✿✽❃ ✼✽✾✿✿✸④ ❅✼⑤❅✼ ❁❂✿❃✺✼ ❏✿✽✺⑥ ❏❑❃▲
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❉✠✡ ☛☞ ✌✍ ✎✏✠✑✍ ✒✓✔✡✡ ✕✡✒✡ ✖✡✓ ✗☞✡✘✏✒ ✒✓✔✡✡✙✡✓✘ ✍✡✓

✐✚✎✏✛✜✓✖ ✍✒✢✓ ✗✓ ✣✢✓ ✌✍✡✘✏✒ ✙✘✏✤ ✍✡✓✥✡✡✓✘ ✦✓✧ ✣★✩ ✍✡✓✪✑

✗✘✣✘❧ ✫✡✏ ✍✒✢✓ ✦✓✧ ✎✬✌ ✗✘✭✏ ✍✡✓✥✡ ✙✎✮✡✭✯☛★✏ ✍✡

✐✚✠✡✓✭ ✍✒ ✗✍✏✓ ☛✰✘✱ ✙✡✲✎✏ ✳✴✵✶ ☞✓✘❡ ✎✏✠✑✍ ✒✓✔✡✡ PS

✗☞✡✘✏✒ ✒✓✔✡✡✙✡✓✘ AB ✙✡✰✒ CD ✍✡✓ ❞☞✷✡✤ ✎✣✘✖✸✙✡✓✘ Q ✙✡✰✒

R ✐✒ ✐✚✎✏✛✜✓✖ ✍✒✏★ ☛✰✹

❉✠✡ ✺ BQR = ✺ QRC ✙✡✰✒ ✺ AQR = ✺ QRD ☛✰✘✱

✙✡✐ ✈✡✢✏✓ ☛✰✘ ✎✍ ✺ PQA = ✺ QRC (1)

✻✗✘✭✏ ✍✡✓✥✡ ✙✎✮✡✭✯☛★✏✼

❉✠✡ ✺ PQA = ✺ BQR ☛✰✱ ☛✡❣✽ ✻❉✠✡✓✘✱✼ (2)

✪✗✎✬✌ (1) ✙✡✰✒ (2) ✗✓❡ ☛☞ ✎✢✾✍✾✡✑ ✎✢✍✡✬ ✗✍✏✓ ☛✰✘ ✎✍

✺ BQR = ✺ QRC

✪✗★ ✐✚✍✡✒❡ ✺ AQR = ✺ QRD

♠✐✒✡✓❉✏ ✐✎✒✥✡✡☞ ✍✡✓ ✌✍ ✐✚☞✓✠ (theorem) ✦✓✧ ♦✐ ☞✓✘ ✎✢✿✢ ✐✚✍✡✒ ✗✓ ✎✬✔✡✡ ✈✡ ✗✍✏✡ ☛✰✤

❀❁❂❃❄ 6.2 :  ❅❆❇ ❈❊ ❆❋❅●❊ ❍■❏❑❑ ❇❑■ ▲▼❑◆❋❍ ❍■❏❑❑❖❑■◆ ❊❑■ P◗❆❋❘❙■❇ ❊❍■❚ ❋❑■ ❈❊❑◆❋❍ ❖◆❋❯ ❊❑■❱❑❑■◆

❊❑ P◗❲❅■❊ ❅❳❨▼ ❩❍❑❩❍ ❬❑■❋❑ ❬❭❪

✙✣❡ ✗✘✭✏ ✍✡✓✥✡ ✙✎✮✡✭✯☛★✏ ✦✓✧ ✎✦✬✡✓☞ ✍✡ ✐✚✠✡✓✭ ✍✒✦✓✧ ❉✠✡ ☛☞ ✌✍✡✘✏✒ ✙✘✏✤ ✍✡✓✥✡✡✓✘ ✦✓✧

✌✍ ✠✸❫☞ ✦✓✧ ✣✒✡✣✒ ☛✡✓✢✓ ✐✒ ✖✡✓✢✡✓✘ ✒✓✔✡✡✙✡✓✘ ✍✡✓ ✗☞✡✘✏✒ ✖✷✡✡✑ ✗✍✏✓ ☛✰✘✱ ✙✡✲✎✏ ✳✴✵✵ ☞✓✘❡

✎✏✠✑✍ ✒✓✔✡✡ PS ✒✓✔✡✡✙✡✓✘  AB ✙✡✰✒ CD ✍✡✓ ❞☞✷✡✤ ✎✣✘✖✸✙✡✓✘ Q ✙✡✰✒ R ✐✒ ✪✗ ✐✚✍✡✒ ✐✚✎✏✛✜✓✖

✍✒✏★ ☛✰ ✎✍ ✺ BQR = ✺ QRC ☛✰✹

❉✠✡ AB || CD ☛✰?

✺ BQR = ✺ PQA  (❉✠✡✓✘ ?)  (1)

✐✒❴✏✸❡ ✺ BQR = ✺ QRC  ✻✎✖✠✡ ☛✰✼  (2)

✙✏✤❡ ✻✶✼ ✙✡✰✒ ✻✵✼ ✗✓ ✙✡✐ ✎✢✾✍✾✡✑ ✎✢✍✡✬ ✗✍✏✓ ☛✰✘ ✎✍

✺ PQA = ✺ QRC

✐✒❴✏✸ ✠✓ ✗✘✭✏ ✍✡✓✥✡ ☛✰✘✹

✙✏✤❡ AB || CD ☛✰✹ ✻✗✘✭✏ ✍✡✓✥✡ ✙✎✮✡✭✯☛★✏ ✍✡ ✎✦✬✡✓☞✼

❵❛❜❝❢ 6.21

❵❛❜❝❢ 6.22
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❜☎ ✆✝✞✟ ✆✞✠ ✡✆ ☛☞✌✠✍ ✎✠✏ ✑☛ ✌✠✒ ✓✟✔✟ ☛☞✆✞✕ ✖✍✗✘ ✓✆✍✞ ✙✞ ☎✆✘✞ ✚✛✜

✐✢✣✤✥ 6.3 : ❀✦✧ ★✩ ✦✪❀✫✩ ✬✭✮✯✯ ✧✯✭ ✬✭✮✯✯✰✯✭✱ ✩✯✭ ✲✳ ✴✵✩✯✬ ✴✵✦✪✶✷✭✧ ✩✬✭ ✦✩ ★✩✯✱✪✬ ✰✱✪✸

✩✯✭❞✯✯✭✱ ✩✯ ★✩ ❀✹✺✻ ✼✬✯✼✬ ✽✾✿ ✪✯✭ ✧✯✭❁✯✭✱ ✬✭✮✯✯★❂ ✴✬❃✴✬ ✳✻✯✱✪✬ ✽✯✭✪❄ ✽✾✱❅

❜☎❆ ☛☞✆✞✕❇ ❈✞☛ ✓✘✍❉✆ ✕✠❊✞✞ ✎✠✏ ✡✆ ✚❆ ❈✞✠✕ ✎✠✏ ❈✒✘✜ ✆✞✠❋✞✞✠✒ ☎✠ ☎✒●✒✓❍✘ ✓✟✔✟✓■✓❊✞✘
♥✞✠ ☛☞✌✠✍ ☛☞✞❏✘ ✆✕ ☎✆✘✠ ✚✛✒✜

✐✢✣✤✥ 6.4 : ❀✦✧ ★✩ ✦✪❀✫✩ ✬✭✮✯✯ ✧✯✭ ✳✻✯✱✪✬ ✬✭✮✯✯✰✯✭✱ ✩✯✭ ✴✵✦✪✶✷✭✧ ✩✬✭✿ ✪✯✭ ✦✪❀✫✩ ✬✭✮✯✯ ❑✭▲

★✩ ✽❄ ✰✯✭✬ ❑✭▲ ✰✱✪✸ ✩✯✭❞✯✯✭✱ ✩✯ ✴✵▼❀✭✩ ❀✹✺✻ ✳✱✴◆✬✩ ✽✯✭✪✯ ✽✾❅

✐✢✣✤✥ 6.5 : ❀✦✧ ★✩ ✦✪❀✫✩ ✬✭✮✯✯ ✧✯✭ ✬✭✮✯✯✰✯✭✱ ✩✯✭ ✲✳ ✴✵✩✯✬ ✴✵✦✪✶✷✭✧ ✩✬✭ ✦✩ ✦✪❀✫✩ ✬✭✮✯✯
❑✭▲ ★✩ ✽❄ ✰✯✭✬ ❑✭▲ ✰✱✪✸ ✩✯✭❞✯✯✭✱ ✩✯ ★✩ ❀✹✺✻ ✳✱✴◆✬✩ ✽✾✿ ✪✯✭ ✧✯✭❁✯✭✱ ✬✭✮✯✯★❂ ✴✬❃✴✬ ✳✻✯✱✪✬ ✽✯✭✪❄

✽✾✱❅

❈✞☛✆✞✠ ✍✞♥ ✚✞✠✈✞ ✓✆ ❜✟ ☎❖✞❆ ❈✓❖✞✈P✚❆✘✞✠✒ ❈✞✛✕ ☛☞✌✠✍✞✠✒ ✆❆ ✙✞◗❘ ✓☛❙■❆ ✆❚✞✞❈✞✠✒ ✌✠✒ ❈✞☛
✎♦✏❙ ✓❯✍✞✆■✞☛✞✠✒ ✎✠✏ ❱✞✕✞ ✆✕ ❘♦✎✠✏ ✚✛✒❲ ❈✞☛ ❜✟ ✓❯✍✞✆■✞☛✞✠✒ ✆✞✠ ✍✚✞◗ ♥✞✠✚✕✞ ☎✆✘✠ ✚✛✒❲

6.6 ❳❨ ❩❬ ❭✤❪❫❫ ❴✤❵ ❛✣❫❝❡❭ ❭✤❪❫❫❳❢

✍✓♥ ♥✞✠ ✕✠❊✞✞✡◗ ✡✆ ✚❆ ✕✠❊✞✞ ✎✠✏ ☎✌✞✒✘✕ ✚✞✠✒❇ ✘✞✠ ✗✍✞ ✎✠

☛✕❣☛✕ ☎✌✞✒✘✕ ✚✞✠ ✒✈❆❤ ❈✞❜✡ ❜☎✆❆ ✙✞◗❘ ✆✕✠ ✒❲

❈✞❥✓✘ ❦❧♠♣ ✆✞✠ ♥✠✓❊✞✡❇ ✓✙☎✌✠✒ m || l ✚✛ ❈✞✛✕ n || l ✚✛❲

❈✞❜✡ ✕✠❊✞✞❈✞✠✒ l, m ❈✞✛✕ n ✎✠✏ ✓■✡ ✡✆ ✓✘✍❉✆ ✕✠❊✞✞

t ❊✞❆✒❘✠✒❲ ✍✚ ✓♥✍✞ ✚✛ ✓✆ m ||  l ✚✛ ❈✞✛✕ n || l ✚✛❲

❈✘✜❇ q 1 = q 2 ❈✞✛✕ q 1 = q 3 ✚✛❲

r☎✒✈✘ ✆✞✠❋✞ ❈✓❖✞✈P✚❆✘s

❜☎✓■✡❇ q 2 = q 3 r✗✍✞✠✒❤s

☛✕t✘♦ q 2 ❈✞✛✕ q 3 ☎✒✈✘ ✆✞✠❋✞ ✚✛✒ ❈✞✛✕ ●✕✞●✕ ✚✛✒❲

❈✘✜❇ ❈✞☛ ✆✚ ☎✆✘✠ ✚✛✒ ✓✆

m || n r☎✒✈✘ ✆✞✠❋✞ ❈✓❖✞✈P✚❆✘ ✆✞ ✓✎■✞✠✌s

❜☎ ☛✓✕❋✞✞✌ ✆✞✠ ✡✆ ☛☞✌✠✍ ✎✠✏ ✑☛ ✌✠✒ ✓✟✔✟ ☛☞✆✞✕ ✖✍✗✘ ✓✆✍✞ ✙✞ ☎✆✘✞ ✚✛✜

✐✢✣✤✥ 6.6 : ❑✭ ✬✭✮✯✯★❂ ✉✯✭ ★✩ ✽❄ ✬✭✮✯✯ ❑✭▲ ✳✻✯✱✪✬ ✽✯✭✱✿ ✴✬❃✴✬ ✳✻✯✱✪✬ ✽✯✭✪❄ ✽✾✱❅

✇②③✐④❫❬ : ⑤☛✕✞✠✗✘ ✈♦❋✞ ✆✞✠ ♥✞✠ ☎✠ ❈✓❍✆ ✕✠❊✞✞❈✞✠✒ ✎✠✏ ✓■✡ ❖✞❆ ■✞✈⑥ ✓✆✍✞ ✙✞ ☎✆✘✞ ✚✛❲

❈✞❜✡ ❈● ☎✌✞✒✘✕ ✕✠❊✞✞❈✞✠✒ ☎✠ ☎✒●✒✓❍✘ ✎♦✏❙ ☛☞⑦✟ ✚■ ✆✕✠✒✜

⑧⑨⑩❶❷❸❹  6.23
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♠✠✡☛☞✌✡ 4 : ✈✍✎✏✑ 6.24 ❡✒✓, ❀✏✔ PQ || RS, ✕ MXQ = 135° ✈✍✖✗ ✕ MYR = 40° ✥✖, ✑✍✒

✕ XMY ❑✍✑ ✘✙✏✚✛✜

✢✣✤✦✧ 6.24 ✢✣✤✦✧ 6.25

☛❣ : ❀✥✍★ ✥❡✒✓ m ❧✒ ✥✍✒✘✗✩ ✗✒✪✍✍ PQ ♦✒✫ ❧❡✍✓✑✗ ✛✘ ✗✒✪✍✍ AB ✪✍✙✓❬✬✒ ✘✙ ✈✍♦✭❀✘✑✍ ✥✖✩

✚✖❧✍ ✏✘ ✈✍✎✏✑ t✮✯✰ ❡✒✓ ✏✔✪✍✍❀✍ ✱❀✍ ✥✖✜ ✈✲✩  AB || PQ ✈✍✖✗ PQ || RS ✥✖✜

✈✑✳✩ AB || RS  ✥✖✜ ✴✵❀✍✒ ✓✶✷

✈✲✩ ✕ QXM + ✕  XMB = 180°

 ✴AB || PQ, ✏✑❀❢✘ ✗✒✪✍✍ XM ♦✒✫ ✛✘ ✥✙ ✈✍✒✗ ♦✒✫ ✈✓✑✳ ✘✍✒✸✍ )

✐✗✹✑✺✩ ✕ QXM = 135° ✥✖✜ ✻❧✏✼✛✩

135° + ✕ XMB = 180°

✈✑✳✩ ✕ XMB = 45°  (1)

✈✲✩ ✕ BMY = ✕ MYR (AB || RS, ✛✘✍✓✑✗ ✘✍✒✸✍ )

✈✑✳✩ ✕ BMY = 40°  (2)

✴✽✷ ✈✍✖✗ ✴✯✷ ✘✍✒ ✚✍✒✾✿✬✒ ✐✗✩ ✈✍✐✘✍✒ ✐❁✍❂✑ ✥✍✒✱✍ ✳

✕ XMB + ✕ BMY = 45° + 40°

✈❃✍✍❢✑✩ ✕ XMY = 85°

♠✠✡☛☞✌✡ 5 : ❀✏✔ ✛✘ ✏✑❀❢✘ ✗✒✪✍✍ ✔✍✒ ✗✒✪✍✍✈✍✒✓ ✘✍✒ ✻❧ ✐❁✘✍✗ ✐❁✏✑❄❅✒✔ ✘✗✒ ✏✘ ❧✓✱✑ ✘✍✒✸✍✍✒✓

♦✒✫ ✛✘ ❀✺❆❡ ♦✒✫ ❧❡✏❇❈✍✍✚✘ ✐✗❉✐✗ ❧❡✍✓✑✗ ✥✍✒✓✩ ✑✍✒ ✏❧❊ ✘✙✏✚✛ ✏✘ ✔✍✒✬✍✒✓ ✗✒✪✍✍✛★ ❈✍✙ ✐✗❉✐✗

❧❡✍✓✑✗ ✥✍✒✑✙ ✥✖✓✜
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❣☎ : ✈✆✝✞✟ ✠✡☛✠ ☞✌✍✎ ✏✑ ✞✟✒✓✑ ✔✌✕✆✆ AD ♥✆✌ ✔✌✕✆✆✈✆✌✍ PQ ✈✆✖✔ RS ✑✆✌ ❞☞✗✆✘ ✞✙✍♥✚✈✆✌✍ B

✈✆✖✔ C ✐✔ ✐✛✞✟✜✢✌♥ ✑✔✟✣ ✤✖✥ ✞✑✔✦✆ BE, ✧ ABQ ✑✣ ★☞✞✩✪✆✆✫✑ ✤✖ ✈✆✖✔ ✞✑✔✦✆ CG,

✧ BCS ✑✣ ★☞✞✩✪✆✆✫✑ ✤✖ ✟✬✆✆ BE || CG ✤✖✥

✤☞✍✌ ✞★✭ ✑✔✮✆ ✤✖ ✞✑ PQ || RS ✤✖✥

✒✤ ✞♥✒✆ ✤✖ ✞✑ ✞✑✔✦✆ BE, ✧ ABQ ✑✣ ★☞✞✩✪✆✆✫✑ ✤✖✥

✈✟✘✎ ✧ ABE =
1

2
 ✧ ABQ  (1)

❜★✣ ✐✛✑✆✔ ✞✑✔✦✆ CG, ✧ BCS ✑✣ ★☞✞✩✪✆✆✫✑ ✤✖✥

✈✟✘✎ ✧ BCG =
1

2
 ✧ BCS  (2)

✐✔✯✟✚✎ BE || CG ✤✖ ✈✆✖✔ AD ✏✑ ✞✟✒✓✑ ✔✌✕✆✆ ✤✖✥

✈✟✘✎ ✧ ABE = ✧ BCG

            ✰★✍✱✟ ✑✆✌✦✆ ✈✞✪✆✱✲✤✣✟✳  (3)

✰✴✳ ☞✌✍✎ ✰✵✳ ✈✆✖✔ ✰☛✳ ✑✆✌ ✐✛✞✟✶✬✆✆✞✐✟ ✑✔✮✌ ✐✔✎ ✈✆✐✑✆✌ ✐✛✆✷✟ ✤✆✌✱✆✘

1

2
 ✧ ABQ =

1

2
 ✧ BCS

✈✬✆✆✓✟✸✎ ✧ ABQ = ✧ BCS

✐✔✯✟✚✎ ✒✌ ✞✟✒✓✑ ✔✌✕✆✆ AD ✩✆✔✆ ✔✌✕✆✆✈✆✌✍ PQ ✈✆✖✔ RS ♦✌✹ ★✆✬✆ ✙✮✆✏ ✱✏ ★✍✱✟ ✑✆✌✦✆ ✤✖✍ ✈✆✖✔

✒✌ ✙✔✆✙✔ ✤✖✍✥

✈✟✘✎ PQ || RS

✰★✍✱✟ ✑✆✌✦✆ ✈✞✪✆✱✲✤✣✟ ✑✆ ✞♦✺✆✌☞✳

♠✻✼❣✽✾✼ 6 : ✈✆✝✞✟ 6.27 ☞✌✍, AB || CD ✈✆✖✔  CD || EF ✤✖✥

★✆✬✆ ✤✣✎ EA ✿ AB ✤✖✥ ✒✞♥ ✧ BEF = 55° ✤✖✎ ✟✆✌ x, y ✈✆✖✔

z ♦✌✹ ☞✆✮ ❀✆✟ ✑✣✞✫✏✥

❣☎ : y + 55° = 180° (CD || EF, ✞✟✒✓✑

✔✌✕✆✆ ED ♦✌✹ ✏✑ ✤✣ ✈✆✌✔ ♦✌✹ ✈✍✟✘ ✑✆✌✦✆)

❁❂❃❄❅ 6.26

❁❂❃❄❅ 6.27
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✈✠✡☛ y = 180° – 55° = 125°

✐☞✌✡☛ x = y  (AB || CD, ❧✍✎✠ ✏✑✒✓✑ ✈✔✕✑✎✖✗✘✠)

❜❧✔✙✚☛ x = 125°

✈✛ ✜✢✍✣✔✏ AB || CD ✈✑✤✥ CD || EF ✗✤, ❜❧✔✙✚ AB || EF ✗✤❣

✈✠✡☛ ✦ EAB + ✦ FEA = 180°

(✔✠❢✧✏ ✥✒★✑✑ EA ♦✒✩ ✚✏ ✗✘ ✈✑✒✥ ♦✒✩ ✈✍✠✡ ✏✑✒✓✑ )

❜❧✔✙✚☛ 90° + z + 55° = 180°

✔✪❧❧✒☛ z = 35° ✐✫✑✬✠ ✗✑✒✠✑ ✗✤❣

✭✮✯✰✱✲✳✴  6.2

1. ✆✂✵✶✷ 6.28 ❡�✸,  x ✆✂✝❥ y ✹�✺ ❡✂✻ ✼✂✷ ✞✽✶✾✄ ✆✂✝❥

✶✿✺❥ ❀❁✂✂❂❃✄ ✶✞ AB || CD ❄✝❅

2. ✆✂✵✶✷ 6.29 ❡�✸❆ ❇✶❀ AB || CD, CD || EF ✆✂✝❥

y : z = 3 : 7 ❄✝, ✷✂� x ✞✂ ❡✂✻ ✼✂✷ ✞✽✶✾✄❅

❈❉❊❋● 6.28

❈❉❊❋● 6.29
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3. ✈✂☎�✄ 6.30 ❡✆✝✞ ✟�✠  AB || CD, EF ✡ CD ✈✂☛☞

✌ GED = 126° ❣☛✞ ✄✂✆  ✌ AGE, ✌GEF ✈✂☛☞ ✌FGE

❑✂✄ ✍✎�✏✑✒

4. ✈✂☎�✄ 6.31❡✆✝, ✟�✠ PQ || ST, ✌ PQR = 110° ✈✂☛☞

✌ RST = 130° ❣☛✞ ✄✂✆ ✌QRS ❑✂✄ ✍✎�✏✑✒

[❧✓✔✕✖✗ ✘ �❢✝✠✙ R ✚✆ ❣✂✆✍☞ ST ♦✆✛ ✚❡✂✝✄☞ ✑✍ ☞✆✜✂✂

✜✂✎✝�❬✑✒]

5. ✈✂☎�✄ 6.32 ❡✆✝, ✟�✠ AB || CD, ✌ APQ = 50° ✈✂☛☞

✌ PRD = 127° ❣☛✞ ✄✂✆ x ✈✂☛☞ y ❑✂✄ ✍✎�✏✑✒

6. ✈✂☎�✄ 6.33 ❡✆✝✞ PQ ✈✂☛☞ RS ✠✂✆ ✠♥✢✁✂ ❣☛✝ ✏✂✆ ✑✍ ✠✣✚☞✆

♦✆✛ ✚❡✂✝✄☞ ☞✜✂✆ ①✑ ❣☛✝✒ ✑✍ ✈✂♥✄✤ �✍☞✁✂ (incident

ray) AB, ✠♥✢✁✂ PQ ✚✆ B ♥☞ ❱✍☞✂✄✎ ❣☛ ✈✂☛☞ ♥☞✂♦�✄✢✄

�✍☞✁✂ (reflected ray) ♥✐✂ BC ♥☞ ❬✥✍☞ ✠♥✢✁✂ RS

✚✆ C ♥☞ ❱✍☞✂✄✎ ❣☛ ✄✐✂✂ ♥✙✤✦ CD ♦✆✛ ✈✤✙�✠✧✂ ♥☞✂♦�✄✢✄

❣✂✆ ✏✂✄✎ ❣☛✒ �✚★ ✍✎�✏✑ �✍ AB || CD ❣☛✒

6.7 ✩✪✫✬✫✭✮ ✯✫ ✯✫✰✱✫ ✲✫✰✳ ✳✭✱✫

✴✵✶✷✸ ✹✺✻✻✼✻✽✾ ✿✽✾ ✼✻✵ ✴❀❁✻✹✷✻✵✻✽✾ ❂✻❃✻ ❁❄ ❅✸❆✻ ❇❈❉✽❊ ❄❋✾ ✴✹ ●✹ ✴❍✻■✻❈❏ ❉✽❊ ❅■✻✸ ✹✻✽▲✻✻✽✾

✹✻ ❁✻✽❞ 180° ❄✻✽▼✻ ❄❋◆ ❄✿ ❖❅ ✹P✻◗ ✹✻✽ ❅✿✻✾▼❃ ❃✽❆✻✻✼✻✽✾ ❅✽ ❅✾❘✾✴❙▼ ✼✴■✻❞❚❄✸▼✻✽✾ ✼✻❋❃ ✵❯✿✽❁✻✽✾

✹✻ ✵❯❁✻✽❞ ✹❃❉✽❊ ✴❅❲ ✹❃ ❅✹▼✽ ❄❋✾◆

❳❨❩❭❪ 6.30

❳❨❩❭❪ 6.31

❳❨❩❭❪ 6.32

❳❨❩❭❪ 6.33
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✐✠✡☛☞ 6.7 : ❢✌✍✎ ❢✏✑✒✑✓✔ ✕✖✗ ✌✑✖✘✑✑✖✙ ✌✑ ✚✑✖✛ ✶✜✢° ✥✑✖✣✑ ✥✤✦

♠✐✐✧★✩ : ✈✪✫✬ ✭✮✯✪✮✰ ✱✲ ✳✴✮✰ ✵✷✸✪✮✹✺ ✲✻✪✼ ✴✮✰

✹❉✪ ✱✭❉✪ ✳✽✾ ✈✻✪✪✿✺❀ ✳✴✪✸❁ ✷✸✱✲❂✷✼✪ (hypothesis)

✹❉✪ ✳✽ ✈✪✽✸ ✳✴✮✰ ✹❉✪ ✱❃❄ ✲✸✼✪ ✳✽❅ ✳✴✮✰ ✬✲

✱❆✪❇✪❈❊ PQR ✱✭❉✪ ✳✽ ✺✻✪✪  ❋ 1, ❋ 2 ✈✪✽✸ ❋ 3 ✫❃

✱❆✪❇✪❈❊ ●✮❍ ✲✪✮■✪ ✳✽✰ (✭✮✱✯✪✬ ✈✪♥✱✺ ❏❑▲▼)❅

✳✴✮✰✾ ❋ 1 +❋ 2 + ❋ 3 = 180° ✱❃❄ ✲✸✼✪ ✳✽❅ ✈✪✫✬

❇✪❈❊✪ QR ●✮❍ ❃✴✪✰✺✸ ✵❃●✮❍ ❃♦✴❈✯✪ ◆✪❁❖✪✿ P ❃✮ ✳✪✮✲✸

✬✲ ✸✮✯✪✪ XPY ✯✪❁✰❬✮✰✾ ❊✽❃✪ ✱✲ ✈✪♥✱✺ ❏❑▲P ✴✮✰

✭◆✪✪✿❉✪ ◗❉✪ ✳✽❅ ✫❃❃✮ ✳✴ ❃✴✪✰✺✸ ✸✮✯✪✪✈✪✮✰ ❃✮ ❃✰❘✰✱❙✪✺

◗❈■✪✪✮✰ ✲✪ ✷①❉✪✮◗ ✲✸ ❃✲✺✮ ✳✽✰❅

✈❘✾ XPY ✬✲ ✸✮✯✪✪ ✳✽❅

✈✺❚✾ ❋ 4 + ❋ 1 + ❋ 5 = 180° ✳✽❅ (1)

✷✸❯✺❈ XPY || QR ✺✻✪✪ PQ ✈✪✽✸ PR ✱✺❉✿✲ ✸✮✯✪✪✬❱

✳✽✰❅

✫❃✱❜✬✾ ❋ 4 = ❋ 2 ✈✪✽✸ ❋ 5 = ❋ 3

❲✬✲✪✰✺✸ ✲✪✮■✪✪✮✰ ●✮❍ ❉❈❳✴❨

❋ 4 ✈✪✽✸ ❋5 ●✮❍ ❉✮ ✴✪✼ (1) ✴✮✰✾ ✸✯✪✼✮ ✷✸

✳✴✮✰ ✷①✪❣✺ ✳✪✮✺✪ ✳✽❚

❋ 2 + ❋ 1 + ❋ 3 = 180°

✈✻✪✪✿✺❀✾ ❋ 1 + ❋ 2 + ❋ 3 = 180° ✳✽❅ ❩

❉✪✭ ✲❁✱❊✬ ✱✲ ✈✪✷✼✮ ✱✷❭❜❁ ✲❪✪✪✈✪✮✰ ✴✮✰✾ ✬✲ ✱❆✪❇✪❈❊ ●✮❍ ❘✱✳❖✲✪✮■✪✪✮✰ (exterior angles) ●✮❍

❘✪✸✮ ✴✮✰ ✈❙❉❉✼ ✱✲❉✪ ✻✪✪ ❲✭✮✱✯✪✬ ✈✪♥✱✺ ❏❑▲❏❨❅ ❇✪❈❊✪ QR ✲✪✮ ✱❘✰✭❈ S ✺✲ ❘r❫✪❉✪ ◗❉✪

✳✽❅  ❋ PRS ✱❆✪❇✪❈❊ PQR ✲✪ ✬✲ ❝✧❴❵❛✩☛❞✩ (exterior angle) ✳✽❅

✹❉✪ ❋ 3 + ❋ 4 =180° ✳✽❡ ❲✹❉✪✮✰❡❨  (1)

❃✪✻✪ ✳❁✾ ❉✳ ❇✪❁ ✭✮✱✯✪✬ ✱✲ ❋ 1 + ❋ 2 + ❋ 3 = 180° ✳✽❅ ❲✹❉✪✮✰❡❨ (2)

(1) ✈✪✽✸ (2) ❃✮✾ ✈✪✷ ✭✮✯✪ ❃✲✺✮ ✳✽✰ ✱✲ ❋ 4 =❋ 1 + ❋ 2 ✳✽❅

❤❦❧♣qst 6.34

❤❦❧♣qst 6.35

❤❦❧♣qst 6.36
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❜☎ ✆✝✞✟✠✠✡ ☛✠☞ ✌☛ ✆✍✡☞✎ ✏☞✑ ✒✆ ✡☞✓ ✝✔✕✔ ✆✍☛✠✞ ✖✎✗✘ ✝☛✎✠ ✙✠ ☎☛✘✠ ✚✛✜

✐✢✣✤✥ 6.8 :  ❀✦✧ ★✩ ✦✪✫✬✫✭✮ ✩✯ ★✩ ✬✫✭✮✫ ✰✱✲✫✳✴ ✮✫★✵ ✶✫✷ ✳✸ ✹✺✩✫✻ ✰✼✫ ✰✦✽✾✩✫✷✿✫ ✧✫✷✼✫✷❁

✈❁✶❂ ✈✦✬✫❃✭❄✫ ❅✦❆✹✻✯✶❇ ✩✫✷✿✫✫✷❁ (interior opposite angles) ❆✷♦ ❀✫✷❈ ❆✷♦ ✰✻✫✰✻ ✽✫✷✶✫ ✽❉❊

♠✆✞✠☞✗✘ ✆✍✡☞✎ ☎☞ ✎✚ ❋✆●❍ ✚✛ ✝☛ ✦✩✸✯ ✦✪✫✬✫✭✮ ✩✫ ★✩ ✰✦✽✾✩✫✷✿✫ ✈✹✼✷ ✧✫✷✼✫✷❁ ✈❁✶❂

✈✦✬✫❃✭❄✫ ✩✫✷✿✫✫✷❁ ❃✷❁ ✸✷ ✹✺■❀✷✩ ✸✷ ✰❏✲✫ ✽✫✷✶✫ ✽❉❊

❑✠❜✌ ❜✔ ✆✍✡☞✎✠☞✓ ☛✠ ✆✍✎✠☞▲ ☛✞✏☞✑ ✏▼✑◆ ♠❖✠✚✞✟✠ ✚P ☛✞☞✓◗

❘❙❚❯❱❲ ❚  7 :  ❑✠❳✝✘  6.37 ✡ ☞ ✓ ❡  ✎✝❖  QT ❨ PR,

❩ TQR = 40° ❑✠✛✞ ❩ SPR = 30° ✚✛❡ ✘✠☞ x ❑✠✛✞ y ❬✠✘

☛❞✝✙✌◗

❯❣ ❭ ❪ TQR ✡☞✓❡ 90° + 40° + x = 180°

❫✝❴✠❵✠▼✙ ☛✠ ☛✠☞✟✠ ✎✠☞▲ ▲▼✟✠❛

❑✘✜❡ x = 50°

❑❝❡ y = ❩ SPR + x ❫✆✍✡☞✎ ❢❤❥❛

❑✘✜❡ y = 30° + 50° = 80°

❘❙❚❯❱❲❚ 8 :  ❑✠❳✝✘  6.38 ✡☞✓❡  ❪ABC ☛❞ ❵✠▼✙✠❑✠☞ ✓

AB ❑✠✛✞ AC ☛✠☞ ❦✡❧✠✜  E ❑✠✛✞ D ✘☛ ❝r♥✠✎✠ ▲✎✠ ✚✛◗

✎✝❖ ❩ CBE ❑✠✛✞ ❩ BCD ✏☞✑ ☎✡✝♣❵✠✠✙☛ ❦✡❧✠✜ BO

❑✠✛✞ CO ✝❝✓❖▼ O ✆✞ ✝✡P✘☞ ✚✛✓❡ ✘✠☞ ✝☎q ☛❞✝✙✌ ✝☛

❩ BOC = 90° – 
1

2
 ❩BAC ✚✛◗

❯❣ : ✝☛✞✟✠ BO ☛✠☞✟✠ CBE ☛❞ ☎✡✝♣❵✠✠✙☛ ✚✛◗

❑✘✜❡ ❩ CBO =
1

2
 ❩ CBE

=
1

2
 (180° – y)

= 90° – 
2

y
 (1)

st✉✇②③④ 6.37

st✉✇②③④ 6.38
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❜✠ ✡ ☛☞ ✌✍✎✏ ✑ ✌✎ ✒✍ CO ✌✍❞✒✍ BCD ✌✡ ✠ ✓✑✔✕✍✍✖ ✌ ✗✘✙

✈ ✚ ✛ ✏ ✜ BCO =
1

2
 ✜ BCD

=
1

2
 (180° – z) = 90° – 

2

z
 (2)

✢ BOC ✓❞ ✥✏ ✜ BOC + ✜ BCO + ✜ CBO = 180° ✗✘ ✙  (3)

(1) ✈✍✘✎ (2) ✌✍❞ (3) ✓❞✥ ✎ ❡✍✣❞ ☛✎ ✏ ✈ ✍☛✌✍❞ ☛☞✍✤ ✚ ✗✍❞ ✦✍ ✛

✜ BOC + 90° – 
2

z
 + 90° – 

2

y
 = 180°

❜✠ ✑ ✧★ ✏ ✜ BOC =
2

z
 + 

2

y

❀✍✏ ✜ BOC =
1

2
 (y + z)  (4)

☛✎ ✐ ✚ ✩✏ x + y + z = 180° ✭✑✪✍✕✍ ✩✖ ✌✍ ✌✍❞✒✍ ❀✍❞ ✦ ✦✩✒✍✫

✈ ✚ ✛ ✏ y + z = 180° – x

❜✠✠❞ (4) ✑ ✣❢ ✣ ✗✍❞ ✖ ✍ ✚✍ ✗✘ ✛

✜ BOC =
1

2
 (180° – x)

= 90° – 
2

x

= 90° – 
1

2
 ✜ BAC

✬✮✯✰✱✲✳✴  6.3

1. ✆✂✵✶✷ 6.39 ✸�✹✺ ✻ PQR ✞ ✼ ✽✂✾✿ ✂✆✂�✹ QP ✆✂✝❥ RQ ✞ ✂ �

Ø✸❁✂❂ ✶❃ ✹❄✾ ✆✂�✹ S ✆✂✝ ❥ T ✷✞ ❃ r❅ ✂❆ ✂ ❇❆ ✂ ❈ ✝❉ ❆ ✶❄

❊ SPR = 135° ❈ ✝ ✆✂✝❥ ❊ PQT = 110° ❈ ✝✺ ✷✂� ❊ PRQ

❑✂✷ ✞ ✼✶✿ ✄❉

❋● ❍■❏▲▼ 6.39
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2. ✈✂☎�✄ 6.40 ❡✆✝✞  ✟X = 62° ✈✂✠✡ ✟XYZ = 54° ❣✠☛  ❀�☞

YO ✈✂✠✡ ZO Ø❡✌✂✍ ✎ XYZ ♦✆✏ ✟ XYZ ✈✂✠✡

✟ XZY ♦✆✏ ✥❡�✑✒✂✂✓✔ ❣✠✝✞ ✄✂✆ ✟ OZY ✈✂✠✡

✟ YOZ ❑✂✄ ✔✕�✓✖☛

3. ✈✂☎�✄ 6.41❡✆✝✞ ❀�☞ AB || DE, ✟ BAC = 35° ✈✂✠✡

✟ CDE = 53° ❣✠✞ ✄✂✆ ✟ DCE ❑✂✄ ✔✕�✓✖☛

4. ✈✂☎�✄ 6.42 ❡✆✝✞ ❀�☞ ✡✆✗✂✂✖✘  PQ ✈✂✠✡ RS �❢✝☞✙ T ✐✡ ✚✥

✐✛✔✂✡ ✐✛�✄✜✢✆☞ ✔✡✄✕ ❣✠✝ �✔ ✟ PRT = 40°, ✟ RPT

= 95° ✈✂✠✡ ✟ TSQ = 75° ❣✠✞ ✄✂✆ ✟SQT ❑✂✄ ✔✕�✓✖☛

5. ✈✂☎�✄  6.43 ❡✆ ✝ ✞ ❀�☞ PQ ✣ PS, PQ || SR,

✟ SQR = 28° ✈✂✠✡ ✟ QRT = 65° ❣✠✞ ✄✂✆ x ✈✂✠✡ y ♦✆✏

❡✂✤ ❑✂✄ ✔✕�✓✖☛

✦✧★✩✪✫✬  6.40

✦✧★✩✪✫✬  6.41

✦✧★✩✪✫✬  6.42

✦✧★✩✪✫✬  6.43
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6. ✆✂✈✠✡ ☛☞✌✌ ✍�✎✏ ✑ PQR ✞❞ ✒✂✓✔✂ QR ✞✂� ✠✕✎✖✓ S

✡✞ ✕r✗✂✘✂ ✙✘✂ ✚✝✛ ✘✠✖ ✜ PQR ✆✂✝❥ ✜ PRS ♦�✢

❧✍✠✣✒✂✂✔✞ ✠✕✎✖✓ T ✐❥ ✠✍✤✡� ✚✝✎✏ ✡✂� ✠❧✥ ✞❞✠✔✄

✠✞ ✜QTR = 
1

2
 ✜QPR ✚✝✛

6.8 ✦✧★✧✩✪✧

❜❧ ✆✫✘✂✘ ✍�✎✏ ✆✂✐✬� ✠✬✭✬ ✠✕✎✖✓✆✂�✎ ✞✂ ✆✫✘✘✬ ✠✞✘✂ ✚✝✮

1. ✘✠✖ ✄✞ ✠✞❥✟✂ ✄✞ ❥�✁✂✂ ✐❥ ✁✂❀✗❞ ✚✂�✏ ✡✂� ❜❧ ✐✯✞✂❥ ✕✬� ✖✂�✬✂�✎ ✆✂❧✰✬ ✞✂�✟✂✂�✎ ✞✂ ✘✂�✙ ✱✲✳º

✚✂�✡✂ ✚✝ ✆✂✝❥ ✠♦✤✂�✍✡✮ ✘✠✖ ✖✂� ✆✂❧✰✬ ✞✂�✟✂✂�✎ ✞✂ ✘✂�✙ ✱✲✳º ✚✝✏ ✡✂� ✴✬✞❞ ✆✴✒✂✘✠✬✵✶ ✒✂✓✔✂✄☎

✄✞ ❥�✁✂✂ ✕✬✂✡❞ ✚✝✎✛ ❜✬ ✙✓✟✂✂�✎ ✞✂� ✠✍✤✂✞❥ ❥✝✠✁✂✞ ✘✓✷✍ ✆✠✒✂✙✸✚❞✡ ✞✚✡� ✚✝✎✛

2. ✘✠✖ ✖✂� ❥�✁✂✂✄☎ ✐❥✹✐❥ ✐✯✠✡✺✻�✖ ✞❥�✎✏ ✡✂� ✼✂❞✵✂✂✽✠✒✂✍✓✁✂ ✞✂�✟✂ ✕❥✂✕❥ ✚✂�✡� ✚✝✎✛

3. ✘✠✖ ✄✞ ✠✡✘✽✞ ❥�✁✂✂ ✖✂� ❧✍✂✎✡❥ ❥�✁✂✂✆✂�✎ ✞✂� ✐✯✠✡✺✻�✖ ✞❥�✏ ✡✂�

(i) ❧✎✙✡ ✞✂�✟✂✂�✎ ✞✂ ✐✯✾✘�✞ ✘✓✷✍ ✕❥✂✕❥ ✚✂�✡✂ ✚✝✛

(ii) ✄✞✂✎✡❥ ✆✎✡✮ ✞✂�✟✂✂�✎ ✞✂ ✐✯✾✘�✞ ✘✓✷✍ ✕❥✂✕❥ ✚✂�✡✂ ✚✝✛

(iii) ✠✡✘✽✞ ❥�✁✂✂ ♦�✢ ✄✞ ✚❞ ✆✂�❥ ♦�✢ ✆✎✡✮ ✞✂�✟✂✂�✎ ✞✂ ✐✯✾✘�✞ ✘✓✷✍ ❧✎✐❢❥✞ ✚✂�✡✂ ✚✝✛

4. ✘✠✖ ✄✞ ✠✡✘✽✞ ❥�✁✂✂ ✖✂� ❥�✁✂✂✆✂�✎ ✞✂� ❜❧ ✐✯✞✂❥ ✐✯✠✡✺✻�✖ ✞❥� ✠✞ ✘✂ ✡✂�

(i) ❧✎✙✡ ✞✂�✟✂✂�✎ ✞✂ ✞✂�❜✽ ✄✞ ✘✓✷✍ ✕❥✂✕❥ ✚✂� ✘✂

(ii) ✄✞✂✎✡❥ ✆✎✡✮ ✞✂�✟✂✂�✎ ✞✂ ✞✂�❜✽ ✄✞ ✘✓✷✍ ✕❥✂✕❥ ✚✂� ✘✂

(iii) ✠✡✘✽✞ ❥�✁✂✂ ♦�✢ ✄✞ ✚❞ ✆✂�❥ ♦�✢ ✆✎✡✮ ✞✂�✟✂✂�✎ ✞✂ ✞✂�❜✽ ✄✞ ✘✓✷✍ ❧✎✐❢❥✞ ✚✂�✏

✡✂� ✘� ✖✂�✬✂�✎ ❥�✁✂✂✄☎ ❧✍✂✎✡❥ ✚✂�✡❞ ✚✝✎✛

5. ♦� ❥�✁✂✂✄☎ ✔✂� ✄✞ ✚❞ ❥�✁✂✂ ♦�✢ ❧✍✂✎✡❥ ✚✂�✡❞ ✚✝✎ ✐❥✹✐❥ ❧✍✂✎✡❥ ✚✂�✡❞ ✚✝✎✛

6. ✄✞ ✠✿✂✒✂✓✔ ♦�✢ ✡❞✬✂�✎ ✞✂�✟✂✂�✎ ✞✂ ✘✂�✙ ✱✲✳❁ ✚✂�✡✂ ✚✝✛

7. ✘✠✖ ✠✞❧❞ ✠✿✂✒✂✓✔ ✞❞ ✄✞ ✒✂✓✔✂ ✞✂� ✕r✗✂✘✂ ✔✂✄✏ ✡✂� ❜❧ ✐✯✞✂❥ ✕✬✂ ✕✠✚✵✞✂�✟✂ ✆✐✬� ✖✂�✬✂�✎

✆✎✡✮ ✆✠✒✂✍✓✁✂ ✞✂�✟✂✂�✎ ♦�✢ ✘✂�✙ ♦�✢ ✕❥✂✕❥ ✚✂�✡✂ ✚✝✛

❂❃❄❅❆❇❈  6.44
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✈�✁✂✁ 7

❢✄☎✆☎✝✞

7.1 ❍✟✠✡☛☞✟

✌✍✎ ✏✎✑✒✓ ✔✕✍✍✌✍✖✗ ✘✖✗✙ ✏✚✍✛✍✜✢✍✖✗ ✌✍✣✤ ✥✦✧✖★ ✏✧✏✛✍✩✦ ✪✜✫✍✍✖✗ ✧✖★ ✬✍✤✖ ✘✖✗ ✌✭✮✮✦ ✔✤ ✯✜✧✖★ ✰✣✗✱
✌✍✎ ✢✍✦✲✖ ✰✣✗ ✏✔ ✲✓✦ ✎✳✏✲✴✑✖✵✓ ✤✖✶✍✍✌✍✖✗ ✷✍✤✍ ✬✦✍✸✹ ✪✸✹ ✺✔ ✬✗✵ ✌✍✧✻★✏✲ (closed figure)

✺✔ ✼✽✾✿✾❀❁  (triangle)  ✔✰✒✍✲✓ ✰✣ ❞❂✏✚✍❃ ✔✍ ✌❄✍✹ ✰✣ ❂✲✓✦❃❅✱ ✺✔ ✏✚✍✛✍✜✢ ✔✓ ✲✓✦ ✛✍✜✢✍✺❆✙
✲✓✦ ✔✍✖✫✍ ✌✍✣✤ ✲✓✦ r✍✓❇✍✹ ✰✍✖✲✖ ✰✣✗✱ ✥✵✍✰✤✫✍✍❄✍✹✙ ✌✍✧✻★✏✲ 7.1 ✘✖✗ ✏✵✺ ✏✚✍✛✍✜✢  ABC, ✏✢❈✖ ❉
ABC ❈✖ ❧✮❊✲ ✔✤✲✖ ✰✣✗✙ ✔✓ ✲✓✦ ✛✍✜✢✍✺❆  AB, BC ✌✍✣✤ CA  ✰✣✗✙  ❋ A, ❋ B ✌✍✣✤ ❋ C ✸❈✧✖★
✲✓✦ ✔✍✖✫✍ ✰✣✗ ✲❄✍✍ A, B ✌✍✣✤ C ✸❈✧✖★ ✲✓✦ r✍✓❇✍✹ ✰✣✗✱

✌✭✮✍✮ ● ✘✖✗✙ ✌✍✎ ✏✚✍✛✍✜✢✍✖✗ ✧✖★ ✧✜★✑ ✪✜✫✍✍✖✗ ✔✍ ✛✍✓
✌✭✮✮✦ ✔✤ ✯✜✧✖★ ✰✣✗✱ ✸❈ ✌✭✮✍✮ ✘✖✗✙ ✌✍✎ ✏✚✍✛✍✜✢✍✖✗ ✔✓
❈✧✍■✪❈✘✲✍ (congruence), ❈✧✍■✪❈✘✲✍ ✧✖★ ✏✦✮✘✍✖✗✙ ✏✚✍✛✍✜✢✍✖✗
✧✖★ ✧✜★✑ ✌✩✮ ✪✜✫✍✍✖ ✗ ✌✍✣✤ ✏✚✍✛✍✜✢✍✖✗ ✘✖✗ ✌❈✏✘✔✍✌✍✖✗
(inequalities) ✧✖★ ✬✍✤✖ ✘✖✗ ✏✧♦✲✻✲ ❏✎ ❈✖ ✌✭✮✮✦ ✔✤✗✖✪✖✱
✌✍✎ ✏✎✑✒✓ ✔✕✍✍✌✍✖✗ ✧✖★ ✸✦ ✪✜✫✍✍✖✗ ✘✖✗ ❈✖ ✌✏❑✔✲✤ ✪✜✫✍✍✖✗
✔✓ ❈▲✮✲✍ ✔✓ ✢✍❆✯ ✏▼✮✍✔✒✍✎✍✖✗ ✷✍✤✍ ✔✤ ✯✜✧✖★ ✰✣✗✱ ✮✰✍❆
✰✘ ✸✦✘✖✗ ❈✖ ✧✜★✑ ✪✜✫✍✍✖✗ ✔✍✖ ✏❈❣ ✛✍✓ ✔✤✖✗✪✖✱

7.2 ✡◆✟❍✟❖P✟◗❘ ☞❙ ❚❯✟❱❲❚☛❳✟

✌✍✎✦✖ ✮✰ ✌✧r✮ ✰✓ ✵✖✶✍✍ ✰✍✖✪✍ ✏✔ ✌✍✎✔✓ ✎★✍✖❨✍✖ ✔✓ ✺✔ ✰✓ ❈✍✸✢ ✔✓ ✵✍✖ ✎✳✏✲✮✍❆ ❈✧✹❈✘
(identical) ✰✍✖✲✓ ✰✣✗✱ ✸❈✓ ✎✳✔✍✤✙ ✺✔ ✰✓ ✘✍✎ ✔✓ ✵✍✖ ✯❩✏❬❭✮✍❆ ✌✍✣✤ ✺✔ ✰✓ ✬✣✗✔ ✷✍✤✍ ✢✍✤✓
✏✔✺ ✪✺ ✵✍✖ ✺❨✓✺✘ (ATM) ✔✍❬✹ ❈✧✹❈✘ ✰✍✖✲✖ ✰✣✗✱ ✌✍✎✦✖ ✵✖✶✍✍ ✰✍✖✪✍ ✏✔ ✮✏✵ ✺✔ ✰✓ ✧❇✍✹

❪❫❴❵❛❜❝ 7.1
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❡✆✝ ✞✟✆ ✠✡☛✆ ☞ ✌✍✆ ✎ ✏ ✑ ✒✎ ✓✆ ✔ ✕✖✗ ✏✍✆✝ ❡✆ ✝ ✖✆ ✎✏ ✏✍✆ ✌✘ ✖✙✆ ✒✙ ✙✚ ✍✆✝ ✛ ✜ ✍✆ ✓✆ ✎✏ ✌✘ ✖ ✙✆ ✏✍✆

✒✘✐ ✍✢ ✜✣ ✍ ✞✏ ✟✆ ✜✆ ✤✥✝✦

✗ ✣✍ ❉ ✍✒✏✍✆ ✣✍✌ ✤ ✥ ✕✏ ✎✆ ✖✧ ❉ ✍✓ ★ ✔✕✜✣✍✆✝ ✏✍✆ ✓ ✥ ✔✖✧ ❉ ✍✓ ★✔✕✜ ✣✍✩ ✏✤ ✜✆ ✤✥✝ ✪ ✕☛ ✫✖✝ ✌✆✤ ✣✆

❧✬✭✮✯ ❧✰ ✱✭✬✲✳✴✵✶✭✷ (congruent figures) ✏✤ ✟✍✜✧ ✤✥✝ ✠❞ ✖✓ ✍✸✹✖ ❡✺ ✏✍ ❉✻ ✍✢ ✤✥ ❞ ✖✼ ✍✧

✒✽ ✏✍✙ ✖✆ ✡✙✍✡✙✺ ✛ ❉ ✻ ✍✍✢ ✜✾ ✓ ✆ ❉ ✍✓ ★✔✕✜ ✣✍✩ ✕✿ ☛✓ ✆ ✔ ✖❡✍☛ ❉ ✍✏✍✙ ❉ ✍✥ ✙ ✖ ❡✍☛ ❡✍✒ ✤✥✝ ☞✦

❉ ✡ ✎✏ ✤ ✧ ✕✈ ✍❀ ✣✍ ✓✆ ✔ ✌ ✍✆ ✓ ★❁ ✍ ✚ ✍✧✝ ✕❂ ✎ ❉ ✍✥ ✙ ✎ ✏ ✏✍✆ ✌✘ ✖ ✙✆ ✒✙ ✙✕✚ ✍✎✦ ❉ ✍✒ ✗ ✣✍ ✌✆✚ ✍✜✆

✤✥✝ ✪ ✣✆ ✎ ✏ ✌✘ ✖✙✆ ✏✍✆ ✒✘✐ ✍✢ ✜ ✣✍ ✞✏ ✟✆ ✜✆ ✤ ✥✝ ❉ ✍✥ ✙ ✤ ❡ ❣❃✤ ✆✝ ❄❅ ❆❇❈❄ ❊ ❅ ❋● ❆ ✏✤ ✜✆ ✤✥✝✦

❣✖✧ ✕❜✣✍✏✟✍✒ ✏✧ ✎ ✏ ✤✧ ❡✍✒ ✏✧

✼ ✍❍✿ ✍❉ ✍✆✝ ✓ ✍✟✆ ✌ ✍✆ ✓ ✹ ✍✆✸ ✏✍✆ ✚ ✍✧✝❂ ✏✙ ❉ ✍✥ ✙

✕✒✔✙ ✎ ✏ ✓✹✢ ✏✍✆ ✌✘ ✖✙✆ ✓ ✹✢ ✒✙ ✙✚ ✍✏✙

✠✌✆✕✚ ✍✎ ❉ ✍✓ ★✔✕✜ ■❏❑☞ ❉✻ ✍✓ ✍ ✡✙✍✡✙ ✼ ✍❍✿✍❉✍✆✝

✓ ✍✟✆ ✌✍✆ ✖❡✡✍✤ ❍ ✕✈ ✍✼ ✍❍✿✍✆✝ ✏✍✆ ✎✏ ✌✘ ✖ ✙✆ ✒✙

✙✚ ✍✏✙✛ ✒❍☛ ✙✍✓ ★✕❁ ✍ ✏✧ ✕✿✎✦ ❉ ✍✒ ✌✆✚ ✍✆✝✹✆ ✕✏

✓✹✢ ✖✓ ✍✸✹ ✖❡ ✤✥✝ ❉ ✍✥ ✙ ✖ ❡✡✍✤ ❍ ✕✈ ✍✼ ✍❍✿ ✼ ✍✧

✖✓ ✍✸✹ ✖ ❡ ✤✥ ✝✦

❉ ✍✒ ✖✍✆❂ ✖✏✜✆ ✤✥✝ ✕✏ ✤ ❡ ✖✓ ✍✸✹ ✖❡✜✍ ✏✍ ❉ ▲✣✣ ☛ ✗ ✣✍✆✝ ✏✙ ✙✤✆ ✤✥✝✦ ❉ ✍✒☛✆ ❉ ✒☛✆

✙✆ ✒✽ ✔✧ ✿✙✆❥ ✙ ❡✆✝ ✡✒✢ ✔ ✏✧ ❥ ▼✆ (ice tray) ❉✓ ◆ ✣ ✤✧ ✌✆✚ ✍✧ ✤ ✍✆✹✧✦ ▲✣✍☛ ✌✧ ✕✿ ✎ ✕✏ ✡✒✢ ✔ ✿ ❡✍☛✆ ✓✆ ✔

✕✟✎ ✡☛✆ ✖✼ ✍✧ ✚ ✍✍✩❂ ✆ ✖✓ ✍✸✹ ✖❡ ✤✥✝✦ ❥ ▼✆ ❡✆✝ ✠✚ ✍✍✩❂ ✍✆✝ ✓ ✆ ✔ ✕✟✎ ✒✽ ✣✍✆✹ ✕✏✎ ✹✎ ✖✍✩❂ ✍✆✝ ✏✧ ✹✤ ✙✍❣ ✣✍✩

✼ ✍✧ ✖✓ ✍✸✹ ✖❡ ✤ ✍✆ ✜✧ ✤✥✝ ✠✣✆ ✖✼ ✍✧ ❉ ✍✣✜ ✍✏✍✙ ✣✍ ✖✼ ✍✧ ✓ ★❁ ✍✍✏✍✙ ✣✍ ✖✼ ✍✧ ✕✈ ✍✼ ✍❍✿✍✏✍✙ ✤ ✍✆ ✖✏✜✆

✤✥✝ ☞✦ ❉ ✜ ✫✛ ✿ ✡ ✼ ✍✧ ✖✓✢ ✖ ❡ ✠✎ ✏ ✿✥ ✖✧☞ ✓ ❖ ✜❍ ✎✩ ✡☛✍☛✧ ✤ ✍✆ ✜✧ ✤✥✝ ✛ ✜ ✍✆ ✖ ✍✩❂ ✆ ✡☛ ✍☛✆ ✓✆ ✔ ✕✟✎

✖✓ ✍✸✹✖ ❡✜ ✍ ✏✧ ✖✝ ✏P ✒☛ ✍ ✏✍ ✒✽ ✣✍✆✹ ✕✏✣ ✍ ✿ ✍✜ ✍ ✤ ✥✦

✏✼ ✍✧◗ ✏✼ ✍✧ ❉ ✍✒✏✍✆ ❉ ✒☛✆ ✒✆ ☛ ✓ ✆ ✔ ✕✙✕✒✔✟ (refill) ✡✌ ✟☛✆ ❡✆✝ ✼ ✍✧ ✏✕❝☛ ✍❣✢ ✤ ✍✆ ✖✏✜✧ ✤ ✥ ✛

✣✕✌ ☛✣ ✍ ✕✙ ✕✒✔✟ ❉ ✍✒✓✆ ✔ ✒✆ ☛ ✓ ✆ ✔ ✖✍❣ ✿ ✏✍ ☛ ✤ ✍✆✦ ❖ ✒❘❥ ✜ ✫ ✕✙✕✒✔✟ ✜✼ ✍✧ ✒✆ ☛ ❡✆✝ ✟✹ ✒✍✎✹ ✍✛

✿✡✕✏ ✒❍✙✍☛✧ ✕✙✕✒✔✟ ❉ ✍✥ ✙ ☛✣✍ ✕✙✕✒✔✟ ✖✓ ✍✸✹ ✖❡ ✤ ✍✆✝✹✆✦ ❣ ✖ ✒✽ ✏✍✙ ✛ ❉ ✍✒ ✌✥ ✕☛ ✏ ✿✧✓ ☛ ✏✧

✕❖✻ ✍✕✜✣✍✆✝ ❡✆✝ ✎✆ ✖✆ ❉ ☛✆ ✏ ❙✌ ✍✤ ✙✐ ✍ ❚✍✜ ✏✙ ✖ ✏✜✆ ✤✥✝ ✛ ✿✤ ✍✩ ✓ ❖ ✜❍❉ ✍✆ ✝ ✏✧ ✖✓ ✍✸✹ ✖❡✜ ✍ ✏✍ ❙ ✒✣✍✆✹

✤ ✍✆ ✜✍ ✤✥✦

✗ ✣✍ ❉ ✍✒ ✖✓ ✍✸✹ ✖❡ ❉ ✍✓ ★✔✕✜✣✍✆✝ ✓✆ ✔ ✓ ❍✔❯ ❉ ✍✥ ✙ ❙✌ ✍✤ ✙✐ ✍ ✖✍✆❂ ✖ ✏✜✆ ✤ ✥✝ ✪

❱❲❳❨❩ ❬❭  7.2
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✈☎✆ ✝✞✟✞ ✠✡☛ ☞✡ ✌✍✎✞✏✌✍✎✞ ☞✑ ✈✍✒✓✔✝✕✖✍✗ ✈✍✒✓✔✝✕ ✘✙✚ (i) ✠✡☛ ✝❡✛ ✒✜✢ ✒✡✔ ☞✒✍✣✜☞✠ ✞✤✑☛ ✤✎☛✥

✈✍✒✓✔✝✕ 7.3 (ii) ✈✍✎✦ ✈✍✒✓✔✝✕ ✘✙✚ (iii) ✠✡☛ ✝❡✛ ☎✧★✡ ✒✜✢ ✩✪✫✬✕✭ ✈✍✒✓✔✝✕ 7.3 (i) ✒✡✔ ✒✜✢

✒✡✔ ☞✒✍✣✜☞✠ ✞✤✑☛ ✤✎☛♦ ✪✦✮✕✯ ✈✍✒✓✔✝✕ 7.3 (iv) ✠✡☛ ✝❡✖✍ ✤✯✈✍ ✒✜✢ ✈✍✒✓✔✝✕ 7.3 (i) ✠✡☛ ✝❡✛ ✒✜✢

✒✡✔ ☞✒✍✣✜☞✠ ✤✎♦

✰✱✲✳✴✵✶  7.3

✈✍✷✛ ✈☎ ❡✍✡ ✝✸✍✹✍✯✺✍✡☛ ✌✑ ☞✒✍✣✜☞✠✕✍ ✌✑ ✻✻✍✢ ✌✦✡☛♦

✈✍✪ ✪✤✼✡ ☞✡ ✖✤ ✺✍✞✕✡ ✤✎☛ ✝✌ ❡✍✡ ✝✸✍✹✍✯✺ ☞✒✍✣✜☞✠ ✤✍✡✕✡ ✤✎☛✆ ✖✝❡ ✛✌ ✝✸✍✹✍✯✺ ✌✑ ✹✍✯✺✍✛✗

✈✍✎✦ ✌✍✡✽✍ ❡✾☞✦✡ ✝✸✍✹✍✯✺ ✌✑ ☞☛✜✕ ✹✍✯✺✍✈✍✡☛ ✈✍✎✦ ✌✍✡✽✍✍✡☛ ✒✡✔ ☎✦✍☎✦ ✤✍✡☛♦

✈☎✆ ✝✞✟✞ ✠✡☛ ☞✡ ✌✍✎✞✏✌✍✎✞ ☞✡ ✝✸✍✹✍✯✺ ✈✍✒✓✔✝✕ 7.4 (i) ✠✡☛ ✝❡✛ ✝✸✍✹✍✯✺ ABC ✒✡✔ ☞✒✍✣✜☞✠

✤✎☛✥

✰✱✲✳✴✵✶  7.4
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✈✆✝✞✟✠✡ 7.4 (ii) ❧☛ ✈✆✝✞✟✠✡ 7.4 (v) ✡r ✝☛✟ ☞✌✍✎☛r ✠✏✆✑✆✒✓ r✆☛ r✆✔ r✕ ✖❧☛ ☞✗✔ r✕

✘ ABC ☞✕ ✕✐✆✙☛ r✆ ☞✌✎✍✙ r✚✠✓✛✜ ✢☛✠✐✆✛ ✠r ✈✆✝✞✟✠✡✎✆☛✣  7.4 (ii), (iii) ✈✆✤✕  (iv) ❡☛✣ ✠✢✛

✠✏✆✑✆✒✓ ✘ ABC ✝☛✟ ❧✝✆♦✥❧❡ ✦✤✣✧ ✓★✠r 7.4 (v) r✆ ✘ TSU, ✘ ABC  ✝☛✟ ❧✝✆♦✥❧❡ ✙✦✚✣ ✦✤✜

✎✠✢ ✘ PQR, ✘ ABC ✝☛✟ ❧✝✆♦✥❧❡ ✦✤✧ ✡✆☛ ✦❡ ✘ PQR ✩  ✘ ABC  ✠✗✐✆✡☛ ✦✤✣✜

è✎✆✙ ✢✚✠✓✛ ✠r ✓★ ✘ PQR ✩ ✘ ABC ✦✆☛✧ ✡✆☛  ✘ PQR r✚ ✑✆✒✓✆✛❞  ✘ABC r✚ ❧✣✥✡

★✕✆★✕ ✑✆✒✓✆✈✆☛✣ ☞✕ ☞❝✪☛✣✥✚ ✈✆✤✕ ✛☛❧✆ ✦✚ r✆☛✫✆✆☛✣ ✝☛✟ ✠✗✛ ✑✆✚ ✦✆☛✥✆✜

✈✬✆✆✭✡✮ ✑✆✒✓✆ PQ ✑✆✒✓✆ AB r✆☛ ✯r✡✚ ✦✤✧ ✑✆✒✓✆  QR  ✑✆✒✓✆ BC  r✆☛ ✯r✡✚ ✦✤ ✈✆✤✕ ✑✆✒✓✆

RP ✑✆✒✓✆ CA r✆☛ ✯r✡✚ ✦✤✰ r✆☛✫✆ P  r✆☛✫✆ A  r✆☛ ✯r✡✆ ✦✤✧ r✆☛✫✆ Q r✆☛✫✆ B r✆☛ ✯r✡✆ ✦✤ ✈✆✤✕

r✆☛✫✆  R r✆☛✫✆  C r✆☛ ✯r✡✆ ✦✤✜ ❧✆✬✆ ✦✚✧ ✢✆☛✙✆☛✣ ✠✏✆✑✆✒✓✆☛✣ ✝☛✟ ✱✆✚✲✆✆☛♦ ❡☛✣ ✛r✳✛r ❧✣✥✡✡✆ (one-

one correspondence)  ✦✤✜ ✈✬✆✆✭✡✮ ✱✆✚✲✆✭  P ✱✆✚✲✆✭ A  ✝☛✟ ❧✣✥✡ ✦✤✧ ✱✆✚✲✆✭ Q ✱✆✚✲✆✭ B ✝☛✟ ❧✣✥✡ ✦✤

✈✆✤✕ ✱✆✚✲✆✭ R ✱✆✚✲✆✭ C ✝☛✟ ❧✣✥✡ ✦✤✜ ✴❧☛ ✠✙✵✙ ✶☞ ❡☛✣ ✠✗✐✆✆ ✓✆✡✆ ✦✤ ✷

P ✸ A, Q ✸ B, R ✸ C

è✎✆✙ ✢✚✠✓✛ ✠r ✴❧ ❧✣✥✡✡✆ ✝☛✟ ✈✣✡✥✭✡✧ ✘ PQR ✩ ✘ ABC ✦✤✜ ☞✕❣✡✒ ✴❧☛  ✘QRP ✩

✘ ABC ✠✗✐✆✙✆ ✥✗✡ ✦✆☛✥✆✜

✴❧✚ ☞✌r✆✕✧ ✈✆✝✞✟✠✡ 7.4 (iii) ✝☛✟ ✠✗✛✧

FD ✸ AB, DE ✸ BC ✈✆✤✕ EF ✸ CA

✡✬✆✆ F ✸ A, D ✸ B ✈✆✤✕ E ✸ C ✦✤✜

✴❧✠✗✛✧ ✘ FDE ✩ ✘ ABC ✠✗✐✆✙✆ ❧✦✚ ✦✤✧ ☞✕❣✡✒ ✘ DEF ✩ ✘ ABC ✠✗✐✆✙✆ ✥✗✡

✦✆☛✥✆✜

✈✆✝✞✟✠✡ 7.4 (iv) ✝☛✟ ✠✏✆✑✆✒✓ ✈✆✤✕  ✘ ABC  ✝☛✟ ★✚✹ ❧✣✥✡✡✆ ✠✗✠✐✆✛✜

✈✡✷✧ ✠✏✆✑✆✒✓✆☛✣ r✚ ❧✝✆♦✥❧❡✡✆ r✆☛ ❧✆✣✝☛✟✠✡r ✶☞ ❡☛✣ ✠✗✐✆✙☛ ✝☛✟ ✠✗✛✧ ✖✙✝☛✟ ✱✆✚✲✆✆☛♦ r✚

❧✣✥✡✡✆ r✆☛ ❧✦✚ ☞✌r✆✕ ❧☛ ✠✗✐✆✙✆ ✈✆✝✱✎r ✦✤✜

è✎✆✙ ✢✚✠✓✛ ✠r ✺✻✼✽✾✺✿ ❀❁✼❂✼❃❄✼❅❆ ✿❅❆ ✺❆✾❇ ❂✼✼✾ ❈❉✼❈❉ ❊✼❅❇❅ ❊❋❆ ✈✆✤✕ ❫●❍■❏❑●▲

▼◆■❖■P◗■❘❙ ❍❘❚ ●❙❑❯ ❖■■❑■❘❙ ✝☛✟ ✠✗✛❱ ✦❡ ❧✣❲✆☛☞ ❡☛✣ ‘CPCT’ ✠✗✐✆✡☛ ✦✤✣✜

7.3 ❀❁✼❂✼❃❄✼❅❆ ❳❨ ✺✻✼✽✾✺✿❇✼ ✻❅❩ ❀❬❭ ❳✺✼❋❀❪❴✼❵

✠☞❛✗✚ r❲✆✆✈✆☛✣ ❡☛✣✧ ✈✆☞ ✠✏✆✑✆✒✓✆☛✣ r✚ ❧✝✆♦✥❧❡✡✆ ✝☛✟ ✠✗✛ ✹✆✕ r❧✆✤✠✔✎✆❞ (criteria) ✎✆ ✠✙✎❡

(rules) ☞✯✪ ✹✒✝☛✟ ✦✤✣✜ ✈✆✴✛ ✴✙r✆ ☞✒✙❜✝✗✆☛r✙ r✕☛✣✜
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✱☎ ✆✝✞✟✝  3 cm ②✠☎✡ ☛✝✠ ☞✌✝✆✝✞✟ ✍✝✎✏☞✑✱ (☛✠☞✍✝✱ ♥✝✒✓✔☞✕ 7.5)❆ ✖✗✝ ✗✠ ☞✌✝✆✝✞✟ ✘✒✝✙✚✘✛

❣✜✏✢ ✣✗✝✤ ☛✎☞✟✱ ☞☎ ✗✠ ☞✌✝✆✝✞✟ ✘✒✝✙✚✘✛ ✤❣✎✏ ❣✜✏❆

✈✥✦✧★✩✪  7.5

♥✫ ☛✝✠ ☞✌✝✆✝ ✞✟ ✍✝✎ ✏☞✑✱ ☞✟✤✛✠ ✏ ✱☎ ✆✝ ✞✟✝  4 cm ❣✜ ♥✝ ✜✡ ✱☎ ☎✝✠✬✝ 50° ❣✜

(☛✠☞✍✝✱ ♥✝✒✓✔☞✕ 7.6) ❆ ✖✗✝ ✗✠ ☞✌✝✆✝✞✟ ✘✒✝✙✚✘✛ ❣✜✏✢

✈✥✦✧★✩✪  7.6

☛✠☞✍✝✱ ☞☎ ✗✠ ☛✝✠✤✝✠✏ ☞✌✝✆✝✞✟ ✘✒✝✙✚✘✛ ✤❣✎✏ ❣✜✏❆

❜✘ ☞✭✗✝☎②✝✮ ☎✝✠ ☞✌✝✆✝✞✟✝✠✏ ✒✠✔ ✒✞✔✯ ♥✝✜✡ ✗✞✰✛ ✍✝✎✏✑ ☎✡ ☛✝✠❣✡✝❜✱❆

♥✕✲✳ ✆✝✞✟✝♥✝✠✏ ✒✠✔ ✱☎ ✗✞✰✛ ☎✎ ✘✛✕✝ ♥✴✝✒✝ ✆✝✞✟✝♥✝✠✏ ✒✠✔ ✱☎ ✗✞✰✛ ♥✝✜✡ ☎✝✠✬✝✝✠✏ ✒✠✔ ✱☎

✗✞✰✛ ☎✎ ✘✛✕✝ ❣✛✠✏ ✘✒✝✙✚✘✛ ☞✌✝✆✝✞✟ ☛✠✤✠ ✒✠✔ ☞②✱ ✮✗✝❀✵✕ ✤❣✎✏ ❣✜❆

♠✘ ☞✶✴✝☞✕ ✛✠✏ ✖✗✝ ❣✝✠✚✝ ✟✫ ✫✡✝✫✡ ☎✝✠✬✝✝✠ ✏ ☎✎ ✆✝✞✟✝♥✝✠✏ ☎✝ ♥✷✗ ✗✞✰✛ ✆✝✎ ✫✡✝✫✡ ❣✝✠

✟✝✱✢

♥✝✒✓✔☞✕ 7.7 ✛✠✏ BC = QR, ✸ B = ✸ Q ♥✝✜✡ ✘✝✴✝ ❣✎ AB = PQ ❣✜❆ ♥✫ ♥✝✮ ✹ ABC

♥✝✜✡ ✹ PQR ☎✎ ✘✒✝✙✚✘✛✕✝ ✒✠✔ ✫✝✡✠ ✛✠✏ ✖✗✝ ☎❣ ✘☎✕✠ ❣✜✏✢
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✆✝✞✟✠ ✡☛☞☞✌☞✍✎ ✏ ✍ ✑☞ ✒ ✡✠✆ ✓✔ ✆✡ ✕✏ ✆ ✖✗☞✆✘ ✙ ✍✎✚ ✒☞✍✛☞ ✍✎ ✆✜☞ ✢☞✣✓ ✏ ✤☞✥✦✏✙ ✧☞ ✍✘✍ ✧★ ✎✩ ✌☞ ✝

✕✏✡☞ ✏ ❜✑☞✝✛✚ ✪ ABC ✡☞ ✍ ✡☞❞ ✡ ✫ ✌☞★ ✫ ✬✏ ✍ ✪ PQR ✝✫ ✫✐☞ ✡ ✫ ✡ ✫ ✏ ✡ ✘✍ ✧★ ✎✩ ✕✏

✆✭ ✑☞✡✟☞ ✝ ✡☞ ✍ ✆✜☞ ✢☞✣✓☞✍ ✎ ✤ ✍✮ ✌✯ ✑ ✑✣✰✙ ✟✍✡ ✫ ✒☞ ✍✧ ✫☞✕ ✔✩ ✱ ✑☞ ✌☞ ✝ ✒✍✐ ☞ ✘✍ ✧★ ✎ ✆✡ ✒☞ ✍ ✢☞✣✓☞✌☞✍ ✎

✌☞★ ✫ ✌✎✘✦✈ ✘ ✡☞✍✲☞ ✡✠ ✏ ✙✘☞ ✆✜ ☞✢☞ ✣✓☞ ✍✎ ✡✠ ✏✤ ☞✥ ✦✏ ✙✘☞ ✤ ✍✮ ✆✟ ✔ ✝✑☞✈✳ ✘ ✧★✴ ✧ ☞✵✚ ✑✧ ✝✑☞✈✳ ✘

✧ ★ ✩

✶ ✷✸✹✺✻✼  7.7

✑✧ ✆✜ ☞ ✢☞ ✣✓☞ ✍✎ ✡✠ ✏ ✤☞✥✦✏✙ ✘☞ ✡✠ ✝✧✟✠ ✡✏☞★❞✠ (criterion) ✧ ★ ✩

✽✾✿❀ ❁❂ ❃❄ ❅ 7.1 ❆SAS ❇❈❀❉ ❁❇ ❊❅❀ ✾ ❋●❊❍  : ♥■❏ ❑▲ ■▼ ■◆❖ P◗ ■❘❙P❚ ❯ ■❏❱ ❏ ❯❲❳❨ ❩ ❑♥ ❬❭ ❑▲ ■▼■◆❖

❭❪ ♥ ■❏ ▼ ■◆❖ ■❬❫ ❴ ■❲❵ ❛❝ ❭■ ❴ ❳❱❙ ❡❱ ❭ ■❏❣ ■ ♥❤ P❵ ❏ ❑▲ ■▼ ■◆❖ ❭❪ ♥ ■❏ ▼ ■◆❖ ■❴ ■❏❳ ❴ ■❲❵ ❛ ❝◗ ❏❥ ❴❳❱ ❙ ❡❱ ❭■❏❣ ■

◗ ❏❥ ♦❵ ■♦❵ ❯■❏❳ ❦

✕ ✏ ✝✆ ✫ ✲☞ ☞ ✙ ✡ ☞ ✍ ✕ ✏ ✏ ✍ ✝✧ ✟ ✍ ❧ ☞ ✘ ✝✆ ✫ ✲☞ ☞ ✙☞ ✍ ✎ ✡ ✠ ✏ ✧ ☞ ✑ ✘ ☞ ✏ ✍ ✆ ✏ ♠ ✛✧ ✠ ✎ ✆ ✡ ✑☞ ✓ ☞

✏ ✡ ✘ ☞ ✧ ★ ✌☞ ★ ✫ ✕ ✏ ✠ ✆✟ ✔ ✕ ✏ ✍ ✔ ✡ ✌✆ ✢☞ ✦ ♣ ✧ ✠ ✘ ✤ ✍ ✮ q ✝ ✙ ✍ ✎ ✏ ❜ ✑ ✙☞ ✛ ✆✟ ✑ ☞ ✦ ✑☞ ✧ ★

r ✒ ✍✆ ✐ ☞ ✔ ✝✆ ✫✆ s ☞ t❞ 1✉✩

✌☞✕ ✔ ✌✇ ✤ ✣✮✞ ✬ ✒☞✧ ✫✲☞ ✟ ✍✎✩

①②❀ ❃③④❀ 1 : ✌☞✤ ♣✮✆✘ 7.8 ✙ ✍ ✎ OA = OB ✌☞★ ✫ OD = OC ✧★✩ ✒s☞☞✈✕ ✔ ✆✡

(i) ✪ AOD ⑤ ✪ BOC ✌☞★ ✫ (ii) AD || BC ✧ ★ ✩

❃⑥ : (i)  ✪ AOD ✌☞★ ✫ ✪ BOC ✙ ✍ ✎✚

OA = OB
(✆✒✑☞ ✧★)

OD = OC

✏☞ ✗☞ ✧✠✚ ✱ ✑☞✍✎✆✡ ⑦ AOD ✌☞★✫ ⑦ BOC s☞✠t☞☞✈✆✢☞✙ ✣✐☞ ✡☞ ✍✲☞☞ ✍✎ ✡☞ ✔✡ ✑✣✰✙ ✧★✚ ✌✘⑧

⑦ AOD = ⑦ BOC

✕ ✏ ✆✟ ✔✚ ✪ AOD ⑤ ✪ BOC rSAS ✏ ✤☞✥✦✏ ✙✘☞ ✆ ✛ ✑✙ ⑨☞ ✫☞ ✉

✶ ✷✸✹✺ ✻✼  7.8

⑩
❶
❷
❶
❸
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(ii) ❧☎✆✝✞❧✟ ✠✡✆☛✆☞✌✆✍✎  AOD ✈✆✏✑ BOC ✟✍✎❡ ✈✒✓ ❧✎✞✔ ☛✆✆✞ ☛✆✕ ✖✑✆✖✑ ✗✆✍✎✞✍✘

✈✔✙❡ ✚ OAD = ✚ OBC ✗✏✘ ❣✑✒✔☞ ✓✍ ✑✍✛✆✆✛✆✎✜✆✍✎  AD  ✈✆✏✑  BC ☎✍♦ ✠✢✣ ✣✤✆✎✔✑ ✤✆✍✥✆✆✍✎ ✤✆

✣✤ ✓☞✱✟ ✖✦✆✔✍ ✗✏✎✘

✈✔✙❡ AD || BC ✗✏✘

♠✧★✩✪✫★ 2 : AB ✣✤ ✑✍✛✆✆✛✆✎✜ ✗✏ ✈✆✏✑ ✑✍✛✆✆ l ❜❧✤✆ ✢✬✖ ❧✟✠✭☛✆✆✌✤ ✗✏✘ ✓✠✮   l  ❣✑ ✠✐✯✆✔

P ✤✆✍❜❞ ✠✖✎✮☞ ✗✏❡ ✔✆✍ ✮✰✆✆❞❜✣ ✠✤  P  ✠✖✎✮☞✈✆✍✎  A  ✈✆✏✑  B ❧✍ ❧✟✮✲✑✐✯✆ (equidistant) ✗✏✘

✩✳ : l ✴ AB  ✗✏ ✈✆✏✑  AB  ☎✍♦ ✟✵✓✶✠✖✎✮☞  C  ❧✍ ✗✆✍✤✑

✌✆✔✕ ✗✏ t✮✍✠✛✆✣ ✈✆☎✷♦✠✔ 7.9✸✘ ✈✆❣✤✆✍ ✮✰✆✆❞✦✆ ✗✏ ✠✤

PA = PB ✗✏✘ ❜❧☎✍♦ ✠✢✣  ✹ PCA ✈✆✏✑ ✹ PCB ❣✑

✠☎❢✆✑ ✤✕✠✌✣✘ ✗✟✍✎ ❣✺✆✻✔ ✗✏ ✙

AC = BC (C, AB ✤✆ ✟✵✓✶✠✖✎✮☞ ✗✏ )

✚ PCA = ✚ PCB = 90°  t✠✮✓✆ ✗✏✸

PC = PC  t✼☛✆✓✠✦✽✾✸

✈✔✙❡ ✹ PCA ✿ ✹ PCB (SAS ✠✦✓✟)

❜❧✠✢✣❡  PA = PB  t❧☎✆✝✞❧✟ ✠✡✆☛✆☞✌✆✍✎ ✤✕ ❧✎✞✔ ☛✆☞✌✆✣❀✸

✈✆❜✣ ✈✖ ✮✆✍ ✠✡✆☛✆☞✌✆✍✎ ✤✕ ✑❢✦✆ ✤✑✍✎ ✠✌✦✤✕ ✮✆✍ ☛✆☞✌✆✣❀  4 cm ✈✆✏✑  5 cm ✗✏✎ ✈✆✏✑ ✣✤

✤✆✍✥✆ 50° ✗✏ ✔✯✆✆ ❧✆✯✆ ✗✕ ✓✗ ✤✆✍✥✆ ✖✑✆✖✑ ☛✆☞✌✆✈✆✍✎ ☎✍♦ ✖✕❢ ✈✎✔✞❞✔ ✤✆✍✥✆ ✦✗✕✎ ✗✏

t✮✍✠✛✆✣ ✈✆☎✷♦✠✔  7.10✸✘ ❁✓✆ ✓✍ ✠✡✆☛✆☞✌ ❧☎✆✝✞❧✟ ✗✏✎❂

❃❄❅❆❇❈❉  7.10

❃❄❅❆❇❈❉  7.9
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è✆✝✞ ✟✠✡☛☞ ✡✌ ✆✍ ✟✝✍✞✝✍✎ ✡✏✝✑✝✒☛ ✓✔✝✕✖✓✗ ✞✘✠✎ ✘✙✎✚

✡✏✝✑✝✒☛✝✍✎ ✔✍✛ ✔✒✛✜ ✢✣✆ ✆✒✤✗ ✥✍✌✦ ✧✓ ✡★✆✝✌✥✝✩ ✌✝✍ ✟✝✍✘✦✝✧☞✚ ✢✝✩ ✟✍✪✝✍✎✖✍ ✡✌ ✟✝✍✞✝✍✎

✡✏✝✑✝✒☛✝✍✎ ✌✠ ✓✔✝✕✖✓✗✫✝ ✔✍✛ ✡✥☞ ✆✘ ✢✝✔✬✆✌ ✘✙ ✡✌ ✭✦✝✭✦ ✌✝✍✮✝ ✭✦✝✭✦ ✑✝✒☛✝✢✝✍✎ ✔✍✛

✢✎✫✖✈✫ ✌✝✍✮✝ ✘✝✍✚

✢✫✯✰ SAS ✱✲✳✴ ✵✶✷ ✸✹✳ ✺✻✼ ✽✾✿✵❀  ASS ✆✝  SSA  ✡✞✆✗ ✓❁✆ ✞✘✠✎ ✘✙✚

✢✭✰ ☞✍✓✍ ✟✝✍ ✡✏✝✑✝✒☛✝✍✎ ✌✠ ✦❂✞✝ ✌✦✞✍ ✌✝ ✩❃✆❁✞ ✌✡✦☞✰ ✡☛✞✗✍✎ ✟✝✍ ✌✝✍✮✝  60°  ✢✝✙✦  45°

✘✝✍✎ ✫❣✝✝ ✧✞ ✌✝✍✮✝✝✍✎ ✌✠ ✢✎✫✖✈✫ ✑✝✒☛✝  4 cm ✘✝✍ (✟✍✡✪✝☞ ✢✝✔♥✛✡✫  7.11)✚

❄❅❆❇❈❉❊  7.11

✧✞ ✟✝✍✞✝✍✎ ✡✏✝✑✝✒☛✝✍✎ ✌✝✍ ✌✝✡❜☞ ✢✝✙✦ ☞✌ ✡✏✝✑✝✒☛ ✌✝✍ ✟❋✓✦✍ ✔✍✛ ●✩✦ ✦✡✪✝☞✚ ✢✝✩ ❍✆✝ ✟✍✪✝✫✍

✘✙✎■ ✟✍✡✪✝☞ ✡✌ ☞✌ ✡✏✝✑✝✒☛ ✟❋✓✦✍ ✡✏✝✑✝✒☛ ✌✝✍ ✩❋✮✝✈✫✆✝ ❏✌ ✥✍✫✝ ✘✙✰ ✢❣✝✝✈✫❑ ✟✝✍✞✝✍✎ ✡✏✝✑✝✒☛

✓✔✝✕✖✓✗ ✘✙✎✚ ✔✒✛✜ ✢✝✙✦ ✡✏✝✑✝✒☛✝✍✎ ✌✝✍ ✥✍✌✦ ✧✓ ✡★✆✝✌✥✝✩ ✌✝✍ ✟✝✍✘✦✝✧☞✚ ✢✝✩ ✟✍✪✝✍✎✖✍ ✡✌

✡✏✝✑✝✒☛✝✍✎ ✌✠ ✓✔✝✕✖✓✗✫✝ ✔✍✛ ✡✥☞✰ ✟✝✍ ✌✝✍✮✝✝✍✎ ✢✝✙✦ ▲✞✌✠ ✢✎✫✖✈✫ ✑✝✒☛✝ ✌✠ ✓✗✫✝ ✩✆✝✈▼✫ ✘✙✚

✆✘ ✩✡✦✮✝✝✗ ❞◆❖P◆◗❘◆❙❚◆◗❞◆❖P◆ (Angle-Side-Angle) ✌✓✝✙❜✠ ✘✙ ✢✝✙✦ ✧✓✍ ASA ❯❱◆❲❳❯❨❩◆

❞❯◆❬❭❪ ✡✥✪✝✝ ☛✝✫✝ ✘✙✚ ✢✝✩ ✡✩✜✥✠ ✌❫✝✝✢✝✍✎ ✗✍✎✰ ✧✓✌✠ ✓❁✆✫✝ ✌✠ ☛✝❴❂ ✌✦ ❂✒✔✍✛ ❵❵❵✘✙✎✚

✢✝✧☞ ✧✓ ✩✡✦✮✝✝✗ ✌✝✍ ✡✓❛ ✌✦✍✎✚

❂❋❴✡✌ ✧✓ ✩✡✦✮✝✝✗ ✌✝✍ ✡✓❛ ✡✌✆✝ ☛✝ ✓✌✫✝ ✘✙✰ ✧✓✡✥☞ ✧✓✍ ☞✌ ✐❝❨❖❡ (theorem)

✌✘✝ ☛✝✫✝ ✘✙✚ ✧✓✍ ✡✓❛ ✌✦✞✍ ✔✍✛ ✡✥☞✰ ✘✗ SAS ✓✔✝✕✖✓✗✫✝ ✡✞✆✗ ✌✝ ✩❃✆✝✍✖ ✌✦✍✎✖✍✚

✐❝❨❖❡ 7.1  (ASA ❯❱◆❲❳❯❨❩◆ ❧❤❡❨) : ❥✶✷ ✱❦✶♠✶❀♦ ✸♣✶qr✸✴ ✺✶✷✵✷ ✺✻s✼ ✳✱❥ t✉ ✱❦✶♠✶❀♦ ♣✷✇ ❥✶✷

✉✶✷①✶ ②✶✻✾ ③✲✉④ ②s✵r⑤✵ ♠✶❀♦✶ ❥⑥✸✾✷ ✱❦✶♠✶❀♦ ♣✷✇ ❥✶✷ ✉✶✷①✶✶✷s ②✶✻✾ ③✲✉④ ②s✵r⑤✵ ♠✶❀♦✶ ♣✷✇ ⑦✾✶⑦✾

✺✶✷s⑧

⑨✐✐❧⑩◆ : ✘✗✍✎ ✟✝✍ ✡✏✝✑✝✒☛ ABC ✢✝✙✦ DEF ✡✟☞ ✘✙✎✰ ✡☛✞✗✍✎ ❶ B = ❶ E, ❶ C = ❶ F ✢✝✙✦

BC = EF ✘✙✚ ✘✗✍✎ ❷ ABC ❸ ❷ DEF ✡✓❛ ✌✦✞✝ ✘✙✚
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♥☎✆✝☎✆✞ ✟✠☎✡☎☛☞☎✆✞ ✌✍ ✎✏☎✑✒✎✓✔☎ ✏✆✕ ✟✖✗ ♥✆✟✘☎✗ ✟✌ ✙✚☎✛ ✔✍✝ ✟✜✢☎✟✔✙☎✛ ✎✞✡☎✏ ✚✣✞✤

❢✥✦✧❢★ (i) : ✓☎✝ ✖✍✟☞✗  AB = DE  ✚✣❣♥✆✟✘☎✗ ✩☎✪✟✔ ✫✬✭✮✯✤

✩✈ ✩☎✰ ✱✙☎ ♥✆✘☎✔✆ ✚✣✞✲ ✩☎✰ ♥✆✘☎ ✎✌✔✆ ✚✣✞ ✟✌

AB = DE ❣✌✳✰✝☎ ✌✍ ✚✣✯

✴ B = ✴ E ❣✟♥✙☎ ✚✣✯

BC = EF ❣✟♥✙☎ ✚✣✯

✩✔✵✶ ✷ ABC ✸ ✷ DEF (SAS ✟✝✙✓ ✹☎✺☎)

✻✼✽✾✿❀❁  7.12

❢✥✦✧❢★ (ii) : ✓☎✝ ✖✍✟☞✗✶ ✙✟♥ ✎✞✡☎✏ ✚✣ ✔☎✆✶  AB > DE ✚✣✤ ❂✎✟✖✗✶ ✚✓  AB ✰✺ ✗✌ ✟✈✞♥☛

P  ✗✆✎☎ ✖✆ ✎✌✔✆ ✚✣✞ ✟✌ PB = DE ✚☎✆ (♥✆✟✘☎✗ ✩☎✏❃✕✟✔ 7.13)✤

✻✼✽✾✿❀❁  7.13

✩✈ ✷ PBC ✩☎✣✺  ✷ DEF ✓✆✞✶

PB = DE ❣✺❄✝☎ ✎✆✯

✴ B = ✴ E ❣✟♥✙☎ ✚✣✯

BC = EF ❣✟♥✙☎ ✚✣✯
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✈✆✝✞ ✟✠ ✡☛☞✌☞✍✎ ✡☛✌✍✏ ✑✌✆✒ ✟✓✔ ✡✌

✕ PBC ✖ ✕ DEF (SAS  ✑❧✍✗✘✑✠✆✍ ✈✡✙✍✘✚✟✛✆ ✜✍✢✍)

♣✣✤✡✌ ✥✍✒☛✍✒✔ ✡✦✍✙✍✧★ ✑❧✍✗✘✑✠ ✟✓✔✞ ✩✑✡✏✪ ✩☛❧✒✫ ✑✔✘✆ ✙✍✍✘ ✬✢✍✬✢ ✟✍✒☛✒ ♣✍✡✟✪✭

✈✆✝✞ ✮ PCB = ✮ DFE

✐✢✯✆✧ ✟✠✒✔ ✡✥✰✍ ✟✓ ✡✌

✮ ACB = ✮ DFE

✈✆✝✞ ✮ ACB = ✮ PCB

✐✢✯✆✧ ✱✰✍ ✰✟ ✑✔✙✍❧ ✟✓✲

✰✟ ✆✙✍✛ ✑✔✙✍❧ ✟✓✞ ★✬  P ✡✬✔✥✧  A ❧✒✫ ✑✍♦✍ ✑✔✐✍✆✛ ✟✍✒✭

✰✍ BA = ED

✈✆✝✞ ✕ ABC ✖ ✕ DEF (SAS ✈✡✙✍✘✚✟✛✆ ✜✍✢✍)

✳✴✵✶✳✷ (iii) : ✰✡✥ AB < DE ✟✍✒✞ ✆✍✒ ✟✠ DE ✐✢ ✪✌ ✡✬✔✥✧  M ✩✑ ✐❜✌✍✢ ✏✒ ✑✌✆✒ ✟✓✔ ✡✌

ME = AB ✟✍✒✭ ✈✬ ✡❣♦✍✡✆ (ii)  ❧✍✏✒ ✆❧✎✫✸✍ ✌✍✒ ✥✍✒✟✢✍✆✒ ✟✧✪✞ ✟✠ ✡☛☞✌☞✍✎ ✡☛✌✍✏ ✑✌✆✒ ✟✓✔

✡✌ AB = DE ✟✓ ✈✍✓✢ ✩✑✛✡✏✪ ✕ ABC ✖ ✕ DEF ✟✓✭ ✹

✈✬ ✠✍☛ ✏✛✡★✪ ✡✌ ✥✍✒ ✡✦✍✙✍✧★✍✒✔ ✠✒✔ ✥✍✒ ✌✍✒✸✍✍✒✔ ❧✒✫ ✰✧✺✠ ✈✍✓✢ ✑✔✘✆ ✙✍✧★✍✈✍✒✔ ✌✍ ✪✌ ✰✧✺✠

✬✢✍✬✢ ✟✓✔✞ ✐✢✯✆✧ ✰✒ ✙✍✧★✍✪✤ ✬✢✍✬✢ ✌✍✒✸✍✍✒✔ ❧✒✫ ✰✧✺✠✍✒✔ ✌✛ ✈✔✆✘✎✆ ✙✍✧★✍✪✤ ☛✟✛✔ ✟✓✔✭ ✱✰✍ ✰✒ ✡✦✍✙✍✧★

✈✙✍✛ ✙✍✛ ✑❧✍✗✘✑✠ ✟✓✔✲ ✈✍✐ ✥✒✻✍✒✔✘✒ ✡✌ ✰✒ ✡✦✍✙✍✧★ ✑❧✍✗✘✑✠ ✟✓✔✭ ✱✰✍ ✈✍✐ ✩✑✌✍ ✌✍✢✸✍ ✬✆✍

✑✌✆✒ ✟✓✔✲

✈✍✐ ★✍☛✆✒ ✟✓✔ ✡✌ ✡✦✍✙✍✧★ ❧✒✫ ✆✛☛✍✒✔ ✌✍✒✸✍✍✒✔ ✌✍ ✰✍✒✘  180° ✟✍✒✆✍ ✟✓✭ ✈✆✝ ✡✦✍✙✍✧★✍✒✔ ❧✒✫ ✌✍✒✸✍✍✒✔

❧✒✫ ✥✍✒ ✰✧✺✠ ✬✢✍✬✢ ✟✍✒☛✒ ✐✢ ✼☛❧✒✫ ✆✛✑✢✒ ✌✍✒✸✍ ✙✍✛ ✬✢✍✬✢ ✟✍✒✔✘✒  (180° – ✥✍✒☛✍✒✔ ✬✢✍✬✢ ✌✍✒✸✍✍✒✔

✌✍ ✰✍✒✘)✭

✈✆✝✞ ♥✽✾ ✿❀✽❁✽❂❃ ❄❅✽❆❇❄❈ ❉✽✾❊✾ ❉❋●❍ ■✿♥ ❏❑ ✿❀✽❁✽❂❃✽✾● ❅✾▲ ♥✽✾ ▼✽✾◆✽✽✾ ● ❅✾▲ ■❂❖❈ P◗✽P◗ ❉✽✾● ❘✽❋◗

❄●❇❊ ❁✽❂❃✽❘✽✾● ▼✽ ❙▼ ■❂❖❈ P◗✽P◗ ❉✽✾❚ ✟✠ ✩✑✒ AAS ❯❱✶❲❳❯❨✷✶ ✳❩❬❨ ✌✟ ✑✌✆✒ ✟✓✔✭

✈✍✩✪ ✈✬ ✡☛❭☛✡✏✡✻✍✆ ✡❪✰✍✌✏✍✐ ✌✢✒✔ ✝

40°, 50° ✈✍✓✢ 90°  ❧✍✏✒ ❧✧✫❫ ✡✦✍✙✍✧★ ✻✍✛✔✡♣✪✭

✈✍✐ ✪✒✑✒ ✡✌✆☛✒ ✡✦✍✙✍✧★ ✻✍✛✔♣ ✑✌✆✒ ✟✒✔✲ ❧✍❣✆❧ ✠✒✔✞ ✙✍✧★✍✈✍✒✔ ✌✛ ✡❧✡✙✍✯☛ ✏✔✬✍✩✰✍✤ ✏✒✌✢
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❣☎ ✆✝✞✝ ✟✠✡☛✝ ☞✌❣✝ ✍✡☛✝ ✟✎✌✏✌✑✠ ✒✌✓✔☞ ✞✕✡✝ ❣✖✔ (♥✝✟✒✌✆ ✗✌✘✙✚✟✡ 7.14)❆

✈✛✜✢✣✤✥  7.14

♥✝✟✒✌✆ ✟✕ ✦✝ ✟✎✌✏✌✑✠ ✞✘✌✧★✞☎ ❣✌✝ ✏✌✓ ✞✕✡✝ ❣✖✔ ✗✌✖✩ ☛❣✓✔ ✏✌✓ ❣✌✝ ✞✕✡✝ ❣✖✔❆

✗✡✪✫ ✡✓☛ ✕✌✝✬✌✌✝✔ ✕✓ ✞☎✡✌ ✟✎✌✏✌✑✠✌✝✔ ✕✓ ✞✘✌✧★✞☎✡✌ ✘✝✚ ✟✭✆ ✮✦✌✯✰✡ ☛❣✓✔ ❣✖❆ ✱✞✟✭✆✫

✟✎✌✏✌✑✠✌✝✔ ✕✓ ✞✘✌✧★✞☎✡✌ ✘✝✚ ✟✭✆✫ ✡✓☛ ❢✩✌❢✩ ✏✌✌★✌✝✔ ☎✝✔ ✞✝ ✆✕ ❢✩✌❢✩ ✏✌✌★ ✏✌✑✠✌ ✗✘✲✦ ❣✌✝☛✌

☞✌✟❣✆❆

✗✌✱✆ ✗❢ ✘✑✚✳ ✗✌✖✩ ✍♥✌❣✩✬✌ ✭✝✔❆

♠✴✵✶✷✸✵ 3 : ✩✝✒✌✌✒✌✔❥ AB ✆✕ ✗✹✦ ✩✝✒✌✌✒✌✔❥ CD ✘✝✚ ✞☎✌✔✡✩ ❣✖ ✗✌✖✩  O  ✩✝✒✌✌✒✌✔❥  AD  ✕✌

☎❡✦✺✟❢✔♥✑ ❣✖ (♥✝✟✒✌✆ ✗✌✘✙✚✟✡ 7.15)❆ ♥✲✌✌✯✱✆ ✟✕  (i) ✻AOB ✼ ✻DOC (ii) O ✩✝✒✌✌✒✌✔❥ BC ✕✌

✏✌✓ ☎❡✦✺✟❢✔♥✑ ❣✖❆

✶✽ : (i)  ✻ AOB ✗✌✖✩  ✻ DOC  ✮✩ ✟✘☞✌✩ ✕✓✟✠✆❆

✾ ABO = ✾ DCO (✆✕✌✔✡✩ ✕✌✝✬✌ ✗✌✖✩ ✟✡✦✯✕ ✩✝✒✌✌  BC  ✘✝✚ ✞✌♦✌ AB || CD)

✾ AOB = ✾ DOC ✿✲✌✓❀✌✌✯✟✏✌☎✑✒✌ ✕✌✝✬✌❁

OA = OD ✿✟♥✦✌ ❣✖❁

✗✡✪✫ ✻ AOB ✼ ✻ DOC (AAS ✟☛✦☎)

(ii) OB = OC (CPCT)

✗♦✌✌✯✡❂  O,  ✩✝✒✌✌✒✌✔❥  BC ✕✌ ✏✌✓ ☎❡✦✺✟❢✔♥✑ ❣✖❆

✈✛✜✢✣✤✥ 7.15
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✐✆✝✞✟✠✡☛  7.1

1. ♣☞✄✂✁✄✌☎  ACBD  ❡✍✎✏ AC = AD ❣✑ ✒✁✑✓

AB ❞✁✍✔✁ A ❞✁✍ ✕❡❢✖✂✁✁❢☎☞ ❞✓☞✁ ❣✑

✭✗✍❢✘✁✙ ✒✁✚✛✜❢☞ ✢✣✤✥✦✧ ✗★✁✁✌✩✙ ❢❞

✪ABC ✫ ✪ ABD  ❣✑✧

BC ✒✁✑✓  BD  ✚✍✜ ♦✁✓✍ ❡✍✎ ✒✁✬ ✮✯✁ ❞❣

✕❞☞✍ ❣✑✎❧

2. ABCD ✙❞ ♣☞✄✂✁✄✌☎ ❣✑✏ ❢☎✕❡✍✎  AD = BC ✒✁✑✓

✰ DAB = ✰ CBA ❣✑ (✗✍❢✘✁✙ ✒✁✚✛✜❢☞ 7.17)✧ ❢✕❆

❞✱❢☎✙ ❢❞

(i) ✪ABD ✫ ✪BAC

(ii) BD = AC

(iii) ✰ABD = ✰BAC

3. ✙❞ ✓✍✘✁✁✘✁✎✲ AB ✬✓ AD ✒✁✑✓ BC ✗✁✍ ♦✓✁♦✓ ♥✎♦

✓✍✘✁✁✘✁✎✲ ❣✑✎ (✗✍❢✘✁✙ ✒✁✚✛✜❢☞ 7.18)✧ ✗★✁✁✌✩✙ ❢❞  CD,

✓✍✘✁✁✘✁✎✲ AB  ❞✁✍ ✕❡❢✖✂✁✁❢☎☞ ❞✓☞✁ ❣✑✧

✈✳✴✵✶✷✸  7.16

✈✳✴✵✶✷✸  7.17

✈✳✴✵✶✷✸  7.18
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4. l ✈✂☎✆ m ♥✂✝ ✞✟✂✠✄✆ ✆✝✡✂✂☛☞ ✌☎✠ �✍✎✌✝✠ ✞✟✂✠✄✆ ✆✝✡✂✂✈✂✝✠

p  ✈✂☎✆ q  ❞✂ ☛❞ ✈✎✏ ✏✑✒✟ ✓✔�✄✕✖✝�♥✄ ❞✆✄✂ ✌☎

(♥✝�✡✂☛ ✈✂✗✘✙�✄ 7.19)❆ ♥✚✂✂✛✜☛ �❞ ✢ ABC ✣ ✢ CDA

✌☎❆

5. ✆✝✡✂✂ l  ❞✂✝✁✂ A  ❞✂✝ ✞✟�✤✥✂✂�✍✄ ❞✆✄✦ ✌☎ ✈✂☎✆  B  ✆✝✡✂✂

l ✓✆ �✐✧✂✄ ❞✂✝✜✛ �★✠♥✑ ✌☎❆  BP ✈✂☎✆  BQ ❞✂✝✁✂

A  ❞✦ ✥✂✑✍✂✈✂✝✠ ✓✆  B  ✞✝ ❧✂✩✝ ①☛ ✩✪★ ✌☎✠

(♥✝�✡✂☛ ✈✂✗✘✙�✄ 7.20)❆ ♥✚✂✂✛✜☛ �❞

(i) ✢ APB ✣  ✢ AQB

(ii) BP = BQ ✌☎❣ ✈✧✂✂✛✄✫ �★✠♥✑  B  ❞✂✝✁✂ ❞✦ ✥✂✑✍✂✈✂✝✠ ✞✝

✞✟♥✬✆✐✧✂ ✌☎

6. ✈✂✗✘✙�✄ 7.21 ✟✝✠❣ AC = AE, AB = AD ✈✂☎✆

✭ BAD = ✭ EAC ✌☎❆ ♥✚✂✂✛✜☛ �❞  BC = DE  ✌☎❆

7. AB ☛❞ ✆✝✡✂✂✡✂✠❧ ✌☎ ✈✂☎✆  P  ✜✞❞✂ ✟❜✏✮�★✠♥✑ ✌☎❆

D ✈✂☎✆ E  ✆✝✡✂✂✡✂✠❧ AB ✗✝✙ ☛❞ ✌✦ ✈✂✝✆ �✐✧✂✄ ♥✂✝ �★✠♥✑

✜✞ ✓✔❞✂✆ ✌ ☎ ✠ �❞ ✭ BAD = ✭ ABE ✈✂ ☎✆

✭ EPA = ✭ DPB  ✯✰✱ (♥✝�✡✂☛ ✈✂✗✘✙�✄ 7.22)❆

♥✚✂✂✛✜☛ �❞

(i) ✢ DAP ✣ ✢ EBP

(ii) AD = BE

✲✳✴✵✶✷✸  7.19

✲✳✴✵✶✷✸ 7.20

✲✳✴✵✶✷✸ 7.21

✲✳✴✵✶✷✸  7.22
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8. ✱✆ ✝ ✞✆✁✟✠ ✁ ❢� ✁✂ ✁✄☎  ABC ✞✟❡✡ ❢☎✝ ✞✟❡ ✆✁✟✠ ✁   C

✝ ✞✆✁✟✠ ✁ ❧ ☛✡  M ✆✠ ✁✥  AB ✆✁ ✞❞ ☞✌ ❢✍❡✎ ✄ ❧ ☛✏  C ✆ ✁ ✟

M ✝ ✟ ❢✞✑ ✁✆✒ D r ✆ ✓✝ ✔ ✕✆ ✁✒ ✍✖✗ ✁☞ ✁ ✘ ☞✁ ❧ ☛ ❢✆

DM = CM ❧ ☛✏ ❢✍❡✎ ✄ D ✆✁✟ ❢✍❡✎ ✄ B ✝ ✟ ❢✞✑✁ ❢✎ ☞✁

☎ ✁r ✁ ❧ ☛ (✎ ✟❢♥ ✁✱ ✙✁✚✛ ✜❢r 7.23)✏ ✎ ❆✁ ✁✥✓ ✱ ❢✆

(i) ✢ AMC ✣ ✢ BMD

(ii) ✤ DBC ✱✆ ✝ ✞✆✁✟✠ ✁ ❧ ☛

(iii) ✢ DBC ✣ ✢ ACB

(iv) CM = 
1

2
 AB

7.4 ✦✧ ★✩✪ ✫✪ ✬✭ ✮ ✯✰ ✮ ✬ ✰✲ ✳✬ ✴✪

✵✶✷✸✹ ✺ ✻✼✽ ✷✹✾ ✿✹❀❁ ✺ ❂✶ ✻✹ ✵❃ ❂❄ ❂✼ ❅ ❂✹❀ ❇❈ ❉❊ ❂❋● ❉✿❍ ❂ ❇❈ ✾❂✹ ❇❉ ❂■ ✵❏❑❂✹❀ ❇❂ ✺ ▲❑❑✻ ✵❇❑❂ ▼■ ◆

✺ ❂✈❖ ✈✻ ✶ ✵P◗ ❂❂✿❂✹❀ ❇❂ ❖ ❇ ❖ ✹❉✹ ✵❃ ❂❄ ❂✼ ❅ ❊ ✹❘ ❊✼ ❘✷ ●✼◗ ❂❂✹❀ ❇❂ ✺ ▲❑❑✻ ❇P✻ ✹ ✿✹❀ ✶❙ ❑❂✹● ❇P✹❀

✵❅❉ ❇❈ ✾❂✹ ❄ ❂✼ ❅❂❖ ❚ ❯ P❂❯ P ▼❂✹❍❈ ▼■ ❀◆

✻❈✉ ✹ ✵✾❑❂ ●❑❂ ✵❱ ❑❂❇✸❂✶ ❇❈✵❅❖ ❲

❖ ❇ ✵❃ ❂❄ ❂✼ ❅ ❇❈ P✉ ✻❂ ❇❈ ✵❅❖ ✵❅❉ ❇❈ ✾❂✹

❄ ❂✼ ❅❂❖❚ ❯ P❂❯ P ▼❂✹❀◆ ✿❂✻ ✸❈✵❅❖ ✾❂✹ ❄ ❂✼ ❅❂❖ ❚  3.5 cm

✸❀❯ ❂✈② ❇❈ ▼■ ❀ ✺ ❂■ P ❖ ❇ ❄ ❂✼ ❅❂ 5 cm ✸❀❯ ❂✈② ❇❈ ▼■

(✾✹ ✵❳ ❂❖ ✺ ❂❊ ❨ ❘✵❍ 7.24)◆ ✺ ❂✶ ✵✶ ✷✸❈ ❇❩ ❂❂✺ ❂✹❀ ✿✹❀❁

❖ ✹❉❈ P✉ ✻ ❂❖❚ ❇P ✉ ✼❊ ✹ ❘ ▼■ ❀◆

❬ ❑❂ ✺ ❂✶ ❇❂✹ ❑❂✾ ▼■ ✵❇ ✈❉ ✵❃ ❂❄ ❂✼ ❅ ❇❂✹ ❬ ❑ ❂ ❇▼❍ ✹ ▼■ ❀❭

❖ ❇ ✵❃ ❂❄ ❂✼ ❅ ✵❅❉❇❈ ✾❂✹ ❄ ❂✼ ❅❂❖ ❚ ❯ P❂❯ P ▼❂✹❀ ❪❫★❴❵✪ ❛✬ ★✩✪ ✫✪ ✬✭ (isosceles triangle)

❇▼✸❂❍ ❂ ▼■ ◆ ✺ ❍ ❲❁ ✺ ❂❊ ❨ ❘✵❍ 7.24 ❇❂ ✢ ABC ❖ ❇ ❉ ✿✵❜❯ ❂▼✼ ✵❃ ❂❄ ❂✼ ❅ ▼■ ❁ ✵❅ ❉✿✹❀  AB = AC

▼■ ◆

✺❯ ✤ B ✺ ❂■ P ✤ C ❇❂✹ ✿❂✵✶❖ ◆ ✺ ❂✶ ❬ ❑❂ ✾✹❳❂❍ ✹ ▼■ ❀❭

✵❊ ✵❄ ❂❝ ✻ ❄ ❂✼ ❅❂✺ ❂✹❀ ❊ ❂✸✹ ✺❝ ❑ ❉✿✵❜❯ ❂▼✼ ✵❃ ❂❄ ❂✼ ❅ ✸✹❇P ✈❉ ✵❱ ❑❂❇✸❂✶ ❇❂✹ ✾❂✹▼P ❂✈❖ ◆ ✺ ❂✶

✾✹❳❂ ❉❇❍ ✹ ▼■ ❀ ✵❇ ❖ ✹❉✹ ✶❙❣ ❑✹❇ ✵❃ ❂❄ ❂✼ ❅ ✿✹❀ ❯ P❂❯ P ❄ ❂✼ ❅ ❂✺ ❂✹❀ ❊ ✹❘ ❉❤ ✿✼ ❳❂ ✐ ❉❂✿✻✹ ❊ ✹❘❥ ❇❂✹◗ ❂ ❯ P ❂❯ P

▼■ ❀ ◆

❦ ♠ ♦♣ q st  7.23

❦ ♠ ♦♣ q st  7.24
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❀☎ ✆✝ ✞✟✠ ✡☎☛☞✌✍✎✏✑ ✌✟✒✎✏✏✡ ☎✓ ✞✏✓✒ ✌✔☛❀✕✝ ✖✡✟✗✘✏☎✙ ✟✚✏✛✏✙✜ ☞✕✢ ✟✣✆ ✖☛❀ ☎✓✤

❜✖✕ ✥✦✧✕ ★✩✏✏❜✑ ✟☞✟✪ ☞✕✢ ✞✥✙✖✏✒ ✟✖✫ ✟✝❀✏ ✜✏ ✖✝✠✏ ☎✓✬

✐✭✮✯✰ 7.2 : ✱✲ ✳✴✵✶✷✸✹✺ ✵✻✸✼✸✺✽ ✲✾ ✷✿✸✷✿ ✼✸✺✽✸❁✸❂❃❂ ❄❂❅ ✳❆✴✺❇✸ ✲✸❂❈✸ ✷✿✸✷✿ ✹✸❂❉❂ ✹❊❃❋

❜✖ ✌✟✒✎✏✏✡ ✝✏✕ ✝❜✑ ✟☞✟✪❀✏✕● ✖✕ ✟✖✫ ✟✝❀✏ ✜✏ ✖✝✠✏ ☎✓✤ ❜✥✡✕● ✖✕ ✆✝ ❍✌✌✟■✏ ✥✦✧✕ ★✦

✜✏ ✒☎✦ ☎✓✤

♠✐✐❏❑▲ : ☎✡✕● ✆✝ ✖✡✟✗✘✏☎✙  ▼ABC ✟★❀✏ ☎✓❢ ✟✜✖✡✕●

AB = AC ☎✓✤ ☎✡✕● ◆ B = ◆ C  ✟✖✫ ✝✒✥✏ ☎✓✤

✞✏❜✆ ◆ A ✝✏ ✖✡✟✗✛✏✏✜✝ ❞✏✦●✧✕✤ ✡✏✥ ✣✦✟✜✆

❀☎ BC ✖✕ D ✌✒ ✟✡✣✠✏ ☎✓ (★✕✟❞✏✆ ✞✏☞♥✢✟✠ 7.25)✤

✞✘❢  ▼ BAD ✞✏✓✒  ▼ CAD  ✡✕●❢

AB = AC ❖✟★❀✏ ☎✓P

◆ BAD = ◆ CAD ❖✒✧✥✏ ✖✕P

AD = AD ❖❍✛✏❀✟✥◗❘P

✞✠✬❢ ▼ BAD ❙ ▼ CAD (SAS ✟✥❀✡ ✗✏✒✏)

❜✖✟✣✆❢ ◆ ABD = ◆ ACD (CPCT)

✞✈✏✏✑✠❚ ◆ B = ◆ C ❯

❱❀✏ ❜✖✝✏ ✟☞✣✏✕✡ ✛✏✦ ✖☛❀ ☎✓❲ ✞✈✏✏✑✠❚

❀✟★ ✟✝✖✦ ✟✚✏✛✏✙✜ ☞✕✢ ★✏✕ ✝✏✕✎✏ ✘✒✏✘✒ ☎✏✕●❢ ✠✏✕ ❱❀✏ ☎✡ ✟✥◗✝◗✏✑ ✟✥✝✏✣ ✖✝✠✕ ☎✓● ✟✝

❍✥✝✦ ✖❳✡✙❞✏ ✛✏✙✜✏✆❨ ✛✏✦ ✘✒✏✘✒ ☎✏✕●❩✦❲

✥✦✧✕ ✟★❀✏ ✟✉❀✏✝✣✏✌ ✝✦✟✜✆ ✬

✆✝ ▼ ABC ✝✦ ✒✧✥✏ ✝✦✟✜✆ ✟✜✖✡✕●

BC ✟✝✖✦ ✛✏✦ ✣●✘✏❜✑ ☞✏✣✦ ✆✝ ✛✏✙✜✏ ☎✓ ✞✏✓✒

◆ B = ◆ C = 50º ☎✓✤ ◆ A ✝✏ ✖✡✟✗✛✏✏✜✝ ❞✏✦●✟✧✆

✞✏✓✒ ✡✏✥ ✣✦✟✜✆ ✟✝ ❀☎ BC ✝✏✕   D ✌✒ ✌✔✟✠❬❭✕★

✝✒✠✏ ☎✓ (★✕✟❞✏✆ ✞✏☞♥✢✟✠ 7.26)✤

❪❫❴❵❛❝❡ 7.25

❪❫❴❵❛❝❡  7.26
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✆✝ ✞✟ ✞✠✡ ABC ❞✞☛ ❞✞☞✡ ✌☛ ✍ ✎☛ ❞✞✏ ✑✒✆✡ ✓ ✔ ✞✕✖ ✗✎ ☛  AD ♦☛ ✘ ✔ ✙✠✆✚✛ ✞ ✌ ✞☛✆✜✢✓ ✣ ✞✆ ❞ ✛ ✞✒✤✞✥

C ✛ ✞✒✤✞✥ B ✐✖ ✆☞✖☛ ✦✐✜✢☛ ✧★

AC ✔ ✞✕✖  AB  ♦ ☛ ✘ ✩✞✖ ☛ ✌☛ ✍ ✔ ✞✐ ✪✫ ✞ ❞✬ ✎ ❞✣ ☛ ✬✕ ✍✭

✚☛✆♥✞✓ ✆ ❞  AC,  AB ❞✞☛ ✐✮✯ ✞✥✣ ✫ ✞ ✰❞ ✑☛✣ ✒ ✬✕ ★

✔ ✣ ✈ ✱ AC = AB

✗✎ ✒ ✆❜✫ ✞❞✑✞✐ ❞✞☛ ✓ ☛✎☛ ✬✒ ♦✠ ✘✲ ✔ ✳✫ ✆ ✝ ✞✟ ✞✠✡ ✑☛ ❞✖ ✚✞☛ ✬✖ ✞✗✓ ★ ✐✴✵✫☛ ❞ ✩✞✖ ✔ ✞✐ ✚☛ ♥✞☛ ✍☞☛

✆ ❞ ✓ ❞ ✆ ✝ ✞✟ ✞✠✡ ♦ ☛ ✘ ✩✖ ✞✩✖ ❞✞☛✯ ✞✞☛ ✍ ❞✒ ✎ ✶✌✠ ♥✞ ✟ ✞✠✡ ✞✓ ✷ ✩✖ ✞✩✖ ✬✕ ✍★ ✔✣✈ ✱ ✬✌ ✆ ✙✶ ✙ ✐✴✌☛✫ ✐✴ ✞✸✣

❞✖✣ ☛ ✬✕ ✍ ✈

✹✺✻✼✽ 7.3 : ✾✿❀ ❁ ✾❂ ❃❄ ❃❅❆ ❇❈❉ ❊ ❋❃❊ ❋ ✿ ❃❈ ● ❃❃❈ ❍ ✿❁ ❀ ■ ❏❅❑ ❃ ❄❃❅❆ ❃▲ ▼ ❊ ❋❃❊ ❋ ◆ ❃❈❖ ❁ ◆ P ❍◗

✫ ✬ ✐✴✌☛✫ ❘❙❚ ❞✞ ✆♦ ✑✞☛✌ ✬✕ ★

✔ ✞✐ ✗✎ ✐✴✌☛✫ ❞✞☛  ASA  ✎♦ ✞❧☞✎ ✌✣ ✞ ✆✙✫✌ ❞✞ ✐✴✫ ✞☛ ☞ ❞✖♦ ☛ ✘ ✆✎ ❯ ❞✖ ✎ ❞✣☛ ✬✕ ✍★

✔ ✞✗✓ ✗✙ ✐✆✖✯ ✞✞✌✞☛ ✍ ❞✞☛ ❱✐✤✏ ❞✖ ✙☛ ♦ ☛ ✘ ✆ ✑✓ ♦✠ ✘✲ ❲ ✚✞✬✖✯ ✞ ✑☛ ✍★

♠❳❨❩❬❭❨ 4 : ❪ ABC ✌☛✍✱ ❫ A ❞✞ ✎✌✆❴✟✞✞✡ ❞ AD ✟ ✞✠✡ ✞ BC ✐✖ ✑✶✩ ✬✕ (✚☛✆♥✞✓ ✔✞❵✆✣ 7.27)★

✚✛✞✞✥ ✗✓ ✆❞ AB = AC ✬✕ ✔ ✞✕✖ ❪ ABC ✎ ✌✆❴ ✩✞✬✠ ✬✕ ★

❩ ❣ : ❪ ABD  ✔ ✞✕✖  ❪ ACD ✌☛ ✍ ✱

❫ BAD = ❫ CAD ✦✆✚✫ ✞ ✬✕ ✧

AD = AD ✦ ❲ ✟ ✞✫ ✆ ✙ ✤❛ ✧

❫ ADB = ❫ ADC = 90° ✦✆✚✫ ✞ ✬✕ ✧

✔ ✣ ✈ ✱ ❪ ABD ❝ ❪ ACD (ASA  ✆ ✙✫✌)

✗✎ ✆ ✑✓ ✱ AB = AC (CPCT)

✗✎ ✒ ❞✞✖✯ ✞ ❪ ABC ✎✌✆❴✩✞✬✠ ✬✕ ★

♠ ❳❨❩❬ ❭❨ 5 : E ✔ ✞✕✖  F ❜✌✛ ✞✈ ✆ ✝ ✞✟ ✞✠✡  ABC ❞✒ ✩✖ ✞✩✖ ✟ ✞✠✡ ✞✔ ✞☛ ✍  AB ✔ ✞✕✖ AC  ♦ ☛ ✘ ✌❡✫ ❤✆ ✩✍✚✠

✬✕ ✍ (✚☛✆ ♥✞✓ ✔ ✞♦ ❥ ✘✆✣ 7.28)★ ✚✛✞✞✥ ✗✓ ✆ ❞ BF = CE ✬✕ ★

❦ ♣ q rs t ✉  7.27
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❣☎ : ✆ ABF ✈✝✞✟ ✆ ACE ✥✠✡☛

AB = AC ✭☞✌✍✝ ✎✞✏

✑ A = ✑A ✭✒✓✝✍☞✔✕✖✏

AF = AE ✭✗✟✝✗✟ ✓✝✘✙✝✈✝✠✡ ✚✠✛ ✈✝✜✠✏

✈✢✣☛ ✆ ABF ✤ ✆ ACE (SAS ☞✔✍✥)

❜✦☞✧★☛ BF = CE (CPCT)

♠✩✪❣✫✬✪ 6 : ★✱ ✦✥☞✮✗✝✎✘ ☞✯✝✓✝✘✙  ABC ☞✙✦✥✠✡  AB = AC  ✎✞☛ ✱✰ ✓✝✘✙✝  BC  ✐✟ ✌✝✠ ☞✗✡✌✘

D ✈✝✞✟ E ❜✦ ✐✲✱✝✟ ✎✞✡ ☞✱  BE = CD ✎✞ (✌✠☞♥✝★ ✈✝✚✳✛☞✢ 7.29)❆ ✌✴✝✝✵❜★ ☞✱  AD = AE ✎✞❆

❣☎ : ✆ ABD ✈✝✞✟ ✆ ACE  ✥✠✡☛

AB = AC ✭☞✌✍✝ ✎✞✏ (1)

✑ B = ✑ C (2)

✭✗✟✝✗✟ ✓✝✘✙✝✈✝✠✡ ✚✠✛ ✦✶✥✘♥✝ ✱✝✠✷✝✏

✦✝❧✝ ✎✰☛ BE = CD  ✭☞✌✍✝ ✎✞✏

❜✦☞✧★☛ BE – DE = CD – DE

✈❧✝✝✵✢✸☛ BD = CE (3)

✈✢✣☛ ✆ ABD ✤ ✆ ACE [(1), (2), (3) ✈✝✞✟ SAS ☞✔✍✥ ✮✝✟✝]

❜✦✦✠ ✐✲✝✹✢ ✎✝✠✢✝ ✎✞✣ AD = AE (CPCT)

✺✻✼✽✪✾☎✿  7.2

1. ❀❁ ❂❃�❄❅✂❇❈ �❉✂❊✂❈❋  ABC ❃❡● �❋❂❃❡●  AB = AC ❇❍■

❏ B ❑✂❍▲  ❏ C ▼❡◆ ❂❃�❄❊✂✂❋❁ ❖▲P❖▲ �❅●◗❈ O ❖▲

❖❘�✄❙❚❡◗ ❁▲✄❡ ❇❍●❯  A ❑✂❍▲ O ❁✂❡ ❋✂❡�❞❱❀❯ ◗❲✂✂❳❨❀ �❁

(i) OB = OC

(ii) AO ❁✂❡✁✂ A ❁✂❡ ❂❃�❄❊✂✂�❋✄ ❁▲✄✂ ❇❍

2. ❩ABC  ❃❡●   AD ❊✂❈❋✂  BC  ❁✂ ❬❭❅ ❂❃�❄❊✂✂❋❁ ❇❍

(◗❡�❪✂❀ ❑✂▼❫◆�✄ 7.30)❯ ◗❲✂✂❳❨❀ �❁ ❩ ABC ❀❁

❂❃�❄❅✂❇❈ �❉✂❊✂❈❋ ❇❍■ �❋❂❃❡●  AB = AC  ❇❍❯

❴❵❛❝❢❤❥  7.28

❴❵❛❝❢❤❥  7.29

❴❵❛❝❢❤❥  7.30
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3. ABC ✱✆ ✝✞❢✟✠✁✡✄ ❢�✁✂✁✄☎ ✡☛☞ ❢☎✝✞✌✍ ✠✎✁✠✎ ✂✁✄☎✁✏✁✌✍

AC ✏✁☛✎ AB ✐✎ ✑✞✒✁✓ ✒✁✔✕✁✖✗✘✠  BE  ✏✁☛✎ CF ❬✁✔✍✙✌

①✱ ✡☛✍  (♥✌❢❬✁✱ ✏✁✚✛✜❢✢ 7.31)❆ ♥✒✁✁✖✣✱ ❢✆ ✤✌ ✒✁✔✕✁✖✗✘✠

✠✎✁✠✎ ✡☛✍❆

4. ABC ✱✆ ❢�✁✂✁✄☎ ✡☛ ❢☎✝✞✌✍  AC  ✏✁☛✎  AB  ✐✎ ❬✁✔✍✙✌

①✱ ✒✁✔✕✁✖✗✘✠  BE ✏✁☛✎ CF ✠✎✁✠✎ ✡☛✍

(♥✌❢❬✁✱ ✏✁✚✛✜❢✢ 7.32)❆ ♥✒✁✁✖✣✱ ❢✆

(i) ✥ABE ✦ ✥ACF

(ii) AB = AC, ✏✈✁✁✖✢✧ ✥ABC ✱✆ ✝✞❢✟✠✁✡✄ ❢�✁✂✁✄☎ ✡☛❆

5. ABC ✏✁☛✎  DBC  ✝✞✁❧ ✏✁★✁✎  BC  ✐✎ ❢✩✈✁✢ ♥✁✌

✝✞❢✟✠✁✡✄ ❢�✁✂✁✄☎ ✡☛✍ (♥✌❢❬✁✱ ✏✁✚✛✜❢✢ 7.33)❆ ♥✒✁✁✖✣✱ ❢✆

✪ABD = ✪ ACD  ✡☛❆

6. ABC ✱✆ ✝✞❢✟✠✁✡✄ ❢�✁✂✁✄☎ ✡☛☞ ❢☎✝✞✌✍ AB = AC  ✡☛❆

✂✁✄☎✁ BA ❢✠✍♥✄ D ✢✆ ✣✝ ✐r✆✁✎ ✠✫✬✁✣✖ ①✣✖ ✡☛ ❢✆

AD = AB  ✡☛ (♥✌❢❬✁✱ ✏✁✚✛✜❢✢ 7.34)❆ ♥✒✁✁✖✣✱ ❢✆

✪ BCD ✱✆ ✝✞✆✁✌✭✁ ✡☛❆

✮✯✰✲✳✴✵ 7.31

✮✯✰✲✳✴✵ 7.32

✮✯✰✲✳✴✵ 7.33

✮✯✰✲✳✴✵ 7.34
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7. ABC ✥☎ ✆✝☎✂✞✁✂ �✟✂✠✂✡☛ ☞✌✍ �☛✆✝✞✎ ✏A = 90° ✈✂✌✑  AB = AC  ☞✌❣  ✏ B  ✈✂✌✑  ✏C  ❑✂✄

☎❞�☛✥❣

8. ♥✒✂✂✓✔✥ �☎ �☎✆❞ ✆✝✕✂☞✡ �✟✂✠✂✡☛ ☎✂ ✖✗✘✙✞☎ ☎✂✞✁✂  60° ☞✂✞✄✂ ☞✌❣

7.5 ❢✚✛✜✛✢✣✛✤✦✤ ✧★ ✩✪✛✫✬✩✭✮✛ ✪✤✯ ❢✰✱ ✪✢✯✲ ✳✛✴✵ ✧✩✛✴❢✶✷✛✸

✹✺✻ ✼✽ ✹✾✿✺✿ ❀❁❂❃ ✻❄❅❁ ✿❄ ❆❁❇✺ ❈❉❊❁❋ ❄●❂ ❍■ ❏■ ❍▲✺▼✺❉◆ ❊❁❋ ❖P◗✺❁❂ ■✺❁❘✺✺❁❂ ❊❁❋ ❆❙✽❚❁ ❍▲✺▼✺❉◆

❊❁❋ ❖P◗✺❁❂ ■✺❁❘✺✺❁❂ ❊❁❋ ♦❚✺♦❚ ❄✺❁◗❁ ✻❚ ❆✺❁◗✺❁❂ ❍▲✺▼✺❉◆✺❁❂ ■✺ ✽❊✺❯❱✽❀ ❄✺❁◗✺ ✹✺❊❲✿■ ◗❄P❂ ❄●❳ ✹✺✻

✽✺❁❈ ✽■❖❁ ❄●❂ ❍■ ✽❂▼✺❊❖❧ ❏■ ❍▲✺▼✺❉◆ ■P ❖P◗✺❁❂ ▼✺❉◆✺✹✺❁❂ ❊❁❋ ❆❙✽❚❁ ❍▲✺▼✺❉◆ ■P ❖P◗✺❁❂ ▼✺❉◆✺✹✺❁❂

❊❁❋ ♦❚✺♦❚ ❄✺❁◗❁ ✻❚ ❍▲✺▼✺❉◆ ✽❊✺❯❱✽❀ ❄✺❁ ◆✺❏❨❳ ✹✺✻ ✿❄ ❍✻❩❅P ■❬✺✺✹✺❁❂ ❀❁❂ ✻❭❪ ❈❉❊❁❋ ❄●❂ ❍■

❏❁✽P ❍❫❴✺❍❖ ❀❁❂ ❍▲✺▼✺❉◆ ❍◗❫✽❂❆❁❄ ✽❊✺❯❱✽❀ ❄✺❁❖❁ ❄●❂❳

✼✽ ❜✺❚❘✺✺ ■✺❁ ❍◗❍❲❈❖ ■❚◗❁ ❊❁❋ ❍❅❏❃ ❵ cm ❃ ❛❝❡ cm ✹✺●❚ ❵❝❡ cm ❊❁❋ ❆✺❁ ❍▲✺▼✺❉◆

❇✺P❂❍❈❏ (❆❁❍❇✺❏ ✹✺❊❤❋❍❖ 7.35)❳ ✼✐❄❁❂ ■✺❥■❚❃ ❏■ ❆❙✽❚❁ ✻❚ ❚❍❇✺❏❳ ✹✺✻ ❦✿✺ ❆❁❇✺❖❁ ❄●❂♠ ✿❍❆

♦❚✺♦❚ ▼✺❉◆✺✹✺❁❂ ■✺❁ ❏■ ❆❙✽❚❁ ✻❚ ❚❇✺✺ ◆✺❏❳ ✿❁ ❏■ ❆❙✽❚❁ ■✺❁ ✻❙❘✺♣❖✿✺ ❭■ ❅❁❖❁ ❄●❂ ✹❖❧❃

❆✺❁◗✺❁ ❂ ❍▲✺▼✺❉◆ ✽❊✺❯❱✽❀ ❄●❂❳

qrst✉✇②  7.35

✼✽ ❍Ø✿✺■❅✺✻ ■✺❁ ❊❉❋❩ ✹✐✿ ❍▲✺▼✺❉◆ ❇✺P❂❈■❚ ❆✺❁❄❚✺✼❏❳ ✼✽ ✻③■✺❚❃ ❄❀ ✽❊✺❯❱✽❀❖✺

❊❁❋ ❏■ ✹✺●❚ ❍◗✿❀ ✻❚ ✻❄❉❨❈ ◆✺❖❁ ❄●❂❧

④⑤✭✤✷ 7.4 (SSS ✩✪✛✫✬✩✭✮✛ ❢⑥✷✭ ) : ⑦⑧⑨ ⑩❶ ⑧❷❸❹❸❺❻ ❶❼ ❽❼❾❸❿➀ ❹❸❺❻❸⑩➁ ⑩❶ ➂➃⑦ ⑧❷❸❹❸❺❻

❶❼ ❽❼❾❸❿➀ ❹❸❺❻❸➂❸❿➀ ➄❿➅ ➆➇❸➆➇ ➈❸❿➀➉ ❽❸❿ ⑨❸❿❾❸❿➀ ⑧❷❸❹❸❺❻ ➊➄❸➋➌➊➍ ➈❸❿❽❿ ➈➎➀➏

❏■ ➐✻✿❉❦❖ ❚❈◗✺ ■❚❊❁❋❃ ✼✽ ✻③❀❁✿ ■✺❁ ❍✽➑ ❍■✿✺ ◆✺ ✽■❖✺ ❄●❳
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✈✆✝ SAS ❧✞✆✟✠❧✡☛✆ ☞✌✍✡ ✡✎✏ ✝✑✒✎ ✑✓ ✔✎✕✆ ✖✗✞✎✘ ✑✙✏ ☞✚ ✛✜✆✛✜ ✚✆✎✢✆✆✎✏ ✞✎✘ ✍✗✣✡ ❧✏✠☛

✛✜✆✛✜ ❝✆✗✤✆✈✆✎✏ ✞✎✘ ✍✗✣✡✆✎✏ ✞✎✘ ✛✓✖ ✡✎✏ ✥✈✏☛✠✦☛✧ ✑✆✎✌✎ ✖✆☞✑★ ✈✆✙✜ ✍☞✔ ★✎❧✆ ✌✑✓✏ ✑✆✎✩ ☛✆✎ ✔✆✎✌✆✎✏

☞✪✆❝✆✗✤ ❧✞✆✟✠❧✡ ✌✑✓✏ ❝✆✓ ✑✆✎ ❧✚☛✎ ✑✙✏✫

❜❧ ☞✬✍✆✚✒✆✝ ✚✆✎ ✚✓☞✤★ ✭

✔✆✎ ❧✡✚✆✎✢✆ ☞✪✆❝✆✗✤ ★✎❧✎ ✕✆✓✏☞✖★ ☞✤✌✡✎✏ ✝♥✮✍✎✚ ✚✆ ✚✢✆✦ ✯ ❧✎✡✓ ✈✆✙✜ ★✚ ❝✆✗✤✆ ✰ cm

✚✓ ✑✆✎ ✥✔✎☞✕✆★ ✈✆✞❵✘☞☛ ✱✲✳✴✧✫

✵✶✷✸✹✺✻  7.36

❜✼✑✎✏ ✚✆☞✽★ ✈✆✙✜ ★✚ ✔✾❧✜✎ ✝✜ ❜❧ ✝♥✚✆✜ ✜☞✕✆★ ☞✚ ❜✌✚✓ ✛✜✆✛✜ ❝✆✗✤✆★✿ ★✚ ✔✾❧✜✎

✝✜ ✈✆★✿✫ ✍☞✔ ✈✆✞✐✍✚ ✑✆✎✩ ☛✆✎ ☞✪✆❝✆✗✤✆✎✏ ✚✆✎ ❀✆✗✡✆❜★✫ ✈✆✝ ❁✍✆ ✔✎✕✆☛✎ ✑✙✏❂

✈✆✝ ✔✎✕✆☛✎ ✑✙✏ ☞✚ ✔✆✎✌✆✎✏ ☞✪✆❝✆✗✤ ★✚ ✔✾❧✜✎ ✚✆✎ ✝✾✢✆✦☛✍✆ ❃✚ ✒✎☛✎ ✑✙✏ ✈✆✙✜ ❜❧✓☞✒★ ✍✎

❧✞✆✟✠❧✡ ✑✙✏✫ ✍✑✓ ☞✬✍✆✚✒✆✝ ❧✡✚✆✎✢✆ ☞✪✆❝✆✗✤✆✎✏ ✞✎✘ ✈✼✍ ✍✗✣✡ ✒✎✚✜ ✔✆✎✑✜✆❜★✫ ✈✆✝ ❁✍✆

✔✎✕✆☛✎ ✑✙✏❂

✈✆✝ ✝✆★✿✠✎ ☞✚ ✔✆✎✌✆✎✏ ❧✡✚✆✎✢✆ ☞✪✆❝✆✗✤ ❧✞✆✟✠❧✡ ✑✆✎✏✠✎✩ ✍☞✔ ❄✌✞✎✘ ✚✢✆✦ ✛✜✆✛✜ ✑✆✎✏ ✈✆✙✜

❝✆✗✤✆✈✆✎✏ ✚✆ ★✚ ✍✗✣✡ ✛✜✆✛✜ ✑✆✎✫ ✈✆✝ ❜❧ ☛❍✍ ✚✓ ✤✆✿✖ ☞✝❅✒✓ ✚❆✆✆✈✆✎✏ ✡✎✏ ✚✜ ✖✗✞✎✘ ✑✙✏✫

è✍✆✌ ✔✓☞✤★ ☞✚ ❜❧ ☞❇❍✆☞☛ ✡✎✏ ❧✡✚✆✎✢✆ ✈✏☛✠✦☛ ✚✆✎✢✆ ✉❈❉❊ ✑✙✫

❜❧ ✝♥✚✆✜✩ ✈✆✝ ☞✌❋✌☞✒☞✕✆☛ ❧✞✆✟✠❧✡☛✆ ☞✌✍✡ ✝✜ ✝✑✗✿✖ ✠★ ✑✙✏✭

●■❏❑▲ 7.5 (RHS ▼◆❖P◗▼❏❘❖ ❙✉▲❏❚ : ❯❱❲ ❲❳❨ ❩❬❭❳❨❪❳ ❱❫❳❴❳❛❞❳❨❡ ❬❨❡❣ ❤❭ ❱❫❳❴❳❛❞ ❭❳ ❭❪❳❥

❦❳♠♦ ❤❭ ❴❳❛❞❳ ♣❬q❳r ❲s❩♦❨ ❱❫❳❴❳❛❞ t❨✇ ❭❪❳❥ ❦❳♠♦ ❤❭ ❴❳❛❞❳ t❨✇ ①♦❳①♦ ②❳❨❡❣ ③❳❨ ❲❳❨④❳❨❡ ❱❫❳❴❳❛❞

❩t❳⑤⑥❩❬ ②❳❨③❨ ②♠❡⑦

è✍✆✌ ✔✓☞✤★ ☞✚ ✍✑✆✿ RHS ▼❏⑧❖❑⑨❖ (Right angle) - ⑧⑨❖⑩ (Hypotenuse) - ❶❖❷❸❖

(Side) ✚✆✎ ✔✐✆✆✦☛✆ ✑✙✫

✈✆❜★ ✈✛ ✞✗✘❅ ❄✔✆✑✜✢✆ ✒✎✏✫
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♠☎✆✝✞✟✆ 7 : AB  ✱✠ ✡☛☞✌✌☞✌✍✎ ✏✑ ✒✓✌✌ ✔✕✍✖✗ P ✈✌✑✡ Q ✥✘

✡☛☞✌✌☞✌✍✎ AB ♦☛✙ ✔♦✚✡✛✒ ✈✌☛✡ ✥✘ ✚✜✠✌✡ ✔✢✓✌✒ ✏✑✍ ✔✠ ✥✣✤☛✍ ✘☛

✚✜✐✦☛✠  A  ✈✌✑✡ B ✘☛ ✘✤✖❧✡✢✓✌ ✏✑ ✧✖☛✔☞✌✱ ✈✌♦★✙✔✒ ✩✪✫✩✬✭

✖♥✌✌✮✥✱ ✔✠ ✡☛☞✌✌ PQ  ✡☛☞✌✌☞✌✍✎  AB ✠✌ ❞✯✕ ✘✤✔✰✲✌✌✳✠ ✏✑✭

✝❣ : ✈✌✚✠✌☛ PA = PB ✈✌✑✡  QA = QB ✔✖✦✌ ✏✗✈✌ ✏✑✭

✈✌✚✠✌☛ ✖♥✌✌✮✣✌ ✏✑ ✔✠  PQ ✴ AB ✏✑ ✈✌✑✡  PQ  ✡☛☞✌✌☞✌✍✎  AB

✠✌☛ ✘✤✔✰✲✌✌✔✳✒ ✠✡✒✛ ✏✑✭ ✤✌✣ ❞✛✔✳✱ ✡☛☞✌✌  PQ  ✡☛☞✌✌☞✌✍✎

AB ✠✌☛  C ✚✡ ✚✜✔✒✵✶☛✖ ✠✡✒✛ ✏✑✭ ✷✦✌ ✈✌✚ ✥✘ ✈✌♦★✙✔✒ ✤☛✍

✖✌☛ ✘♦✌✸✹✘✤ ✔✺✌✲✌✗✳✌☛✍ ✠✌☛ ✖☛☞✌ ✘✠✒☛ ✏✑✍✻

✈✌✥✱  ✼ PAQ ✈✌✑✡  ✼ PBQ  ❞☛✍✭

✥✣ ✔✺✌✲✌✗✳✌☛✍ ✤☛✍❜

AP = BP  ✧✔✖✦✌ ✏✑✬

AQ = BQ  ✧✔✖✦✌ ✏✑✬

PQ = PQ  ✧✽✲✌✦✔✣✾✿✬

✈✒❀❜ ✼ PAQ ❁ ✼ PBQ (SSS ✔✣✦✤)

✥✘✔❞✱❜ ❂ APQ = ❂ BPQ (CPCT)

✈✕ ❃ PAC ✈✌✑✡ ❃ PBC  ✠✌☛ ❞✛✔✳✱✭ ✈✌✚✠✌☛ ✚✜✌❄✒ ✏✑ ❀

AP = BP ✧✔✖✦✌ ✏✑✬

                             ❂ APC = ❂ BPC (❂ APQ = ❂ BPQ ➴✚✡ ✔✘❅ ✔✠✦✌ ✏✑)

PC = PC ✧✽✲✌✦✔✣✾✿✬

✈✒❀❜ ✼ PAC ❁ ✼ PBC (SAS ✔✣✦✤)

✥✘✔❞✱❜ AC = BC (CPCT) (1)

✈✌✑✡ ❂ ACP = ❂ BCP (CPCT)

✘✌✓✌ ✏✛❜ ❂ ACP + ❂ BCP = 180° ✧✡✑✔☞✌✠ ✦✗❆✤✬

✥✘✔❞✱❜ 2❂ ACP  = 180°

✦✌❜ ❂ ACP  = 90° (2)

❇❈❉❊❋●❍  7.37
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(1) ✈✆✝✞ (2) ❧✟✠ ✈✆✡ ☛☞✌✍✌✆✎ ☛☞✍✆✏ ❧✍✑✟ ✒✝✓ ☛✍ ✞✟✔✆✆ PQ ✞✟✔✆✆✔✆✓❥ AB ✍✆ ✏❞✕

❧✖☛✗✘✆✆✙✍ ✒✝✚

[è✛✆☞ ✜✢☛✙✣ ☛✍ ✤ PAQ ✈✆✝✞ ✤ PBQ ✍✢ ❧✥✆✦✧❧✖✑✆ ✜★✆✆✎✣ ☛✕☞✆✠ ✈✆✡ ✛✒ ☞✒✢✓ ☛✜✔✆✆

❧✍✑✟ ☛✍ ✤ PAC ✩  ✤ PBC ✒✝✠ ✛❣☛✡ AP = BP ✭☛✜✛✆ ✒✝✪✠ PC =PC ✭✫✘✆✛☛☞✌✬✪ ✈✆✝✞

✮ PAC = ✮ PBC (✯ APB ✖✟✓ ✕✞✆✕✞ ✘✆❡✙✆✈✆✟✓ ✥✟✰ ❧❞✖❡✔✆ ✍✆✟✱✆✪ ✒✝✚ ✛✒ ✲❧ ✍✆✞✱✆ ✒✝ ☛✍

✲☞❧✟ ✒✖✟✓ SSA ☛☞✛✖ ✡✳✆✴✑ ✒✆✟✑✆ ✒✝✠ ✙✆✟ ☛✵✆✘✆❡✙✆✟✓ ✍✢ ❧✥✆✦✧❧✖✑✆ ✥✟✰ ☛✏✣ ❧✜✝✥ ✖✆✶✛ ☞✒✢✓

✒✝✚ ❧✆✷✆ ✒✢✠ ✍✆✟✱✆ ✕✞✆✕✞ ✘✆❡✙✆✈✆✟✓ ✥✟✰ ✈✓✑✧✎✑ ☞✒✢✓ ✒✝✚]

✈✆✲✣ ✥❡✰✸ ✈✆✝✞ ✫✜✆✒✞✱✆ ✏✟✓✚

♠✹✺✻✼✽✺ 8 : ☛✕✓✜❡ A ✡✞ ✡✳☛✑✐✸✟✜ ✍✞☞✟ ✥✆✏✢ ✜✆✟ ✞✟✔✆✆✈✆✟✓ l ✈✆✝✞ m ❧✟ ❧✖✜✾✞✿✷✆ ✣✍ ☛✕✓✜❡ P

✒✝ ✭✜✟☛✔✆✣ ✈✆❀☛✑ ❁❂❃❄✪✚ ✜★✆✆✎✲✣ ☛✍ ✞✟✔✆✆ AP ✜✆✟☞✆✟✓ ✞✟✔✆✆✈✆✟ ✓ ✥✟✰ ✕✢♥ ✥✟✰ ✍✆✟✱✆ ✍✆✟

❧✖☛✗✘✆✆☛✙✑ ✍✞✑✢ ✒✝✚

✻❅ : ✈✆✡✍✆✟ ☛✜✛✆ ✒✝ ☛✍ ✞✟✔✆✆✣❆ l ✈✆✝✞ m ✡✞✿✡✞ A ✡✞ ✡✳☛✑✐✸✟✜ ✍✞✑✢ ✒✝✓✚ ✖✆☞ ✏✢☛✙✣

PB ❇ l ✈✆✝✞ PC ❇ m ✒✝✚ ✛✒ ☛✜✛✆ ✒✝ ☛✍ PB = PC ✒✝✚

✈✆✡✍✆✟ ✜★✆✆✎☞✆ ✒✝ ☛✍ ✮ PAB = ✮ PAC ✒✝✚

✈✕✠ ✯ PAB ✈✆✝✞ ✯ PAC ✖✟✓✠

PB = PC ✭☛✜✛✆ ✒✝✪

✮ PBA = ✮ PCA = 90° ✭☛✜✛✆ ✒✝✪

PA = PA ✭✫✘✆✛☛☞✌✬✪

✈✑❈✠ ✯ PAB ❉ ✯ PAC (RHS ☛☞✛✖)

✲❧☛✏✣✠ ✮ PAB = ✮ PAC (CPCT)

è✛✆☞ ✜✢☛✙✣ ☛✍ ✛✒ ✡☛✞✱✆✆✖ ✡✳★☞✆✥✏✢ ❁❂❊ ✥✟✰ ✡✳★☞ ❋ ✖✟✓ ☛❧● ☛✍✣ ✧✣ ✡☛✞✱✆✆✖ ✍✆

☛✥✏✆✟✖ ✒✝✚

❍■❏❑▲▼◆  7.38
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✐☎✆✝✞✟✠✡  7.3

1. ☛ ABC ✈✂☞✌ ☛ DBC ✱✍ ✎✏ ✈✂✑✂✌ BC ✒✌ ✓✔✕ ✖✂✕

❧✗�✘✓✂✎✙ �✚✂✛✂✙✜ ✢❧ ✒✣✍✂✌ ✎☞✤ �✍ A ✈✂☞✌ D ✛✂✙✜✂ BC

♦✕✥ ✱✍ ✎✏ ✈✂✕✌ �✦✧✂✄ ✎☞✤  ✭✖✕�★✂✱ ✈✂✩�✄ ✪✫✬✮✯✰

❀�✖ AD ✓❝✲✂✔✕ ✒✌  BC ✍✂✕ P ✒✌ ✒✣�✄✳✴✕✖ ✍✌✕✵ ✄✂✕

✖♥✂✂✶✢✱ �✍

(i) ☛ ABD ✷ ☛ ACD

(ii) ☛ ABP ✷ ☛ ACP

(iii) AP ✍✂✕✁✂ A ✈✂☞✌ ✍✂✕✁✂ D ✖✂✕✔✂✕✤ ✍✂✕ ❧✗�✘✛✂✂�✜✄ ✍✌✄✂ ✎☞✰

(iv) AP ✌✕★✂✂★✂✤❥ BC ✍✂ ❞✸✓ ❧✗�✘✛✂✂✜✍ ✎☞✰

2. AD ✱✍ ❧✗�✘✓✂✎✙ �✚✂✛✂✙✜ ABC ✍✂ ✱✍ ♥✂✏✹✂✶❞✸✓ ✎☞✵ �✜❧✗✕✤ AB = AC ✎☞✰ ✖♥✂✂✶✢✱ �✍

(i) AD ✌✕★✂✂★✂✤❥ BC ✍✂✕ ❧✗�✘✛✂✂�✜✄ ✍✌✄✂ ✎☞✰    (ii) AD ✍✂✕✁✂ A ✍✂✕ ❧✗�✘✛✂✂�✜✄ ✍✌✄✂

✎☞☞✰

3. ✱✍ �✚✂✛✂✙✜ ABC ✍✏ ✖✂✕ ✛✂✙✜✂✱✺ AB ✈✂☞✌

BC ✄✧✂✂ ✗✂�r❀✍✂ AM Ø✗♥✂✻ ✱✍ ✖✼❧✌✕

�✚✂✛✂✙✜ ✍✏ ✛✂✙✜✂✈✂✕✤ PQ ✈✂☞✌ QR ✄✧✂✂ ✗✂�r❀✍✂

PN ♦✕✥ ✓✌✂✓✌ ✎☞✤ ✭✖✕�★✂✱ ✈✂✩�✄ ✪✫✽✾✯✰

✖♥✂✂✶✢✱ �✍

(i) ☛ ABM ✷ ☛ PQN

(ii) ☛ ABC ✷ ☛ PQR

4. BE ✈✂☞✌ CF ✱✍ �✚✂✛✂✙✜ ABC ♦✕✥ ✖✂✕ ✓✌✂✓✌ ♥✂✏✹✂✶❞✸✓ ✎☞✤✰ RHS ❧♦✂✿①❧✗✄✂ �✔❀✗ ✍✂ ✒✣❀✂✕①

✍✌♦✕✥ �❧❁ ✍✏�✜✱ �✍ ❂ ABC ✱✍ ❧✗�✘✓✂✎✙ �✚✂✛✂✙✜ ✎☞✰

5. ABC ✱✍ ❧✗�✘✓✂✎✙ �✚✂✛✂✙✜ ✎☞ �✜❧✗✕✤ AB = AC ✎☞✰ AP ❃ BC ★✂✏✤❬ ✍✌ ✖♥✂✂✶✢✱ �✍

❄ B = ❄ C ✎☞✰

7.6 ❅❆ ❇❈✞❉✞❊❋ ●❍■ ❏❑❇●❆✞❅▲

▼◆❖P ◗❘❙ ▼❖❚❯❱ ❲❳❨❩◗❭ ❪❘ ❫❴❖◆❖❳❵ ❛▼❜❖❡❖ ❫❴❖◆❖❳❵❖❱❢❣ ❘P ◆❖❳❵❖▼❖❱❢ ▼❖❤❦ ❘❖❱♠❖❖❱❢ ❘P ♣❲◗❖▼❖❱❢

❛♣❫❲❘❖▼❖❱❢❣ ❡❱q s❖❦❱ ❲❱❢ tP ❚✉✇❖ t❤② ❘◆❖P③❘◆❖P t❲❖❦❱ ♣④❲❳❨❖ ▼♣❲❖❯ ❛❵❖❱ s❦❖s❦ ❯tP❢ t❤❢❣

⑤⑥⑦⑧⑨⑩❶ 7.39

⑤⑥⑦⑧⑨⑩❶ 7.40
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♦✆✝ ✞✟✠ ✡ ☛☞ ✌☛✝ ☞ ✍✎✏ ✌☛✎✑ ✍✒✓✏ ✔✕✖☞ ✝ ✞✗✕ ☛ ✡ ☛☞ ✖✑✕ ☞ ✘✙✚✝ ☞ ✍✎✛ ✜✢☛✍✑✣☛☛✤ ☛✥✦ ✌☛✧★✝ ✩✪✫✬ (i)

✒✓ ✏✦ ✑✓ ❡☛☛❡☛✏✙  AB ✑✓ ❡☛☛❡ ☛✏✙ CD ❧✓ ✭ ✙✚☛ ✍✎ ✌☛✎ ✑ ✌☛✧ ★✝ 7.41 (ii) ✒✓ ✏✦  ✮ A,  ✮ B ❧✓ ✭ ✙✚☛ ✍✎✛

✈✯ ✰ ✱✲ ✳✴  7.41

✌☛✔✟ ✌✭ ✔❧✖ ☞ ✵ ☛✠✶ ✖ ✑✓ ✏ ★✖ ✷✸ ☛ ★✖❧ ☞ ★✹ ☛✡ ☛✞✵ ✒✓ ✏ ✌❧ ✒☛✕ ✡ ☛✞✵ ☛✌☛✓ ✏ ✌☛✎ ✑ ✌❧ ✒☛✕

✖ ☛✓ ✣ ☛☛✓ ✏ ✒✓ ✏ ♦✞❞✺ ❧ ✻✭ ✼✽ ✍ ☛✓✝ ☛ ✍✎✛ ✔❧ ♦✓ ❞ ★✗✟ ✦ ✌ ☛✔✟ ★✕ ✻ ✕ ★✾✸ ☛✖✗ ☛✘ ✖ ✑✓ ✏ ✿

❀❁❂❃ ❄❅❃ ❆ : ✟ ✖ ✙❇☛✔✏❈ ✭ ☛✓ ✙✥ ✘✑ ✢☛✓ ✆✤ ☛☛✕ ☛✓ ✏ ❉ ★✭ ✏✢ ✞✌☛✓ ✏❊ B ✌☛✎ ✑ C ✘✑ ✢☛✓ ★✘✕ ✗ ❈☛✔✟ ✌☛✎ ✑

✜✕ ✖ ☛✓ ✟✖ ✽ ☛❈✓ ❧ ✓ ✭ ☛✠✽ ✖ ✑ ★✹ ☛✡ ☛✞✵ ✖ ☞ ✡ ☛✞✵ ☛ BC ✭✕ ☛✔✟ ✛

✟✖ ✌✼✸ ✽ ☛❈✓ ♦✓ ❞ ✟ ✖ ★❧ ✑✓ ✖ ☛✓ C ✘✑ ✗ ❈☛✔✟ ✌☛✎ ✑

✢♥❧ ✑✓ ❉ ✒✞✷ ✝ ❊ ★❧ ✑✓ ✘✑ ✟ ✖ ✘✓ ✏★❧✗ ✭ ☛✠✽ ✗ ☞★✵✟ ✛ ✘✓ ✏★❧ ✗

❧✓ ✟ ✖ ★✭ ✏✢ ✞  A ✌✏★✖✝ ✖ ☞★✵ ✟ ✌ ☛✎ ✑ ❋ ABC ❡☛☞✏★✶✟

❉✢✓ ★❡☛✟ ✌ ☛✧ ★✝ ✩ ✪✫●❊✛ ✌✭ ✘✓ ✏ ★❧ ✗ ✖ ☛✓ ✍ ❍☛ ✖✑ CA

✘✑ A ♦✓ ❞ ✌☛❈✓ ✟ ✖ ✌✼✸ ★✭ ✏✢ ✞ A■ (A ✖ ☞ ✕ ✔✥ ★✆✤ ☛★✝ ❊

✌✏ ★✖✝ ✖ ☞★✵ ✟ ✛

✌✝ ✿ ✦   A■C > AC ❉✗✻ ✭ ☛✔✸ ☛✓ ✏ ✖ ☞ ✝ ✞✗✕ ☛ ✖ ✑✕ ✓ ✘✑ ❊

A■ ✖☛✓  B ❧ ✓ ★✒✗ ☛✖ ✑ ❋ A■BC ✘♥ ✑☛ ✖☞★✵✟ ✛ ✌ ☛✘

✮ A■BC ✌☛✎ ✑ ✮ ABC ♦✓ ❞ ✭ ☛✑✓ ✒✓ ✏ ✷✸ ☛ ✖✍ ❧✖✝✓ ✍ ✎ ✏❏

✔✕ ✖☞ ✝ ✞✗✕ ☛ ✖ ☞★✵ ✟✛ ✌☛✘ ✷✸ ☛ ✢✓ ❡ ☛✝ ✓ ✍ ✎ ✏❏

✆✘▲❍✝ ✿✦ ✮ A■BC > ✮ ABC ✍ ✎ ✛

CA ❉✭ ❑✚☛✔✥ ✍ ✞✔✥ ❊ ✘✑ ✌☛✎ ✑ ✌★✽✖ ★✭ ✏✢ ✞ ✌ ✏★✖✝ ✖ ✑✝ ✓ ✑ ★✍ ✟ ✦ ✝✤ ☛☛ ✌✏★✖✝ ★✭ ✏✢✞✌ ☛✓ ✏ ✌ ☛✎ ✑

✡ ☛✞✵ ☛  BC ♦✓ ❞ ❧ ☛✤ ☛ ★✹ ☛✡ ☛✞✵ ❡ ☛☞✏✶ ✝✓ ✑ ★✍✟✛

✈✯ ✰ ✱✲ ✳✴  7.42
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✈☎✆ ✝✞✟☎✞✠✡✞ ☛☞ ✌✍✎✞✏✌✍✎✞ AC ❝✑✒✓✔ ✌☎✓✔ ✕✍ (A ☞✔ ☛❞☛✖☎✗✘ ☛✙✚☎☛✓✛☎✞✠ ☞☎✞ ✈✠☛☞✓ ☞✜✘✞

✆✜✐✢ ❞✍✎✞✏❞✍✎✞ ✣✎☞☎ ✎✤✥✦✟☎ ☞☎✞✧☎✢ ✈✚☎☎★✓✩ ✪ B ✖☎✔ ❝✑✒✓☎ ✌☎✓☎ ✕✍❍

✈☎✣✫ ✈❝ ✫☞ ✈✗✛ ☛✬✛☎☞✭☎✆ ☞✜✞✠ :

❢✮✯✰✱✲✰✳ : ✫☞ ☛❞✴☎✥❝☎✕✦ ☛✵☎✖☎✦✌ ✟☎✔✠☛✶✫ ✷✈✚☎☎★✓✩ ✫✞✎☎ ☛✵☎✖☎✦✌ ☛✌✎✥✞✠ ✎✖☎✔ ✖☎✦✌☎✈☎✞✠ ☞✔

✭✤❝☎✣✛☎② ☛✖☎✗✘✏☛✖☎✗✘ ✕☎✞✠✐❍

✣✎ ☛✵☎✖☎✦✌ ☞✔ ✖☎✦✌☎✈☎✞✠ ☞✔ ✭✤❝☎✣✛☎② ✥☎☛✆✫ ✈☎✍✜

✣✎❞✞❜ ☞☎✞✧☎ ✖☎✔ ✥☎☛✆✫❍ ✈☎✆ ✸✛☎ ✝✞✟☎✓✞ ✕✍✠✹

✈☎✺☛✓ ✻✼✽✾ ❞✞❜ ✿ ABC ✥✞✠✢ BC ✎❝✎✞ ✭✤❝✔

✖☎✦✌☎ ✕✍ ✈☎✍✜ AC ✎❝✎✞ ❧☎✞❀✔ ✖☎✦✌☎ ✕✍❍

✎☎✚☎ ✕✔✢ ✪ A ✎❝✎✞ ❝❁✒☎ ✕✍ ✈☎✍✜ ✪ B ✎❝✎✞ ❧☎✞❀☎ ✕✍❍

❞✦❜❧ ✈☎✍✜ ☛✵☎✖☎✦✌ ✟☎✔✠✶ ☞✜ ✣✎ ☛✬✛☎☞✭☎✆ ☞☎✞ ✝☎✞✕✜☎✣✫❍

✕✥ ☛✵☎✖☎✦✌☎✞✠ ☞✔ ✈✎☛✥☞☎✈☎✞✠ ❞✞❜ ✫☞ ✈☛✓ ✥✕❣❞✆❂✧☎★ ✡✦✧☎ ✆✜ ✆✕✦②✶ ✌☎✓✞ ✕✍✠❍ ✣✎✞ ✫☞

✆❃✥✞✛ ❞✞❜ ❄✆ ✥✞✠ ✘✔✶✞ ❅✛✸✓ ☛☞✛☎ ✌☎ ✜✕☎ ✕✍ :

✳❆❇❈✯ 7.6 :  ❉❊❋ ❊●■❏ ❊❑▲▼▲◆❖ ●❏ ❋▲P ▼▲◆❖▲◗❘ ❙■❚▲❯ ❱▲P❲❳ ❨▲P ❩❬❭❏ ▼▲◆❖▲ ❪P❫ ■▲❚❯P ●▲

■❬❚◆❴▲ ●▲P❵▲ ❭❛❡▲ ❱▲P❨▲ ❱❤❥

✈☎✆ ✈☎✺☛✓ ✻✼✽✾ ✥✞✠✢ BC ✆✜ ✫☞ ☛❝✠✝✦ P ✣✎

✆❃☞☎✜ ✭✞☞✜ ☛☞ CA = CP ✕☎✞✢ ✣✎ ✆❃✥✞✛ ☞☎✞ ☛✎❦ ☞✜

✎☞✓✞ ✕✍✠❍

✈☎✣✫ ✈❝ ✫☞ ✈☎✍✜ ☛✬✛☎☞✭☎✆ ☞✜✞✠ ♠

❢✮✯✰✱✲✰✳ : ✫☞ ✜✞✟☎☎✟☎✠❁ AB ✟☎✔✠☛✶✫❍ A ☞☎✞ ❞✞❜✗✝❃

✥☎✘☞✜ ✈☎✍✜ ☞☎✞✣★ ☛✵☎♥✛☎ ✭✞☞✜ ✫☞ ✶☎✆ ✭✡☎✣✫❍ ✣✎

✶☎✆ ✆✜ ☛❞☛✖☎✗✘ ☛❝✠✝✦ P, Q, R, S, T ✈✠☛☞✓ ☞✔☛✌✫❍

✣✘ ☛❝✠✝✦✈☎✞✠ ☞☎✞ A ✈☎✍✜ B ✝☎✞✘☎✞✠ ✎✞ ✌☎✞☛❁✒✫ ✷✝✞☛✟☎✫ ✈☎✺☛✓ ✻✼✽✽✐❍ ♦✛☎✘ ✝✔☛✌✫ ☛☞

✌✍✎✞✏✌✍✎✞ ✕✥ P ✎✞  T ☞✔ ✈☎✞✜ ✶✭✓✞ ✕✍✠✢ ❞✍✎✞✏❞✍✎✞ ✪ A ❝✑✒✓☎ ✌☎✓☎ ✕✍❍ ✣✎☞✔ ✎✤✥✦✟☎ ✖☎✦✌☎✈☎✞✠

☞✔ ✭✤❝☎✣✛☎✞✠ ☞☎✞ ✸✛☎ ✕☎✞✓☎ ✌☎ ✜✕☎ ✕✍❍ ♦✛☎✘ ✝✔☛✌✫ ☛☞ ✎✤✥✦✟☎ ✖☎✦✌☎✈☎✞✠ ☞✔ ✭✤❝☎✣✛☎② ✖☎✔

❝✑✒✓✔ ✌☎ ✜✕✔ ✕✍✠❍ ✈✚☎☎★✓✩ ✪ TAB > ✪ SAB > ✪ RAB > ✪ QAB > ✪ PAB ✈☎✍✜

TB > SB > RB > QB > PB ✕✍❍

♣qrst✉✇  7.43

♣qrst✉✇  7.44
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✈✆ ✝✞✟✠✡ ☛✟☞✞ ✌✍✞✎✞✏✑ ✒✞✓✔✌✕☛ ✌✑☞✖✟✗ ☞✎✞✓ ✝✞✟✘✞

✈☞✙✞✚ ✛✞✟✔✜ ✠☞ ✌✍✞✎✞✏✑ ✝✓ ✎✞✏✑✞✈✞✟ ✔ ✝✞✟ ✙✞✌✢☛

✭✣✟✌✒✞☛ ✈✞✤✌✥ ✦✧★✩✪✜

✣✟✌✒✞☛ ✌✝ ☞✆☞✟ ✆♥✫✟ ✝✞✟✘✞ ✝✓ ☞✬✙✏✒✞ ✎✞✏✑✞ ☞✆☞✟

②✬✆✓ ✛✮✜ ✈✞✤✌✥ ✦✧★✩ ✙✟✔✯ ✰ B ☞✆☞✟ ✆♥✫✞ ✝✞✟✘✞ ✛✮ ✈✞✮❧

AC ☞✆☞✟ ②✬✆✓ ✎✞✏✑✞ ✛✮✜

✖✏✗♦ ✈✞✮❧ ✌✍✞✎✞✏✑ ✒✞✓✔✕ ✝❧ ✠☞ ✌✱✲✞✝②✞✢ ✝✞✟ ✣✞✟✛❧✞✠☛ ✈✞✮❧ ✣✟✌✒✞☛ ✌✝ ✢✳✙✟✲ ✦✧✴ ✝✞

✌✖②✞✟✙ ✎✞✓ ☞✵✲ ✛✮✜ ✠☞ ✢✳✝✞❧✯ ✛✙ ✌✚✬✚ ✢✳✙✟✲ ✢❧ ✢✛✏✶✕✥✟ ✛✮✔ ✷

✐✸✹✺✻ 7.7 : ✼✽✾✿ ✼❀❁❂❁❃❄ ❅❆❇❈ ❉❊❋❆ ✽❁❆●❁ ✽✿ ✾❍❅❃■❁ ❂❁❃❄❁ ❉❊❋✿ ❏❑❍❉✿▲ ▼❁❆◆✿ ▼❖P

✠☞ ✢✳✙✟✲ ✝✞✟ ✌✖❧✞✟❜✞✎✞✞☞ ✝✓ ✌✖✌❜ (method of contradiction) ☞✟ ✌☞◗ ✌✝✲✞ ✑✞

☞✝✥✞ ✛✮✜

✈✆ ☛✝ ✌✍✞✎✞✏✑ ABC ✒✞✓✔✌✕☛ ✈✞✮❧ ✠☞✙✟✔ AB + BC, BC + AC ✈✞✮❧ AC + AB ❘✞✥

✝✓✌✑☛✜ ✈✞✢ ❙✲✞ ✣✟✒✞✥✟ ✛✮✔❚

✈✞✢ ✣✟✒✞✟✔❯✟ ✌✝ AB + BC > AC, BC + AC > AB ✈✞✮❧  AC + AB > BC ✛✮✜

✖✏✗♦ ✈❱✲ ✌✍✞✎✞✏✑ ②✟✝❧✯ ✠☞ ✌✱✲✞✝②✞✢ ✝✞✟ ✣✞✟✛❧✞✠☛ ✈✞✮❧ ✌✚✬✚ ✢✳✙✟✲ ✢❧ ✢✛✏✶✌✕☛ ✷

✐✸✹✺✻ 7.8 : ✼❀❁❂❁❃❄ ✽✿ ✼✽❲▼✿❇ ❳❁❆ ❂❁❃❄❁❨❁❆❇ ✽❁ ❩❁❆❬ ◆✿✾❭✿ ❂❁❃❄❁ ✾❆ ❉❊❋❁ ▼❁❆◆❁ ▼❖P

✈✞✖❪✗✌✥ 7.46 ✙✟✔✯ ✣✟✌✒✞☛ ✌✝   ❫ ABC ✝✓ ✎✞✏✑✞

BA ✝✞✟ ☛✝ ✌✆✔✣✏  D  ✥✝ ✠☞ ✢✳✝✞❧ ✆r✫✞✲✞ ❯✲✞ ✛✮

✌✝ AD = AC ✛✮✜ ❙✲✞ ✈✞✢ ✣❣✞✞✡ ☞✝✥✟ ✛✮✔ ✌✝

✰ BCD > ✰ BDC ✛✮ ✈✞✮❧  BA + AC > BC ✛✮❚

❙✲✞ ✈✞✢ ❴✢❧✞✟❙✥ ✢✳✙✟✲ ✝✓ ❴✵✢✌❵✞ ✢❧ ✢✛✏✶✕ ❯☛

✛✮✔❚

✈✞✠☛ ✠✚ ✢✌❧✘✞✞✙✞✟✔ ✢❧ ✈✞❜✞✌❧✥ ✖✏✗♦ ❴✣✞✛❧✘✞ ②✟✔✜

❛❝❞❡❤❥❦  7.45

❛❝❞❡❤❥❦  7.46
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♠☎✆✝✞✟✆ 9 : ABC✠  ❞✡ ☛☞✌✍☞ BC  ✐✎ D  ✱❞ ✱✏✑☞ ✒✓✔✕✌ ✖✗ ✒❞  AD = AC ✖✗

(✕✏✒♥☞✱ ✘☞✙✚✛✒✜ 7.47)❆ ✕✢☞☞✣✤✱ ✒❞  AB > AD  ✖✗❆

✝❣ : ✥ DAC  ❡✏✔✦

AD = AC ✭✒✕✧☞ ✖✗★

✤✑✒❜✱✦ ✩ ADC = ✩ ACD

✭✓✎☞✓✎ ☛☞✌✍☞✘☞✏✔ ✙✏✛ ✑✪❡✌♥☞ ❞☞✏✫☞★

✘✓✦  ✩ ADC  ✒❢☞☛☞✌✍ ABD  ❞☞ ✱❞ ✓✒✖✬❞☞✏✫☞ ✖✗❆

✤✑✒❜✱✦ ✩ ADC > ✩ ABD

✧☞✦ ✩ ACD > ✩ ABD

✧☞✦ ✩ ACB > ✩ ABC

✘✜✈✦ AB > AC ✭✥ABC ❡✏✔ ✓✮✯✏ ❞☞✏✫☞ ❞✡ ✑✪❡✌♥☞ ☛☞✌✍☞★

✧☞✦ AB > AD (AD = AC)

✰✲✳✴✆✵❣✶  7.4

1. ✷✸✂✂✹✺✻ �✼ ✽✾✼✂✿✁✂ �❀✂❁✂❂❃ ✾✿❄ ✼✁✂✹ ✽❅✽✿ ❇❄❅❈ ❁✂❂❃✂

❉✂✿✄❈ ❉❊❋

2. ●✂❍■❏�✄  7.48 ✾✿❄❑ ▲  ABC ✼❈ ❁✂❂❃✂●✂✿❄ AB  ●✂❊▼ AC  ✼✂✿

Ø✾✸✂◆ �❅❄✷❂●✂✿❄ P ●✂❊▼ Q ✄✼ ❅r❖✂P✂ ①P✂ ❉❊❋ ✽✂◗✂ ❉❈❑

❘ PBC < ❘ QCB ❉❊❋ ✷✸✂✂✹✺✻ �✼  AC > AB  ❉❊❋

3. ●✂❍■❏�✄  7.49 ✾✿❄ ❘ B < ❘ A ●✂❊▼  ❘ C < ❘ D ❉❊❋

✷✸✂✂✹✺✻ �✼ AD < BC ❉❊❋

❙❚❯❱❲❳❨  7.47

❙❚❯❱❲❳❨  7.48

❙❚❯❱❲❳❨  7.49
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4. AB ✈✁✆✝  CD ✥✞✟✁✠ ✡☛ ☞✌✄✂✁✄✍☎  ABCD ☛❞ ✎✏✎✑

◆✁✑✒❞ ✈✁✆✝ ✎✏✎✑ ✏✓✔❞ ✂✁✄☎✁✡✕ ✖✆✗ (♥✑❢✘✁✡ ✈✁✙✚✛❢✌ 7.50)❆

♥✟✁✁✍✜✡ ❢☛ ✢ A > ✢ C ✈✁✆✝  ✢ B > ✢ D ✖✆❆

5. ✈✁✙✚✛❢✌  7.51  ✞✑✗❡  PR > PQ ✖✆ ✈✁✆✝  PS ☛✁✑✣✁ QPR ☛✁✑

✎✞ ❢❧✂ ✁ ✁ ❢☎✌ ☛✝✌✁ ✖ ✆ ❆ ❢✎✤ ☛❞❢☎✡ ❢☛

✢PSR > ✢PSQ  ✖✆❆

6. ♥✟✁✁✍✜✡ ❢☛ ✡☛ ✝✑✘✁✁ ✦✝ ✡☛ ❢♥✡ ✖✄✡ ❢✏✗♥✄ ✎✑❡ ☎✁✑ ✧✎ ✝✑✘✁✁ ✦✝ ❢★✩✁✌ ✪✖❞✗ ✖✆❡ ❢☎✌✪✑ ✝✑✘✁✁✘✁✗✓

✘✁❞✗☞✑ ☎✁ ✎☛✌✑ ✖✆✗ ✧✪✞✑✗ ❬✫✏ ✝✑✘✁✁✘✁✗✓ ✎✏✎✑ ◆✁✑✒✁ ✖✁✑✌✁ ✖✆❆

✐✬✭✮✯✰✱✲ 7.5 ✳✴✵✶✷✸✹✺*

1. ABC  ✡☛ ❢�✁✂✁✄☎ ✖✆❆ ✜✎✙✑✛ ✈✂✻✗✌✝ ✞✑✗ ✡☛ ✡✑✎✁ ❢✏✗♥✄ ✼✁✌ ☛❞❢☎✡ ☎✁✑  ✽ ABC ✙✑✛ ✌❞✪✁✑✗

✟✁❞✾✁✁✑✿ ✎✑ ✎✞♥❀✝★✩✁ ✖✆❆

2. ❢☛✎❞ ❢�✁✂✁✄☎ ✙✑✛ ✈✂✻✗✌✝ ✞✑✗ ✡☛ ✡✑✎✁ ❢✏✗♥✄ ✼✁✌ ☛❞❢☎✡ ☎✁✑ ❢�✁✂✁✄☎ ☛❞ ✎✂✁❞ ✂✁✄☎✁✈✁✑✗ ✎✑

✎✞♥❀✝★✩✁ ✖✆❆

3. ✡☛ ✏✓✔✑ ✦✁✙✍✛ ✞✑✗❡ ❬✁✑❁ ✌❞✪ ❢✏✗♥✄✈✁✑✗ ❂★✩✁✁✪✁✑✗❃ ✦✝

✙✑✛❢♦♥❄✌ ✖✆✗  (♥✑❢✘✁✡ ✈✁✙✚✛❢✌  7.52):

A : ☎✖✁✕ ✏t☞✁✑✗ ✙✑✛ ❢❬✡ ❢✦✛✎❬ ✦✒❅✒❞ ✈✁✆✝ ❇❀❬✑ ✖✆✗❆

B : ❢☎✎✙✑✛ ✦✁✎ ✞✁✪✙❈❢✪❉✞✌ ✡☛ ❇❞❬ ✖✆❆

❊❋●❍■❏❑  7.50

❊❋●❍■❏❑  7.51

* ▲▼ ❖P◗❘❙❚❯❱ ❖❲❱❳❙❙ ❨❱ ❩❭❪❫❴ ❵❛ ❘▼❱❜ ❩❱ ❝❣❤ ▼❥❦ ❊❋●❍■❏❑  7.52
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C : t✂☎ ✆✝ ✞✟✠☎ ✡✂☛✝① ☞✌✂✍ ✎✂✏✑ ✞✂✒✑ �✓✝✍✓☎ ✔☎✕ ✑✂☞✄☎ ✔☎✕ �✓✝✖ ✒✏✗

✆✝ ✎✂✱✘✙✚✛ ✝✂ ☞✖✂✜✍ ✝✒✂✢ ✍①✂✓✂ ✣✂�✒✆ ✄✂�✝ ✔✒✂✢ ✍✂☎①✂☎✤ ✝✚ ✎�✥✝✄✛ ✘✤✦✧✂ ✡✒★✢✣

✘✔☎✕❧

(✩✪✫✬✭✮ : ☞✖✂✜✍ ✝✂☎  A, B ✎✂✏✑  C ✘☎ ✘✛✯✰✑☞✌✂ ✒✂☎✓✂ ✣✂�✒✆✗)

4. ✲✂✟✳✂★t✚✧ ✎✂✏✑ ✄✂✑☎ ✔☎✕ ✎✂✝✂✑ ✝✚ ✑✤①✂☎�✍✧✂☎✤  [✯☎�✦✂✆ ✎✂✔♥✕�✄ 7.53 (i) ✎✂✏✑ (ii)] ✝✂☎ ❞ cm ✳✂★t✂

✔✂✍☎ ✘✛✞✂✒★ �♦✂✳✂★t✂☎✤ ✘☎ ✳✂✑ ✝✑ ✡✰✑✂ ✝✚�t✆✗ ✡✴✵✧☎✝ �☞✌✂�✄ ✛☎✤✶ �♦✂✳✂★t✂☎✤ ✝✚ ✘✤✦✧✂ �①�✓✆✗

�✝✘✛☎✤ ✎�✥✝ �♦✂✳✂★t ✒✏✤❧

✈✷✸✹✺✻✼  7.53

7.7 ✽✾✿✾❀❁✾

✱✘ ✎❜✧✂✧ ✛☎✤✶ ✎✂✡✓☎ �✓❂✓ �✞✤✯★✎✂☎✤ ✝✂ ✎❜✧✧✓ �✝✧✂ ✒✏❃

1. ✯✂☎ ✎✂✔♥✕�✄✧✂✢ ✘✔✂❄①✘✛ ✒✂☎✄✚ ✒✏✤✶ ✧�✯ ❅✓✝✂ ✆✝ ✒✚ ✎✂✝✂✑ ✒✂☎ ✎✂✏✑ ✆✝ ✒✚ ✛✂✡ ✒✂☎✗

2. ✘✛✂✓ �♦✂❆✧✂✎✂☎✤ ☎ ✔✂✍☎ ✯✂☎ ✔♥❇✂ ✘✔✂❄①✘✛ ✒✂☎✄☎ ✒✏✤✗

3. ✘✛✂✓ ✳✂★t✂✎✂☎✤ ✔✂✍☎ ✯✂☎ ✔①❈ ✘✔✂❄①✘✛ ✒✂☎✄☎ ✒✏✤✗

4. ✧�✯ �♦✂✳✂★t ABC ✎✂✏✑ PQR ✘✤①✄✄✂ A ❉ P, B ❉ Q ✎✂✏✑  C ❉ R, ✔☎✕ ✎✤✄①❈✄ ✘✔✂❄①✘✛ ✒✂☎✤✶ ✄✂☎

❅♠✒☎✤ ✘✂✤✔☎✕�✄✝ ❊✡ ✛☎✤  ❋ABC ● ❋ PQR �✍✦✂✄☎ ✒✏✤✗

5. ✧�✯ ✆✝ �♦✂✳✂★t ✝✚ ✯✂☎ ✳✂★t✂✆✢ ✎✂✏✑ ✎✤✄①❈✄ ✝✂☎✁✂ ✯✰✘✑☎ �♦✂✳✂★t ✝✚ ✯✂☎ ✳✂★t✂✎✂☎✤ ✎✂✏✑ ✎✤✄①❈✄

✝✂☎✁✂ ✔☎✕ ✞✑✂✞✑ ✒✂☎✤✶ ✄✂☎ ✯✂☎✓✂☎✤ �♦✂✳✂★t ✘✔✂❄①✘✛ ✒✂☎✄☎ ✒✏✤ (SAS ✘✔✂❄①✘✛✄✂ �✓✧✛)✗

6. ✧�✯ ✆✝ �♦✂✳✂★t ✔☎✕ ✯✂☎ ✝✂☎✁✂ ✎✂✏✑ ✎✤✄①❈✄ ✳✂★t✂ ✯✰✘✑☎ �♦✂✳✂★t ✔☎✕ ✯✂☎ ✝✂☎✁✂✂☎✤ ✎✂✏✑ ✎✤✄①❈✄ ✳✂★t✂

✔☎✕ ✞✑✂✞✑ ✒✂☎✤✶ ✄✂☎ ✯✂☎✓✂☎✤ �♦✂✳✂★t ✘✔✂❄①✘✛ ✒✂☎✄☎ ✒✏✤ (ASA ✘✔✂❄①✘✛✄✂ �✓✧✛)✗

7. ✧�✯ ✆✝ �♦✂✳✂★t ✔☎✕ ✯✂☎ ✝✂☎✁✂ ✎✂✏✑ ✆✝ ✳✂★t✂ ✯✰✘✑☎ �♦✂✳✂★t ✔☎✕ ✯✂☎ ✝✂☎✁✂✂☎✤ ✎✂✏✑ ✘✤①✄ ✳✂★t✂ ✔☎✕

✞✑✂✞✑ ✒✂☎✤✶ ✄✂☎ ✯✂☎✓✂☎✤ �♦✂✳✂★t ✘✔✂❄①✘✛ ✒✂☎✄☎ ✒✏✤ (AAS ✘✔✂❄①✘✛✄✂ �✓✧✛)✗
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8. ❢�✁✂✁✄☎ ✆✝ ✞✟✁✞✟ ✂✁✄☎✁✠✁✡☛ ☞✡✌ ✍✎✏✄✑✁ ✆✁✡✒✁ ✞✟✁✞✟ ✓✁✡✔✡ ✓✕☛✖

9. ❢�✁✂✁✄☎ ☞✡✌ ✞✟✁✞✟ ✆✁✡✒✁✁✡☛ ✆✝ ✍✎✏✄✑✁ ✂✁✄☎✁✗✘ ✞✟✁✞✟ ✓✁✡✔✝ ✓✕☛✖

10. ✙✚✛✜ ✛✢✣✤✥✦ ✙✧✤★✤✦✩ ✚✤ ✪✫✬✭✮✚ ✚✤✮✯✤ 60º ✚✤ ✥✤✮✰✤ ✥✱✲

11. ✭✙❀ ✳✚ ✙✧✤★✤✦✩ ✚✜ ✰✜✴✤✮✵ ★✤✦✩✤✳✶ ❀✷✛✸✮ ✙✧✤★✤✦✩ ✚✜ ✰✜✴✤✮✵ ★✤✦✩✤✹✤✮✵ ✺✮✻ ✣✸✤✣✸ ✥✤✮✵✼ ✰✤✮ ❀✤✮✴✤✮✵ ✙✧✤★✤✦✩ ✛✺✤✽✾✛✢

✥✤✮✰✮ ✥✱✵  (SSS ✛✺✤✽✾✛✢✰✤ ✙✴✭✢)✲

12. ✭✙❀ ❀✤✮ ✛✢✚✤✮✯✤ ✙✧✤★✤✦✩✤✮✵ ✢✮✵✼ ✳✚ ✙✧✤★✤✦✩ ✚✤ ✚✯✤✿ ✹✤✱✸ ✳✚ ★✤✦✩✤ ❁✢❂✤❃ ❀✷✛✸✮ ✙✧✤★✤✦✩ ✺✮✻ ✚✯✤✿ ✹✤✱✸

✳✚ ★✤✦✩✤ ✺✮✻ ✣✸✤✣✸ ✥✤✮✵✼ ✰✤✮ ❀✤✮✴✤✮✵ ✙✧✤★✤✦✩ ✛✺✤✽✾✛✢ ✥✤✮✰✮ ✥✱✵  (RHS ✛✺✤✽✾✛✢✰✤ ✙✴✭✢ )✲

13. ✙✚✛✜ ✙✧✤★✤✦✩ ✢✮✵✼ ❄✵✣✜ ❅✣❆❇✜❈ ★✤✦✩✤ ✚✤ ✛❉✢✦❊✤ ✚✤✮✯✤ ✣❆❇✤ ✥✤✮✰✤ ✥✱✲

14. ✙✚✛✜ ✙✧✤★✤✦✩ ✢✮✵✼ ✣❆❇✮ ✚✤✮✯✤ ✚✜ ✛❉✢✦❊✤ ★✤✦✩✤ ❄✵✣✜ ❅✣❆❇✜❈ ✥✤✮✰✜ ✥✱✲

15. ✙✚✛✜ ✙✧✤★✤✦✩ ✢✮✵✼ ❀✤✮ ★✤✦✩✤✹✤✮✵ ✚✤ ✭✤✮✾ ✰✜✛✸✜ ★✤✦✩✤ ✛✮ ✣❆❇✤ ✥✤✮✰✤ ✥✱✱✲
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✈�✁✂✁ 8

♣✄☎✆✝☎✞✟

8.1 ❍✠✡☛☞✌✠

✍✎✏ ✍✑✒✎✒✎✓✔ ✕ ✍✎✖✗ ✘ ✙✓✔ ✚✛✎✜✎✢✣✎✓✔ ✤✓✥ ✍✦✓✧ ★✢✩✎✎✓✔ ✤✓✥ ✪✎✗✓ ✙✓✔ ✍✑✒✒✦ ✧✗ ✫✢✤✓✥ ✬✖✔✭ ✍✎✏
✒✬ ✜✎❀ ✣✎✦✮✓ ✬✖✔ ✚✧ ✮❀✦ ✍✯✔✗✓✰✎ ✚✪✔✱✢✍✎✓✔ ✧✎✓ ✒✢✲✙✎✓✔ ✙✓✔ ✣✎✓✳✴✦✓ ✏✗ ✣✎✓ ✍✎✵✚✮ ✏✶✎✷✮ ✬✎✓✮❀
✬✖❣ ✚✛✎✜✎✢✣ ✧✬✸✎✮❀ ✬✖✭ ✍✪❣ ✍✎✹✺ ✫✎✗ ✚✪✔✱✢ ✍✔✚✧✮ ✧✗✓✔ ✍✎✖✗ ✱✓✰✎✓✔ ✚✧ ✻✙✎✦✢✯✎✗ ✒✢✲✙✎✓✔
✙✓✔ ✹✦✧✎✓ ✣✎✓✳✴✦✓ ✏✗ ❡✒✎ ✍✎✵✚✮ ✏✶✎✷✮ ✬✎✓✮❀ ✬✖✭

✼✽✾✿❁ 8.1

✑✒✎✦ ✱❀✚✣✺ ✚✧ ✒✚✱ ✯✜✎❀ ✚✪✔✱✢ ✯✔✗✓✰✎ ✬✎✓✔ è✺✧ ✬❀ ✗✓✰✎✎ ✙✓✔ ✬✎✓✔❂❣ ✮✎✓ ✬✙✓✔ ✺✧ ✗✓✰✎✎✰✎✔✳
✏✶✎✷✮ ✬✎✓✮✎ ✬✖ [ ✱✓✚✰✎✺ ✍✎✵✚✮ 8.1 (i)] ✭ ✒✚✱ ✫✎✗ ✚✪✔✱✢✍✎✓✔ ✙✓✔ ✯✓ ✮❀✦ ✯✔✗✓✰✎ ✬✎✓✔❣ ✮✎✓ ✬✙✓✔ ✺✧
✚✛✎✜✎✢✣ ✏✶✎✷✮ ✬✎✓✮✎ ✬✖ [✱✓✚✰✎✺ ✍✎✵✚✮  8.1 (ii)] ✍✎✖✗ ✒✚✱ ✫✎✗ ✙✓✔ ✯✓ ✧✎✓✹❃ ✮❀✦ ✚✪✔✱✢ ✯✔✗✓✰✎ ✦
✬✎✓✔❣ ✮✎✓ ✬✙✓✔ ✫✎✗ ✜✎✢✣✎✍✎✓✔ ✤✎✸❀ ✺✧ ✍✎✵✚✮ ✏✶✎✷✮ ✬✎✓✮❀ ✬✖ [✱✓✚✰✎✺ ✍✎✵✚✮  8.1 (iii) ✍✎✖✗ (iv)]✭

✫✎✗✎✓✔ ✚✪❄✱✢✍✎✓✔ ✧✎✓ ✺✧ ✻✙ ✙✓✔ ✣✎✓✳✴✦✓ ✯✓ ✹✯ ✏✶✧✎✗ ✏✶✎✷✮ ✍✎✵✚✮ ❅❆❇❈❉❊❇❋ (quadrilateral)

✧✬✸✎✮❀ ✬✖✭ ✹✯ ✏✢❞✮✧ ✙✓✔ ✬✙ ✤✓✥✤✸ ✍✎✵✚✮ 8.1 (iii) ✙✓✔ ✚✱✺ ★✺ ✣✖✯✓ ✫✮✢✜✎✢❃✣✎✓✔ ✧✎ ✬❀
✍✑✒✒✦ ✧✗✓✔★✓ ✍✎✖✗ ✍✎✵✚✮ 8.1 (iv) ✙✓✔ ✚✱✺ ★✺ ✣✖✯✓ ✫✮✢✜✎❃✢✣✎✓✔ ✧✎ ✦✬❀✔✭
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✱✝ ✞✟✠✡☛☞✠✌ ✝✍ ✞☛✎ ✡☛✠✌☛✱✏✑ ✞☛✎ ✝☛✒✓☛ ✔☛✕✎ ✞☛✎ ✖☛✍✗☛☞ ✘☛✒✟✒ ✘✕✙ [♥✒✚✛☛✱ ✔☛✈✚✟ 8.2 (i)]❆

✜✢✣✤✥ 8.2

✞✟✠✡☛☞✠✌ ABCD ❡✒✙, AB, BC, CD ✔☛✕✎ DA ✞☛✎ ✡☛✠✌☛✱✏ ✘✕✙ ; A, B, C ✔☛✕✎  D ✞☛✎ ✖☛✍✗☛☞ ✘✕✙

✟r☛☛ ✦ A, ✦ B, ✦ C ✔☛✕✎ ✦ D ✖☛✍✗☛☛✒✬ ✧✎ ★✩✒ ✞☛✎ ✝☛✒✓☛ ✘✕✙❆

✔★ ✪✫❡✠✛☛ ✖☛✍✗☛☛✒✬ A ✔☛✕✎  C ✟r☛☛ B ✔☛✕✎ D ✝☛✒ ✌☛✒✚❞✭✱ [♥✒✚✛☛✱ ✔☛✈✚✟ 8.2 (ii)]❆

AC ✔☛✕✎ BD ✞✟✠✡☛☞✠✌   ABCD ♦✒✮ ♥☛✒ ❢✯✰✲✳✴ (diagonals) ✝✘✵☛✟✒ ✘✕✙❆

❜✪ ✔✶✷☛✷ ❡✒✙✑ ✘❡ ✚♦✚✡☛✸✩ ✧✹✝☛✎ ♦✒✮ ✞✟✠✡☛✠☞✌☛✒✙ ✔☛✕✎ ✺✩♦✒✮ ✻✠✓☛☛✒✙ ♦✒✮ ★☛✎✒ ❡✒✙ ✔✶✷✷✩

✝✎✒✙✻✒❆ ✚♦✖☛✒✗☛ ✟☛✕✎ ✧✎ ✘❡ ✪❡☛✙✟✎ ✞✟✠✡☛☞✠✌☛✒✙ ♦✒✮ ★☛✎✒ ❡✒✙ ✧✼✭✒✙✻✒❆

✔☛✧ ✪☛✒✞ ✪✝✟✒ ✘✕✙ ✚✝ ✘❡ ✞✟✠✡☛✠☞✌☛✒✙ ✽✷☛ ✪❡☛✙✟✎ ✞✟✠✡☛☞✠✌☛✒✙✾ ✝☛ ✿✷☛✒✙ ✔✶✷✷✩ ✝✎✒✙❆

✔✧✩✒ ✧✚✎♦✒✖☛ ❡✒✙ ♥✒✚✛☛✱❆ ✔☛✧ ✔✧✩✒ ✔☛✪❀✧☛✪ ✞✟✠✡☛✠☞✌ ♦✒✮ ✔☛✝☛✎ ✝✍ ✔✩✒✝ ♦❁✟✠✱✏ ♥✒✛☛

✪✝✟✒ ✘✕✙✑ ✌✕✪✒❀ ✔☛✧✝✍ ✝❧☛☛ ✝☛ ✧✮✖☛☞✑ ♥✍♦☛✎✑ ❂✟✑ ✚✛☛❞✭✚✝✷☛✏✑ ✖✷☛❡✧❃❄❃✑ ❞❁❃✎ (duster)

✝☛ ✧✹❅✷✒✝ ✧✮✵✝✑ ✔☛✧✝✍ ✧✠❁✟✝ ✝☛ ✧✹❅✷✒✝ ✧❇✗❈✑ ✧✼✭✩✒ ✝✍ ❡✒✌ ✝☛ ❉✧✎✍ ✧❇✗❈✑ ❜❅✷☛✚♥❆

❜✩❡✒✙ ✪✒ ♦✠✮❂ ✝☛✒ ✩✍✞✒ ✚♥✛☛☛✷☛ ✻✷☛ ✘✕ ✽♥✒✚✛☛✱ ✔☛✈✚✟  8.3)❆

✜✢✣✤✥ 8.3

✷❊✚✧ ✘❡☛✎✒ ✔☛✪❀✧☛✪ ✚♥✛☛✩✒ ♦☛✵✍ ✔✚❋✝☛✙✖☛ ♦❁✟✠✱✏ ✔☛✷✟ ♦✒✮ ✔☛✝☛✎ ✝✍ ✘✕✙✑ ✚✧✮✎

✡☛✍ ✘❡ ✞✟✠✡☛☞✠✌☛✒✙ ✔☛✕✎ ✚♦✖☛✒✗☛✝✎ ✪❡☛✙✟✎ ✞✟✠✡☛✠☞✌☛✒✙ ♦✒✮ ★☛✎✒ ❡✒✙ ✔☛✕✎ ✔✚❋✝ ✔✶✷✷✩ ✝✎✒✙✻✒✑

✿✷☛✒✙✚✝ ✱✝ ✔☛✷✟ ✱✝ ✪❡☛✙✟✎ ✞✟✠✡☛✠☞✌ ✘✍ ✘✕ ✔☛✕✎ ✪❡☛✙✟✎ ✞✟✠✡☛☞✠✌ ♦✒✮ ✪✡☛✍ ✻✠✓☛ ✔☛✷✟ ♦✒✮

✚✵✱ ✡☛✍ ✪❅✷ ✘☛✒✟✒ ✘✕✙❆

①●❍■❏
❑▲■■
▼◆❖ ●P◗

❘❙

✐❚❯❱❲ ❳❨❩❬❭❪❳✐❫❴❫
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8.2 ♣☎✆✝✞✆✟✠ ✡✞ ✡✞☛☞✞ ✌✞☛✍ ✍✆☞✞

✈✎✏ ✈✑✒✓ ✓✔ ✕✖✗✘✑✙✗✚ ♦✛✜ ✔✑✛✢✑ ✣✑✛✤ ✤✗✢✑ ✔✑ ✥✗✦✧♦✙★✑✛✔✦ ✔✩✛✪✫

✕✖✗✘✑✙✗✚ ♦✛✜ ✔✑✛✢✑✑✛ ✪ ✔✑ ✣✑✛✤ ✬✭✮✵ ✯✑✛✖✑ ✯✰✫ ✯✱ ✒✲✔✳

✚✑t✕ ✕✖✗✘✑✙✗✚ ✔✑ ✓✔ ✧♦✔✢✑✙ ✴✑✳✪✕ ✔✩ ✶✲✛ ✷✑✛ ✧✸✑✘✑✗✚✑✛✪

✱✛✪ ✧♦✘✑✑✧✚✖ ✔✩♦✛✜ ✔✩ ✲✔✖✛ ✯✰✪✫

✱✑✦ ★✳✧✚✓ ABCD ✓✔ ✕✖✗✘✑✗✙✚ ✯✰ ✈✑✰✩  AC ✶✲✔✑

✓✔ ✧♦✔✢✑✙ ✯✰ (✷✛✧✴✑✓ ✈✑♥✧✖ 8.4)✫

✹ ADC ♦✛✜ ✔✑✛✢✑✑✛✪ ✔✑ ✺✣✑ ✣✑✛✤ ✯✰✻

✯✱ ✚✑✦✖✛ ✯✰✪ ✧✔
✼ DAC + ✼ ACD + ✼ D = 180° (1)

✒✲✳ ✥❜✔✑✩✏ ✹ ABC ✱✛✪✏
✼ CAB + ✼ ACB + ✼ B = 180° (2)

(1) ✈✑✰✩ (2) ✔✑✛ ✚✑✛❞✽✦✛ ✥✩✏ ✯✱✛✪ ✥❜✑✾✖ ✯✑✛✖✑ ✯✰ ✿
✼ DAC + ✼ ACD + ✼ D + ✼ CAB + ✼ ACB + ✼ B = 180° + 180° = 360°

✲✑❧✑ ✯✳✏ ✼ DAC + ✼ CAB = ✼ A ✈✑✰✩ ✼ ACD + ✼ ACB  = ✼ C

✈✖✿✏ ✼ A + ✼ D + ✼ B + ✼ C = 360° ✯✰✫

✈❧✑✑✙✖❀ ❁❂❃❄❅❃❆❇ ❈❉❊ ❋❅❉●❅❅❉❍ ❋❅ ■❅❉❏ 360° ❣❅❉❂❅ ❣❑▲

8.3 ♣☎✆✝✞✟✆✠ ▼☛◆ ❖P✡✞◗

✦✳✕✛ ✧✷✓ ✤✓ ✧♦✧✘✑✉✦ ✕✖✗✘✑✙✗✚✑✛✪ ✔✑✛ ✷✛✧✴✑✓ :

❘❙❚❯❱ 8.5

❘❙❚❯❱ 8.4
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è✝✞ ✟ ✠✡ ☛☞✌ ☛✍ :

✎ ✈✏✑✒✓  8.5 (i) ❡✔✕✖ ✗✓ ✘ ✙✏ ✚✘✛ ABCD ❞✜ ✢ ✣ ❡✘✤ ✏ ✙✏✘✛ ✏✈✏ ✔ ✕ AB ✈✏✥✦  CD ❞✏ ✧ ❞ ★✘ ✩❡

✢❡✏ ✕✓ ✦ ❧✥ ✪ ✈✏ ✫ ✛ ✏✬ ✓ ✔ ❧ ✥ ✕ ✒ ❞ ★❧ ✧ ❞ ✭✮ ✯✰✱ (trapezium) ❞❧ ✲✏✓✏ ❧✥ ✪

✎ ✈✏ ✑✒✓ ★✏ ✔✕  8.5 (ii), (iii) , (iv) ✈✏✥✦ (v) ❡✔ ✕ ✒✳✧ ✢ ✙✏ ✜ ✗✓✘ ✙✏✘ ✚✛ ✏✔ ✕ ❡✔✕ ✢ ✣❡✘✤ ✏ ✙✏✘✛✏✈ ✏ ✔✕ ✴ ✔✵

✳✏ ✔✬ ✏ ✔✕ ★✘ ✩❡ ✭✮✶ ✰✷ ✸ ✹✺ ✰✻ ★ ✔ ✗✓ ✘ ✙✏✘ ✚✛ ✭✮✶ ✰✷✸ ✼✷ ✽✾ ✶✽ ✿❀ (parallelograms) ❞❧ ✲✏✓ ✔ ❧✥ ✕ ✪

✈✓ ❁✖ ✈✏ ✑✒✓  8.5 (ii) ❞✏ ✗✓ ✘ ✙✏ ✚✘ ✛ PQRS ✧ ❞ ✢ ❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏ ✚✘✛ ❧ ✥ ✪ ❜ ✢✜ ✫❂ ❞✏✦ ✖

✈✏ ✑✒✓ ★✏ ✔✕  8.5 (iii), (iv) ✈✏✥✦  (v) ❡✔✕ ✒✳✧ ✢✙✏ ✜ ✗✓ ✘ ✙✏ ✚✘✛ ✢ ❡✏ ✕✓✦ ✗✓ ✘ ✙✏ ✚✘✛ ❧✥ ✕ ✪

✎ ❃ ★✏✬ ✳ ✜✒✛✧ ✒ ❞ ✈ ✏✑✒✓ 8.5 (iii) ✴ ✔✵ ✢❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏ ✚✘✛ MNRS ❡✔✕ ✧ ❞ ❞✏ ✔❄✏ M

✢ ❡❞✏ ✔❄✏ ❧ ✥ ✪ ★❧ ✒✴ ❅✏ ✔❆✏ ✢ ❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏✘ ✚✛ ❇ ★✏ ❞❧ ✲✏✓✏ ❧ ✥❈ ★✏✳ ❞✜✒✛ ✧✖ ★❧ ✧ ❞

❉ ✶ ❊✷ (rectangle) ❞❧ ✲✏✓ ✏ ❧ ✥ ✪

✎ ✈✏✑✒✓  8.5 (iv) ❡✔ ✕ ✒✳✧ ✢ ❡✏ ✕✓✦ ✗✓ ✘ ✙✏✘ ✚✛ DEFG ❞✜ ✢✙✏ ✜ ✙✏✘✛✏✧ ❋ ●✦ ✏● ✦ ❧✥ ✕ ✈✏✥ ✦ ❧ ❡

✛ ✏✬✓ ✔ ❧ ✥ ✕ ✒ ❞ ★❧ ✧ ❞ ✭✮ ✼✷ ✽ ✾ ✶ ✿✽ ❀ (rhombus) ❞❧ ✲✏✓ ✏ ❧✥ ✪

✎ ✈✏✑✒✓  8.5 (v) ✴ ✔✵ ✢ ❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏ ✚✘ ✛ ABCD ❡✔✕✖ ❍ A = 90° ✈✏✥✦ ✢ ✙✏✜ ✙✏✘✛✏✧ ❋ ●✦✏●✦

❧✥ ✕✪ ★❧ ✧ ❞ ✴ ❣✚ (square) ❞❧ ✲✏✓ ✏ ❧✥ ✪

✎ ✈✏✑✒✓  8.5 (vi) ✴ ✔✵ ✗✓ ✘ ✙✏ ✚✘✛ ABCD ❡✔ ✕✖ AD = CD ✈✏✥✦ AB = CB ❧ ✥✖ ✈■✏✏ ✚✓ ❏

✈✏ ✢❑✬ ✙✏✘✛ ✏✈✏ ✔✕ ✴✔✵ ✳✏ ✔ ★✘ ✩❡ ● ✦✏●✦ ❧ ✥ ✕✪ ★❧ ✧ ❞ ✢ ❡✏✕✓✦ ✗✓✘ ✙✏✘ ✚✛ ✉ ✹▲✰ ❧✥ ✪ ★❧ ✧ ❞

✐✷ ✰▼ (kite) ❞❧ ✲✏✓ ✏ ❧✥ ✪

❃ ★✏✬ ✳✜✒✛ ✧ ✒ ❞ ✴ ❣✚✖ ✈✏ ★✓ ✈✏✥✦ ✢ ❡✗✓ ✘ ✙✏ ✚✘✛ ❡✔ ✕ ✢ ✔ ✫❂◆ ★✔ ❞ ✧ ❞ ✢ ❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏ ✚✘✛

❧ ✏ ✔✓ ✏ ❧ ✥ ✪

✎ ✧ ❞ ✴ ❣✚ ✧ ❞ ✈✏ ★✓ ❧✥ ✈✏✥✦ ✧ ❞ ✢❡✗✓✘ ✙✏ ✚✘✛ ✙✏ ✜ ❧ ✥ ✪

✎ ✧ ❞ ✢❡✏ ✕✓✦ ✗✓✘ ✙✏✘ ✚✛ ✧ ❞ ✢ ❡✲✕● ❧ ✥ ✪

✎ ✫✓ ✕❣ ✧ ❞ ✢ ❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏ ✚✘✛ ✬ ❧ ✜✕ ❧✥ ✪

✎ ✢ ❡✲✕● ✧ ❞ ✢❡✏ ✕✓ ✦ ✗✓ ✘ ✙✏ ✚✘✛ ✬ ❧ ✜✕ ❧ ✥ ❖❇ ★✏ ✔✕✒❞ ❜ ✢ ❡✔✕ ✢ ✣ ❡✘✤✏ ✙✏✘✛ ✏✈✏ ✔ ✕ ❞✏ ✧ ❞ ★✘ ✩❡

❧ ✜ ✢ ❡✏ ✕✓ ✦ ❧✥ ✈✏✥✦ ✢ ❡✏ ✕✓✦ ✗✓✘ ✙✏✘ ✚✛ ✴✔✵ ✒ ✲✧ ✢✣ ❡✘✤ ✏ ✙✏✘✛ ✏✈ ✏ ✔✕ ✴✔✵ ✳✏ ✔✬ ✏ ✔✕ ★✘ ✩❡ ✢ ❡✏ ✕✓✦

❧✏ ✔✬ ✔ ✗✏✒❧✧ P ✪

✎ ✧ ❞ ✈✏ ★✓ ✈ ■✏ ✴✏ ✧ ❞ ✢ ❡✗✓ ✘ ✙✏ ✚✘✛ ✧ ❞ ✴❣✚ ✬ ❧ ✜✕ ❧ ✥ ✪
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✈☎✆✝✞ 8.6 ❞☎✟ ✠✟✝✡☎☛☞ ✌✍✎✟✏ ✍✎☎✑ ✒✝✓✎☎✒ ✔✕ cm ✥☎✖☎ ☛❞ ✈☎✗✞ ✈☎✘✓ ☛❞ ✍✎☎✏✞✓

♣✞✙✚☎✛✙✜ ✝✠✗☎ ✢✘☞

✣✤✦✧★  8.6

✗✢☎❀ ✍✎☎✏✞✓ ♣✞✙✚☎✛ ✙✜ ❞☎ ✩☎✟✪☎✒✫✖ DP × AB ✢✘ ✈☎✘✓ ✗✢ ✈☎✗✞ ✥✟✫ ✩☎✟✪☎✒✫✖ AB × AD

✍✟ ❞✎ ✢✘❧ ✬✗☎✟✏✝❞ DP < AD ✢✘☞ ✍☎✎☎✭✗✞✮❧ ✝✎✯☎✌✛ ✥✟✫ ✠✙❞☎✑✠☎✓ ✰✱✓✒✫✲✳ ❞☎✟ ✍✎☎✏✞✓ ♣✞✙✚☎✛✙✜

✥✟✫ ✈☎❞☎✓ ✎✟✏ ❞☎♦✞✟ ✢✘✏❧ ✞☎✝❞ ☛❞ ✢✲ ♦✴✟ ✵✒✓☎✞✶ ✎✟✏ ✱✓✒✫✲ ✥✟✫ ✈✝✷❞ ♦✙❞✸✹✟ ✈☎ ✍✥✟✏✫

✵✈✺✖✲ ✱☎✓ ✜✱ ✈☎✒ ✱✓✒✫✲ ✡☎☎☛❀❧ ✞☎✟ ✻✍❞☎ ✈☎❞☎✓ ✠✟✡☎ ✖✟✏✶☞

✈☎✌☛ ✈✱ ✝✒✼✖✲ ❞✩☎☎✈☎✟✏ ✎✟✏ ✒✽✹✟ ✢✙☛ ✍✎☎✏✞✓ ♣✞✙✚☎✙✛✜☎✟✏ ✥✟✫ ✥✙✫✼ ✺✙✾☎☎✟ ✏ ❞☎ ✒✙✑✝✥✛✖☎✟❞✑

❞✓✟✏☞

8.4 ✿❁❂❃❄❅ ❆❄❇❈❂❉❇❊ ❋●❍ ■❇❏❂

✈☎✌☛ ☛❞ ✝❑✗☎❞✖☎✒ ❞✓✟✏☞

❞☎✺✜ ✒✓ ☛❞ ✍✎☎✏✞✓ ♣✞✙✚☎✙✛✜ ✡☎✲✏♣ ❞✓ ✻✍✟ ❞☎♦

✖✲✝✜☛☞ ✈✱ ✌✍✟ ✝✥❞✾☎✛ ✥✟✫ ✈✑✙✝✠②☎ ❞☎♦ ✖✲✝✜☛

(✠✟✝✡☎☛ ✈☎✆✝✞ 8.7)☞ ✈☎✒ ✠☎✟ ✝✪☎✚☎✙✜ ✒▲☎▼✞ ❞✓✞✟ ✢✘✏☞ ✌✑

✝✪☎✚☎✙✜☎✟✏ ✥✟✫ ✱☎✓✟ ✎✟✏ ✈☎✒ ✬✗☎ ❞✢ ✍❞✞✟ ✢✘✏❢

☛❞ ✝✪☎✚☎✙✜ ❞☎✟ ✠◆✍✓✟ ✝✪☎✚☎✙✜ ✒✓ ✓✝✡☎☛☞ ✗✝✠ ✈☎✥②✗❞

✢☎✟❧ ✞☎✟ ✝✪☎✚☎✙✜ ❞☎✟ ❣☎✙✎☎✌☛ ✚☎✲☞ ✈☎✒ ✬✗☎ ✠✟✡☎✞✟ ✢✘✏❢

✠✟✝✡☎☛ ✝❞ ✠☎✟✑☎✟ ✏ ✝✪☎✚☎✙✜ ✒✓♥✒✓ ✍✥☎❖✺✍✎ ✢✘✏☞

✥✙✫✼ ✈☎✘✓ ✍✎☎✏✞✓ ♣✞✙✚☎✙✛✜ ✡☎✲✏♣ ❞✓ ✌✍ ✝❑✗☎❞✖☎✒ ❞☎✟ ✠☎✟✢✓☎✌☛☞ ✒▲P✗✟❞ ✱☎✓ ✈☎✒

✒☎☛❀✺✟ ✝❞ ✍✎☎✏✞✓ ♣✞✙✚☎✙✛✜ ❞☎ ☛❞ ✝✥❞✾☎✛ ✻✍✟ ✠☎✟ ✍✥☎❖✺✍✎ ✝✪☎✚☎✙✜☎✟✏ ✎✟✏ ✝✥✚☎☎✝✜✞ ❞✓✞☎ ✢✘☞

✣✤✦✧★ 8.7
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✈✝ ✈✞✟✠ ✟✡ ☛☞✌✍✞✞✎ ✏✞✑ ☞✡✒ ✏✌✑✓✔

✐✕✖✗✘ 8.1 : ❢✙✚✛ ✚✜✢✣✤✥ ✦✤✧★✢✩✧✪ ✙✢ ✫✙ ❢✬✙✭✢✩ ✮✚✯ ✰✢✯ ✚✬✢✱✲✚✜ ❢✳✢★✢✧✪✢✯✣ ✜✯✣ ❢✬★✢✢❢✪✤

✙✥✤✢ ❞✴✵

♠✐✐✶✷✸ : ✎✞❡ ✹✺☞✻✠ ABCD ✠✏ ✡✎✞✓✼✌ ✽✼✾✿✞❀✾✻ ❁❂ ✈✞❂✌ AC ❃✡✏✞ ✠✏ ☞❄✏✍✞❀ ❁❂ (♥✑☞❅✞✠

✈✞❆☞✼ 8.8)✔ ♥✑☞❅✞✠ ☞✏ ☞❄✏✍✞❀ AC ✡✎✞✓✼✌ ✽✼✾✿✞❀✾✻ ABCD ✏✞✑ ♥✞✑ ☞❇✞✿✞✾✻✞✑✓ ABC ✈✞❂✌ CDA

✎✑✓ ☞❄✿✞✞☞✻✼ ✏✌✼✞ ❁❂✔ ❁✎✑✓ ☞✡✒ ✏✌❡✞ ❁❂ ☞✏ ❣✑ ♥✞✑❡✞✑✓ ☞❇✞✿✞✾✻ ✡❄✞❈❉✡✎ ❁❂✓✔

❊ ABC ✈✞❂✌  ❊ CDA ❄✑♦ ☞✹✠ ❋❣✞❡ ♥✺☞✻✠ ☞✏ BC || AD ❁❂ ✈✞❂✌ AC ✠✏ ☞✼❣❀✏ ✌✑❅✞✞

❁❂✔

✟✡☞✹✠❜● BCA = ● DAC ❍✠✏✞✓✼✌ ✏✞✑✍✞✞✑✓ ✏✞ ❣✾■✎❏

✡✞❧✞ ❁✺❜ AB || DC ✈✞❂✌ AC ✠✏ ☞✼❣❀✏ ✌✑❅✞✞ ❁❂✔

✟✡☞✹✠❜● BAC = ● DCA ❍✠✏✞✓✼✌ ✏✞✑✍✞✞✑✓ ✏✞ ❣✾■✎❏

✈✞❂✌ AC = CA ❍❃✿✞❣☞❡❑▲❏

✈✼▼❜ ❊ ABC ◆ ❊ CDA (ASA ☞❡❣✎)

✈❧✞✞❀✼❖ ☞❄✏✍✞❀ AC ✡✎✞✓✼✌ ✽✼✾✿✞❀✾✻ ABCD ✏✞✑ ♥✞✑ ✡❄✞❈❉✡✎ ☞❇✞✿✞✾✻✞✑✓ ABC ✈✞❂✌ CDA ✎✑✓

☞❄✿✞✞☞✻✼ ✏✌✼✞ ❁❂✔ P

✈✝ ✡✎✞✓✼✌ ✽✼✾✿✞❀✾✻ ABCD ✏✺ ✡◗✎✾❅✞ ✿✞✾✻✞✈✞✑✓ ✏✞✑ ✎✞☞☛✠✔ ✈✞☛ ❘❣✞ ♥✑❅✞✼✑ ❁❂✓❙

✈✞☛ ☛✞✠❚❉✑ ☞✏ AB = DC ✈✞❂✌  AD = BC ❁❂✔

❣❁ ✡✎✞✓✼✌ ✽✼✾✿✞❀✾✻ ✏✞ ✠✏ ✈❯❣ ❉✾✍✞ ❁❂❜ ☞✻✡✑ ❡✺✽✑ ☞♥❣✞ ✻✞ ✌❁✞ ❁❂ ▼

✐✕✖✗✘  8.2 : ✫✙ ✚✜✢✣✤✥ ✦✤✧★✢✩✧✪ ✜✯✣ ✚❱✜✧❲✢ ★✢✧✪✢✫❳ ❨✥✢❨✥ ❞✢✯✤✛ ❞✴✣✵

✈✞☛ ☛❁✹✑ ❁✺ ☞✡✒ ✏✌ ✽✾❄✑♦ ❁❂✓ ☞✏ ✡✎✞✓✼✌ ✽✼✾✿✞❀✾✻ ✏✞ ☞❄✏✍✞❀ ❃✡✑ ♥✞✑ ✡❄✞❈❉✡✎

☞❇✞✿✞✾✻✞✑✓ ✎✑✓ ☞❄✿✞✞☞✻✼ ✏✌✼✞ ❁❂✔ ✈✼▼❜ ✈✞☛ ✟❡❄✑♦ ✡✓❉✼ ✿✞✞❉✞✑✓❜ ✎✞❡ ✹✺☞✻✠ ✿✞✾✻✞✈✞✑✓❜ ❄✑♦ ✝✞✌✑

✎✑✓ ❘❣✞ ✏❁ ✡✏✼✑ ❁❂✓❙ ❣✑ ✝✌✞✝✌ ❁❂✓✔

✟✡☞✹✠❜ AB = DC ✈✞❂✌ AD = BC ❁❂✔

✈✝ ✟✡ ☛☞✌✍✞✞✎ ✏✞ ☞❄✹✞✑✎ ❘❣✞ ❁❂❙ ✈✞☛ ✻✞❡✼✑ ❁❂✓ ☞✏ ✻✞✑ ☛❩✎✑❣ ❍☞✏✡✺ ✏❧✞❡❏ ✎✑✓

☞♥❣✞ ❁✞✑❜ ✼✞✑ ❃✡❄✑♦ ☞❄✹✞✑✎ ✎✑✓ ❃✡✑ ☞✡✒ ✏✌❡✞ ❁✞✑✼✞ ❁❂ ✈✞❂✌ ✻✞✑ ☛❩✎✑❣ ✎✑✓ ☞♥❣✞ ❉❣✞ ❁❂ ❃✡✑

❬❭❪❫❴  8.8



168 ①�✁✂✄

File Name : C:\Computer Station\Maths-IX\Chapter\Chap-6\Chap-6 (02-01-2006) PM65 GEETA

❢☎✆✝✞✟ ✟✞✠ ❢✡☛✝ ☞✌✍✝ ✟✝✎✝ ✏✝✑✝ ☞✒✓ ✔☛✝✎ ✡✕❢✏✖ ❢✗ ✘✙✟✞☛ 8.2 ✗✝✞ ❢✎❞✎ ✚✘ ✟✞✠ ✛✝✕ ❢✆✜✝✝

✏✝ t✗✑✝ ☞✒ ✢

☛❢✡ ✖✗ ❀✑✌✛✝✣✌✏ ✖✗ t✟✝✠✑✤ ❀✑✌✛✝✣✌✏ ☞✒✥ ✑✝✞ ✦t✗✕ t❞✟✌✜✝ ✛✝✌✏✝✍✝✞✠ ✗✝ ✘✙✧☛✞✗ ☛✌★✟

❝✤✝❝✤ ☞✝✞✑✝ ☞✒✓ ✩t❢✆✖✥ ✩t✗✝ ❢☎✆✝✞✟ ❢✎❞✎ ☞✝✞✪✝ ✢

✐✫✬✭✮ 8.3 :  ✯✰✱ ✲✳ ✴✵✶✷✸✹✶✺ ✳✻ ✼✽✾✶✿✸ ✷✸✶✺✸❁✸❂❃ ✳✸ ❄❅❆✯❂✳ ✯✶❇✾ ❈❉✸❈❉ ❊✸❂❋ ✵✸❂ ●❊ ✲✳

✼✾✸❃✵❉ ✴✵✶✷✸✹✶✺ ❊✸❂✵✸ ❊❧❍

■☛✝ ✍✝✘ ✩t☎✞❏ ✗✝✤❑✝ ✡✞ t✗✑✞ ☞✒✠▲

✟✝✎ ✆✕❢✏✖ ❀✑✌✛✝✣✌✏ ABCD ✗✕ ✛✝✌✏✝✖▼ AB

✍✝✒✤ CD ❝✤✝❝✤ ☞✒✠ ✍✝✒✤ t✝◆✝ ☞✕  AD = BC ☞✒

(✡✞❢✜✝✖ ✍✝♥❢✑ 8.9)✓ ❢☎✗❑✝✣ AC ✜✝✕✠❢❀✖✓

❖✘P◗✑✢✥  ❘ ABC ❙ ❘ CDA ❚■☛✝✞✠▲❯

✍✑✢✥       ❱ BAC = ❱ DCA

✍✝✒✤ ❱ BCA = ❱ DAC ❚■☛✝✞✠▲❯

■☛✝ ✍❝ ✍✝✘ ✗☞ t✗✑✞ ☞✒✠ ❢✗ ABCD ✖✗ t✟✝✠✑✤ ❀✑✌✛✝✣✌✏ ☞✒▲ ❚■☛✝✞✠▲❯

✍✝✘✎✞ ✍✛✝✕ ✡✞✜✝✝ ☞✒ ❢✗ ✖✗ t✟✝✠✑✤ ❀✑✌✛✝✣✌✏ ✟✞✠ t❞✟✌✜✝ ✛✝✌✏✝✍✝✞✠ ✗✝ ✘✙✧☛✞✗ ☛✌★✟ ❝✤✝❝✤

☞✝✞✑✝ ☞✒ ✍✝✒✤ ❢☎✆✝✞✟✑✢ ☛❢✡ ❢✗t✕ ❀✑✌✛✝✣✌✏ ✟✠✞ t❞✟✌✜✝ ✛✝✌✏✝✍✝✞✠ ✗✝ ✘✙✧☛✞✗ ☛✌★✟ ❝✤✝❝✤ ☞✝✞✥

✑✝✞ ☎☞ ✖✗ t✟✝✠✑✤ ❀✑✌✛✝✣✌✏ ☞✝✞✑✝ ☞✒✓ ■☛✝ ☞✟ ☛☞✕ ✘❢✤❑✝✝✟ t❞✟✌✜✝ ✗✝✞❑✝✝✞✠ ☎✞❏ ☛✌★✟✝✞✠ ☎✞❏ ❝✝✤✞

✟✞✠ ✛✝✕ ❢✎✗✝✆ t✗✑✞ ☞✒✠▲

✖✗ t✟✝✠✑✤ ❀✑✌✛✝✣✌✏ ✜✝✕✠❢❀✖ ✍✝✒✤ ✦t☎✞❏ ✗✝✞❑✝✝✞✠ ✗✝✞ ✟✝❢✘✖✓ ✍✝✘ ■☛✝ ✡✞✜✝✑✞ ☞✒✠▲

t❞✟✌✜✝ ✗✝✞❑✝✝✞✠ ✗✝ ✘✙✧☛✞✗ ☛✌★✟ ❝✤✝❝✤ ☞✒✓

✩t✞ ☎✌❏❜ ✍✝✒✤ t✟✝✠✑✤ ❀✑✌✛✝✣✌✏ ✆✞✗✤ ✡✝✞☞✤✝✩✖✓ ✩tt✞ ☞✟ ✖✗ ✍❲☛ ✘❢✤❑✝✝✟ ✘✤ ✘☞✌▼❀✑✞

☞✒✠✥ ✏✝✞ ❢✎❞✎ ☞✒ ✢

✐✫✬✭✮ 8.4 : ✲✳ ✼✾✸❃✵❉ ✴✵✶✷✸✹✶✺ ✾❂❃ ✼✽✾✶✿✸ ✳✸❂❳✸ ❈❉✸❈❉ ❊✸❂✵❂ ❊❧❃❍

✍❝✥ ■☛✝ ✩t ✘❢✤❑✝✝✟ ✗✝ ❢☎✆✝✞✟ ✛✝✕ t✧☛ ☞✒▲ ☞✝▼✥ ✖✞t✝ ☞✕ ☞✒✓ ❀✑✌✛✝✣✌✏ ☎✞❏ ✗✝✞❑✝ ☛✝✞✪

✪✌❑✝ ✍✝✒✤ ❢✑☛✣✗ ✤✞✜✝✝ ❨✝✤✝ ✘✙❢✑❩❜✞❢✡✑ t✟✝✠✑✤ ✤✞✜✝✝✍✝✞✠ ☎✞❏ ✪✌❑✝✝✞✠ ✗✝ ✘✙☛✝✞✪ ✗✤☎✞❏✥ ☞✟ ✡✞✜✝

✈❬❭❪❫  8.9
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✈✝✞✟✠  8.10

❧✡☛☞ ✌✍✎ ✏✡ ✑✒✓✔☞✕☛ ✡✔ ✏✖✗✔☞✘ ✙✔✚ ❧✛✜ ✌✍✢ ✣❧ ✒✤✡✔✓✥ ✌✘☞✎ ✏✦✧✦ ✒✤✘☞✜ ✒✤✔★☛ ✌✔☞☛✚ ✌✍✩

✐✪✫✬✭ 8.5 :  ❀✮✯ ✰✱ ✲✳✴✵✶✷✴✸ ✹✺✻ ✼✽✹✴✾✶ ✱✶✺✿✶✶✺✻ ✱✶ ❁❂❃❀✺✱ ❀✴❄✹ ❅❆✶❅❆ ❇✶✺❈ ✳✶✺ ❉❇ ✰✱

✼✹✶✻✳❆ ✲✳✴✵✶✷✴✸ ❇✶✺✳✶ ❇❊❋

❧✘✔✎☛✓ ●☛❍✙✔■❍❏ ✡✔ ❑✡ ▲❍▼✔ ◆✔✍✓ ✙✔✚ ✌✍✢ ◆✔✣❑ ✣❧✡✔ ◆❖✜✜✦ ✡✓☞✎✢ ❑✡ ❧✘✔✎☛✓

●☛❍✙✔■❍❏ ABCD ❬✔✚✎✏●❑ ◆✔✍✓ ✑❧✖☞P ◗✔☞✦✔☞✎ ✏✖✡▼✔■ AC ◆✔✍✓ BD ❬✔✚✎✏●❑✥ ❏✔☞ ✒✓❘✒✓ O ✒✓

✒✤✏☛❙❚☞◗ ✡✓☛☞ ✌✍✎ (◗☞✏❬✔❑ ◆✔♥✏☛ 8.10)✢

OA, OB, OC ◆✔✍✓ OD ✡✚ ✗✧❞✔✣✜✔❯ ✘✔✏✒❑✢

◆✔✒ ✕✜✔ ◗☞❬✔☛☞ ✌✍✎❱ ◆✔✒ ◗☞❬✔☞✎▲☞ ✏✡

OA = OC ◆✔✍✓ OB = OD

✌✍✢ ◆❣✔✔■☛❲ O ◗✔☞✦✔☞✎ ✏✖✡▼✔✔☞❳ ✡✔ ✘❖✜❨✏❞✎◗❍ ✌✍✢

✖❍P❚ ◆✔✍✓ ❧✘✔✎☛✓ ●☛❍✙✔■❍❏ ✗☞✡✓ ✣❧ ✏♦✜✔✡✗✔✒ ✡✔☞ ◗✔☞✌✓✔✣❑✢

✒✤✛✜☞✡ ❞✔✓✥ ◆✔✒ ✒✤✔★☛ ✡✓☞✎▲☞ ✏✡ O ◗✔☞✦✔☞✎ ✏✖✡▼✔✔☞❳ ✡✔ ✘❖✜❨✏❞✎◗❍ ✌✍✢

✣❧ ✒✤✡✔✓✥ ✌✘ ✏✦✧✦ ✒✤✘☞✜ ✒✤✔★☛ ✡✓☛☞ ✌✍✎ ✩

✐✪✫✬✭ 8.6 : ✼✹✶✻✳❆ ✲✳✴✵✶✴✷✸ ❉✺❩ ✮❉✱✿✶✷ ✰✱ ✯❭✼❆✺ ✱✶✺ ❪❁❆❫❁❆❴ ✼✹✮❵✵✶✶✮✸✳ ✱❆✳✺ ❇❊✻❋

◆❞✥ ✜✏◗ ❑✡ ●☛❍✙✔■❍❏ ✖☞P ✏✖✡▼✔■ ❑✡ ◗❛❧✓☞ ✡✔☞ ❧✘✏❜✙✔✔✏❏☛ ✡✓☞✎✥ ☛✔☞ ✕✜✔ ✌✔☞▲✔❱ ✕✜✔

✜✌ ❑✡ ❧✘✔✎☛✓ ●☛❍✙✔■❍❏ ✌✔☞▲✔❱ ✖✔❘☛✖ ✘☞✎✥ ✜✌ ❧✛✜ ✌✍✢

✜✌ ✒✤✘☞✜ 8.6 ✖☞P ✒✏✓▼✔✔✘ ✡✔ ✏✖✗✔☞✘ ✌✍✢ ✣❧☞ ✦✚●☞ ✏◗✜✔ ❏✔ ✓✌✔ ✌✍ ✩

✐✪✫✬✭ 8.7 :  ❀✮✯ ✰✱ ✲✳✴✵✶✷✴✸ ❉✺❩ ✮❉✱✿✶✷ ✰✱ ✯❭✼❆✺ ✱✶✺ ✼✹✮❵✵✶✶✮✸✳ ✱❆✺✻❈ ✳✶✺ ❉❇ ✰✱ ✼✹✶✻✳❆

✲✳✴✵✶✷✴✸ ❇✶✺✳✶ ❇❊❋

◆✔✒ ✣❧ ✒✏✓▼✔✔✘ ✖☞P ✏✗❑ ☛✖■P ✏✦✧✦ ✒✤✡✔✓ ◗☞ ❧✡☛☞ ✌✍ ✎ ✩

❖✜✔✦ ◗✚✏❏❑ ✏✡ ◆✔♥✏☛  8.11 ✘☞✎✥ ✜✌ ✏◗✜✔ ✌✍ ✏✡ OA = OC ◆✔✍✓ OB = OD ✌✍✢

◆☛✩✥ ❝ AOB ❡ ❝ COD ❪✕✜✔☞✎❱❴
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❜☎✆✝✞✟ ✠ ABO = ✠ CDO ✭✡☛☞✌✍✎✏

❜☎☎✌ ✑✒✌✍ AB || CD ✐✓☞✔✕ ✑☞✌✕☞ ✑✖✗

❜☎✘ ✐✓✙☞✚✟ BC || AD ✑✖✗

✈✕✛✟ ABCD ✞✙ ☎✒☞✍✕✚ ✱✕✜✢☞✣✜✤ ✑✖✗

✈☞❜✞ ✈✥ ✦✜✧★ ✩✪☞✑✚✫☞ ✝✌✍✗

♠✬✮✯✰✲✮ 1 : ✪♥☞☞✣❜✞ ✆✙ ✞✙ ✈☞☛✕ ✙☞ ✐✓✳☛✌✙ ✙☞✌✫☞ ✞✙ ☎✒✙☞✌✫☞ ✑☞✌✕☞ ✑✖✗

✯❣ : ☛☞✪ ✙✘✆✤✞ ✆✙ ✞✙ ✈☞☛✕ ✡☛☞ ✑☞✌✕☞ ✑✖✗

✞✙ ✈☞☛✕ ✦✑ ☎✒☞✍✕✚ ✱✕✜✢☞✜✣✤ ✑☞✌✕☞ ✑✖ ✆✤☎✙☞ ✞✙

✙☞✌✫☞ ☎✒✙☞✌✫☞ ✑☞✌✗

✒☞❡ ✝✘✆✤✞  ABCD ✞✙ ✈☞☛✕ ✑✖✟ ✆✤☎✒✌✍ ✠A = 90° ✑✖✗

✑✒✌✍ ✪♥☞☞✣❡☞ ✑✖ ✆✙ ✠ B = ✠ C = ✠ D = 90° ✑✖✗

AD || BC ✈☞✖✚ AB ✞✙ ✆✕☛✣✙ ✚✌✴☞☞ ✑✖  (✪✌✆✴☞✞ ✈☞✵✆✕  8.12)✗

❜☎✆✝✞✟        ✠ A + ✠ B = 180° ✭✆✕☛✣✙ ✚✌✴☞☞ ✦✌✧ ✞✙ ✑✘ ✈☞✌✚ ✦✌✧ ✈✍✕✛ ✙☞✌✫☞✏

✐✚✶✕✜✟ ✠ A =90° ✑✖✗

❜☎✆✝✞✟ ✠ B =180° – ✠ A = 180° – 90° = 90°

✈✥ ✠ C = ✠ A ✈☞✖✚ ✠ D = ✠ B ✭☎✒☞✍✕✚ ✱✕✜✢☞✣✜✤ ✦✌✧ ☎✷✒✜✴☞ ✙☞✌✫☞✏

❜☎✆✝✞✟ ✠ C = 90° ✈☞✖✚ ✠ D = 90°

✈✕✛✟ ✈☞☛✕ ✙☞ ✐✓✳☛✌✙ ✙☞✌✫☞ ✸✹✺ ✑✖✗

♠✬✮✯✰✲✮ 2 : ✪♥☞☞✣❜✞ ✆✙ ✞✙ ☎✒✱✕✜✢☞✣✜✤ ✦✌✧ ✆✦✙✫☞✣ ✐✚✻✐✚ ✝✷✥ ✑☞✌✕✌ ✑✖✍✗

✯❣ : ☎✒✱✕✜✢☞✣✜✤ ABCD ✐✚ ✆✦✱☞✚ ✙✘✆✤✞ (✪✌✆✴☞✞ ✈☞✵✆✕  8.13)✗

✈☞✐ ✤☞❡✕✌ ✑✖✍ ✆✙  AB = BC = CD = DA ✭✡☛☞✌✍✎✏

✈✥✟ ✼ AOD ✈☞✖✚ ✼ COD ✒✌✍✟

OA = OC ✭☎✒☞✍✕✚ ✱✕✜✢☞✣✜✤ ✦✌✧ ✆✦✙✫☞✣ ✐✚✻✐✚ ☎✒✆✽✢☞☞✆✤✕ ✙✚✕✌ ✑✖✍✏

OD = OD (✩✢☞☛✆❡✾✿)

❀❁❂❃❄  8.11

❀❁❂❃❄ 8.12



♣�✁✂✄☎✁✆ 171

File Name : C:\Computer Station\Maths-IX\Chapter\Chap-6\Chap-6 (02-01-2006) PM65 GEETA

AD = CD ✭✝✞✟✠ ✡☛☞

✈✌✍✎ ✏ AOD ✑ ✏ COD (SSS ❧✒✠✓✔❧✕✌✠ ✝✖✟✕ )

❜❧✝✗✘✎ ✙ AOD = ✙ COD (CPCT)

✐✚✛✌✜✎ ✙ AOD + ✙ COD = 180° ✭✚☛✝✢✠✣ ✟✜✤✕ )

❜❧✝✗✘✎ 2✙ AOD = 180°

✟✠✎ ✙ AOD = 90°

✈✌✍✎ ❧✕✥✌✜✦✧✠✜★ ✒✩✪ ✝✒✣✫✠✦ ✐✚✬✐✚ ✗✮✯ ✡☛✰✱

♠✲✳✴✵✶✳ 3 : ABC ✘✣ ❧✕✝✷✯✠✡✜ ✝✸✠✧✠✜★ ✡☛✎ ✝★❧✕✩✰ AB = AC ✡☛✱ AD ✯✝✡❝✣✠✩✫✠ PAC ✣✠✩

❧✕✝✷✧✠✠✝★✌ ✣✚✌✠ ✡☛ ✈✠☛✚ CD || BA ✡☛ (✞✩✝✢✠✘ ✈✠✹✝✌ 8.14)✱ ✞♥✠✠✦❜✘ ✝✣

(i) ✙ DAC = ✙ BCA ✈✠☛✚ (ii) ABCD ✘✣ ❧✕✠✰✌✚ ✥✌✜✧✠✦ ✜★ ✡☛✱

✴❣ : (i) ABC ✘✣ ❧✕✝✷✯✠✡✜ ✝✸✠✧✠✜★ ✡☛✎ ✝★❧✕✩✰ AB = AC ✡☛✱ (✝✞✟✠ ✡☛)

❜❧✝✗✘✎ ✙ ABC =✙ ACB ✭✯✚✠✯✚ ✧✠✜★✠✈✠✩✰ ✒✩✪ ❧✮✕✜✢✠ ✣✠✩✫✠☞

❧✠✺✠ ✡✻✎   ✙ PAC = ✙ ABC + ✙ ACB

✭✝✸✠✧✠✜★ ✣✠ ✯✝✡❝✣✠✩✫✠☞

✟✠✎ ✙ PAC = 2✙ ACB (1)

✈✯✎ AD ✣✠✩✫✠ PAC ✣✠✩ ❧✕✝✷✧✠✠✝★✌ ✣✚✌✻ ✡☛✱

❜❧✝✗✘✎ ✙ PAC = 2✙ DAC (2)

✈✌✍✎

2✙ DAC = 2✙ ACB [(1) ✈✠☛✚ (2) ❧✩]

✟✠✎ ✙ DAC = ✙ ACB

(ii) ✈✯ ✟✩ ✞✠✩✖✠✩✰ ✯✚✠✯✚ ✣✠✩✫✠ ✒✩ ✘✣✠✰✌✚ ✣✠✩✫✠ ✡☛✰ ★✠✩ ✚✩✢✠✠✢✠✰✼✠✩✰ BC ✈✠☛✚ AD ✣✠✩ ✝✌✟✦✣ ✚✩✢✠✠

AC ✷✠✚✠ ✐⑥✝✌✽✾✩✞ ✣✚✖✩ ❧✩ ✯✖✌✩ ✡☛✰✱

❜❧✝✗✘✎ BC || AD

✿❀❁❂❃  8.13

✿❀❁❂❃  8.14
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❧☎✆☎ ✝✞✟ BA || CD ✝❣✠

❜❧ ✡☛☞☎✌✟ ✍✎✏✑☎✒✏✓ ABCD ☞✞ ❧❞✔✏✕☎ ✑☎✏✓☎✖☎✗✘ ✙✗✚ ✛☎✗✜☎✗✘ ✢✏✣✔ ❧✔☎✘✎✌ ✝❣✘✠

✖✎✈✟ ABCD ✱☞ ❧✔☎✘✎✌ ✍✎✏✑☎✒✏✓ ✝❣✠

♠✤✥✦✧★✥ 4 : ✛☎✗ ❧✔☎✘✎✌ ✌✗✕☎☎✖☎✗✘ l ✖☎❣✌ m ☞☎✗ ✱☞ ✩✎✢✒☞ ✌✗✕☎☎ p ✡☛✩✎✐✪✗✛ ☞✌✎✞ ✝❣ (✛✗✩✕☎✱

✖☎✫✩✎ 8.15)✠ ✛♥☎☎✒❜✱ ✩☞ ✖✘✎✈ ☞☎✗✬☎☎✗✘ ✙✗✚ ❧✔✩✭✑☎☎✓☞☎✗✘ ❧✗ ✮✜☎ ✍✎✏✑☎✒✏✓ ✱☞ ✖☎✢✎ ✝❣✠

✦✯ : ✢✝ ✩✛✢☎ ✝❣ ✩☞ l || m ✝❣ ✖☎❣✌ ✩✎✢✒☞ ✌✗✕☎☎ p ❜✰✝✗✘ ✲✔♥☎✈ ✩✮✘✛✏✖☎✗✘ A ✖☎❣✌ C ✡✌ ✡☛✩✎✐✪✗✛

☞✌✎✞ ✝❣✠

✳ PAC ✖☎❣✌ ✳ ACQ ✙✗✚ ❧✔✩✭✑☎☎✓☞ B ✡✌ ✡☛✩✎✐✪✗✛ ☞✌✎✗ ✝❣✘ ✖☎❣✌ ✳ ACR ✖☎❣✌

✳ SAC ✙✗✚ ❧✔✩✭✑☎☎✓☞ D ✡✌ ✡☛✩✎✐✪✗✛ ☞✌✎✗ ✝❣✘✠

✝✔✗✘ ✛♥☎☎✒✜☎ ✝❣ ✩☞ ✍✎✏✑☎✒✏✓ ABCD ✱☞ ✖☎✢✎ ✝❣✠

✖✮✟ ✳ PAC = ✳ ACR

(l || m ✖☎❣✌ ✩✎✢✒☞ ✌✗✕☎☎ p ❧✗ ✮✜✗ ✱☞☎✘✎✌ ☞☎✗✬☎)

❜❧✩✴✱✟
1

2
✳ PAC =

1

2
 ✳ ACR

✖✆☎☎✒✎✵✟ ✳ BAC = ✳ ACD

✢✗ ✮✌☎✮✌ ☞☎✗✬☎ ✌✗✕☎☎✖☎✗✘ AB ✖☎❣✌ DC ✙✗✚ ✩✎✢✒☞ ✌✗✕☎☎ AC ✭☎✌☎ ✡☛✩✎✐✪✗✩✛✎ ☞✌✜✗ ❧✗ ✮✜✎✗ ✝❣✘

✖☎❣✌ ✢✗ ✱☞☎✘✎✌ ☞☎✗✬☎ ✝❣✘✠

❜❧✩✴✱✟ AB || DC

❜❧✞ ✡☛☞☎✌✟ BC || AD (✳ ACB ✖☎❣✌ ✳ CAD ✴✗✜✗ ✡✌)

✖✎✈✟ ABCD ✱☞ ❧✔☎✘✎✌ ✍✎✏✑☎✏✒✓ ✝❣✠

❧☎✆☎ ✝✞✟ ✳ PAC + ✳ CAS = 180° ✶✌❣✩✕☎☞ ✢✏✣✔✷

❜❧✩✴✱✟
1

2
 ✳ PAC +

1

2
 ✳ CAS =

1

2
 × 180° = 90°

✢☎✟ ✳ BAC + ✳ CAD = 90°

✢☎✟ ✳ BAD = 90°

✸✹✺✻✼  8.15



♣�✁✂✄☎✁✆ 173

File Name : C:\Computer Station\Maths-IX\Chapter\Chap-6\Chap-6 (02-01-2006) PM65 GEETA

✈✝✞✟✠  8.16

❜✡☛☞✌✍ ABCD ✌✱ ✡✎✏✑✒✓ ✔✒✕✖✏✗✕✘ ✙✚ ☛✘✡✱✏ ✌✱ ✱✏✛✜✏ ✡✎✱✏✛✜✏ ✙✚✢

✣✒✤ ABCD ✌✱ ✣✏✥✒ ✙✚✢

♠✦✧★✩✪✧ 5 : ♥✫✏✏✗❜✌ ☛✱ ✌✱ ✡✎✏✑✒✓ ✔✒✕✖✏✗✕✘ ✬✛✭ ✱✏✛✜✏✏✛✑ ✬✛✭ ✡✎☛✮✖✏✏✘✱ ✌✱ ✣✏✥✒

❝✯✏✒✛ ✙✚✑✢

★❣ : ✎✏✯ ☞❡☛✘✌ P, Q, R ✣✏✚✓  S Ø✎✫✏✤ ✡✎✏✑✒✓

✔✒✕✖✏✗✕✘ ABCD ✬✛✭ ✰ A ✣✏✚✓ ✰ B,  ✰ B ✣✏✚✓ ✰ C,

✰ C ✣✏✚✓  ✰ D ✒r✏✏ ✰ D ✣✏✚✓ ✰ A ✬✛✭ ✡✎☛✮✖✏✏✘✱✏✛✑

✬✛✭ ♦✲☛✒✳✴✛♥ ☛❝✑♥✕ ✙✚✑  (♥✛☛✵✏✌ ✣✏✶☛✒  8.16)✢

✷ ASD ✎✛✑ ✣✏♦ ✸✥✏ ♥✛✵✏ ✡✱✒✛ ✙✚✑✹

✔✺✻☛✱ DS ✱✏✛✜✏ D ✱✏✛ ✣✏✚✓ AS ✱✏✛✜✏ A ✱✏✛ ✡✎☛✮✖✏✏☛✘✒ ✱✓✒✛ ✙✚✑✍ ❜✡☛☞✌

✰ DAS + ✰ ADS =
1

2
 ✰ A + 

1

2
✰ D

=
1

2
 (✰ A + ✰ D)

=
1

2
 × 180°

(✰ A ✣✏✚✓ ✰ D ☛✒✥✗✱ ✓✛✵✏✏ ✬✛✭ ✌✱ ✙❡ ✣✏✛✓ ✬✛✭ ✣✑✒✤ ✱✏✛✜✏ ✙✚✑)

= 90°

✡✏r✏ ✙❡✍ ✰ DAS + ✰ ADS + ✰ DSA = 180° (☛❢✏✖✏✕✘ ✱✏ ✱✏✛✜✏ ✥✏✛✼ ✼✕✜✏)

✥✏✍ 90° + ✰ DSA = 180°

✥✏✍ ✰ DSA = 90°

✣✒✤✍ ✰ PSR = 90° (✰ DSA ✱✏ ✫✏❡❞✏✏✗☛✖✏✎✕✵✏ ✱✏✛✜✏)

❜✡❡ ♦✲✱✏✓✍ ✥✙ ♥✫✏✏✗✥✏ ✘✏ ✡✱✒✏ ✙✚ ☛✱ ✰ APB = 90° ✥✏ ✰ SPQ = 90°  (✘✚✡✏ ☛✱

✰ DSA ✬✛✭ ☛☞✌ ☛✱✥✏ r✏✏)✢ ❜✡❡ ♦✲✱✏✓✍ ✰ PQR = 90° ✣✏✚✓ ✰ SRQ = 90°  ✙✚✢

❜✡☛☞✌✍ PQRS ✌✱ ✌✛✡✏ ✔✒✕✖✏✗✕✘ ✙✚ ☛✘✡✬✛✭ ✡✖✏❡ ✱✏✛✜✏ ✡✎✱✏✛✜✏ ✙✚✑✢

✸✥✏ ✙✎ ☛✯❞✱❞✏✗ ☛✯✱✏☞ ✡✱✒✛ ✙✚✑ ☛✱ ✥✙ ✌✱ ✣✏✥✒ ✙✚✹ ✣✏❜✌ ❜✡✱❡ ✘✏✻✔ ✱✓✛✑✢

✙✎ ♥✫✏✏✗ ✔✕✬✛✭ ✙✚✑ ☛✱✰ PSR = ✰ PQR = 90° ✣✏✚✓ ✰ SPQ = ✰ SRQ = 90° ✙✚✍ ✣r✏✏✗✒✽

✡❧✎✕✵✏ ✱✏✛✜✏✏✛✑ ✬✛✭ ♥✏✛✯✏✛✑ ✥✕✾✎ ❝✓✏❝✓ ✙✚✑✢
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✈☎✆ PQRS ✱ ✝ ✞ ✟✠✡☎☛ ☞ ☎✌ ✍ ✠✌✎ ✏ ✑ ✒✓ ✔✏✞ ✟✕ ✡ ✱ ✝ ✝ ✠✕✖ ✠ ✗✘ ✠✙ ☎✘ ✟✕✡ ✞ ✍ ✠✚ ✝✠✕✖ ✠✛ ✞ ✟✝ ✠✕✖ ✠ ✑ ✒ ✡✜

❜✞✔✢✱ ✓ PQRS ✱ ✝ ✈✠✣ ☎ ✑ ✒✜

8.5 ♣ ✤✥✦✧★ ✥✩ ✪✫✬ ✭ ✮✧✯✤✰ ♣ ✤✥✦ ✧★ ✥✩ ✲✧ ✫✳ ✫ ✪✫✬ ✴✵ ✶ ✶✷ ✸✹✺ ✻✼✴ ✤✽ ✹✾

❜✞ ✈✿✣ ✠✣ ✟✡✕ ✓ ✈✠❀❁ ✕ ✞ ✟✠✡☎☛ ☞ ☎✌ ✍ ✠✎✌ ✏ ✠✕✡ ✘✕❂ ✈❁ ✕✝ ❃✌ ✖ ✠✠✕✡ ✝✠ ✈✿✣✣ ❁ ✔✝✣ ✠ ✑ ✒ ✈✠✒☛ ✈ ✠❀❁ ✕

✣✑ ✍ ✠✚ ✏✠❄☞ ✝✚ ✑ ✒ ✔✝ ✣✔ ❅ ✱ ✝ ☞ ☎✌ ✍✠✎ ✌ ✏ ❜❁ ❃✌✖ ✠✠✕✡ ✟✕ ✡ ✞ ✕ ✔✝✞ ✚ ✱✝ ❃✌ ✖ ✠ ✝ ✠✕ ✍ ✠✚ ✞ ✡☎✌❆❇

✝☛ ✕ ✓ ☎✠✕ ✘✑ ✱ ✝ ✞ ✟✠✡☎☛ ☞ ☎✌ ✍✠✎✌ ✏ ✑ ✠✕ ☎✠ ✑ ✒✜

✈❈ ✑ ✟ ✱ ✝ ✈ ✠✒☛ ❀❉✔ ☎❈ ❊❋ ✝ ✠ ✈ ✿✣✣❁ ✝☛ ✕✡❃✕✓ ✏✠✕ ✱ ✝ ☞ ☎✌ ✍ ✠✎✌ ✏ ✘ ✕❂ ✞ ✟✠✡☎☛ ☞ ☎✌ ✍ ✠✎✌ ✏

✑ ✠✕ ❁ ✕ ✘ ✕❂ ✔✢✱ ❊✣❣ ❁ ☎✟ ❀❉✔ ☎❈ ❊❋ ✑ ✒✜

❜✞ ✕ ✱ ✝ ❀❉ ✟✕✣ ✘✕❂ ● ❀ ✟✕✡ ❁✚☞ ✕ ✔ ❅✣✠ ✏ ✠ ☛✑ ✠ ✑ ✒ ✆

✻✼ ✮✫✺ 8.8 : ❞❍■❏❑ ▲▼ ◆❖ ❍❑ ◆P ◗ ❞ ❘❙❍❚▼ ❯ ▲▼ ◆ ❖❍❑ ◆P ❱ ❍■▼ ❍ ❱❲ ❳ ❨❩❬ ❭ ❘❞❪ ❘❫❙ ◆❴ ❍ ❖ ❍◆P ❍❵ ❍■ ❚ ❞❍ ◗ ❞

❨◆❛❙ ❝❯ ❍❝❯ ❱ ❍■ ❵ ❍❲❯ ❘❙ ❍❚▼ ❯ ❱ ❍■ ❡

✈ ✠ ❢ ✔ ☎  8.17 ✝ ✠ ✕ ❅ ✕ ✔ ❤ ✠ ✱ ✓ ✔ ✏ ✞ ✟ ✕ ✡  AB = CD

✈ ✠ ✒☛  AB || CD ✑ ✒✜ ✈ ✠ ❜ ✱ ✱ ✝ ✔ ✘ ✝ ✖ ✠✎ AC  ❤ ✠✚ ✡ ☞ ✕ ✡✜

✈✠❀ SAS ✞ ✘✠❧ ❃✞ ✟☎ ✠ ✔❁ ✣✟ ✞ ✕ ❅✐✠✠✎ ✞✝ ☎ ✕ ✑ ✒ ✡ ✔✝

❥ ABC ❦ ❥ CDA ✑ ✒✜

❜✞✔✢✱ ✓ BC || AD ✑ ✒✜ ✗♠ ✣✠✕✡♥✛

✈✠❜✱ ✈❈ ✞ ✟✠✡☎☛ ☞ ☎✌ ✍ ✠✌✎ ✏ ✘ ✕❂ ❜✞ ❃✌✖ ✠ ✘✕❂ ❀❉ ✣✠✕ ❃

✘✕❂ ✔✢✱ ✓ ✱✝ ♦ ❅✠✑ ☛✖ ✠ ✢ ✕✡✜

qr ✧✲ ✰s ✧ 6 : ABCD ✱ ✝ ✞ ✟✠✡☎☛ ☞ ☎✌ ✍✠✎ ✌ ✏ ✑ ✒✓ ✔ ✏✞ ✟✕✡  P

✈✠✒☛ Q Ø ✟✐✠✆ ✞ t ✟✌ ❤ ✠ ✍ ✠✌ ✏✠✈ ✠✕✡ AB ✈✠✒☛  CD ✘✕❂ ✟✿✣✉✔❈ ✡ ❅✌

✑ ✒✡ (❅✕✔❤ ✠✱ ✈✠❢✔ ☎ 8.18)✜ ✣✔ ❅ AQ, DP ✝✠✕ S ❀☛ ❀❉✔ ☎✇② ✕❅

✝☛ ✕ ✈✠✒☛ BQ, CP ✝✠✕  R ❀☛ ❀❉✔ ☎✇② ✕❅ ✝☛ ✕✓ ☎ ✠✕ ❅✐ ✠✠✎ ❜✱

✔✝ ✆

(i) APCQ ✱✝ ✞ ✟✠✡ ☎☛ ☞ ☎✌ ✍✠✎✌ ✏ ✑ ✒✜

(ii) DPBQ ✱✝ ✞ ✟✠✡ ☎☛ ☞ ☎✌ ✍✠✎✌ ✏ ✑ ✒✜

(iii) PSQR ✱ ✝ ✞ ✟✠✡ ☎☛ ☞ ☎✌ ✍ ✠✎✌ ✏ ✑ ✒✜

③ ④ ⑤ ⑥⑦  8.17

③ ④ ⑤ ⑥⑦  8.18
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❣✝ : (i) ✞✟✠✡☛☞✠✌ APCQ ❡✍✎✏

AP || QC (✞✑✒✓✔ AB || CD) (1)

AP =
1

2
 AB, CQ = 

1

2
 CD ✭✓✕✖☛ ✗✘✙

❧☛✚☛ ✗✛✏ AB = CD  ✭✜✖☛✍✎✢✙

❜❧✓✣✤✏ AP = QC (2)

✈✟✥✏ APCQ ✤✔ ❧❡☛✎✟✱ ✞✟✠✡☛☞✠✌ ✗✘✦ [ (1) ✈☛✘✱ (2) ✟✚☛☛ ✐✧❡✍✖ 8.8 ❧✍]

(ii) ❜❧✛ ✐✧✔☛✱✏ DPBQ ✤✔ ❧❡☛✎✟✱ ✞✟✠✡☛✠☞✌ ✗✘✏ ✜✖☛✍ ✎✓✔  DQ || PB ✈☛✘✱ DQ = PB ✗✘✦

(iii) ✞✟✠✡☛☞✠✌ PSQR ❡✍✎✏

SP || QR (SP, DP ✔☛ ✤✔ ✡☛☛❞ ✗✘ ✈☛✘✱ QR, QB ✔☛ ✤✔ ✡☛☛❞ ✗✘)

❜❧✛ ✐✧✔☛✱✏ SQ || PR ✗✘✦

✈✟✥✏ PSQR ✤✔ ❧❡☛✎✟✱ ✞✟✠✡☛☞✠✌ ✗✘✦

★✩✪✫✬✮✝✯ 8.1

1. ✰✲ ♣�✁✂✄☎✁✆ ✳✴✵ ✲✄✴✶✄  3 : 5 : 9 : 13 ✳✴✵ ♦✷✁✸✄� ✹✴✺ ✻✼✺✽ ✾✿ ♣�✁✂✄☎✁✆ ✳✴✵ ✿✂✄❀ ✲✄✴✶✄ ❁✄� ✲❀❂✆✰✽

2. ❃❂❄ ✰✲ ✿✹✄✺�❅ ♣�✁✂✄☎✁✆ ✳✴✵ ❂✳✲✶✄☎ ❆❅✄❆❅ ✻✄✴✺❇ �✄✴ ❄❈✄✄☎✾✰ ❂✲ ✳✻ ✰✲ ♦✄❃� ✻✼✽

3. ❄❈✄✄☎✾✰ ❂✲ ❃❂❄ ✰✲ ♣�✁✂✄☎✁✆ ✳✴✵ ❂✳✲✶✄☎ ✸❅♥✸❅ ✿✹✲✄✴✶✄ ✸❅ ✿✹❂❉✂✄✄❂✆� ✲❅✴✺❇ �✄✴ ✳✻ ✰✲

✿✹♣�✁✂✄☎✁✆ ✻✄✴�✄ ✻✼✽

4. ❄❈✄✄☎✾✰ ❂✲ ✰✲ ✳❊☎ ✳✴✵ ❂✳✲✶✄☎ ❆❅✄❆❅ ✻✄✴�✴ ✻✼✺ ♦✄✼❅ ✸❅♥✸❅ ✿✹✲✄✴✶✄ ✸❅ ✿✹❂❉✂✄✄❂✆� ✲❅�✴

✻✼✺✽

5. ❄❈✄✄☎✾✰ ❂✲ ❃❂❄ ✰✲ ♣�✁✂✄☎✁✆ ✳✴✵ ❂✳✲✶✄☎ ❆❅✄❆❅ ✻✄✴✺ ♦✄✼❅ ✸❅♥✸❅ ✿✹❂❉✂✄✄❂✆� ✲❅✴✺❇ �✄✴ ✳✻

✰✲ ✳❊☎ ✻✄✴�✄ ✻✼✽
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6. ❧☎✂✆✄✝ ✞✄✟✠✂✡✟☛ ABCD ❞✂ �☞❞✁✂✡ AC ❞✂✌✁✂ A  ❞✂✌

❧☎�✍✠✂✂�☛✄ ❞✝✄✂ ✎✏ (♥✌�✑✂✒ ✈✂✓�✄ 8.19)❆ ♥✔✂✂✡✕✒

�❞

(i) ❀✎ ✖ C ❞✂✌ ✠✂✗ ❧☎�✍✠✂✂�☛✄ ❞✝✄✂ ✎✏❆

(ii) ABCD ✒❞ ❧☎✞✄✟✠✂✡✟☛ ✎✏❆

7. ABCD ✒❞ ❧☎✞✄✟✠✂✡✟☛ ✎✏❆ ♥✔✂✂✡✕✒ �❞ �☞❞✁✂✡ AC

❞✂✌✁✂✂✌✆ A ✈✂✏✝ C ♥✂✌✥✂✌✆ ❞✂✌ ❧☎�✍✠✂✂�☛✄ ❞✝✄✂ ✎✏ ✄✘✂✂

�☞❞✁✂✡ BD ❞✂✌✁✂✂✌✆  B ✈✂✏✝ D ♥✂✌✥✂✌✆ ❞✂✌ ❧☎�✍✠✂✂�☛✄

❞✝✄✂ ✎✏❆

8. ABCD ✒❞ ✈✂❀✄ ✎✏ �☛❧☎✌✆ �☞❞✁✂✡ AC ♥✂✌✥✂✌✆ ❞✂✌✁✂✂✌✆ A ✈✂✏✝ C ❞✂✌ ❧☎�✍✠✂✂�☛✄ ❞✝✄✂ ✎✏❆

♥✔✂✂✡✕✒ �❞ (i) ABCD ✒❞ ☞①✡ ✎✏ (ii) �☞❞✁✂✡ BD ♥✂✌✥✂✌✆ ❞✂✌✁✂✂✌✆ B ✈✂✏✝D ❞✂✌ ❧☎�✍✠✂✂�☛✄ ❞✝✄✂ ✎✏

9. ❧☎✂✆✄✝ ✞✄✟✠✂✡✟☛ ABCD ☞✌♦ �☞❞✁✂✡ BD ✐✝ ♥✂✌ �✙✆♥✟

P ✈✂✏✝ Q ✕❧ ✐❜❞✂✝ �✚✘✂✄ ✎✏✆ �❞  DP = BQ ✎✏

(♥✌�✑✂✒ ✈✂✓�✄ 8.20)❆ ♥✔✂✂✡✕✒ �❞

(i) ✛ APD ✜ ✛ CQB

(ii) AP = CQ

(iii) ✛ AQB ✜ ✛ CPD

(iv) AQ = CP

(v) APCQ ✒❞ ❧☎✂✆✄✝ ✞✄✟✠✂✡✟☛ ✎✏❆

10. ABCD ✒❞ ❧☎✂✆✄✝ ✞✄✟✠✂✡☛ ✎✏ ✄✘✂✂ AP ✈✂✏✝ CQ

✔✂✗✬✂✂✌✢ A ✈✂✏✝ C ❧✌ �☞❞✁✂✡ BD ✐✝ ✣☎✔✂✤ ✦✧✙ ✎✏✆

(♥✌�✑✂✒ ✈✂✓�✄ 8.21)❆ ♥✔✂✂✡✕✒ �❞

(i) ✛ APB ✜ ✛ CQD

(ii) AP = CQ

★✩✪✫✭  8.20

★✩✪✫✭   8.21

★✩✪✫✭  8.19
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✈✝✞✟✠  8.23

11. ✡ABC ☛✄☞✌ ✡DEF ❡✍✎✏  AB = DE, AB || DE, BC = EF

☛✄☞✌ BC || EF ❣☞✑ ✬✄✒✓✄✄✍✔ A, B ☛✄☞✌ C ❞✄✍ ✕❡✬✄✖ ✬✄✒✓✄✄✍✔ D,

E ☛✄☞✌ F ❧✍ ✆✄✍✗✘✄ ✆✄�✄ ❣☞ ✙✚✍✛✜✄✢ ☛✄✣✛� 8.22)✑

✚✬✄✄☎♥✢ ✛❞

(i) ♣�✁✂✄☎✁✆ ABED ✢❞ ❧❡✄✎�✌ ♣�✁✂✄☎✁✆ ❣☞✑

(ii) ♣�✁✂✄☎✁✆ BEFC ✢❞ ❧❡✄✎�✌ ♣�✁✂✄☎✁✆ ❣☞✑

(iii) AD || CF ☛✄☞✌ AD = CF ❣☞✑

(iv) ♣�✁✂✄☎✁✆ ACFD ✢❞ ❧❡✄✎�✌ ♣�✁✂✄☎✁✆ ❣☞✑

(v) AC = DF ❣☞✑

(vi) ✡ABC ✤ ✡DEF ❣☞✑

12. ABCD ✢❞ ❧❡✱✎✥ ❣☞✏ ✛✆❧❡✍✎  AB || DC ☛✄☞✌

AD = BC ❣☞ (✚✍✛✜✄✢ ☛✄✣✛� 8.23)✑ ✚✬✄✄☎♥✢ ✛❞

(i) ✦A = ✦ B

(ii) ✦ C = ✦ D

(iii) ✡ABC ✤ ✡BAD

(iv) ✛❢❞✧✄☎ AC = ✛❢❞✧✄☎ BD ❣☞✑

[★✩✪✫✭✠ : AB ❞✄✍ ✥✮✘✄♥✢ ☛✄☞✌  C ❧✍ ❣✄✍❞✌ DA ❢✍♦ ❧❡✄✎�✌ ✢❞ ✌✍✜✄✄ ✜✄✒✎✛♣✢ ✆✄✍ ✥✮✘✒ ❣✁♥☎ ✂✄✁✆✄

AB ❞✄✍ E ✐✌ ✐✯✛�✰✲✍✚ ❞✌✍✑]

8.6 ✳✴✵✶✷✸✹✺✻ ✼✽✳✾✵

✿❀❁ ❂❃ ❄❅❀❆❀❇❈ ✿❀❉❊ ❂❃ ❋●❇❆❀❍❇❈ ■❏❑ ✿▲❏❃ ▼❇◆❀❀❏❖ ❃❀ ✿P◗◗▲ ❃❊ ❋❇■❏❑ ❘❉❖❙ ✿❀❚❂ ❄❅❀❆❀❇❈

■❏❑ ❂❃ ✿❯◗ ▼❇◆❀ ❃❀ ✿P◗◗▲ ❃❊❏❖❱ ❈❀❏ ❂❃ ❄❅❀❆❀❇❈ ❃❲ ❆❀❇❈❀✿❀❏❖ ■❏❑ ❳P◗❨❄❩❖❬❇✿❀❏❖ ❭❏

❭❖❩❖❄❪● ❘❉❙ ❚❭■❏❑ ❄❫❂❱ ❄▲❴▲❄❫❄❵❀● ❄❛◗❀❃❫❀❁ ❃❲❄❈❂ ❜

❂❃ ❄❅❀❆❀❇❈ ABC ❵❀❲❖❄❋❂ ✿❀❉❊ ❝❭❃❲ ❬❀❏ ❆❀❇❈❀✿❀❏❖ AB ✿❀❉❊ AC ■❏❑ ❳P◗❨❤❩❬❇ E ✿❀❉❊ F

✿❖❄❃● ❃❲❄❈❂❙ E  ✿❀❉❊ F  ❃❀❏ ❄❳❫❀❚❂ (❬❏❄❵❀❂ ✿❀❥❄● 8.24)❙

EF ✿❀❉❊ BC ❃❀❏ ❳❀❄❁❂❙ ❭❀❦❀ ❘❲❱ ♠ AEF ✿❀❉❊ ♠ ABC ❃❀❏ ❆❀❲ ❳❀❄❁❂❙ ✿❀❁ q◗❀

❬❏❵❀●❏ ❘❉❖r

✈✝✞✟✠  8.22
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✈☎✆ ✆☎✝✞✟✠ ✡☛

EF = 
1

2
 BC ✈☎☞✌ ✍ AEF = ✍ ABC

❣☞✎ ✈✏✑✒ EF || BC ❣☞✎

♦✓✔✕ ✈✖✗ ✡✘☎✙☎✓✚ ✛✠☛✌✒ ✜✢ ✡✣✗☎☛✛☎✆ ☛☎✠ ✤☎✠❣✌☎✜✝✎

✜✢ ✆❜☛☎✌✒ ✈☎✆ ✢✌✛✏☎ ✢✠ ✡✥✦✥ ✆❜✧✠✗ ✆✌ ✆❣✓✞★ ✢☛✏✠ ❣☞✩✑

✐✪✫✬✭ 8.9 : ❢✮✯✰ ❢✱✲✳✲✴✵ ✮✰ ❢✮✶✷✰ ✸✲✹ ✳✲✴✵✲✺✲✹✻ ✼✹✽ ✾✿❀❁❢❂✻✸✴✺✲✹ ✻ ✮✲✹ ❢✾❃✲❄✹ ✼✲❃✲ ❅✹❆✲✲❆✲✻❇

r✰✯❅✰ ✳✲✴✵✲ ✼✹✽ ✯✾✲✻r❅ ✷✲✹r✲ ✷❈❉

✈☎✆ ✜✢ ✆❜✧✠✗ ☛☎✠ ✡✥✦✥✡✛✡❊☎✏ ✢✩♦✠✔✏ ☛❋ ✢❣☎✗✏☎ ✢✠ ✡✢● ☛✌ ✢☛✏✠ ❣☞✩✎

✈☎❍✡✏ 8.25 ☛☎✠ ✤✠✡❊☎✝✒ ✡✚✢✧✠✩ E ✈☎☞✌ F ✣✧Ø☎✑

■ABC ☛❋ ✙☎✓✚☎✈☎✠✩ AB ✈☎☞✌ AC ♦✠✔ ✧❏✗❑✡▲✩✤✓ ❣☞✩ ✏▼☎☎

CD || BA ❣☞✎

■ AEF ◆ ■ CDF (ASA ✡✥✗✧)

✜✢✡✛✝✒ EF = DF ✈☎☞✌ BE = AE = DC ❖P✗☎✠✩◗❘

✈✏✑✒ BCDE ✝☛ ✢✧☎✩✏✌ ★✏✓✙☎❙✓✚ ❣☞✎ ❖P✗☎✠✩◗❘

✜✢✢✠  EF || BC ✆❜☎❚✏ ❣☎✠✏☎ ❣☞✎

❏✗☎✥ ✤❋✡✚✝ ✡☛ EF = 
1

2
 ED = 

1

2
BC ❣☞✎

P✗☎ ✈☎✆ ✆❜✧✠✗ 8.9 ☛☎ ✡♦✛☎✠✧ ✡✛❊☎ ✢☛✏✠ ❣☞✩◗ P✗☎ ✗❣ ✡♦✛☎✠✧ ✢❞✗ ❣☞◗

✈☎✆ ✤✠❊☎✠✩✟✠ ✡☛ ➴✆✌ ✡✤✝ ✟✝ ✆❜✧✠✗ ☛☎ ✡♦✛☎✠✧ ✙☎❋ ✢❞✗ ❣☞✎ ✜✢✠ ✥❋★✠ ✡✤✗☎ ✚☎ ✌❣☎ ❣☞ ✑

✐✪✫✬✭ 8.10 :  ❢✮✯✰ ❢✱✲✳✲✴✵ ✮✰ ❯✮ ✳✲✴✵✲ ✼✹✽ ✾✿❀❁❢❂✻✸✴ ✯✹ ✸❱✯❅✰ ✳✲✴✵✲ ✼✹✽ ✯✾✲✻r❅ ❆✲✰✻❲✰ ❳❨❩

❅✹❆✲✲ r✰✯❅✰ ✳✲✴✵✲ ✮✲✹ ✯✾❢❥✳✲✲❢✵r ✮❅r✰ ✷❈❉

✈☎❍✡✏ 8.26 ✧✠✩ ✤✠✡❊☎✝ ✡☛  ✙☎✓✚☎ AB ☛☎ ✧❏✗❑✡▲✩✤✓

E ❣☞ ✈☎☞✌ E ✢✠ ❣☎✠☛✌ ✚☎✥✠ ♦☎✛❋ ✌✠❊☎☎ l ✙☎✓✚☎ BC ♦✠✔

✢✧☎✩✏✌ ❣☞✎ ✢☎▼☎ ❣❋✒ CM || BA ❣☞✎

■ AEF ✈☎☞✌ ■ CDF ☛❋ ✢♦☎❬✟✢✧✏☎ ☛☎ ✆❜✗☎✠✟

☛✌♦✠✔✒ AF = CF ✡✢● ☛❋✡✚✝✎

❭❪❫❴❵   8.24

❭❪❫❴❵  8.25

❭❪❫❴❵  8.26
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✈✝✞✟✠ 8.28

♠✡☛☞✌✍☛ 7 : ✎ ABC ❡✏✑✒ D, E ✓✔✕✖ F Ø❡✗✔✘ ❍✔✙✚✔✓✔✏✑

AB, BC ✓✔✕✖ CA ♦✏✛ ❡✜✢✣✤✥✑✦✙ ✧✕ ✑ (✦✏✤♥✔★  ✓✔✩✤✪

8.27)❆ ✦✗✔✔✫✬★ ✤✭ ✤✥✮✦✙✓✔✏ ✑ D, E ✓✔✕✖ F  ✭✔✏ ✤❡❞✔✯✏

✐✖ ✎ ABC ✰✔✖ ✱♦✔✲✳✱❡ ✤✴✔❍✔✙✚✔✏✑ ❡✏✑ ✤♦❍✔✔✤✚✪ ✧✔✏

✚✔✪✔ ✧✕❆

☞❣ : ✰✵✶✤✭ D ✓✔✕✖ E Ø❡✗✔✘ ❍✔✙✚✔✓✔✏ ✑ AB ✓✔✕✖ BC ♦✏✛

❡✜✢✣✤✥✑✦✙ ✧✕✑✒ ✬✱✤❞★ ✐❜❡✏✢ ✷✸✹ ✺✔✖✔

DE || AC

✬✱✻ ✐❜✭✔✖✒ DF || BC ✓✔✕✖ EF || AB ✧✕❆

✬✱✤❞★✒ ADEF, BDFE ✓✔✕✖ DFCE ❡✏✑ ✱✏ ✐❜✼✢✏✭ ★✭ ✱❡✔✑✪✖ ✰✪✙❍✔✫✙✚ ✧✕❆

✓✥✒ DE ✱❡✔✑✪✖ ✰✪✙❍✔✙ ✫✚ BDFE ✭✔ ★✭ ✤♦✭✽✔✫ ✧✕❆

✬✱✤❞★✒ ✎ BDE ✾ ✎ FED

✬✱✻ ✐❜✭✔✖✒ ✎ DAF ✾ ✎ FED

✓✔✕✖ ✎ EFC ✾ ✎ FED

✓✪✘✒ ✰✔✖✔✏ ✑ ✤✴✔❍✔✙✚ ✱♦✔✲✳✱❡ ✧✕✑❆

♠✡☛☞✌✍☛ 8 : l, m ✓✔✕✖ n ✪✻✯ ✱❡✔✑✪✖ ✖✏♥✔✔★✶ ✧✕✑✒ ✚✔✏

✤✪✢✫✭ ✖✏♥✔✔✓✔✏✑ p ✓✔✕✖ q ✺✔✖✔ ✬✱ ✐❜✭✔✖ ✐❜✤✪⑥✿✏✤✦✪ ✧✕✑

✤✭ l, m ✓✔✕✖ n ✖✏♥✔✔ p ✐✖ ✱❡✔✯ ✓✑✪✘ ♥✔✑❀ AB ✓✔✕✖

BC ✭✔❁✪✻ ✧✕✑ (✦✏✤♥✔★ ✓✔✩✤✪  8.28)❆ ✦✗✔✔✫✬★ ✤✭ l, m

✓✔✕✖ n ✖✏♥✔✔ q ✐✖ ❍✔✻ ✱❡✔✯ ✓✑✪✘ ♥✔✑❀ DE ✓✔✕✖ EF

✭✔❁✪✻ ✧✕✑❆

☞❣ : ✧❡✏✑ AB = BC ✤✦✢✔ ✧✕ ✓✔✕✖ ✧❡✏✑  DE = EF ✤✱❢

✭✖✯✔ ✧✕❆

✓✔✬★ A ✭✔✏ F ✱✏ ✤❡❞✔★✶ ✓✔✕✖ ✬✱✱✏ AF ✖✏♥✔✔ m ✭✔✏

G ✐✖ ✐❜✤✪⑥✿✏✦ ✭✖✪✻ ✧✕❆

✱❡❞✑✥ ACFD ✦✔✏ ✤✴✔❍✔✙✚✔✏✑ ACF ✓✔✕✖ AFD ❡✏✑ ✤♦❍✔✔✤✚✪

✧✔✏ ✚✔✪✔ ✧✕❆

✈✝✞✟✠  8.27
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☎ ACF ❡✆✝ ❀✞ ✟✠❀✡ ✞☛ ✟☞ B, ❍✡✌✍✡ AC ☞✡ ❡✥❀✎✟✏✝✠✌ ✞☛✑ (AB = BC)

❧✡✒✡ ✞✓✔ BG || CF (♣✕✖✟☞ m || n ✞☛)

✈✗✘✔ G ❍✡✌✍✡ AF ☞✡ ❡✥❀✎✟✏✝✠✌ ✞☛✑ (✐✙❡✆❀ 8.10 ⑥✡✚✡)

✈✏✔ ☎ AFD ❡✆✝ ❍✡✓ ✞❡ ✛❧✓ ✗✜✢✣ ☞✡ ✐✙❀✡✆✤ ☞✚ ❧☞✗✆ ✞☛✝✑ ✦❀✡✆✝✟☞ G ❍✡✌✍✡ AF ☞✡

❡✥❀✎✟✏✝✠✌ ✞☛ ✈✡☛✚ GE || AD ✞☛✔ ✛❧✟❣✧ ✐✙❡✆❀ 8.10 ❧✆ E ❍✡✌✍✡ DF ☞✡ ❡✥❀✎✟✏✝✠✌ ✞☛✑

✈✒✡✡✢✗★ DE = EF ✞☛✑

✠✕❧✚✆ ♥✡✩✠✡✆✝ ❡✆✝✔ l, m ✈✡☛✚ n ✟✗❀✢☞ ✚✆❢✡✡ q ✐✚ ❍✡✓ ✏✚✡✏✚ ✈✝✗✘ ❢✡✝✪ ☞✡✫✗✓ ✞✝☛✑

✬✭✮✯✰✱✲✳ 8.2

1. ABCD ✴✵ ✶✄✷✸✂✷✹✺ ✻✼ �✺✽✾✿❁  P, Q, R ❂✂✼❃ S Ø✾❄✂❅

✸✂✷✺✂❂✂✿❁ AB, BC, CD ❂✂✼❃ DA ♦✿❆ ✾❇❈❉�❊❁❋✷ ✻✼❁

(❋✿�●✂✴ ❂✂♦■❆�✄  8.29)❏ AC ♠✽✵✂ ✴✵ �♦✵✁✂✹ ✻✼❏

❋❄✂✂✹❑✴ �✵

(i)  SR || AC ❂✂✼❃  SR = 
1

2
 AC ✻✼❏

(ii)  PQ = SR ✻✼❏

(iii)  PQRS ✴✵ ✽✾✂❁✄❃ ✶✄✷✸✂✹✷✺ ✻✼❏

2. ABCD ✴✵ ✽✾✶✄✷✸✂✹✷✺ ✻✼ ❂✂✼❃ P, Q, R ❂✂✼❃ S Ø✾❄✂❅ ✸✂✷✺✂❂✂✿❁ AB, BC, CD ❂✂✼❃ DA ♦✿❆

✾❇❈❉�❊❁❋✷ ✻✼❏ ❋❄✂✂✹❑✴ �✵ ✶✄✷✸✂✹✷✺ PQRS ✴✵ ❂✂❈✄ ✻✼❏

3. ABCD ✴✵ ❂✂❈✄ ✻✼▲ �✺✽✾✿❁ P, Q, R ❂✂✼❃ S Ø✾❄✂❅ ✸✂✷✺✂❂✂✿❁  AB, BC, CD ❂✂✼❃ DA ♦✿❆

✾❇❈❉�❊❁❋✷ ✻✼❁❏ ❋❄✂✂✹❑✴ �✵ ✶✄✷✸✂✹✷✺ PQRS ✴✵ ✽✾✶✄✷✸✂✹✷✺ ✻✼❏

4. ABCD ✴✵ ✽✾▼❁❊ ✻✼▲ �✺✽✾✿❁ AB || DC ✻✼❏ ✽✂◆✂ ✻❖▲ BD ✴✵ �♦✵✁✂✹ ✻✼ ❂✂✼❃ E ✸✂✷✺✂ AD ✵✂

✾❇❈❉�❊❁❋✷ ✻✼❏ E ✽✿ ✻✂✿✵❃ ✴✵ ❃✿●✂✂ AB ♦✿❆ ✽✾✂❁✄❃ ●✂❖❁✶❖ ①❑✹ ✻✼▲ ✺✂✿ BC ✵✂✿ F P❃ P◗�✄❘❙✿❋

✵❃✄❖ ✻✼ (❋✿�●✂✴ ❂✂❚�✄ 8.30)❏ ❋❄✂✂✹❑✴ �✵ F ✸✂✷✺✂ BC ✵✂ ✾❇❈❉�❊❁❋✷ ✻✼❏

❯❱❲❳❨  8.30

❯❱❲❳❨  8.29
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5. ✱✝ ✞✟✄✠�✡ ♣�✁✂✄☎✁✆ ABCD ✟❡✠ E ✈✄☛✡ F Ø✟☞✄✌ ✂✄✁✆✄✈✄❡✠

AB ✈ ✄☛✡ CD ♦❡ ✍ ✟✎ ✏✑✒✓✠ ✔ ✁ ✕ ☛✠ (✔❡ ✒♥ ✄✱ ✈✄✖✒ � 8.31) ❆

✔☞✄ ✄☎✗ ✱ ✒ ✝ ✡❡♥ ✄✄♥ ✄✠ ✘  AF ✈ ✄☛✡ EC ✒ ♦ ✝❢ ✄☎ BD ✝ ✄❡

✞ ✟✒❧ ✄ ✂✄✄✒ ✆� ✝✡�❡ ✕ ☛✠❆

6. ✔☞✄ ✄☎✗ ✱ ✒ ✝ ✒ ✝ ✞✙ ♣ �✁✂✄☎ ✁✆ ✝ ✙ ✞✚ ✟✁♥ ✄ ✂ ✄✁✆ ✄✈ ✄❡✠ ♦❡ ✍ ✟✎✏ ✑✒✓ ✠ ✔✁✈ ✄❡✠ ✝✄❡ ✒ ✟✛ ✄✜❡ ♦ ✄✛ ❡ ✡❡♥ ✄✄♥ ✄✠ ✘

✐✡✢ ✐✡ ✞ ✟✒✣ ✂✄ ✄✒ ✆� ✝✡�❡ ✕ ☛✠❆

7. ABC ✱✝ ✒❧ ✄✂✄ ✁✆ ✕ ☛ ✒ ✆ ✞✝ ✄ ✝ ✄❡❢ ✄ C ✞ ✟✝✄❡ ❢ ✄ ✕ ☛❆ ✝❢ ✄ ☎ AB ♦❡ ✍ ✟✎✏ ✑✒✓✠ ✔✁ M ✞❡ ✕✄❡ ✝ ✡ BC

♦❡ ✍ ✞✟✄✠ �✡ ♥ ✄✙✠ ♣ ✙ ✤✗ ☎ ✡❡ ♥ ✄✄ AC ✝✄❡ D ✐ ✡ ✐✥✒ �✦✧❡ ✔ ✝✡ �✙ ✕ ☛❆ ✔ ☞✄ ✄☎✗ ✱ ✒ ✝

(i) D ✂✄✁✆✄  AC ✝ ✄ ✟ ✎✏ ✑✒✓✠ ✔ ✁ ✕☛❆ (ii) MD ★ AC ✕ ☛❆

(iii) CM = MA = 
1

2
AB ✕☛❆

8.7 ✩ ✪✫ ✪✬ ✭ ✪

✗ ✞ ✈ ✎✏ ✄✏ ✟❡✠❜ ✈ ✄✐✜❡ ✒✜ ✚✜✒✛ ✒♥ ✄� ✒✓✠ ✔✁✈✄❡✠ ✝ ✄ ✈✎ ✏✏✜ ✒✝ ✏✄ ✕☛ ✌

1. ✒✝ ✞✙ ♣ �✁✂ ✄☎✁✆ ♦❡ ✍ ✝✄❡❢ ✄✄❡✠ ✝ ✄ ✏✄❡ ✤ 360° ✕ ✄❡ �✄ ✕ ☛❆

2. ✞✟✄✠ �✡ ♣ �✁ ✂✄☎✁✆ ✝ ✄ ✱✝ ✒ ♦✝❢ ✄☎ ✮ ✞❡ ✔ ✄❡ ✞♦ ✄✯ ✤✞ ✟ ✒❧ ✄✂✄✁✆ ✄❡✠ ✟❡✠ ✒ ♦✂ ✄✄✒ ✆� ✝✡�✄ ✕ ☛❆

3. ✱✝ ✞✟✄✠ �✡ ♣�✁✂ ✄☎✁✆ ✟❡✠❜

(i) ✞✚ ✟✁♥✄ ✂✄✁✆ ✄✱✰ ✓ ✡✄✓ ✡ ✕✄❡ �✙ ✕☛✠❆ (ii) ✞✚ ✟✁♥✄ ✝✄❡❢ ✄ ✓ ✡ ✄✓ ✡ ✕ ✄❡ �❡ ✕ ☛✠❆

(iii) ✒ ♦✝❢ ✄☎ ✐✡✢ ✐✡ ✞✟✒✣ ✂✄✄✒ ✆� ✝✡ �❡ ✕☛✠❆

4. ✱✝ ♣ �✁✂✄☎✁ ✆ ✞✟✄✠ �✡ ♣�✁✂ ✄☎✁✆ ✕ ✄❡ �✄ ✕☛❜ ✏✒✔

(i) ✞✚ ✟✁♥ ✄ ✂✄✁ ✆✄✱✰ ✓ ✡✄✓ ✡ ✕✄❡✠✲ ✏✄ (ii) ✞✚ ✟✁♥ ✄ ✝ ✄❡❢ ✄ ✓ ✡✄✓ ✡ ✕✄❡✠ ✲

✏✄ (iii) ✒ ♦ ✝❢ ✄☎ ✐ ✡✢ ✐✡ ✞✟✒✣ ✂ ✄✄✒ ✆� ✝✡�❡ ✕✄❡✠✲

✏✄ (iv) ✞ ✚✟✁♥✄ ✂✄✁✆ ✄✈ ✄❡✠ ✝✄ ✱✝ ✏✁✳ ✟ ✓ ✡✄✓ ✡ ✕ ✄❡  ✈ ✄☛✡ ✞ ✟✄✠ �✡ ✕ ✄❡❆

✴ ✵ ✶ ✷ ✸  8.31
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5.   ✈✂☎✄ ✆✝✞ �✆✟✁✂✠ ✡☛☞✡☛ ✌✍�✎✏✂✂�✑✄ ✟☛✄✝ ✒✓✔ ✈✂✓☛ ✕☛✂✕☛ ✒✂✝✄✝ ✒✓✔✖ ✗✌✟✂ �✆✘✂✝✍ ✏✂✙ ✌✚☎ ✒✓✖

6. ✌✍❧✄✛✏✂✠✛✑ ✆✝✞ �✆✟✁✂✠ ✡☛☞✡☛ ✌✍✟✂✝✁✂ ✡☛ ✌✍�✎✏✂✂�✑✄ ✟☛✄✝ ✒✓✔✖ ✗✌✟✂ �✆✘✂✝✍ ✏✂✙ ✌✚☎ ✒✓✖

7. ✆①✠ ✆✝✞ �✆✟✁✂✠ ✡☛☞✡☛ ✌✍✟✂✝✁✂ ✡☛ ✌✍�✎✏✂✂�✑✄ ✟☛✄✝ ✒✓✔ ✈✂✓☛ ✕☛✂✕☛ ✒✂✝✄✝ ✒✓✔✖ ✗✌✟✂ �✆✘✂✝✍ ✏✂✙

✌✚☎ ✒✓✖

8. �✟✌✙ �❢✂✏✂✛✑ ✟✙ �✟✜✒✙✔ ✢✂✝ ✏✂✛✑✂✈✂✝✔ ✆✝✞ ✍✣☎✤�✕✔✢✛✈✂✝✔ ✟✂✝ �✍✘✂✥✝ ✆✂✘✂ ☛✝✦✂✂✦✂✔✧ ✄✙✌☛✙ ✏✂✛✑✂ ✆✝✞

✌✍✂✔✄☛ ✒✂✝✄✂ ✒✓ ✈✂✓☛ ★✌✟✂ ✈✂✩✂ ✒✂✝✄✂ ✒✓✖

9. �✟✌✙ �❢✂✏✂✛✑ ✟✙ ✪✟ ✏✂✛✑✂ ✆✝✞ ✍✣☎✤�✕✔✢✛ ✌✝ ✢✫✌☛✙ ✏✂✛✑✂ ✆✝✞ ✌✍✂✔✄☛ ✦✂✙✔❧✙ ①✗✠ ☛✝✦✂✂ ✄✙✌☛✙ ✏✂✛✑✂

✟✂✝ ✌✍�✎✏✂✂�✑✄ ✟☛✄✙ ✒✓✖

10. �✟✌✙ ❧✄✛✏✂✠✛✑ ✟✙ ✏✂✛✑✂✈✂✝✔ ✆✝✞ ✍✣☎✤�✕✔✢✛✈✂✝✔ ✟✂✝ ✪✟ ✬✍ ✌✝ �✍✘✂✥✝ ✆✂✘✝ ☛✝✦✂✂✦✂✔✧✂✝✔ ✎✂☛✂ ✕✥✂

❧✄✛✏✂✛✠✑ ✪✟ ✌✍✂✔✄☛ ❧✄✛✏✂✛✠✑ ✒✂✝✄✂ ✒✓✖
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✈ � ✁✂ ✁ 9

❧✄☎✆✝✞ ✟ ✝✠✡☎✠☛☞☎✌✆ ✍☎✎✞ ✏✑☎✡☎✠☞☎✌✆ ✒✌✓ ✔☎✌✑☎✕✓✖

9.1 ❍✗✘✙✚✛✗

✜✢✣✤✣ 5 ❡✥✦✧ ✜ ✤★ ✩✥✪✤ ✫✬✭ ✥✮ ✯ ✰✦ ✱✲ ✳✣ ✤✱❡ ✱✴ ✭ ✥✮ ✜✢ ✣✣✵ ✲✤ ✶ ✩✷✸❡ ✪✤✥✴✤✥✦ ✲✹ ★✱✺ ✻✹❡ ✤✜✤✥✦
✲ ✤✥ ★✬ ✵❞ ✱✵✼❡ ✴ ✲✺ ✵ ✥ ✜✤✰✺ ✶✽✯ ✥✦ ✶ ★✣✬ ✾ ✴ ✿ ✤✤✸✤✥✦ ❡ ✥✦ ❀ ✤❁❂✵ ✥ ✲✹ ★❃✱❄ ✣✤ ❡✥✦ ✱✵✱✯ ✴ ✿ ✤❅ ✱❡ ❡✤★✵✤✥✦ ✭ ✥✮

✻✤❆ ✤ ✯✬ ✜ ✤❇ ✶ ✩✤✯✺ ❈ ✤✤❆ ✤❉✧ ❊✲ ✱✲ ✻✤✵ ❝❋●■❏❑ ✭ ✥✮ ★✤✻ ❊✲ ✱♦ ✤✿ ✤✬ ▲ ✤✲✤✺ ✪ ✤✥✴ ❆✤✤ ✜✤✰✺ ✭ ✯ ✶ ✻✲ ✤✥
✜★✵✹ ✩✤✥ ★✬ ✱♦ ✤✣✤✥✦ ✜✤✰✺ ❊✲ ★✬♦ ✤ ✲ ✤✥ ❀✺ ✤❀✺ ▼❀✺ ✤❀✺ ❀ ✤❁❂✵✤ ✫ ✤✯ ✴✹ ❆✤✹ ❇ ✶ ✻ ✵✥ ✱♦ ✤✿ ✤✬ ▲✤✲ ✤✺ ✪✤✥✴

✲ ✤ ◆ ✤✥♦ ✤★✮❖ ★✱✺ ✲✱❖ ✴ ✱✲ ❊ ✱❀ ✵ ✤✧ ✭ ✥✮✭ ❖ ❊✲ ✿ ✤✬ ▲✤ ✲ ✤✥ ✴✹ ✵ ❀✺ ✤❀✺ ✿ ✤✤✸✤✥✦ ❡ ✥✦ ❀ ✤❁❂ ✱❖ ✣✤ ✜✤✰✺
❜✻ ✿ ✤✬ ▲✤ ✲ ✤✥ ✱✭ ✿ ✤✤✱▲✴ ✲✺ ✵✥ ✭ ✤❖✥ ✩✤✥✵ ✤✥✦ P❀ ✩✬ ✜✤✥✦ ✲ ✤✥ ✻◗❡✬ ✪✤ ❘ ✤✹❙✤❉ P❀ ✩✬ ✻✥ ✱❡❖ ✤ ✱✩✣✤❇ ❜✻
★❃✲ ✤✺ ✧ ✪ ✤✥ ✴ ✴✹ ✵ ❀✺ ✤❀✺ ✿ ✤✤✸✤✥✦ ❡ ✥✦ ✱✭✿ ✤✤✱▲✴ ✯ ✤✥ ✸✣✤ ✜✤✰✺ ✶ ✻✵ ✥ ✜ ★✵ ✥ ★❃✐✣ ✥✲ ❀❚ ✫ ✥ ✲ ✤✥
❊✲▼❊✲ ✿ ✤✤✸ ✩✥ ✱✩✣✤❇ ✾✣ ✤ ✜✤★ ✻✤✥✫ ✴✥ ✯ ✰✦ ✱✲ ❜✻ ★❃✲ ✤✺ ▲✤✥ ✶ ✻ ✵✥ ✴✹✵ ✿ ✤✤✸ ★❃✤❯ ✴ ✱✲❊
❆✤✥ ✭ ✥ ✭ ✤❱ ✴✭ ❡ ✥✦ ◆ ✤✥♦ ✤★✮❖ ❡ ✥✦ ❀✺ ✤❀✺ ❆✤✥❲ ❜✻ ★❃✲ ✤✺ ✭ ✥✮ ★❃❘ ✵ ✤✥✦ ✜✤✰✺ ✜✽ ✣ ✻✦❀✦ ✱❳✴ ✻❡ ❱✣ ✤✜ ✤✥✦

✭ ✥ ✮ ✶ ❨ ✤✺ ★❃✤❯ ✴ ✲✺ ✵ ✥ ✭ ✥✮ ✱❖❊✧ ✣✯ ✜✤✭❘ ✣✲ ✯ ✰ ✱✲ ✻❡ ✴❖ ✜ ✤✭ ❩ ✮✱✴ ✣✤✥✦ ✭ ✥✮ ◆ ✤✥♦ ✤★✮❖✤✥✦ ★✺
★✬ ✵✼✭ ✫✤✺ ✱✲ ✣✤ ▲ ✤❊✧ ✱▲✽✯ ✥✦ ✜✤★ ✱★❬❖✹ ✲◆ ✤✤✜✤✥✦ ❡ ✥✦ ★✯❖ ✥ ✯ ✹ ★❭❪ ✫✬✭ ✥✮ ✯ ✰✦ ❇

✜✤★✲✤✥ ✣✤✩ ✯ ✤✥✸✤ ✱✲ ❊✲ ✻✺❖ ❀✦ ✩ ✜✤✭ ❩ ✮✱✴ (simple closed figure) ⑥✤✺ ✤ ✴❖ ✲✤ ❫ ✤✥✺ ✤
✯✬ ✜ ✤ ✿ ✤✤✸ ✶ ✻ ✜✤✭ ❩ ✮✱✴ ✲ ✤ ✻✦ ✸✴ r ❴❵❏ ❛❑❢❣❑ (planar region) ✲✯❖ ✤✴✤ ✯ ✰❇ ❜✻ ✴❖✹✣ ◆ ✤✥♦ ✤
✲ ✤ ★✱✺ ❡ ✤❈ ✤ (magnitude) ✣ ✤ ❡ ✤★ (measure)

✶ ✻ ✜ ✤✭❩ ✮✱✴ ✲ ✤ ❛❑ ❢❣ ❑④❤ ❴ (area) ✲✯❖ ✤✴✤ ✯ ✰❇
❜✻ ★✱✺❡ ✤❈ ✤ ✣✤ ❡✤★ ✲✤✥ ✻✩✰✭ ❊✲ ✻✦ ✪✣✤
[✱✲ ✻✹ ❡ ✤♦ ✤✲ (unit) ❡ ✥✦ ] ✲✹ ✻✯ ✤✣✴ ✤ ✻ ✥
❥ ✣ ✾ ✴ ✱✲ ✣ ✤ ▲ ✤✴ ✤ ✯ ✰✧ ▲ ✰ ✻ ✥ 5 cm2, 8 m2,

3 ✯ ✥✾❂✥✣✺✧ ❜✐✣✤✱✩❇ ✜✴❞✧ ✯❡ ✲✯ ✻✲✴ ✥ ✯ ✰✦ ❦ ♠♥♣qst  9.1
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❢☎ ❢☎✆✝ ✞✟✠✡☛❢☞ ☎✟ ✌✟✍✎✟✏☛✑ ✒❢☎✆✝ ✓✟✎✟☎ ✓✍✔✕ ✖☎ ✆✔✗✘✟ ✙✚ ✛✟✍ ✜✆ ✞✟✠✡☛❢☞ ✢✟✣✟ ✤✟✍✣✍

✥✖ ☞✑ ✠✍☛ ✦✟✟✥ ✆✍ ✆✔✧★ ✒✛✩✪✫✝✕ ✙✟✍☞✝ ✙✚✬

✙✓ ❢✏❣✑✝ ☎✌✟✟✞✟✍✔ ✞✟✚✣ ✞✭✘✟✘ 7 ♦✮✯ ✞✭✘✘✈ ✢✟✣✟ ✆✠✟✰✥✆✓ ✞✟✠✡☛❢☞✘✟✍✔ ☎✝ ✞✠✱✟✣✲✟✟

✆✍ ✏❢✣❢❧☞ ✙✚✔✬ ❫✳✴✮ ✵✴♦✶✯✷✸✹✴✺ ✻♦✴✼✽✻✾ ✿❀❁ ❂✴✸❁ ❀❃❄❅ ✹✷✳ ❆❇♦✮✯ ✵✴✿✴❈ ✵✴❃❈ ✾✴❉ ✻✾✴❇

❀✴✮❄❊❋ ●❍✆✣✍ ■✟❏●✟✍✔ ✓✍✔❑ ✹✷✳ ✳✴✮ ✵✴♦✶✯✷✸✹✴✺ A ✵✴❃❈ B ✻♦✴✼✽✻✾ ❀✴✮❄ ✒●✍❢✗✟✖ ✞✟✠✡☛❢☞ ▲▼◆✕❑ ☞✟✍

✞✟✏ ✖☎ ✞❖✆ ☎✟✥✛ (tracing paper) ☎✟ ✏❞✘✟✍✥ ☎✣✠✍☛❑ ✖☎ ✞✟✠✡☛❢☞ ☎✟✍ ●❍✆✣✝ ✞✟✠✡☛❢☞

✏✣ ✐✆ ✏❞☎✟✣ ✣✗✟ ✆☎☞✍ ✙✚✔ ❢☎ ✖☎ ✞✟✠✡☛❢☞ ●❍✆✣✝ ☎✟✍ ✏❍✣✟P✏❍✣✟ ◗☎ ✑✍✬ ✞☞❘❑ ✹✷✳ ✳✴✮

✵✴♦✶✯✷✸✹✴✺  A ✵✴❃❈  B ✻♦✴✼✽✻✾ ❀❃❄❅ ✸✴✮ ❆❇♦✮✯ ❙✴✮❚✴❉✯❯ ✵♦❱✹ ❀❁ ❲❈✴❲❈ ✒✻✾✴❇✕ ❀✴✮❇✮ ❳✴✷❀❨❊

✏✣❩☞✩ ✐✆ ☎❬✟✈ ☎✟ ❢✠✑✟✍✓ ✆❭✘ ❇❀❁❄ ❀❃ ✬ ●❍✆✣✍ ■✟❏●✟✍✔ ✓✍✔❑ ❲❈✴❲❈ ❙✴✮❚✴❉✯❯✴✮❄ ♦✴❯❁ ✳✴✮

✵✴♦✶✯✷✸✹✴✮❄ ✿✴ ✻♦✴✼✽✻✾ ❀✴✮❇✴ ✵✴♦❱✹✿ ❇❀❁❄ ❀❃❊ ✜●✟✙✣✲✟✟❬✟♠❑ ✞✟✠✡☛❢☞ 9.2 ✓✍✔❑ ✞✟✘☞✟✍✔ ABCD

✞✟✚✣  EFGH ✠✍☛ ✌✟✍✎✟✏☛✑ (9 × 4 cm2 ✞✟✚✣ 6 × 6 cm2) ✧✣✟✧✣ ✙✚✔❑ ✏✣❩☞✩ ❝✏❪❴☞❘ ✘✍ ✆✠✟✰✥✆✓

✈✙✝✔ ✙✚✔✬ ✒❖✘✟✍✔✕✉

❵❛❜❡❤❥❦  9.2

✞✟✐✖ ✞✧ ✈✝❧✍ ●✝ ✞✟✠✡☛❢☞ 9.3 ☎✟✍ ●✍✗✟✍✔ ❘

❵❛❜❡❤❥❦  9.3

✞✟✏ ●✍✗✟ ✆☎☞✍ ✙✚✔ ❢☎ ✞✟✠✡☛❢☞ T ✢✟✣✟ ❢✈⑥✓☞ ☞✑✝✘ ✌✟✍✎✟ ✞✟✠✡☛❢☞✘✟✍✔  P ✞✟✚✣  Q ✢✟✣✟ ❢✈⑥✓☞

●✟✍ ☞✑✝✘ ✌✟✍✎✟✟✍✔ ✆✍ ❢✓✑ ☎✣ ✧✈✟ ✙✚✬ ✞✟✏ ✆✣✑☞✟ ✆✍ ●✍✗✟ ✆☎☞✍ ✙✚✔ ❢☎

✞✟✠✡☛❢☞ T ☎✟ ✌✟✍✎✟✏☛✑ = ✞✟✠✡☛❢☞ P ☎✟ ✌✟✍✎✟✏☛✑ + ✞✟✠✡☛❢☞ Q ☎✟ ✌✟✍✎✟✏☛✑



❧�✁✂✄☎ ✆✄✝✞✁✝✟✠✁✡✂ ☛✁☞☎ ✌✍✁✞✁✝✠✁✡✂ ✎✡✏ ✑✁✡✍✁✒✏✓ 185

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-9\Chap-9 PM65

✈✔✕ ✈✔✖✗✘✙✚ A ✖♦✘ ✛✔♦✜✔✕✘✢ ✣✔♦ ar(A), ✈✔✖✗✘✙✚  B ✖♦✘ ✛✔♦✜✔✕✘✢ ✣✔♦ ar(B), ✈✔✖✗✘✙✚  T ✖♦✘

✛✔♦✜✔✕✘✢ ✣✔♦ ar(T), ❜✤✥✔✙✦ ✧♦ ★✥✩✚ ✣✪ ✧✣✚♦ ✫✬✭✮ ✈✯ ✈✔✕ ✣✫ ✧✣✚♦ ✫✬✭ ✙✣ ✰✱✲✳

✴✵✶✷✸✰✹ ✱✵ ✺✵✻✼✵✽✸✾ ✿✲ ✴✵✶✷✸✰✹ ❀✵❁✵ ❂✵✻❁✻ ❃❄ ✹✾ ✶✻✸ ❅✵✵❃ ✲✻ ✲❆❇❈ ❉✰✱✲✳ ❊✵✼✵✱ ❊✻❆❋

✉✳●✻ ✰❍❄ ❍✵✻ ❃■❏✵✵✻❆ ✶✻✸ ✲✵❑✵ ❄✱ ✲❆▲▼✵ ◆❖ P

(1) ▼✰❍ A ✴✵❖❁ B ❍✵✻ ✲✶✵♥❃✲❊ ✴✵✶✷✸✰✹▼✵◗ ◆❖❆❘ ✹✵✻ ar (A) = ar (B) ✫✬ ✚❣✔✔

(2) ▼✰❍ ❄✱ ✴✵✶✷✸✰✹  T ❀✵❁✵ ✰✉⑥❊✹ ✺✵✻✼✵ ❍✵✻ ✴✵✶✷✸✰✹▼✵✻❆  P ✴✵❖❁ Q ❀✵❁✵ ✰✉⑥❊✹ ✴✉✵✰✹❙▼✵✽✳

(non-overlapping) ✹✾✳▼ ✺✵✻✼✵✵✻❆ ✲✻ ✰❊✾ ✱❁ ❇✉✵ ◆❖❘ ✹✵✻  ar (T) = ar (P) + ar (Q) ✫✔♦❚✔✮

✈✔✕ ✈✕❯❱ ✙✕❲✢❱ ✣✛✔✔✈✔♦✭ ✧♦ ✙✖✙❳✔❨❯ ✈✔✖✗✘✙✚✥✔♦✭❩ ❬✬✧♦ ✈✔✥✚❩ ✖❚❭❩ ✧❪✔✭✚✪ ❫✚❴❳✔❴❭❬❩

✙✜✔❳✔❴❬❩ ❜✤✥✔✙✦ ✖♦✘ ✛✔♦✜✔✕✘✢✔♦✭ ✣✔♦ ❢✔✚ ✣✪❯♦ ✖✔✢♦ ✖❴✘❲ ✧❵✜✔✔♦✭ ✖♦✘ ✯✔✪♦ ❪♦✭ ❳✔❱ ❬✔❯✚♦ ✫✬✭✮ ❜✧

✈❛✥✔✥ ❪♦✭❩ ❜❯ ❝✥✔✙❪✚❱✥ ✈✔✖✗✘✙✚✥✔♦✭ ✖♦✘ ✛✔♦✜✔✕✘✢✔♦ ✭ ✖♦✘ ✯❱❫ ✧✭✯✭❞ ✣✔ ❡✧ ✕❤✙✚✯✭❞ ✖♦✘ ✈✭✚❚❭✚

✈❛✥✥❯ ✣✪✖♦✘ ❬✯ ✥♦ ✐✣ ✫❱ ✈✔❞✔✪ ✕✪ ✙❥❣✔✚ ✫✔♦✭ ✈✔✬✪ ✐✣ ✫❱ ✧❪✔✭✚✪ ✪♦❦✔✔✈✔♦✭ ✖♦✘ ✯❱❫

❪♦✭ ✫✔♦✭ ❡✕✪✔♦✩✚ ✧❵✜✔✔♦✭ ✖♦✘ ❢✔❯ ✣✔♦ ✈✙❞✣ ✕❤✯✢ ✯❯✔❯♦ ✣✔ ✕❤✥✤❯ ✙✣✥✔ ❬✔✐❚✔✮ ✥✫ ✈❛✥✥❯

✙✜✔❳✔❴❬✔♦✭ ✣❱ ✧❪♠✕✚✔ ✖♦✘ ✖❴✘❲ ✕✙✪♣✔✔❪✔♦✭ ✣✔♦ ✧❪q❯♦ ❪♦✭ ❳✔❱ ✯✫❴✚ ❡✕✥✔♦❚❱ ✪✫♦❚✔✮

9.2 rs t✇ ①②③②④ ⑤④ ①②⑦④ rs t✇ ⑧⑨②⑩❶④ ④❷❸②②①②❷⑩ ❹❷❺ ❻✇❼ ①②❹❽❺❾❶❿②➀

❯❱❫♦ ✦❱ ✫❴❜❭ ✈✔✖✗✘✙✚✥✔♦✭ ✣✔♦ ✦♦✙❦✔✐ ➁

➂➃➄➅➆➇➈  9.4

✈✔✖✗✘✙✚ 9.4(i) ❪♦✭❩ ✧❪✢✭✯ ABCD ✈✔✬✪ ✧❪✔✭✚✪ ❫✚❴❳✔❴❭❬ EFCD ❪♦✭ ✐✣ ❳✔❴❬✔  DC

❡❳✔✥✙❯➉➊ ✫✬✮ ✫❪ ✣✫✚♦ ✫♦✬✭ ✙✣ ✧❪✢✭✯  ABCD  ✈✔✬✪ ✧❪✔✭✚✪ ❫✚❴❳✔❴❭❬  EFCD  ❄✱ ◆✳

✴✵➋✵❁ (same base)  DC ✽❁ ✰➌❑✵✹ ◆❖❆➍ ❜✧❱ ✕❤✣✔✪❩ ✈✔✖✗✘✙✚  9.4 (ii)  ❪♦✭❩ ✧❪✔✭✚✪ ❫✚❴❳✔❴❭❬

PQRS ✈✔✬✪   MNRS  ✐✣ ✫❱ ✈✔❞✔✪  SR  ✕✪ ✙❥❣✔✚ ✫✬✭➎ ✈✔✖✗✘✙✚  9.4(iii)  ❪♦✭❩ ✙✜✔❳✔❴❬  ABC

✈✔✬✪ DBC ✐✣ ✫❱ ✈✔❞✔✪  BC  ✕✪ ✙❥❣✔✚ ✫✬✭ ✚❣✔✔ ✈✔✖✗✘✙✚  9.4(iv)  ❪♦✭❩ ✧❪✔✭✚✪ ❫✚❴❳✔❴❭❬  ABCD

✈✔✬✪ ✙✜✔❳✔❴❬  PDC  ✐✣ ✫❱ ✈✔❞✔✪ DC  ✕✪ ✙❥❣✔✚ ✫✬✭✮
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✈☎ ✆✝✞✟ ✠✝ ✡☛☞ ✈✌✍✎✏✑✒✓✌✟✔ ✕✌✟ ✠✟✑✖✌✗ ✪

✘✙✚✛✜✢✣  9.5

✈✌✍✎✏✑✒  9.5(i) ❡✟✔✤ ✥✦✧★✒✪ ❧❡✩✔☎  ABCD ✈✌✫✬ ❧❡✌✔✒✬ ✞✒✭✮✌✭☞✯  EFCD  ✗✕ ✱✝

✈✌✰✌✬ DC ✦✬ ✑✥✐✌✒ ✱✫✔✲ ✳✦✬✌✟✴✒ ✍✟✏ ✈✑✒✑✬✴✒✤ ✵❧❡✩✔☎  ABCD  ✍✟✏♦ ✈✌✰✌✬  DC ✍✟✏

❧✶❡✭✖✌ ✷✌✝✧✌☞  A ✈✌✫✬ B ✒✐✌✌ ✵❧❡✌✔✒✬ ✞✒✭✮✌✭☞✯   EFCD ✍✟✏♦ ✈✌✰✌✬ DC ✍✟✏ ❧✶❡✭✖✌ ✷✌✝✧✌☞ E

✈✌✫✬ F, DC ✍✟✏ ❧❡✌✔✒✬ ✗✕ ✬✟✖✌✌  AF  ✦✬ ✑✥✐✌✒ ✱✫✔✲ ✱❡ ✕✱✒✟ ✱✫✔ ✑✕ ❧❡✩✔☎  ABCD ✈✌✫✬

❧❡✌✔✒✬ ✞✒✭✮✌✭☞✯  EFCD  ✸✹ ✺✻ ✼✽✾✽✿  DC r❀✽✽ ✸✹ ✺✻ ❁❂✽❃r✿ ✿❄❅✽✽✼✽❄❃   AF ✼✽❆✿  DC

❇❄❈ ❉✻❊ ❋●❀✽r ✺❆❃❍ ☛❧✝ ✦❜✕✌✬✤ ❧❡✌✔✒✬ ✞✒✭✮✌✭☞✯ PQRS ✈✌✫✬ MNRS ✗✕ ✱✝ ✈✌✰✌✬  SR

✒✐✌✌ ✗✕ ✱✝ ❧❡✌✔✒✬ ✬✟✖✌✌✈✌✟✔  PN ✈✌✫✬  SR  ✍✟✏ ☎✝✞ ✑✥✐✌✒ ✱✫✔  [✠✟✑✖✌✗ ✈✌✍✎✏✑✒  9.5 (ii)], ✑✯❧❡✟✔

PQRS ✍✟✏ ✷✌✝✧✌☞ P ✈✌✫✬ Q  ✒✐✌✌ MNRS ✍✟✏ ✷✌✝✧✌☞ M ✈✌✫✬ N ✈✌✰✌✬ SR ✍✟✏ ❧❡✌✔✒✬ ✬✟✖✌✌ PN

✦✬ ✑✥✐✌✒ ✱✫✔✲ ☛❧✝ ✦❜✕✌✬✤ ✑■✌✮✌✭✯  ABC  ✈✌✫✬ DBC  ✗✕ ✱✝ ✈✌✰✌✬ BC  ✈✌✫✬ ✗✕ ✱✝ ❧❡✌✔✒✬

✬✟✖✌✌✈✌✟✔  AD  ✈✌✫✬ BC  ✍✟✏ ☎✝✞ ✑✥✐✌✒ ✱✫✔ [✠✟✑✖✌✗ ✈✌✍✎✏✑✒  9.5 (iii)] ✒✐✌✌ ❧❡✌✔✒✬ ✞✒✭✮✌✭☞✯

ABCD  ✈✌✫✬ ✑■✌✮✌✭✯  PCD  ✗✕ ✱✝ ✈✌✰✌✬  DC  ✈✌✫✬ ✗✕ ✱✝ ❧❡✌✔✒✬ ✬✟✖✌✌✈✌✟✔  AP ✈✌✫✬  DC

✍✟✏ ☎✝✞ ✑✥✐✌✒ ✱✫✔  [✠✟✑✖✌✗ ✈✌✍✎✏✑✒  9.5(iv)]✲

☛❧✝✑✩✗✤  ♥✽❄ ✼✽❇❏❈❋r❑✽▲ ✸✹ ✺✻ ✼✽✾✽✿ ✼✽❆✿ ✸✹ ✺✻ ❁❂✽❃r✿ ✿❄❅✽✽✼✽❄❃ ❇❄❈ ❉✻❊ ❋●❀✽r ✹✺✻

t✽r✻ ✺❆❃▼ ❑❋♥ ◆❖✹✽ ✸✹ ◆P✽❑❋❖◗❘ ✼✽✾✽✿ ✵P✽❙t✽♦ ✺✽❄ r❀✽✽ ◆P✽❑❋❖◗❘ ✼✽✾✽✿ ❇❄❈ ❁❣❂❙❅✽

❚❯❱❑❄✹ ✼✽❇❏❈❋r ❇❄❈ ❲✽✻◗✽❳ ✵❑✽ ✹✽ ❲✽✻◗✽❳♦ ◆❁ ✼✽✾✽✿ ❇❄❈ ❁❂✽❃r✿ ❋✹❁✻ ✿❄❅✽✽ ❚✿ ❋●❀✽r ✺✽❄❃❍

✳✦✬✌✟✴✒ ✕✐✌✆ ✕✌✟ ✠✎✑✧★✡✒ ✬✖✌✒✟ ✱✭✗✤ ✈✌✦ ✓✱ ❖✺✻❃ ✕✱ ❧✕✒✟ ✑✕ ✈✌✍✎✏✑✒ 9.6 (i)

✍✟✏ ❨ PQR  ✈✌✫✬ ❨ DQR ✗✕ ✱✝ ❧❡✌✔✒✬ ✬✟✖✌✌✈✌✟✔ l ✈✌✫✬  QR ✍✟✏ ☎✝✞ ✑✥✐✌✒ ✱✫✔✲ ☛❧✝ ✦❜✕✌✬✤

✈✌✦ ✓✱ ✆✱✝✔ ✕✱ ❧✕✒✟ ✑✕ ✈✌✍✎✏✑✒ 9.6 (ii)  ✍✟✏ ❧❡✌✔✒✬ ✞✒✭✮✌✭☞✯ EFGH  ✈✌✫✬ MNGH

✘✙✚✛✜✢✣  9.6
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✱✔ ✕✖ ✗✘✙✚✛✜ ✜✢✣✙✙✤✙✢✚ EF  ✤✙✈✜ HG

♦✢✥ ✦✖✧ ★✩✪✙✛ ✕✈✚ ✛✪✙✙ ✫✕ ★✔ ✤✙♦✬✥★✛

9.6 (iii)  ♦✢✥ ✗✘✙✚✛✜ ✧✛✭✮✙✭✯✰  ABCD

✤✙✈✜  EFCD  ✱✔ ✕✖ ✗✘✙✚✛✜ ✜✢✣✙✙✤✙✢✚

AB ✤✙✈✜ DC ♦✢✥ ✦✖✧ ★✩✪✙✛ ✕✈✚ ✲✫✳★✴

❜✵✘✢✚ ✱✔ ✶✮✙✫★✵✷✸ ✤✙✹✙✜  DC ✕✈

✤✙✈✜ ✫✢ ✗✘✙✚✛✜ ✜✢✣✙✙✤✙✢✚  AD ✤✙✈✜  BC ♦✢✥ ✦✖✧ ★✩✪✙✛ ✕✈✚✺✻ ✤✛✼✽ ❀✾ ✿❁❂❃ ❄❁ ❅❆ ❇❀❈❉ ❊❋❈❉❈

♣❈●✾❍ ●■ ❏❈❆❉❈❆❑ ❅▲❈❑▼❊ ❊❆❋❈❈◆❈❆❑ ▲❆❑ ❅❆ ❍■ ❖P❈❀●❉❂◗ ◆❈❘❈❊ ■❈❆ ◆❑▼❙❚❂❃ ■❊❉❆ ❚❈❯❱ ❊❆❋❈❈

✾❈❆❉❱ ♣❈●✾❍❣ è✫✙✵ ❲✖★✰✱ ★✔ ✤✙♦✬✥★✛  9.7(i) ♦✢✥ ❳ABC  ✤✙✈✜  ❳DBE  ✶✮✙✫★✵✷✸ ✤✙✹✙✜

✴✜ ★✩✪✙✛ ✵✕✖✚ ✕✚✈✻ ❜✗✖ ✴✐✔✙✜✽ ✤✙♦✬✥★✛ 9.7(ii) ♦✢✥ ❳ABC  ✤✙✈✜ ✗✘✙✚✛✜ ✧✛✭✮✙✭✯✰ PQRS  ✱✔

✕✖ ✤✙✹✙✜ ✴✜ ★✩✪✙✛ ✵✕✖✚ ✕✚✈✻

❨❩❬❭❪❫❴❵ 9.1

1. ✌❢❛❢✌✓✌❝✁✄ ☛✁✎❞✏✌✄❡✁✡✂ �✡✂ ❧✡ ❤✁☞❢❥❧❦ ☛✁✎❞✏✌✄❡✁♠ ♥❤ q❦ ☛✁r✁☎ ☛✁☞☎ ♥❤ q❦ ❧�✁✂✄☎ ☎✡❝✁✁☛✁✡✂

✎✡✏ s❦✆ ✌t✉✁✄ q☞✂✇ ♥✡❧❦ ✌t✉✁✌✄ �✡✂① ②✞✁❡✌❢③④ ☛✁r✁☎ ☛✁☞☎ ⑤✁✡❢✁✡✂ ❧�✁✂✄☎ ☎✡❝✁✁♥♠ ✌✓✌❝✁♥⑥

⑦⑧⑨⑩❶❷❸  9.8

9.3 ❹❺ ❻❼ ❽❾❿❾➀ ❽❾➁➀ ❹❺ ❻❼ ➂➃❾➄➅➀ ➀➆➇❾❾❽❾➆➄ ➈➆➉ ➊❼➋ ➂➃❾➄➅➀ ➋➅➌➍❾➌➎➏

✤✙❜✱ ✤✦ ✱✔ ✕✖ ✤✙✹✙✜ ✤✙✈✜ ✱✔ ✕✖ ✗✘✙✚✛✜ ✜✢✣✙✙✤✙✢✚ ♦✢✥ ✦✖✧ ★✩✪✙✛ ❲✙✢ ✗✘✙✚✛✜ ✧✛✭✮✙✭✯✰✙✢✚

♦✢✥ ➐✙✢➑✙✴✥➒✙✢✚ ♦✢✥ ✘è✫ ✱✔ ✗✚✦✚✹✽ ✫★❲ ✔✙✢❜✯ ✕✈ ✛✙✢✽ ➓✙✛ ✔✜✵✢ ✔✙ ✴✐✫➔✵ ✔✜✢✚✻ ❜✗♦✢✥ ★➒✱✽

✤✙❜✱ ★✵→✵★➒★✣✙✛ ★➣✫✙✔➒✙✴ ✔✜✢✚ ✼

⑦⑧⑨⑩❶❷❸  9.7
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❢☎✆✝✞✟✝✠ 1 : ✈✡☛☞ ☞✌ ✈✡✍✎✏✡ (graph) ✌✡❞✑ ✍✎✒ ✈✡✓✔ ✕✖ ✗✔ ✈✡✘✙✚✛✜ 9.9 ❡✎✒ ✢✣✡✡✤☞

✈✥✦✖✡✔ ✢✡✎ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑  ABCD ✈✡✓✔  PQCD  ✏✡❬✒✧✎✒✩

✪✫✬✭✮✯✰   9.9

✕✗✔✡✎♠✜ ✢✡✎✥✡✎✒ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑ ☞✌ ✱❬ ✈✡✲✡✔  DC  ✈✡✓✔ ☞✌ ✱❬ ✖❡✡✒✜✔ ✔✎✏✡✡✈✡✎✒  PB

✈✡✓✔  DC ✘✎✚ ♦❬✧ ✛✳✴✡✜ ✱✓✒✩ ✈✡✗✌✡✎ ✵✡✢ ✱✡✎❞✡ ✛✌ ☛✥ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑✡✎✒ ✌✡ ✶✡✎✷✡✗✚✍ ✘❞✡✎✸

✌✡✎ ✛❞✥✌✔ ✛✌✖ ✗✹✌✡✔ ✺✡✜ ✛✌✵✡ ✑✡ ✖✌✜✡ ✱✓✩

☛✖ ✛✘✛✲ ❡✎✒❜ ✢❬ ✱✦☛✤ ✈✡✘✙✚✛✜ ✻✡✔✡ ✼✡✎✔✎ ❞☞ ✗✽✾✡✤ ✘❞✡✎✸ ✌❬ ✖✒✏✵✡❜ ✕✥ ✘❞✡✎✸ ✌❬ ✖✒✏✵✡

✛✑✖✌✡ ✈✡✲✎ ✖✎ ✈✛✲✌ ★✡✡❞ ☛✖ ✈✡✘✙✚✛✜ ✖✎ ✛✼✡✔✡ ✱✦✈✡ ✱✓ ✜✴✡✡ ✕✥ ✘❞✡✎✸ ✌❬ ✖✒✏✵✡ ✛✑✥✌✡

✈✡✲✡ ★✡✡❞ ☛✖ ✈✡✘✙✚✛✜ ✖✎ ✛✼✡✔✡ ✱✦✈✡ ✱✓ ✛❞✥✌✔ ☛✖ ✢❬ ✱✦☛✤ ✈✡✘✙✚✛✜ ✌✡ ✶✡✎✷✡✗✚✍ ✺✡✜ ✛✌✵✡

✑✡ ✖✌✜✡ ✱✓✩ ✕✥ ✘❞✡✎✸ ✌✡✎ t✡✎✿❀ ✛✢✵✡ ✑✡✜✡ ✱✓ ✛✑✥✌✡ ✈✡✲✎ ✖✎ ✌❡ ★✡✡❞ ☛✖ ✈✡✘✙✚✛✜ ✖✎

✛✼✡✔✡ ✱✦✈✡ ✱✓✩ ✈✡✗ ✗✡☞❁❞✎ ✛✌ ☛✥ ✢✡✎✥✡✎✒ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑✡✎✒ ✌✡ ✶✡✎✷✡✗✚✍ ✍❞★✡❞ 15  ✘❞✤ ❡✡✷✡✌

✱✓✩ ✈✡✍✎✏✡ ✌✡❞✑ ✗✔ ✘✦✚t ✈✡✓✔ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑ ✏✡❬✒✧✌✔ ☛✖ ✛❣✵✡✌✍✡✗* ✌✡✎ ✢✡✎✱✔✡☛☞✩

✈✡✗ ♠✵✡ ✢✎✏✡✜✎ ✱✓✒❂ ♠✵✡ ✢✡✎✥✡✎✒ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑✡✎✒ ✘✎✚ ✶✡✎✷✡✗✚✍ ✛★✡❃✥❄✛★✡❃✥ ✱✓✒ ✵✡ ♦✔✡♦✔ ✱✓✒❂

✘✡✳✜✘ ❡✎✒❜ ✵✎ ♦✔✡♦✔ ✱✓✒✩ ☛✖✛✍☞❜ ☛✖✖✎ ✈✡✗ ☛✖ ✛✥❅✌❅✡✤ ✗✔ ✗✱✦❁✧ ✖✌✜✎ ✱✓✒ ✛✌ ❆❇ ❈❉

❊❋●❋❍ ❊❋■❍ ❆❇ ❈❉ ❏❑❋▲▼❍ ❍◆❖❋❋❊❋◆▲ P◆◗ ❘❉❙ ❘❚◆ ❏❑❋▲▼❍ ❙▼❯❱❋❯❲❳ ❨❋◆❩❋❭◗❪ ❑◆▲ ❘❍❋❘❍ ❈❋◆▼◆ ✱✓✒✩

✗✔❃✜✦❜ ✐✵✡✥ ✔✛✏✡☞ ✵✱ ✘✎✚✘✍ ☞✌ ✖❫✵✡✗✥ ✱❬ ✱✓✩

❢☎✆✝✞✟✝✠ 2 : ✌✡❞✑ ✌❬ ☞✌ ❡✡✎❴❬ ✣✡❬❴ ✵✡ ❞❵✡✎ ✗✔

☞✌ ✖❡✡✒✜✔ ✧✜✦★✡✦✤✑  ABCD ✏✡❬✒✛✧☞✩ ✈♦❜ ☞✌ ✔✎✏✡✡✏✡✒✿

DE ✈✡✘✙✚✛✜ 9.10  ❡✎✒ ✢✣✡✡✤☞ ✈✥✦✖✡✔ ✏✡❬✒✛✧☞✩

✈♦ ☞✌ ✈✍❞ ✣✡❬❴ ✵✡ ❞❵✡✎ ✗✔ ☞✌ ✈♠✖

✌✡❞✑ ✌❬ ✖✱✡✵✜✡ ✖✎ ✛✷✡★✡✦✑  A❛ D❛ E❛ ✛✷✡★✡✦✑

*❝❤ �❥❦✂❧♥✂♣ ❧✂q r❧ �s❦✂q✉✂q✇② (geoboard)  ❧✂ ♣③❦✂q① ❧④⑤q⑥ ⑦✂⑧ �❧❦✂ s✂ ❤❧✄✂ ⑨⑩❶

✪✫✬✭✮✯✰  9.10
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ADE  ♦✔✕ ✖♦✗✘✙✖✚ ✛✗✜✢✣✤✥ ✦✗✧★ ✩✗✜✪ ✚✔✢ ✖✔ ✫✖✔

❞✗✪ ✬✜✣✭✥✮ ✦✯ ✰ A ✱D✱E✱  ❞✗✔ ✫✖ ✲✳❞✗★

★✣✛✗✥ ✣❞  A✱D✱  ❍✗✴✭✗ BC ♦✔✕ ✖✢✲✗✵✜ ✶✗✔✷ ✭✧✖✗ ✣❞

✦✗♦✈✕✣✵  9.11 ✚✔✢ ❡✩✗✗✸✹✗ ✙✹✗ ✶✧✮ ✺✹✗✻ ❡✜✣✭✥ ✣❞

✹✶✗❀ ❡✗✔ ✖✚✗✢✵★ ✤✵✴❍✗✴✸✭ ABCD ✦✗✧★ EE✱CD ✶✧✢✷

✭✗✔ ✥❞ ✶✜ ✦✗t✗★ DC ✦✗✧★ ✥❞ ✶✜ ✖✚✗✢✵★

★✔✛✗✗✦✗✔✢ AE✱ ✦✗✧★ DC  ♦✔✕ ✯✜✤ ✣✼✽✗✵ ✶✧✢✮ ✫✻♦✔✕

④✗✔✾✗✲✕✬✗✔✢ ♦✔✕ ✯✗★✔ ✚✔✢ ✦✗✲ ✿✹✗ ❞✶ ✖❞✵✔ ✶✧✢❁

✤♣✢✣❞ ❂ ADE ❃ ❂ A✱D✱E✱

✦✵❄✷ ar  (ADE) = ar  (A✱D✱E✱)

✖✗✽✗ ✶✜✷ ar  (ABCD) = ar (ADE) + ar (EBCD)

= ar (A✱D✱E✱) + ar (EBCD)

= ar (EE✱CD)

✦✵❄✷ ❡✗✔✻✗✔✢ ✖✚✗✢✵★ ✤✵✴❍✗✴✸✭ ④✗✔✾✗✲✕✬ ✚✔✢ ✯★✗✯★ ✶✧✢✮

✦✗✫✥ ✦✯ ✥✔✖✔ ❡✗✔ ✖✚✗✢✵★ ✤✵✴❍✗✴✸✭✗✔✢ ♦✔✕ ✯✜✤ ✚✔✢ ✫✖ ✖✢✯✢t ❞✗✔ ✣✖❅ ❞★✻✔ ❞✗

✲✳✹✐✻ ❞★✔✢✮

❆❇❈❉❊ 9.1 :  ❋● ■❏ ❑▲▼▲◆ ❑▲❖◆ ❋● ■❏ P◗▲❘❙◆ ◆❚❯▲▲❑▲❚❘ ❱❚❲ ❳❏❨ ❩❬❭▲❙ P◗▲❘❙◆ ❨❙❪❫▲❪❴❵

❛▲❚❜▲❝❲❢ ◗❚❘ ❳◆▲❳◆ ■▲❚❙❚ ■❖❘❣

♠❆❆❤❥❦ :  ❡✗✔ ✖✚✗✢✵★ ✤✵✴❍✗✴✸✭  ABCD ✦✗✧★  EFCD

✣❡✥ ✶✴✥ ✶✧✢✷ ✭✗✔ ✥❞ ✶✜ ✦✗t✗★  DC ✦✗✧★ ✥❞ ✶✜

✖✚✗✢✵★ ★✔✛✗✗✦✗✔✢   AF ✦✗✧★  DC ♦✔✕ ✯✜✤ ✣✼✽✗✵ ✶✧ ✢

♥❡✔✣✛✗✥ ✦✗♦✈✕✣✵ 9.12q✮

✶✚✔✢ ar (ABCD) = ar (EFCD)  ✣✖❅ ❞★✻✗ ✶✧✮

✰ ADE ✦✗✧★ ✰ BCF ✚✔✔✢✷

rDAE = rCBF ♥AD || BC ✦✗✧★ ✣✵✹✸❞ ★✔✛✗✗  AF ✖✔ ✖✢✙✵ ❞✗✔s✗) (1)

rAED = rBFC (ED || FC ✦✗✧★ ✣✵✹✸❞ ★✔✛✗✗  AF ✖✔ ✖✢✙✵ ❞✗✔s✗) (2)

✉✇①②③⑤⑥  9.11

✉✇①②③⑤⑥  9.12
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❜☎✆✝✞,     ✟ADE = ✟BCF ✥✆✠✡☛✡☞✌ ✍✡ ✍✡✎✏✡ ✑✡✎✒ ✒☞✏✡✓ (3)

☎✡❧✡ ✔✕✖ AD = BC  ✥☎✭✡✗✘✙ ✚✘☞☛✡☞✛✌ ✍✕ ☎✜✭☞✢✡ ☛✡☞✌✡✞✣✓ (4)

✈✘✤✖ ✦ ADE ✧ ✦ BCF [ASA ✆❢✑✭ ✘❧✡✡ (1), (3) ✈✡★✙ (4) ⑥✡✙✡]

❜☎✆✝✞✖    ar (ADE) = ar (BCF)  ✥☎✩✡✪✒☎✭ ✈✡✩✫✬✆✘✑✡✎✗ ✩✎✬ ✮✡✎✠✡✯✬✝ ✰✙✡✰✙ ✔✡✎✘✎ ✔★✗✓ (5)

✈✰✖ ar (ABCD) = ar (ADE) + ar (EDCB)

= ar (BCF) + ar (EDCB) [(5) ☎✎ ]

= ar (EFCD)

✈✘✤✖ ☎✭✡✗✘✙ ✚✘☞☛✡☞✛✌  ABCD ✈✡★✙ EFCD ✮✡✎✠✡✯✬✝ ✭✎✗ ✰✙✡✰✙ ✔★✗④ ✱

✈✡❜✞ ✈✰ ❜☎ ✯✲✭✎✑ ✍✡ ✳✯✑✡✎✒ ✴✵✡✡✛❢✎ ✩✎✬ ✆✝✞ ✩☞✬✶ ✳✴✡✔✙✏✡ ✝✎✗ ✤

♠✷✸✹✺✻✸ 1 : ✈✡✩✫✬✆✘ 9.13  ✭✎✗✖  ABCD  ✞✍ ☎✭✡✗✘✙

✚✘☞☛✡☞✛✌ ✔★ ✈✡★✙ EFCD ✞✍ ✈✡✑✘ ✔★④

☎✡❧✡ ✔✕✖  AL ✼  DC ✔★④ ✆☎❣ ✍✕✆✌✞ ✆✍

(i) ar (ABCD) = ar (EFCD)

(ii) ar (ABCD) = DC × AL

✹✽ : (i) ✚♣✣✆✍ ✈✡✑✘ ✞✍ ☎✭✡✗✘✙ ✚✘☞☛✡☞✛✌ ☛✡✕ ✔✡✎✘✡ ✔★✖ ❜☎✆✝✞

ar (ABCD) = ar (EFCD) (✯✲✭✎✑ 9.1)

(ii) ✳✯✙✡✎✾✘ ✯✆✙✏✡✡✭ ☎✎✖

ar (ABCD) = DC × FC (✈✡✑✘ ✍✡ ✮✡✎✠✡✯✬✝ = ✝✜✰✡❜✛ × ✚✡★✿❀✡❜✛ ) (1)

✚♣✣✆✍ AL ✼  DC ✔★✖ ❜☎✆✝✞  AFCL  ✞✍ ✈✡✑✘ ✔★④

✈✘✤✖ AL = FC (2)

❜☎✆✝✞✖ ar (ABCD) = DC × AL [(1) ✈✡★✙ (2) ☎✎]

✾✑✡ ✈✡✯ ✳✯✙✡✎✾✘ ✯✆✙✏✡✡✭ (ii) ☎✎ ✑✔ ✴✎✢✡ ☎✍✘✎ ✔★✗ ✆✍ ❁❂ ❃❄❅❆❇❈ ❉❇❊❋❅❊●❍ ❂❅ ■❅❏❑❅▲▼◆

❖❃❂P ❁❂ ❋❅❊❍❅ ◗❅❘❈ ❃❆❙❇ ❚❅P❯❅●◆❱❲ ❂❅ ❙❊❳❅❨▲▼◆ ❩❅❏❇❅ ❩❘❬ ✾✑✡ ✈✡✯✍✡✎ ✑✡✴ ✔★ ✆✍

☎✭✡✗✘✙ ✚✘☞☛✡☞✛✌ ✩✎✬ ✮✡✎✠✡✯✬✝ ✩✎✬ ❜☎ ☎♣✠✡ ✍✡✎ ✈✡✯ ✍✮✡✡ VII ✭✎✗ ✯✐❀ ✚☞✩✎✬ ✔★✗❭ ❜☎ ☎♣✠✡ ✩✎✬

✈✡❪✡✙ ✯✙✖ ✯✲✭✎✑ 9.1 ✍✡✎ ❜☎ ❞✯ ✭✎✗ ✆✝✢✡✡ ✌✡ ☎✍✘✡ ✔★ ✤ ❁❂ ❩P ◗❅❫❅❈ ❦❅ ❲❈❅❲❈

◗❅❫❅❈❅❏❆ ◗❅❘❈ ❁❂ ❩P ❃❄❅❆❇❈ ❈❏❴❅❅◗❅❏❆ ❵❏▼ ❲P❉ ❲❨❏ ❃❄❅❆❇❈ ❉❇❊❋❅❊●❍ ■❅❏❑❅▲▼◆ ❄❏❆ ❲❈❅❲❈ ❩❅❏❇❏ ❩❘❆❛

❝❡❤❥♥♦q  9.13
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❉✔✕ ✖✕✗ ✘✗✙✕✚❉✛ ✜✢✕✣ ✜✕ ✤✥✦✕✚✧ ✤✦★✕ ✩✜✛✚ ✪✫✬✭ ✔✪ ✮✩ ✗✯✜✕✙ ✪✫ ✰ ✱✲ ✳✴ ✵✶✷✶✸

✹✺✶ ✻✸✶✻✸ ✵✶✷✶✸✶✼✽✾ ✵✶✿✸ ✻✸✶✻✸ ❀✶✼❁✶❂❃❄✶✼✽ ❅✶❄✼ ❆❇✶✽❈✸ ❊❈❋●✶❋❍■ ✱✲ ✳✴ ❆❇✶✽❈✸ ✸✼❏✶✶✵✶✼✽ ❅✼❃

✻✴❊ ❝❑▲✶❈ ✳✶✼❈✼ ✳✿✽▼ ❉✔✕ ✔✪ ✤✥✦✕✚✧ ✩◆✔ ✪✫✭ ✩✧✕✬✛✙ ❖✛P◗✕P❘❙ ✥✚❚ ❯✕✚❱✕✗❚✦ ✥✚❚ ✩❲❱✕ ✜✕ ✗✯✔✕✚❳

✜✙✥✚❚❞ ✮✩ ✤✥✦✕✚✧ ✜✕✚ ✤✩❨ ✜❩✤❙❬❭

♠❪❫❴❵❛❫ 2 : ✔✤❜ ❬✜ ✤❱✕◗✕P❙ ✖✕✫✙ ❬✜ ✩✧✕✬✛✙ ❖✛P◗✕P❘❙ ❬✜ ✪❩ ✖✕❡✕✙ ✖✕✫✙ ❬✜ ✪❩ ✩✧✕✬✛✙

✙✚★✕✕✖✕✚✬ ✥✚❚ ❥❩❖ ✤❢✢✕✛ ✪✕✚✬❞ ✛✕✚ ✤✩❨ ✜❩✤❙❬ ✤✜ ✤❱✕◗✕P❙ ✜✕ ❯✕✚❱✕✗❚✦ ✩✧✕✬✛✙ ❖✛P◗✕P❘❙ ✥✚❚

❯✕✚❱✕✗❚✦ ✜✕ ✖✕❡✕ ✪✕✚✛✕ ✪✫❭

❴❣ : ✧✕✣ ✦❩✤❙❬ ❤ ABP ✖✕✫✙ ✩✧✕✬✛✙ ❖✛P◗✕P❘❙  ABCD

❬✜ ✪❩ ✖✕❡✕✙ AB ✖✕✫✙ ❬✜ ✪❩ ✩✧✕✬✛✙ ✙✚★✕✕✖✕✚✬  AB ✖✕✫✙

PC ✥✚❚ ❥❩❖ ✤❢✢✕✛ ✪✫✬ ♦❜✚✤★✕❬ ✖✕✥✐❚✤✛ 9.14❦❭

✖✕✗ ✤✩❨ ✜✙✣✕ ❖✕✪✛✚ ✪✫✬ ✤✜ ar (PAB) = 
1

ar(ABCD)
2

 ✪✫❭

❬✜ ✖♥✔ ✩✧✕✬✛✙ ❖✛P◗✕P❘❙  ABQP ✗✯✕♣✛ ✜✙✣✚ ✥✚❚ ✤✦❬❞  BQ || AP  ★✕❩✬✤❖❬❭ ✖❥ ✩✧✕✬✛✙

❖✛P◗✕P❘❙  ABQP  ✖✕✫✙  ABCD ❬✜ ✪❩ ✖✕❡✕✙  AB ✖✕✫✙ ❬✜ ✪❩ ✩✧✕✬✛✙ ✙✚★✕✕✖✕✚✬   AB ✖✕✫✙  PC

✥✚❚ ❥❩❖ ✤❢✢✕✛ ✪✫✬✬❭

✖✛✰❞ ar (ABQP) = ar (ABCD) (✗✯✧✚✔ 9.1 ⑥✕✙✕) (1)

✗✙♥✛P  ❤ PAB q ❤ BQP (✤✥✜r✕❘  PB  ✩✧✕✬✛✙ ❖✛P◗✕P❘❙ ABQP  ✜✕✚ ❜✕✚ ✩✥✕s❳✩✧

✤❱✕◗✕P❙✕✚✬ ✧✚✬ ❥✕t✉✛✕ ✪✫ )

✖✛✰❞ ar (PAB) = ar (BQP) (2)

✮✩✤✦❬❞ ar (PAB) =
1

2
 ar (ABQP) [(2) ✩✚] (3)

✮✩✩✚ ✗✯✕♣✛ ✪✕✚✛✕ ✪✫ ar (PAB) =
1

ar (ABCD)
2

[(1) ✖✕✫✙ (3) ✩✚ ]

✈✇①②③④⑤  9.14
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✐☎✆✝✞✟✠✡ 9.2

1. ✈✂☛☞✌�✄  9.15  ❡✍✎✏  ABCD  ✱✑ ✒✓✂✔✄✕ ✖✄✗✘✂✗✙✚ ✛✜✢

AE ✣  DC ✈✂✜✕  CF ✣  AD ✛✜❣ ✤�✥  AB = 16 cm,

AE = 8 cm ✈✂✜✕  CF = 10 cm ✛✜✢ ✄✂✦  AD ❑✂✄ ✑✧�✚✱❣

2. ✤�✥  E,F,G ✈✂✜✕  H Ø✓★✂✩ ✒✓✂✔✄✕ ✖✄✗✘✂✗✙✚  ABCD

✑✧ ✘✂✗✚✂✈✂✦✔ ☛✦✌ ✓❞✤✪�✫✬✥✗ ✛✜✔✢ ✄✂✦ ✥★✂✂✙✭✱ �✑

ar (EFGH) = 
1

ar (ABCD)
2

 ✛✜❣

3. P ✈✂✜✕  Q Ø✓★✂✩ ✒✓✂✔✄✕ ✖✄✗✘✂✗✙✚  ABCD ✑✧ ✘✂✗✚✂✈✂✦✔  DC  ✈✂✜✕  AD  ✮✕ �✯✰✂✄ �✫✬✥✗ ✛✜✔❣ ✥★✂✂✙✭✱

�✑  ar (APB) = ar (BQC)  ✛✜❣

4. ✈✂☛☞✌�✄  9.16 ✓✦✔✢  P ✒✓✂✔✄✕ ✖✄✗✘✂✗✙✚  ABCD ☛✦✌ ✈✘✤✔✄✕

✓✦✔ �✯✰✂✄ ✑✂✦✭✙ �✫✬✥✗ ✛✜❣ ✥★✂✂✙✭✱ �✑

(i) ar (APB) + ar (PCD) = 
1

ar (ABCD)
2

(ii) ar (APD) + ar (PBC) = ar (APB) + ar (PCD)

[❧✲✳✴✵✶ :  P  ✒✦ ✛✂✦✑✕  AB ☛✦✌ ✒✓✂✔✄✕ ✱✑ ✕✦♦✂✂ ♦✂✧✔�✖✱❣ ]

5. ✈✂☛☞✌�✄  9.17  ✓✦✔✢ PQRS ✈✂✜✕  ABRS ✒✓✂✔✄✕ ✖✄✗✘✂✗✙✚

✛✜✔ ✄✰✂✂  X  ✘✂✗✚✂  BR ✮✕ �✯✰✂✄ ✑✂✦✭✙ �✫✬✥✗ ✛✜❣ ✥★✂✂✙✭✱

�✑

(i) ar (PQRS) = ar (ABRS)

(ii) ar (AX S) = 
1

ar (PQRS)
2

6. ✱✑ �✑✒✂✷ ☛✦✌ ✮✂✒ ✒✓✂✔✄✕ ✖✄✗✘✂✗✙✚  PQRS  ☛✦✌ ✸✮ ✑✂ ✱✑ ♦✂✦✄ ✰✂✂❣ ✹✒✷✦ RS ✮✕ �✯✰✂✄

✑✂✦✭✙ �✫✬✥✗ A �✺✤✂ ✈✂✜✕ ✹✒✦ P  ✈✂✜✕ Q ✒✦ �✓✺✂ �✥✤✂❣ ♦✂✦✄ �✑✄✷✦ ✘✂✂①✂✦✔ ✓✦✔ �☛✘✂✂�✚✄ ✛✂✦

①✤✂ ✛✜✻ ✭✷ ✘✂✂①✂✦✔ ☛✦✌ ✈✂✑✂✕ ✼✤✂ ✛✜✔✻ ☛✛ �✑✒✂✷ ♦✂✦✄ ✓✦✔ ①✦✛✽✾ ✈✂✜✕ ✥✂✺✦✔ ✫✕✂✫✕✪✫✕✂✫✕ ✘✂✂①✂✦✔

✓✦✔ ✈✺①✪✈✺① ✫✂✦✷✂ ✖✂✛✄✧ ✛✜❣ ☛✛ ✱✦✒✂ ☛✜✌✒✦ ✑✕✦✻

✿❀❁❂❃❄❅  9.15

✿❀❁❂❃❄❅  9.16

✿❀❁❂❃❄❅  9.17
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9.4  ✱✔ ✕✖ ✗✘✙✘ ✚ ✗✘ ✛✚ ✱✔ ✕✖ ✜✢✘ ✣✤ ✚ ✚✥✦✘✘ ✗✘ ✥✣ ✧✥ ★ ✩ ✖✪ ✫✬✭✘✤ ✫ ✮✘ ✯✘ ✰✲

✈✳✴✵ ✈ ✳✶ ✷✸✹✺  9.18 ❞✳✻ ✼✻ ✽ ✳✻✾✿ ✴❀ ❁✻✾ ✈✳❂ ✼✳✻ ✹❃ ✳❄ ✳❅❆  ABC

✈✳❇❈ PBC ✵✻❀ ✻ ✼✻ ✽✳✻✾ ❉✻ ❆✳✻ ✵ ❞ ❊❋ ✈✳●✳❈  BC ✈ ✳❇❈ ✵❞

❊❋ ❀ ❁✳✾✺ ❈ ❈✻ ✽ ✳✳✈✳✻✾  BC ✈✳❇❈ AP  ✶✻ ✸ ♦ ❋❍ ✹■❏ ✳✺ ❊❇✾✿ ✵✻❀✻

✹❃✳❄ ✳❅❆ ✳✻✾ ✶✻ ✸ ❢ ✳✻ ❃ ✳❂ ✸❑ ✳✻✾ ✶✻ ✸ ♦ ✳❈✻ ❁✻✾ ✈✳❂ ▲▼ ✳ ❞❊ ❀ ❞✺✻ ❊❇✾ ◆

✴❀ ❂ ❜❖P ❞✳ ◗ ❘ ✳❈ ✼✻P✻ ✶✻ ✸ ✹❑ ✵❙ ✈✳❂ ✵ ❞ ✈ ✳❑✻ ✽ ✳ ❞✳❉❆

❂ ❈ ✵❞ ❊❋ ✈ ✳● ✳❈ ✈✳❇❈ ✵❞ ❊❋ ❀ ❁✳✾✺ ❈ ❈✻ ✽ ✳✳✈ ✳✻✾ ✶✻ ✸ ♦ ❋❍

✹❃✳❄ ✳❅❆ ✳✻✾ ✶✻ ✸ ❞✴❚ ▼ ❅❯❁ ♦P ✳❞❈ ✈✳❇❈ ✶❉✳✻❱ ❞✳✻ ✹❉P ❞❈ ◗P ✶✻ ✸ ❢ ✳✻ ❃✳❂ ✸❑ ✳✻✾ ❞✳✻ ❲ ✳✺ ❞❈P ✻ ❞✳

✹❳▼ ✳❞❑ ✳❂ ❞❈ ❀ ❞✺✻ ❊❇✾✿ ❂ ❜❨▼✻ ❞ ♦ ✳❈ ✈✳❂ ❂✳✵❩ ❉✻ ✹❞ ✵✻❀✻ ✼✳✻P ✳✻✾ ✹❃✳❄ ✳❅❆✳✻✾ ✶✻ ✸ ❢ ✳✻ ❃ ✳❂ ✸❑

❬❑ ❉❄ ✳❉❭ ♦ ❈✳♦ ❈ ❊❇✾✿ ✴❀ ✹❳▼ ✳❞❑ ✳❂ ❞✳✻ ✵❞ ✹❆▼ ✳✻♦ ✳✻❪ ❚ ❑✻ ❞❈ ❄ ✳❋ ✹❞▼ ✳ ❆✳ ❀ ❞✺ ✳ ❊❇✿ ✈ ✳❂

❂ ❅P ✐ ❂ ✳✵❩ ❉✻ ✹❞ ✼✳✻P ✳✻ ❢ ✳✻ ❃ ✳❂ ✸❑ ❬❑ ❉❄ ✳❉❭ ♦ ❈✳♦ ❈ ❊❇✾✿

✴❀ ❂❜❖P ❞✳ ✵ ❞ ✺ ✶❚✸❀✾ ❉✺ ◗ ❘✳❈ ❂ ❜✳❫✺ ❞❈P ✻ ✶✻ ✸ ✹❑ ✵❙ ✈✳❂ ✹P ❴P ❂ ❜❞✳❈ ✈✳❉✻ ♦❵❛

❀ ❞✺ ✻ ❊❇✾ ✐

✈✳✶ ✷✸✹✺ 9.18 ❁✻ ✾❙  CD || BA  ✈✳❇❈  CR || BP ✴❀

❂ ❜❞✳❈ ✽ ✳❋✾ ✹❍ ✵ ✹❞  D ✈✳❇❈  R  ❈✻ ✽ ✳✳  AP ❂ ❈ ✹■❏ ✳✺ ❊✳✻✾

❬✼✻ ✹✽ ✳✵ ✈✳✶✷ ✸✹✺ 9.19❭ ✿

✴❀❀ ✻ ✈ ✳❂ ✼✳✻ ❀ ❁✳✾✺ ❈ ❍✺ ❅❄ ✳❅❚❆  PBCR ✈ ✳❇❈  ABCD

❂ ❜✳❫ ✺ ❞❈✺✻ ❊❇✾❙ ❆✳✻ ✵❞ ❊❋ ✈✳●✳❈  BC ✈✳❇❈ ✵❞ ❊ ❋

❀ ❁✳✾✺ ❈ ❈✻ ✽ ✳✳✈✳✻✾  BC ✈✳❇❈ AR  ✶✻ ✸ ♦ ❋❍ ✹■❏ ✳✺ ❊ ❇✾✿

✈✺ ✐ ❙ ar (ABCD) = ar (PBCR) ❬▲▼ ✳✻ ✾ ◆❭

✈ ♦ ❙ ❝ ABC ❡ ❝ CDA ✈✳❇❈ ❝ PBC ❡ ❝ CRP ❬ ▲▼ ✳✻✾ ◆❭

✈✺ ✐ ❙ ar (ABC) = 
1

ar (ABCD)
2

✈✳❇❈ ar (PBC) = 
1

ar (PBCR)
2

❬▲▼ ✳✻ ✾ ◆❭

✴❀ ✹❑ ✵ ❙ ar (ABC) = ar (PBC)

✴❀ ❂ ❜❞✳❈❙ ✈✳❂ ✹P❴ P ❂ ❜❁✻▼ ❂ ❈ ❂ ❊❅❩ ❍ ❉✵ ❊❇✾ ✐

❣❤✢✥❥ 9.2 : ❦ ♠ ♥ ♣ qrsr t ❬✉r ✇tr ✇t qrsr tr ①② ❭ qr③ t ❦ ♠ ♥ ♣ ④⑤r ②⑥ t t ①⑦rr qr ①② ⑧ ①⑨ ✇♣⑩ ❶❷ ❸r⑥

❶❹r ❺r❻❼ ❽r ①❹ r❾⑨ ❿ ⑤ ①② ✇tr ✇t ♥ r ①⑥① ♥③ ②➀

➁ ➂ ➃➄ ➅➆➇  9.18

➁ ➂ ➃➄ ➅➆➇  9.19
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✈☎✆ ✝✞✟ ✠✡☛☞✌  ABCD ✌✱ ✍✝✞✎✏✑ ✒✏✓✔✞✓✕☞ ✖✗ ☛☞✍✱✞ ✌✱ ☛✘✱✙✞✕  AC ✖✗ ❣✚✛☛✜✞✌

✈✞✘✢✣☛✏ 9.20✮✤ ✈✞✥✌ ✝✞✟ ✠✛✎ ☛✱  AN✦  DC ✖✗✤ ✧★✞✟ ✚✡☛☞✌ ☛✱

✩ ADC ✪ ✩ CBA ❣✭★✞✛✎✫✮

✈✏✬✆ ar (ADC) = ar (CBA) ❣✭★✞✛✎✫✮

✥✍☛✠✌✆ ar (ADC) =
1

ar (ABCD)
2

=
1

(DC AN)
2

✯  ❣✭★✞✛✎✫✮

✈✏✬✆ ✩ ADC ✱✞ ❞✞✛✰✞✲✣✠ = 
1

2
 × ✈✞✳✞✑ DC ×  ✍✎❧✏ ✴✞✡✵✞✕✠✶☎ AN

✚♥✍✑✛ ✴✞✷✚✞✛ ✎ ✝✛ ✎✆ ❢✸✹✺ ❢✻✼✽✼✾✿ ✸✼ ❀✼❁✻✼❂❃❄ ❅✹❆❁❃ ❇✼❈✼❉ ❣❊✸ ✽✼✾✿✼✮ ❇✼❋❉ ✹●❍■ ❏✼✺❑✼▲❄▼◆

❣❖✼ P◗❘✼❙▲✮ ❆❁❃ ❍✾❚✼❯❂❃❄ ❆❁❃ ❇✼❈❁ ❆❁❃ ◆❉✼◆❉ ❱✼❁■✼ ❱❋❲ ✭★✞ ✈✞✲✱✞✛ ★✞✚ ✖✗ ☛✱ ✈✞✲ ☛✰✞✔✞✓☞

✘✛✣ ❞✞✛✰✞✲✣✠ ✘✛✣ ✥✍ ✍♥✰✞ ✘✛✣ ☎✞✑✛ ✝✛ ✎ ✱❞✞✞ VII ✝✛✎ ✲❡❳ ✒✓✘✛✣ ✖✗✎✫ ✥✍ ✍♥✰✞ ✍✛✆ ✈✞✲ ✚✛✜✞ ✍✱✏✛

✖✗✎ ☛✱ ✌✱ ✖✡ ❇✼❈✼❉ ❣❖✼ ◆❉✼◆❉ ❇✼❈✼❉✼❁● ✮ ❆✼❄❁ ❇✼❋❉ ◆❉✼◆❉ ❀✼❁✻✼❂❃❄✼❁● ❆✼❄❁ ❢✻✼✽✼✾✿ ◆❉✼◆❉

✹●❍■ ❏✼✺❑✼▲❄▼◆✼❁● ❆✼❄❁ ❱✼❁●❍❁❲

☎✑✞☎✑ ✍✎❧✏ ✴✞✡✵✞✕✠✎☎ ✖✞✛✟✛ ✘✛✣ ☛✠✌✆ ☛✰✞✔✞✓☞✞✛✎ ✱✞✛ ✌✱ ✖✡ ✍✝✞✎✏✑ ✔✞✓☞✞✈✞✛✎ ✘✛✣ ☎✡✒ ☛❝❨✞✏

✖✞✛✟✞ ✒✞☛✖✌✤ ✥✍✍✛ ✈✞✲ ✲❩✝✛★ 9.2 ✘✛✣ ☛✟✶✟ ☛✘✠✞✛✝ ✲✑ ✲✖✓♦✒ ☞✞✌♦❧✛ ✬

✐❬❭❪❫ 9.3 :  ❊✸ ❱✺ ❇✼❈✼❉ ❣❖✼ ◆❉✼◆❉ ❇✼❈✼❉✼❁● ✮ ❆✼❄❁ ❇✼❋❉ ◆❉✼◆❉ ❀✼❁✻✼❂❃❄✼❁● ❆✼❄❁ ❢✻✼✽✼✾✿ ❊✸

❱✺ ✹❴✼●■❉ ❉❁❵✼✼❇✼❁● ❆❁❃ ◆✺❘ ❢❛❜✼■ ❱✼❁■❁ ❱❋●❲

✈✞✥✌ ✈☎ ✥✟ ✲☛✑✙✞✞✝✞✛✎ ✱✞ ✲❩★✞✛❧ ✚✴✞✞✕✟✛ ✘✛✣ ☛✠✌ ✘✓✣❤ ❥✚✞✖✑✙✞ ✠✛✎✤

♠❦♣qrs♣ 3 : ✚✴✞✞✕✥✌ ☛✱ ☛✰✞✔✞✓☞ ✱✡ ✌✱ ✝✞☛✧★✱✞ ❥✍✛ ☎✑✞☎✑ ❞✞✛✰✞✲✣✠✞✛✎ ✘✞✠✛ ✚✞✛ ☛✰✞✔✞✓☞✞✛✎ ✝✛✎

☛✘✔✞✞☛☞✏ ✱✑✏✡ ✖✗✤

qt : ✝✞✟ ✠✡☛☞✌  ABC ✌✱ ☛✰✞✔✞✓☞ ✖✗ ✈✞✗✑  AD ❥✍✱✡ ✌✱ ✝✞☛✧★✱✞ ✖✗ ❣✚✛☛✜✞✌ ✈✞✘✢✣☛✏ 9.21)✤

✈✞✲ ★✖ ✚✴✞✞✕✟✞ ✒✞✖✏✛ ✖✗✎ ☛✱

ar (ABD) = ar (ACD)

✒♥♦☛✱ ☛✰✞✔✞✓☞ ✘✛✣ ❞✞✛✰✞✲✣✠ ✝✛✎ ✴✞✡✵✞✕✠✶☎ ✍✝☎✉ ✖✞✛✏✞ ✖✗✆

✥✍☛✠✌ ✈✞✥✌  AN✦ BC ✜✞✡✎✒✛✎✤

✈☎✆ ar(ABD) =
1

2
 × ✈✞✳✞✑ × ✴✞✡✵✞✕✠✶☎ (✩ ABD ✱✞)

✇②③④⑤⑥⑦  9.20

✇②③④⑤⑥⑦  9.21
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=
1

BD AN
2

✔ ✔

=
1

CD AN
2

✔ ✔ (♣✕✖✗✘ BD = CD)

=
1

2
 × ✈✙✚✙✛ × ✬✙✜✢✙✣✤✥✦ ( ✧ ACD ✘✙)

= ar(ACD)

♠★✩✪✫✭✩ 4 : ✈✙✮✯✰✗✱ 9.22 ❡✲✳✴   ABCD  ✵✘ ♣✱✶✷✙✶✣✸ ✹✺

✈✙✺✛  BE || AC ❜✻ ✼✽✘✙✛ ✹✺ ✗✘ BE ✦❝✾✙❜✣ ✿❜✣ DC ✘✙✲  E

✼✛ ✗❡✤✱✜ ✹✺✐ ❀✬✙✙✣❜✵ ✗✘ ✗❁✙✷✙✶✸ ADE ✘✙ ❞✙✲❁✙✼✰✤

♣✱✶✷✙✶✣✸  ABCD ✮✲✰ ❞✙✲❁✙✼✰✤ ✮✲✰ ✦✛✙✦✛ ✹✺✐

✪❣ : ✈✙✮✯✰✗✱ ✘✙✲ ❂❃✙❄✼✕✮✣✘ ❀✲✗❅✙✵✐

✧ BAC ✈✙✺✛ ✧ EAC ✵✘ ✹✜ ✈✙✚✙✛  AC ✈✙✺✛ ✵✘ ✹✜

✻❡✙✳✱✛ ✛✲❅✙✙✈✙✲✳  AC ✈✙✺✛ BE ✮✲✰ ✦✜♣ ✗♦❆✙✱ ✹✺✳✐

✈✱❇✴ ar (BAC) = ar (EAC) (✼✽❡✲❃ 9.2 ⑥✙✛✙)

❜✻✗✤✵✴ ar (BAC) + ar (ADC) = ar (EAC) + ar (ADC)

❈✵✘ ✹✜ ❞✙✲❁✙✼✰✤ ❀✙✲❄✙✲✳ ✼❞✙✙✲✳ ❡✲✳ ✸✙✲❉✾❄✲ ✼✛❊

❃✙ ar (ABCD) = ar (ADE)

❋●❍■❏❑▲▼ 9.3

1. ☛✁✎◆✏✌✄ 9.23  �✡✂❖   ✧ ABC P◗ ❘P �✁✌❙❚P✁ AD

 ✒☎ ✌❯❱✁✄ E  P✁✡❲✟ ✌❳❨❩✝ ❬☞❭ ❩❪✁✁✟❲❘ ✌P  ar (ABE) =

ar (ACE)  ❬☞❭

2. ❫ ABC  �✡✂❖  E �✁✌❙❚P✁  AD  P✁ �❙❚❴✌❳❨❩✝ ❬☞❭

❩❪✁✁✟❲❘ ✌P  ar (BED) = 
1

ar(ABC)
4

 ❬☞❭

3. ❩❪✁✁✟❲❘ ✌P ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠ ✎✡✏ ❩✁✡♥✁✡✂ ✌✎P❵✁✟ ❛❧✡

❳☎✁❳☎ ✑✁✡✍✁✒✏✓✁✡✂✡ ✎✁✓✡ ✆✁☎ ✌✍✁✞✁✝✠✁✡✂ �✡✂ ❳✁❢❤✄✡ ❬☞✂❭

❥❦qrst✉  9.22

❥❦qrst✉  9.23
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4. ✈✂☎ ✆✝�✄  9.24  ❡✞✟✠   ABC ✈✂ ✥✡  ABD  ✱☛ ☞✌ ✈✂ ✍✂ ✡

AB  ✐ ✡ ✎✏✞ ✑✂✞ � ✒✂✓✂ ✔✕ ☞ ✥✟ ✖ ✗� ✑ ✡✞✘✂✂✘✂✟ ✙  CD ✡✞✘✂✂✘✂✟ ✙

AB  ❧✞ �✎✚✑✔  O  ✐ ✡ ❧❡�✛✓ ✂✂�✕✄ ☞✂✞✄✂ ☞ ✥✠ ✄✂✞ ✑✜✂✂✢✣✱

�☛  ar (ABC) = ar  (ABD)  ☞ ✥ ✖

5. D, E ✈✂ ✥✡ F Ø❡✜✂ ✤ �✒✂✓✂ ✔✕  ABC  ☛✌ ✓✂ ✔✕✂ ✈✂✞✟ BC, CA ✈✂ ✥✡  AB ☎ ✞✝ ❡♦✗✦� ✎✚✑✔ ☞✥✟ ✖ ✑✜✂✂✢✣✱ �☛

(i) BDEF ✱☛ ❧❡✂✟✄ ✡ ✧✄ ✔✓ ✂ ✔✢✕ ☞ ✥ (ii) ar (DEF) = 
1

4
 ar (ABC)

(iii) ar (BDEF) = 
1

2
 ar (ABC)

6. ✈✂☎ ✆✝�✄  9.25  ❡✞✟✠ ✧✄✔✓ ✂ ✔✢✕   ABCD  ☎ ✞ ✝ �☎ ☛✁ ✂✢ AC

✈✂ ✥✡  BD  ✐ ✡★✐ ✡ � ✎✚✑ ✔  O  ✐ ✡ ✣ ❧ ✐ ✩☛ ✂ ✡ ✐ ✩�✄ ✪✫✞ ✑

☛ ✡✄✞ ☞ ✥✟ �☛ OB = OD ☞✥ ✖ ✗� ✑  AB = CD ☞ ✥✠ ✄✂✞

✑✜✂✂✢ ✣✱ �☛

(i) ar (DOC) = ar (AOB)

(ii) ar (DCB) = ar (ACB)

(iii) DA || CB ✗✂  ABCD ✱☛ ❧❡✂✟✄ ✡ ✧✄ ✔✓✂ ✔✢✕ ☞✥✖

[✬ ✭✮ ✯✰✲ : D ✈✂✥✡  B  ❧ ✞  AC ✐ ✡ ✳✴ ✎ ✘✂✌✟� ✧✱ ✖ ]

7. � ✎✚✑✔  D ✈✂ ✥ ✡ E  Ø❡✜✂ ✤ ✵ ABC ☛✌ ✓✂ ✔✕ ✂ ✈✂✞✟ AB  ✈✂ ✥ ✡ AC  ✐ ✡ ✣❧ ✐ ✩☛✂ ✡ � ★✶✂ ✄ ☞ ✥✟ �☛

ar (DBC) = ar (EBC)  ☞✥✖ ✑✜✂✂✢✣✱ �☛  DE || BC  ☞✥ ✖

8. XY  �✒✂✓✂✔✕  ABC ☛✌ ✓✂ ✔✕✂ BC  ☎ ✞ ✝ ❧❡✂✟✄ ✡ ✱☛ ✡✞✘✂✂ ☞ ✥✖ ✗� ✑  BE || AC ✈✂ ✥✡  CF || AB ✡✞✘✂✂

XY ❧✞ Ø❡✜✂ ✤  E ✈✂ ✥ ✡  F ✐ ✡ �❡ ✳✄✌ ☞ ✥✟✠ ✄✂✞ ✑✜✂✂✢✣ ✱ �☛ ✤

ar (ABE) = ar (ACF)

✷ ✸ ✹ ✺✻ ✼ ✽  9.24

✷ ✸✹ ✺✻ ✼ ✽  9.25
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9. ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠  ABCD  ❞✔ ✕❞ ✞✁✝✠✁   AB  ❞✁✡ ✕❞

✌❢✖✗✝   P  ✄❞ ❢r✘✁✙✁ ✚✙✁ ✛☞✜  A ❧✡ ✛✁✡❞☎  CP  ✎✡✏

❧�✁✂✄☎ ✢✁✔✂✆✔ ✚✣✟ ☎✡✢✁✁ ❢r✘✁✣✟ ✚✣✟ CB  ❞✁✡ Q ✒☎

✌�✓✄✔ ✛☞ ☛✁☞☎ ✌✒✏☎ ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠  PBQR ❞✁✡ ✒✤☎✁

✌❞✙✁ ✚✙✁ ✛☞ ✥✗✡✌✢✁✕ ☛✁✎✦✏✌✄ 9.26)✜ ✗❆✁✁✟✣✕ ✌❞

ar (ABCD) = ar (PBQR) ✛☞✜

[✧★✩✪✫✬ : AC ☛✁☞☎  PQ  ❞✁✡ ✌�✓✁✣✕✜ ☛❢ ar (ACQ)

☛✁☞☎  ar (APQ)  ❞✔ ✄✝✓✭✁ ❞✔✌✠✕ ✜ ]

10. ✕❞ ❧�✓✂❢  ABCD,  ✌✠❧�✡✂ AB || DC ✛☞❣ ✎✡✏ ✌✎❞✮✁✟  AC  ☛✁☞☎ BD  ✒☎✐✒☎ O  ✒☎ ✒✯✌✄✰✱✡✗

❞☎✄✡ ✛☞✂✜ ✗❆✁✁✟✣✕ ✌❞  ar (AOD) = ar (BOC)  ✛☞✜

11. ☛✁✎✦✏✌✄  9.27 �✡✂❣  ABCDE ✕❞ ✒✂✆✞✁✝✠ ✛☞✜   B ❧✡ ✛✁✡❞☎

AC ✎✡✏ ❧�✁✂✄☎ ✢✁✔✂✆✔ ✚✣✟ ☎✡✢✁✁ ❢r✘✁✣✟ ✚✣✟ DC ❞✁✡  F

✒☎ ✌�✓✄✔ ✛☞✜ ✗❆✁✁✟✣✕ ✌❞

(i) ar (ACB) = ar (ACF)

(ii) ar (AEDF) = ar (ABCDE)

12. ✚✁①✎ ✎✡✏ ✕❞ ✌✭✎✁❧✔ ✣✄✎✁☎✔ ✎✡✏ ✒✁❧ ✕❞ ✆✄✝✞✁✝✟✠✁❞✁☎ ✞✁✤✢✁✂✲ ✳✁✁✜ ✴❧ ✚✁①✎ ❞✔ ✚✯✁� ✒✂✆✁✙✄

✭✡ ✴❧✎✡✏ ✞✁✤✢✁✂✲ ✎✡✏ ✕❞ ❞✁✡✭✡ ❧✡ ✴❧❞✁ ✎✝✏✱ ✞✁✁✚ ✓✡✭✡ ❞✁ ✌✭✮✁✟✙ ✌✓✙✁ ✄✁✌❞ ✎✛✁① ✕❞

✐✎✁✐✳✙ ✎✡✏✖✗✯ ❞✁ ✌✭�✁✟✮✁ ❞☎✁✙✁ ✠✁ ❧✎✡✏✜ ✣✄✎✁☎✔ ✣❧ ✒✯✐✄✁✎ ❞✁✡ ✣❧ ✒✯✌✄❢✖▲ ✎✡✏ ❧✁✳✁

✐✎✔❞✁☎ ❞☎ ✓✡✄✁ ✛☞ ✌❞ ✴❧✡ ✣❧ ✞✁✁✚ ✎✡✏ ❢✗✓✡ ✴❧✔ ✞✁✤✢✁✂✲ ✎✡✏ ❧✂✓✵✭ ✕❞ ✞✁✁✚ ✕✡❧✁ ✗✡

✌✗✙✁ ✠✁✕ ✌❞ ✴❧❞✁ ✞✁✤✢✁✂✲ ✌✍✁✞✁✝✠✁❞✁☎ ✛✁✡ ✠✁✕✜ ✐✒✶✷ ❞✔✌✠✕ ✌❞ ✣❧ ✒✯✐✄✁✎ ❞✁✡ ✌❞❧

✒✯❞✁☎ ❞✁✙✁✟✌✖✎✄ ✌❞✙✁ ✠✁ ❧❞✄✁ ✛☞✜

13. ABCD  ✕❞ ❧�✓✂❢ ✛☞❣ ✌✠❧�✡✂  AB || DC  ✛☞✜ AC ✎✡✏ ❧�✁✂✄☎ ✕❞ ☎✡✢✁✁  AB  ❞✁✡  X  ✒☎ ☛✁☞☎  BC

❞✁✡  Y  ✒☎ ✒✯✌✄✰✱✡✗ ❞☎✄✔ ✛☞✜ ✌❧✸ ❞✔✌✠✕ ✌❞  ar (ADX) = ar (ACY) ✛☞✜

[✧★✩✪✫✬ : CX  ❞✁✡ ✌�✓✁✣✕✜ ]

14. ☛✁✎✦✏✌✄ 9.28  �✡✂❣  AP  || BQ || CR  ✛☞✜ ✌❧✸ ❞✔✌✠✕ ✌❞

ar (AQC) = ar (PBR)  ✛☞✜

15. ✆✄✝✞✁✝✟✠  ABCD ✎✡✏ ✌✎❞✮✁✟ AC  ☛✁☞☎ BD ✒☎✐✒☎

✌❢✖✗✝ O ✒☎ ✣❧ ✒✯❞✁☎ ✒✯✌✄✰✱✡✗ ❞☎✄✡ ✛☞✂ ✌❞

✈✹✺✻✼✽✾  9.26

✈✹✺✻✼✽✾  9.27

✈✹✺✻✼✽✾  9.28
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ar (AOD) = ar (BOC)  ❣☎✆ �✝✞ ✟✠�✡☛ �✟

ABCD ☛✟ ✝✱☞✌✍ ❣☎✆

16. ✈✂✎✏✑�✄ 9.29 ✱❡✌✒ ar (DRC) = ar (DPC) ❣☎ ✈✂☎✓

ar (BDP) = ar (ARC)  ❣☎✆ ✔✕✂✂✖✗☛ �✟ ✔✂❡✘✂❡✌

♣✄✙✚✂✙✖✡  ABCD ✈✂☎✓  DCPR ✝✱☞✌✍ ❣☎✌✆

✐✛✜✢✣✤✥✦ 9.4 ✭✧★✩✪✫✬✮*

1. ✝✱✂✌✄✓ ♣✄✙✚✂✙✖✡  ABCD ✈✂☎✓ ✈✂✯✄  ABEF  ☛✟ ❣✠ ✈✂✰✂✓ ✲✓ �✳✴✂✄ ❣☎✌ ✈✂☎✓ ✵✘✎❡✑ ✶✂❡✷✂✲✑☞

✍✓✂✍✓ ❣☎✌✆ ✔✕✂✂✖✗☛ �✟ ✝✱✂✌✄✓ ♣✄✙✚✂✙✖✡ ✟✂ ✲�✓✱✂✲ ✈✂✯✄ ✎❡✑ ✲�✓✱✂✲ ✝❡ ✈�✰✟ ❣☎✆

2. ✈✂✎✏✑�✄ 9.30 ✱❡✌✒  ✚✂✙✡✂ BC  ✲✓ ✔✂❡ �✍✸✔✙  D ✈✂☎✓  E

✗✝ ✲❜✟✂✓ �✳✴✂✄ ❣☎✌ �✟   BD = DE = EC  ❣☎✆ ✔✕✂✂✖✗☛

�✟ ar (ABD) = ar (ADE) = ar (AEC)  ❣☎✆

❉✯✂ ✈✂✲ ✈✍ ✵✝ ✲❜✕✘ ✟✂ ✵✹✂✓ ✔❡ ✝✟✄❡ ❣☎✌✒ ✡✂❡

✈✂✲✘❡ ✗✝ ✈✺✯✂✯ ✟✠ ✻✚✂✼�✱✟✂✽ ✱❡✌ ✾✂❡✿❀ �✔✯✂ ✴✂✂

�✟ ❢❉✯✂ ❝❁❂❃❄❅ ✟✂ ❆✂❡✄ ✎✂✳✄✎ ✱❡✌ ✍✓✂✍✓ ✶✂❡✷✂✲✑☞✂❡✌

✎✂☞❡ ✄✠✘ ✚✂✂①✂❡✌ ✱❡✌ �✎✚✂✂�✡✄ ❣✂❡ ①✯✂ ❣☎♦❇

[❈❊❋●❍■❏: ✺✯✂✘ ✔✠�✡☛ �✟  BD = DE = EC  ☞❡✘❡ ✝❡   ❑ABC  ✄✠✘ �✷✂✚✂✙✡✂❡✌  ABD, ADE ✈✂☎✓

AEC ✱❡✌ �✎✚✂✂�✡✄ ❣✂❡ ✡✂✄✂ ❣☎ �✡✘✎❡✑ ✶✂❡✷✂✲✑☞ ✍✓✂✍✓ ❣☎✌✌✆ ✗✝✠ ✲❜✟✂✓✒  BC  ✟✂❡  n  ✍✓✂✍✓

✚✂✂①✂❡✌ ✱❡✌ �✎✚✂✂�✡✄ ✟✓✎❡✑ ✈✂☎✓ ✗✝ ✚✂✙✡✂ ✟✂❡ �✎✚✂✂�✡✄ ✟✓✘❡ ✎✂☞❡ �✍✸✔✙✈✂❡✌ ✟✂❡ ✝▲✱✙❆✂ ✕✂✠▼✂✖ A  ✝❡

�✱☞✂ ✟✓ ✈✂✲ ✗✝ �✷✂✚✂✙✡ ✟✂❡ ✍✓✂✍✓ ✶✂❡✷✂✲✑☞✂❡✌ ✎✂☞❡ n �✷✂✚✂✙✡✂❡✌ ✱❡✌ �✎✚✂✂�✡✄ ✟✓ ✝✟✄❡ ❣☎✌✆

3. ✈✂✎✏✑�✄ 9.31 ✱❡✌✒  ABCD, DCFE  ✈✂☎✓  ABFE ✝✱✂✌✄✓ ♣✄✙✚✂✙✖✡ ❣☎✌✆ ✔✕✂✂ ✖✗☛ �✟ ar (ADE) =

ar (BCF)  ❣☎✆

4. ✈✂✎✏✑�✄  9.32 ✱❡✌✒  ABCD  ☛✟ ✝✱✂✌✄✓ ♣✄✙✚✂✙✖✡ ❣☎ ✈✂☎✓  BC  ✟✂❡ ☛✟ �✍✸✔✙  Q ✄✟ ✗✝ ✲❜✟✂✓

✍◆❀✂✯✂ ①✯✂ ❣☎ �✟  AD = CQ  ❣☎✆ ✯�✔  AQ ✚✂✙✡✂  DC ✟✂❡  P  ✲✓ ✲❜�✄❖✾❡✔ ✟✓✄✠ ❣☎✒ ✄✂❡ ✔✕✂✂✖✗☛

�✟  ar (BPC) = ar (DPQ)  ❣☎✆

[❧P◗❘❙❚ : AC ✟✂❡ �✱☞✂✗☛✆ ]

❯❱❲❳❨❩❬  9.29

❯❱❲❳❨❩❬  9.30

*✯❣ ✲❜✕✘✂✎☞✠ ✲✓✠✶✂✂ ✟✠ ✔✏�▼❭ ✝❡ ✘❣✠✌ ✔✠ ①✗✖ ❣☎✆
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✈✔✕✖✗✘✙  9.31 ✈✔✕✖✗✘✙  9.32

5. ☛✁✎✚✏✌✄ 9.33 �✡✂❡  ABC ☛✁☞☎  BDE  ♥✁✡ ❧�✛✁✜✝ ✌✍✁✞✁✝✠ ✢❧

✒✐✣✁☎ ✜☞✂ ✌✣  D  ✞✁✝✠✁  BC  ✣✁ �❞✤✥✌✛✦♥✝ ✜☞✧ ✤✌♥ AE

✞✁✝✠✁  BC  ✣✁✡  F ✒☎ ✒✐✌✄★✩✡♥ ✣☎✄✪ ✜☞❡ ✄✁✡ ♥✫✁✁✟✢✬ ✌✣

(i) ar (BDE) = 
1

4
 ar (ABC)

(ii) ar (BDE) = 
1

2
 ar (BAE)

(iii) ar (ABC) = 2 ar (BEC)

(iv) ar (BFE) = ar (AFD)

(v) ar (BFE) = 2 ar (FED)

(vi) ar (FED) = 
1

8
 ar (AFC)

[✭✮✯✰✱✲ : EC ☛✁☞☎  AD ✣✁✡ ✌�✓✁✢✬✧ ♥✫✁✁✟✢✬ ✌✣ BE || AC ☛✁☞☎  DE || AB  ✜☞❡ ✢❣✤✁✌♥✧ ]

6. ✆✄✝✞✁✝✟✠ ABCD  ✎✡✏ ✌✎✣♦✁✟ AC  ☛✁☞☎  BD  ✒☎✳✒☎ ✌✛✦♥✝ P ✒☎ ✒✐✌✄★✩✡♥ ✣☎✄✡ ✜☞✂✧ ♥✫✁✁✟✢✬ ✌✣

ar (APB) × ar (CPD) = ar (APD) × ar (BPC)  ✜☞✧

[✭✮✯✰✱✲ : A ☛✁☞☎ C ❧✡ BD ✒☎ ✓✴✛ ✵✁✪✂✌✆✬✧ ]

7. P ☛✁☞☎  Q  Ø�✫✁✶ ✌✍✁✞✁✝✠  ABC  ✣✪ ✞✁✝✠✁☛✁✡✂  AB  ☛✁☞☎  BC ✎✡✏ �❞✤✥✌✛✦♥✝ ✜☞✂ ✄✷✁✁  R  ☎✡✵✁✁✵✁✂❥

✈✔✕✖✗✘✙  9.33
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AP ❞✂ ☎✆✝✞�✟✠✡☛ ☞✌✍ ✡✎✂✂✏✑✒ �❞✓

(i) ar (PRQ) = 
1

2
 ar (ARC) (ii) ar (RQC) = 

3

8
 ar (ABC)

(iii) ar (PBQ) = ar (ARC)

8. ✈✂✔✕✖�✄  9.34 ☎❡✗✘   ABC  ✒❞ ✱☎❞✂✗✁✂ �✙✂✚✂☛✛ ☞✌ �✛✱❞✂ ❞✂✗✁✂  A  ✱☎❞✂✗✁✂ ☞✌✍  BCED, ACFG

✈✂✌✜  ABMN  Ø☎✎✂✓ ✚✂☛✛✂✈✂✗❡ BC, CA ✈✂✌✜ AB ✐✜ ✟✢✗ ✔①✏ ☞✌❡✍ ✜✗✣✂✂✣✂❡✤  AX✥DE  ✚✂☛✛✂  BC

❞✂✗ �✟✠✡☛ Y  ✐✜ �☎✦✄✂ ☞✌✍ ✡✎✂✂✏✑✒ �❞✓

✧★✩✪✫✬✭ 9.34

(i) ✮MBC ✯  ✮ ABD (ii) ar (BYXD) = 2 ar (MBC)

(iii) ar (BYXD) = ar (ABMN) (iv) ✮ FCB ✯  ✮ ACE

(v) ar (CYXE) = 2 ar (FCB) (vi) ar (CYXE) = ar (ACFG)

(vii) ar (BCED) = ar (ABMN) + ar (ACFG)

❢✰✲✳✴✵✶ : ✐�✜✁✂✂☎ (vii) ✐✷�✱✸ ✹✱☛✐�✜�✺✄✻ ✐✂✑✼✂✂①✂✗✜✱ ✐✷☎✗✝ ☞✌✍ ✑✱ ✐✷☎✗✝ ❞✽ ✒❞ ✱✜✦✄☎ ✾✐✐�✿✂

✈✂✐ ❞❀✂✂  X  ☎✗❡ ✐❁✗❡❂①✗✍
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9.5 ✔✕✖✕✗✘✕

❜❧ ☛✙✚✁✚ �✡✂✛ ☛✁✒✜✡ ✌✜✢✜✌✓✌✣✁✄ ✌✤✥✦✝☛✁✡✂ ✧✁ ☛✙✚✚✜ ✌✧✚✁ ★☞ ✪

1. ✱✧ ☛✁✎✩✏✌✄ ✧✁ ✑✁✡✍✁✒✏✓ ✫❧ ☛✁✎✩✏✌✄ ✬✁☎✁ ✭✁✡☎✡ ✮✱ ✄✓ ✎✡✏ ✞✁✁✮ ❧✡ ❧✂✤✯ ✰✌✧❧✲ �✁✍✁✧ �✡✂✳

✱✧ ❧✂✣✚✁ ★✁✡✄✲ ★☞✴

2. ✦✁✡ ❧✎✁♥✮❧� ☛✁✎✩✏✌✄✚✁✡✂ ✎✡✏ ✑✁✡✍✁✒✏✓ ✤☎✁✤☎ ★✁✡✄✡ ★☞✂✛ ✒☎✥✄✝ ❜❧✧✁ ✌✎✓✁✡� ☛✁✎✵✚✧ ✶✒ ❧✡ ❧✷✚

✜★✲✂ ★☞✴

3. ✚✌✦ ✱✧ ☛✁✎✩✏✌✄  T  ✬✁☎✁ ✌✜⑥�✄ ✧✁✡❜✟ ✄✓✲✚ ✑✁✡✍✁ ✌✧✥★✲✂ ✦✁✡ ☛✁✎✩✏✌✄✚✁✡✂  P  ☛✁☞☎  Q  ✬✁☎✁ ✌✜⑥�✄

✦✁✡ ☛✜✁✌✄✸✚✁✒✲ ✄✓✲✚ ✑✁✡✍✁✁✡✂ ❧✡ ✌�✓ ✧☎ ✤✜✁ ★☞✛ ✄✁✡   ar (T) = ar (P) + ar (Q) ★☞,  ✠★✁t  ar (X)

☛✁✎✩✏✌✄ X  ✧✁ ✑✁✡✍✁✒✏✓ ✸✚❞✄ ✧☎✄✁ ★☞✴

4. ✦✁✡ ☛✁✎✩✏✌✄✚✁t ✱✧ ★✲ ☛✁✹✁☎ ☛✁☞☎ ✱✧ ★✲ ❧�✁✂✄☎ ☎✡✣✁✁☛✁✡✂ ✎✡✏ ✤✲✆ ✌✺✻✁✄ ✧★✲ ✠✁✄✲ ★☞✂✛ ✚✌✦

✫✜�✡✂ ✱✧ ✫✞✁✚✌✜♠✼ ☛✁✹✁☎ ✰✱✧ ✞✁✝✠✁✳ ★✁✡ ✄✻✁✁ ✫✞✁✚✌✜♠✼ ☛✁✹✁☎ ✎✡✏ ❧✢�✝✣✁ ✒✽✷✚✡✧ ☛✁✎✩✏✌✄

✎✡✏ ✵✁✲♠✁✟ ✰✧✁ ✵✁✲♠✁✟✳ ✫❧ ☛✁✹✁☎ ✎✡✏ ❧�✁✂✄☎ ✌✧❧✲ ☎✡✣✁✁ ✒☎ ✌✺✻✁✄ ★✁✡✂✴

5. ✱✧ ★✲ ☛✁✹✁☎ ✰✚✁ ✤☎✁✤☎ ☛✁✹✁☎✁✡✂✳ ✎✁✓✡ ☛✁☞☎ ✱✧ ★✲ ❧�✁✂✄☎ ☎✡✣✁✁☛✁✡✂ ✎✡✏ ✤✲✆ ✌✺✻✁✄ ❧�✁✂✄☎

✆✄✝✞✁✝✟✠ ✑✁✡✍✁✒✏✓ �✡✂ ✤☎✁✤☎ ★✁✡✄✡ ★☞✂✴

6. ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠ ✧✁ ✑✁✡✍✁✒✏✓ ✫❧✎✡✏ ☛✁✹✁☎ ☛✁☞☎ ❧✂✮✄ ✵✁✲♠✁✟✓✢✤ ✧✁ ✮✝✾✁✜✒✏✓ ★✁✡✄✁ ★☞✴

7. ✱✧ ★✲ ☛✁✹✁☎ ✰✚✁ ✤☎✁✤☎ ☛✁✹✁☎✁✡✂✳ ✎✁✓✡ ☛✁☞☎ ✤☎✁✤☎ ✑✁✡✍✁✒✏✓✁✡✂ ✎✁✓✡ ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠ ✱✧ ★✲

❧�✁✂✄☎ ☎✡✣✁✁☛✁✡✂ ✎✡✏ ✤✲✆ ✌✺✻✁✄ ★✁✡✄✡ ★☞✂✴

8. ✚✌✦ ✱✧ ✌✍✁✞✁✝✠ ☛✁☞☎ ✱✧ ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠ ✱✧ ★✲ ☛✁✹✁☎ ☛✁☞☎ ✱✧ ★✲ ❧�✁✂✄☎ ☎✡✣✁✁☛✁✡✂ ✎✡✏ ✤✲✆

✌✺✻✁✄ ★✁✡✂✛ ✄✁✡ ✌✍✁✞✁✝✠ ✧✁ ✑✁✡✍✁✒✏✓ ❧�✁✂✄☎ ✆✄✝✞✁✝✟✠ ✎✡✏ ✑✁✡✍✁✒✏✓ ✧✁ ☛✁✹✁ ★✁✡✄✁ ★☞✴

9. ✱✧ ★✲ ☛✁✹✁☎ ✰✚✁ ✤☎✁✤☎ ☛✁✹✁☎✁✡✂✳ ✎✁✓✡ ☛✁☞☎ ✱✧ ★✲ ❧�✁✂✄☎ ☎✡✣✁✁☛✁✡✂ ✎✡✏ ✤✲✆ ✌✺✻✁✄ ✌✍✁✞✁✝✠

✑✁✡✍✁✒✏✓ �✡✂ ✤☎✁✤☎ ★✁✡✄✡ ★☞✂✴

10. ✌✍✁✞✁✝✠ ✧✁ ✑✁✡✍✁✒✏✓ ✫❧✎✡✏ ☛✁✹✁☎ ☛✁☞☎ ❧✂✮✄ ✵✁✲♠✁✟✓✢✤ ✎✡✏ ✮✝✾✁✜✒✏✓ ✧✁ ☛✁✹✁ ★✁✡✄✁ ★☞✴

11. ✱✧ ★✲ ☛✁✹✁☎ ✰✚✁ ✤☎✁✤☎ ☛✁✹✁☎✁✡✂✳ ✎✁✓✡ ☛✁☞☎ ✤☎✁✤☎ ✑✁✡✍✁✒✏✓✁✡✂ ✎✁✓✡ ✌✍✁✞✁✝✠ ✱✧ ★✲ ❧�✁✂✄☎

☎✡✣✁✁☛✁✡✂ ✎✡✏ ✤✲✆ ✌✺✻✁✄ ★✁✡✄✡ ★☞✂✴

12. ✌✍✁✞✁✝✠ ✧✲ ✱✧ �✁✌✙✚✧✁ ✫❧✡ ✤☎✁✤☎ ✑✁✡✍✁✒✏✓✁✡✂ ✎✁✓✡ ✦✁✡ ✌✍✁✞✁✝✠✁✡✂ �✡✂ ✌✎✞✁✁✌✠✄ ✧☎✄✲ ★☞✴
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✈�✁✂✁ 10

♦✄☎✆

10.1 ❍✝✞✟✠✡✝

☛☞✌ ☛✌✍✎ ✏✑✒✍✓ ✔✕✖✍ ✗✎✘✙ ✚✛✜✢ ✣✕ ✤✎✣✕ ✖✥✢✜☛☞✎✘ ✖✎✦ ✣✘✌✖✧✦ ✗✎✘ ☛✖★✩ ☛☞✤ ✛☞✎✘✪✎ ✒✔✍✖✎✦

☛☞✓☞✫ ✪☞✎✬ ✛☞✎✘ ✭ ✔✑✣✎ ✒✓✣✕ ✪☞✮✯✕ ✓☞ ✌✒✛✩☞✙ ✰✱✒✮✯✩☞✲✙ ✓✳✧ ✴☞✒✮✯✩☞✎✘ ✖✎✦ ✮☞✩✬✙ ✵✶ ✌✑✣✎✙ ✤✓

✷✌✩☞ ☛☞✑✫ ✌☞✲✰ ✷✌✤ ✗✱✸✩ ✖✎✦ ✒✣✹✖✎✦✙ ✰☞✚✕ ✖✎✦ ✪✜✺✻✎✙ ✓✗✕✔ ✖✎✦ ✚✼✍ ☛☞✒✏ ✽✏✎✒✾☞✤

☛☞✖✿✦✒✢ ❀✶❁❀❂❃ ✴☞✮✯✕ ✗✎✘ ☛☞✌✍✎ ❄✩☞✍ ✒✏✩☞ ✛☞✎✪☞ ✒✓ ✣✎✖✎✘✦✮ ✓✕ ✣✜✳✧ ✴☞✮✯✕ ✖✎✦ ✮☞✩✬ ✖✎✦ ❅✌✫

✔✸✏✕t✔✸✏✕ ✰✹✓✫ ✬✪☞✢✕ ✛✑ ✢❆☞☞ ✳✣✓☞ ✤✓ ✒✣✫☞ ✤✓ ✪☞✎✬ ✌❆☞ ✗✎✘ ✰✬✢☞ ✛✑❃ ✣✎✖✎✘✦✮ ✓✕

✣✜✳✧ ✖✎✦ ✒✣✫✎ ✣✎ ✚✍✢☞ ✛✜☛☞ ✌❆☞ ✤✓ ❇❵Ù✝ (circle) ✓✛✬☞✢☞ ✛✑❃ ✳✣ ☛❄✩☞✩ ✗✎✘✙ ☛☞✌ ✖✿❞☞✙

✳✣✣✎ ✣✘✚✘✒❜✢ ☛❈✩ ✌✏☞✎✘ ✢❆☞☞ ✖✿❞☞ ✖✎✦ ✖✜✦✻ ✪✜❉☞☞✎✘ ✖✎✦ ✚☞✫✎ ✗✎✘ ☛❄✩✩✍ ✓✫✎✘✪✎❃

❊❋●■❏❑▲ 10.1
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10.2 ✄☎✆✝ ✞✝✟✠ ✡☛☛☞ ☛✌✍✌✎✏✑ ✒✓ ✔ ✕✖ ✒✗✘✠✝✄✙✝☞✖✘

✱✚ ✛✜✚✢✜ ✣✤✥✦✱ ✧★✢✢ ✩✪✫✬✭ ✱✚ ✛✬✭✥✪✣ ✣✮✢✩✱✯

✩✪✚✢ ❜✰✚✤✣✢ ✥✪✜✢ ✱✚ ✚✢✮✦ ✲✬✳ ✛✴✵✶ ✲✬✳ ✱✚ ✥✷✸✹✰

✛✜ ✜✥✐✢✱✯ ✹✺✪✜✤ ✻✢✰✦✢ ✚✢✬ ✲✰✳✼ ✹✺✜✤ ✧✚ ✐✢✢✬✥✣✱✯

❜✰✚✤✣✬ ✥✪✜✬ ✚✢✬ ✉✪✤ ✥✷✸✹✰ ✛✜ ✥✽★✢✜ ✚✜ ✹✺✪✜✤ ✻✢✰✦✢ ✚✢✬

✱✚ ✾✿✚✜ ❀✢✰✫✢✩✱✯ ✛✬✭✥✪✣ ✪✬ ✚✢✮✦ ✛✜ ✷❜✤ ❁✢✲✴✳✥✧

✿❉✢ ❂❃❄ ✦❃✪✢ ✥✚ ❁✢✛ ✦✢❜✧✬ ❂❃✭ ✥✚ ❉❂ ✱✚ ✲✴❅✢ ❂❃

❆✹✬✥✐✢✱ ❁✢✲✴✳✥✧ ❇❈❊❋●✯ ❁✢✛❜✬ ✲✴❅✢ ✲❃✳✪✬ ✛❍✢■✧ ✥✚❉✢❄

❁✢✛❜✬ ✱✚ ✥✷✸✹✰ A ✚✢✬ ✥✽★✢✜ ✜✐✢✢ ✧★✢✢ ✲✬ ✪✻✢✤ ✥✷✸✹✰

✷❜✢✱ ✦✢✬ A ✪✬ ✱✚ ✥✽★✢✜ ✹✺✜✤ ✛✜ ❂❃✭✯ ✩✪ ✛❍✚✢✜❧ ❂✫✬✭

✥❜❢❜ ✛✥✜✻✢✢✵✢✢ ✛❍✢■✧ ❂✰✩❏ ❑

▲▼ ◆❖ P◗ ❘❙ ❚❯❱❲ ❳❨❩❬❭❪❱❫❴ ▼❱ ❚❵❛❝❞ ❡❱❫ ◆❖

❣❫❤ ▲▼ ❳❥❦❱◗ ❳❨❩❬❭ ❚❫ ▲▼ ❳❥❦❱◗ ❬❛◗❲ P◗ ❳❥❦❱◆ ❝❱❫❴❞ ▲▼

❣♠♥❱ ▼❝❖❱◆❱ ❝♣q

✥✽★✢✜ ✥✷✸✹✰ ✚✢✬ ✲✴❅✢ ✚✢ ❣❫❤❩❬r (centre) ✚❂✧✬ ❂❃✭

✧★✢✢ ✥✽★✢✜ ✹✺✜✤ ✚✢✬ ✲✴❅✢ ✚✤ ❳s❱t✈❱ (radius) ✚❂✧✬ ❂❃✭✯

❁✢✲✴✳✥✧ 10.3 ✫✬✭❧ O ✲✴❅✢ ✚✢ ✲✬✳✸✹❍ ✧★✢✢ ✣❢✷✢✩❏ OP ✲✴❅✢

✚✤ ✥✇✢①❉✢ ❂❃✯

✎②③✒④✝⑤ : è❉✢❜ ✹✤✥✦✱ ✥✚ ✲✬✳✸✹❍ ✚✢✬ ✲✴❅✢ ✲✬✳ ✥✚✪✤ ✥✷✸✹✰

✪✬ ✥✫✣✢❜✬ ✲✢✣✢ ✜✬✐✢✢✐✢✭⑥ ✻✢✤ ✲✴❅✢ ✚✤ ✥✇✢①❉✢ ✚❂✣✢✧✢ ❂❃✯

❁★✢✢❏✧⑦ ⑧✥✇✢①❉✢⑨ ✚✢✬ ✹✢✬ ❁★✢✢✬⑩ ✫✬✭ ✛❍❉✢✬✮ ✥✚❉✢ ✦✢✧✢ ❂❃ ❶

✜✬✐✢✢✐✢✭⑥ ✲✬✳ ❷✛ ✫✬✭ ✧★✢✢ ✩✪✚✤ ✣❢✷✢✩❏ ✲✬✳ ❷✛ ✫✬✭✯

❁✢✛✚✢✬ ✚❸✢✢ ❹ ✪✬ ✥❜❢❜ ✫✬✭ ✪✬ ✲✰✳✼ ❁✲❺✢✜❻✢✢❁✢✬✭

✚✢ ❼✢❜ ❂❃✯ ❂✫ ✲✬✳✲✣ ✉❜✚✢ ✛✰❜❑ ✽✫✜❻✢ ✚✜✧✬ ❂❃✭✯

✱✚ ✲✴❅✢ ✉✪ ✧✣ ✚✢✬❧ ✥✦✪ ✛✜ ✲❂ ✥✽★✢✧ ❂❃❧ ✧✤❜

✻✢✢✮✢✬✭ ✫✬✭ ✥✲✻✢✢✥✦✧ ✚✜✧✢ ❂❃✯ ❉✬ ❂❃✭ ❑ (i) ✲✴❅✢ ✲✬✳ ❁✸✹✜ ✚✢

✻✢✢✮❧ ✥✦✪✬ ❪❯✈❴◆◗ (interior) ✻✢✤ ✚❂✧✬ ❂❃✭❧ (ii) ✲✴❅✢ ✱✲✭

(iii) ✲✴❅✢ ✲✬✳ ✷✢❂✜ ✚✢ ✻✢✢✮❧ ✥✦✪✬ ❨❳❝❯❱❱❽❾ (exterior) ✻✢✤

✚❂✧✬ ❂❃✭ ❆✹✬✥✐✢✱ ❁✢✲✴✳✥✧ ❇❈❊❿●✯ ✲✴❅✢ ✧★✢✢ ✩✪✚✢

❁✻❉✭✧✜ ✥✫✣✚✜ ❣♠♥❱❲✈ ➀❱❫s❱ (circular region) ✷❜✢✧✬

❂❃✭✯

➁➂➃➄➅➆➇ 10.2

➁➂➃➄➅➆➇ 10.3

➁➂➃➄➅➆➇ 10.4
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❀☎✆ ✝✞ ✟✠✡☛ ☞✌ ✆☛✍ ☎✎✏✆✑ P r✒☛☛ Q ②✍✓✔ r☛✍ ✌✍✕☛☛✕☛✓✖

PQ  ✟✠✡☛ ✞♦ ✝✞ t✗✘✙ ✞❣②☛r☛ ❣✚✛ ✜✆✍☎✕☛✝ ✢☛✟✠✣☎r

✶✤✥✦✧✛ ★✩ ✪♦✟☛ ✞☛✍ ✪☛✍ ✟✠✡☛ ✟✍✣ ✟✍✣✏✆✫ ✩✍ ❣☛✍✞✌ ✪☛r♦

❣✚✔ ✟✠✡☛ ✞☛ ❖✬✙✭ ✞❣r✍ ❣✚✓✛ ☎❞☛✮❀☛ ✟✍✣ ✩✯☛✰ ✱☛✲✆ ✳✴❀☛✩✵

✞☛✍ ✷☛♦ ✆☛✍ ✢✒☛☛✍✸ ✯✍✓ ☞✫❀✑✹r ☎✞❀☛ ✪☛r☛ ❣✚✔ ✢✒☛☛✺r✻ ✝✞

✌✍✕☛☛✕☛✓✖ ✟✍✣ ❥☞ ✯✍✓ r✒☛☛ ✼✩✞♦ ②✽✎☛✼✺ ✟✍✣ ❥☞ ✯✍✓✛ ✹❀☛

✢☛☞✞☛✍ ✟✠✡☛ ✯✍✓ ✴❀☛✩ ✩✍ ✎✖✈♦ ✞☛✍✼✺ ✢☛✚✌ ✪♦✟☛ ☞✫☛✾r ❣☛✍

✩✞r♦ ❣✚❧ ✰❣♦✓✛ ✢☛☞ ✆✍✕☛ ✩✞r✍ ❣✚✓ ☎✞ ✴❀☛✩ ✟✠✡☛ ✞♦

✩✎✩✍ ②✽✎♦ ✪♦✟☛ ❣☛✍r♦ ❣✚ r✒☛☛ ✩✷☛♦ ✴❀☛✩☛✍✓ ✞♦ ②✽✎☛✼✺

✩✯☛✰ ❣☛✍r♦ ❣✚ ✪☛✍ ☎❞☛✮❀☛ ✞♦ ✆☛✍ ✿✑✰♦ ❣☛✍r♦ ❣✚✛ ✢☛✟✠✣☎r

✶✤✥✦ ✯✍✓✔  AOB ✟✠✡☛ ✞☛ ✝✞ ✴❀☛✩ ❣✚✛ ✝✞ ✟✠✡☛ ✯✍✓

☎✞r✰✍ ✴❀☛✩ ❣☛✍ ✩✞r✍ ❣✚✓❧ ✝✞ ✟✠✡☛ ✕☛♦✓☎❢✝ ✢☛✚✌ ✆✍☎✕☛✝

☎✞ ✢☛☞ ☎✞r✰✍ ✴❀☛✩ ✎✰☛ ✩✞r✍ ❣✚✓❧

✆☛✍ ☎✎✏✆✑✢☛✍✓ ✟✍✣ ✎♦❢ ✟✍✣ ✟✠✡☛ ✟✍✣ ✷☛☛✿ ✞☛✍ ✝✞ ♣✙❁

(arc) ✞❣r✍ ❣✚✓✛ ✢☛✟✠✣☎r ✶✤✥❂ ✯✍✓✔ ☎✎✏✆✑✢☛✍✓  P r✒☛☛ Q ✟✍✣

✎♦❢ ✟✍✣ ✟✠✡☛ ✟✍✣ ✷☛☛✿☛✍✓ ✞☛✍ ✆✍☎✕☛✝✛ ✢☛☞ ☞☛✝❝✿✍ ☎✞ ✆☛✍✰☛✍✓

✷☛☛✿☛✍✓ ✯✍✓ ✩✍ ✝✞ ✎✖✈☛ ❣✚ r✒☛☛ ✝✞ ❍☛✍❃☛ ❣✚ ✜✆✍☎✕☛✝

✢☛✟✠✣☎r ✶✤✥❄✧✛ ✎✖✈✍ ✷☛☛✿ ✞☛✍ ♥✗❅✙❆ ♣✙❁ (major arc)

PQ ✞❣r✍ ❣✚✓ r✒☛☛ ❍☛✍❃✍ ✷☛☛✿ ✞☛✍ ❇❅✙❈ ♣✙❁ (minor arc)

✞❣r✍ ❣✚✓✛ ②❉☛✑ ❢☛☞ PQ ✞☛✍ ❊PQ  ✩✍ ✴❀✹r ✞✌r✍ ❣✚✓ r✒☛☛

✆♦❉☛✺ ❢☛☞ PQ ✞☛✍  ❋PRQ  ✩✍✔ ✪❣☛❝   R ❢☛☞ ☞✌  P r✒☛☛ Q ✟✍✣

✎♦❢ ✯✍✓ ✞☛✍✼✺ ☎✎✏✆✑ ❣✚✛ ✪✎ r✞ ✢✏❀✒☛☛ ✞❣☛ ✰ ✪☛✝✔

❢☛☞ PQ ❀☛ ❊PQ ②❉☛✑ ❢☛☞ ✞☛✍ ☞✫✆●✱☛r ✞✌r☛ ❣✚✛ ✪✎ P ✢☛✚✌

Q ✝✞ ✴❀☛✩ ✟✍✣ ☎✩✌✍ ❣☛✍✓✔ r☛✍ ✆☛✍✰☛✍✓ ❢☛☞ ✎✌☛✎✌ ❣☛✍ ✪☛r✍ ❣✚✓

✢☛✚✌ ☞✫■❀✍✞ ❢☛☞ ✞☛✍ ❏❑❆✘▲▼✙ (semicircle) ✞❣r✍ ❣✚✓✛

✩✓☞◆P☛✺ ✟✠✡☛ ✞♦ ②✽✎☛✼✺ ✞☛✍ ★✩✞♦ ❁✐◗✐❑ (circumference) ✞❣r✍ ❣✚✓✛ ✪♦✟☛ r✒☛☛ ☞✫■❀✍✞ ❢☛☞ ✟✍✣

✯❡❀ ❘☛✍❞☛ ✞☛✍ ✟✠✡☛♦❀ ❘☛✍❞☛ ✞☛ ✕☛✓✖ ❀☛ ✩✌② ✱☛✲✆☛✍✓ ✯✍✓ ✘▲▼✙❙✙❚❯ ✞❣r✍ ❣✚✓✛ ✢☛☞ ☞☛✝❝✿✍ ☎✞ ✆☛✍ ☞✫✞☛✌ ✟✍✣

✟✠✡☛✕☛✓✖ ❣☛✍r✍ ❣✚✓✛ ❀✍ ❣✚✓❱ ♥✗❅✙❆ ✘▲▼✙❙✙❚❯ (major segment) r✒☛☛ ❇❅✙❈ ✘▲▼✙❙✙❚❯ (minor segment)

✜✆✍☎✕☛✝ ✢☛✟✠✣☎r ✶✤✥❲✧✛ ✟✍✣✏✆✫ ✞☛✍ ✝✞ ❢☛☞ ✟✍✣ ☎✩✌☛✍✓ ✩✍ ☎✯②☛✰✍ ✟☛②♦ ☎❞☛✮❀☛✢☛✍✓ ✝✟✓ ❢☛☞ ✟✍✣ ✎♦❢

✟✍✣ ❘☛✍❞☛ ✞☛✍ ✐❳✙❨✬❙✙❚❯ (sector) ✞❣r✍ ❣✚✓✛ ✟✠✡☛✕☛✓✖ ✞♦ r✌❣✔ ✢☛☞ ☞☛r✍ ❣✚✓ ☎✞ ②❉☛✑ ❢☛☞ ②❉☛✑ ☎❞☛✮❀✕☛✓✖

✟✍✣ r✒☛☛ ✆♦❉☛✺ ❢☛☞ ✆♦❉☛✺ ☎❞☛✮❀✕☛✓✖ ✟✍✣ ✩✓✿r ❣✚✛ ✢☛✟✠✣☎r ✶✤✥❩ ✯✍✓✔ ❘☛✍❞☛ OPQ ❇❅✙❈ ✐❳✙❨✬❙✙❚❯ (minor

sector) r✒☛☛ ✱☛✍❬☛ ✟✠✡☛♦❀ ❘☛✍❞☛ ♥✗❅✙❆ ✐❳✙❨✬❙✙❚❯ (major sector) ❣✚✛ ✪✎ ✆☛✍✰☛✍✓ ❢☛☞ ✎✌☛✎✌ ❣☛✍ ✪☛r✍ ❣✚✓✔

✢✒☛☛✺r✻ ☞✫■❀✍✞ ✢❭✺✟✠✡☛ ❣☛✍r☛ ❣✚✔ r☛✍ ✆☛✍✰☛✍✓ ✟✠✡☛✕☛✓✖ r✒☛☛ ✆☛✍✰☛✍✓ ☎❞☛✮❀✕☛✓✖ ✝✞ ✩✯☛✰ ❣☛✍ ✪☛r✍ ❣✚✓ ✢☛✚✌ ☞✫■❀✍✞

✞☛✍ ❏❑❆✘▲▼✙✗✬ ❪✙❫❳✙ (semi circular region) ✞❣r✍ ❣✚✓✛

❴❵❛❜❤❦♠ 10.7

❴❵❛❜❤❦♠ 10.6

❴❵❛❜❤❦♠ 10.5
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✈✄☎✆✝✞✟ 10.8 ✈✄☎✆✝✞✟ 10.9

✐✠✡☛☞✌✍✎ 10.1

1. ❬✂✂✏✑ ✒✓✂✂✔ ✕✂✖✗✘ ✪

(i) ♦�✁✂ ✙✂ ♦✚✛✜✢✣ ♦�✁✂ ♦✚✛  ❡✚✤ ✖✒✓✂✥ ✦✧ ★✩✖✦✕✂✂✫✬✭✮✕✯✤✥✗✰✱

(ii) ✘✙ ✖✩✜✢✲✳ ✖✴✵✙✑ ♦�✁✂ ♦✚✛ ♦✚✛✜✢✣ ✵✚ ✢✶✗✑ ✖✷✂✸✯✂ ✵✚ ✮✖✹✙ ✦✂✚✳ ♦�✁✂ ♦✚✛ 

❡✚✤ ✖✒✓✂✥ ✦✂✚✥✂ ✦✧ ★✩✖✦✕✂✂✫✬✭✮✕✯✤✥✗✰✱

(iii) ♦�✁✂ ✙✑ ✵✩✵✚ ✩✺✻✑ ✴✑♦✂ ♦�✁✂ ✙✂  ✦✂✚✥✂ ✦✧✱

(iv) ✘✙ ✼✂✽  ✦✂✚✥✂ ✦✧✳ ✴✩ ❣✵♦✚✛ ✖✵✗✚ ✘✙ ✾✯✂✵ ♦✚✛ ✖✵✗✚ ✦✂✚✤✱

(v) ♦�✁✂❬✂✤✺ ✘✙ ✼✂✽ ✥✓✂✂  ♦✚✛ ✩✑✼ ✙✂ ✕✂✂✬ ✦✂✚✥✂ ✦✧✱

(vi) ✘✙ ♦�✁✂✳ ✖✴✵ ✥✏ ✽✗ ✖✒✓✂✥ ✦✧✳ ✿✵✚  ✕✂✂✬✂✚✤ ❡✚✤ ✖♦✕✂✂✖✴✥ ✙✗✥✂ ✦✧✱

2. ✖✏✖❬✂✘✳ ✵❢✯ ✯✂ ✮✵❢✯✱ ✮✽✔✚ ✿✁✂✗ ♦✚✛ ✙✂✗❀✂ ✢✑✖✴✘✱

(i) ♦✚✛✜✢✣ ✙✂✚ ♦�✁✂ ✽✗ ✖✙✵✑ ✖✩✜✢✲ ✵✚ ✖❡✏✂✔✚ ♦✂✏✂ ✗✚❬✂✂❬✂✤✺ ♦�✁✂ ✙✑ ✖✷✂✸✯✂ ✦✂✚✥✑ ✦✧✱

(ii) ✘✙ ♦�✁✂ ❡✚✤ ✵❡✂✔ ✏✤✩✂❣✫ ✙✑ ✽✖✗✖❡✥ ✴✑♦✂✘❁ ✦✂✚✥✑ ✦✧✤✱

(iii) ✯✖✢ ✘✙ ♦�✁✂ ✙✂✚ ✥✑✔ ✩✗✂✩✗ ✼✂✽✂✚✤ ❡✚✤ ✩✂❁❂ ✖✢✯✂ ✴✂✘✳ ✥✂✚ ✽✣❢✯✚✙ ✕✂✂✬ ✢✑❃✂✫ ✼✂✽ ✦✂✚✥✂ ✦✧✱

(iv) ♦�✁✂ ✙✑ ✘✙ ✴✑♦✂✳ ✖✴✵✙✑ ✏❄✩✂❣✫ ✖✷✂✸✯✂ ✵✚ ✢✂✚ ✬✲✔✑ ✦✂✚✳ ♦�✁✂ ✙✂ ✾✯✂✵ ✦✧✱

(v) ✖✷✂✸✯❬✂✤✺✳ ✴✑♦✂ ✘♦✤ ✵✤✬✥ ✼✂✽ ♦✚✛ ✩✑✼ ✙✂ ❅✂✚✷✂ ✦✂✚✥✂ ✦✧✱

(vi) ♦�✁✂ ✘✙ ✵❡✥✏ ✮✂♦�✛✖✥ ✦✧✱

10.3 t❆❇❈ ❉❈❊❈ ❋● ❍■❏❑▲ ▼❊ ◆❖P❍❊P ●❈◗❘❈

❙❚ ❯❱❲❳❳❲❳❨❩ PQ r❭❳❳ ❙❚ ❪❝❫❴❵  R,  ❛❳❱ ❯❱❲❳❳  PQ ❜❯ ❪❞❭❳r ❤ ❥❳❱❦ ❧♠❪❛❙♥  PR r❭❳❳ QR

❚❳❱ ❪♣❧❳q❙ s❴❱❪❲❳❙ ✉❳✇①②❪r ③④⑤③④⑥♥ r❝ ❚❳❱⑦❳ PRQ, ❯❱❲❳❳❲❳❨❩ PQ ⑧❳❯❳ ❪❝❫❴❵ R ❜❯
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✈☎✆✝✞✆ ✟✠✡☛✠ ✥☞✌✍✎✍ ☞✏✑ ✒✍✓✔✕✖✎ ✗✘✙✗✗ ✚✛✜ ✥✍✛✢✍   POQ, PRQ ✎r✍✍ PSQ ❉✣✍ ✥☞✌✍✎✛ ☞✏✜✤

✦ POQ t✧✓✍ PQ ⑥✍★✍ ✓✛✕✩✪✫ O ✐★ ✒✜✎✖★✎ ✥✍✛✢✍ ☞✏✬ ✦ PRQ ✎r✍✍ ✦ PSQ Ø✚✭✍✮  PQ ⑥✍★✍

✪✧♥✍✯ ✰✍✐ PQ ✎r✍✍ ✌♥✍✱ ✰✍✐ PQ ✐★ ✖✲r✍✎ ✖✳✩✪✱✒✍✛✜ R ✒✍✏★ S ✐★ ✒✜✎✖★✎ ✥✍✛✢✍ ☞✏✜✑

✴✵✶✷✸✹✺ 10.10           ✴✵✶✷✸✹✺ 10.11

✒✍✻✼ ☞✚ t✧✓✍ ✥✧ ✚✍✐ ✎r✍✍ ✽✾✓✛✕ ⑥✍★✍ ✓✛✕✩✪✫ ✐★

✒✜✎✖★✎ ✥✍✛✢✍ ✚✛✜ ✾✜✳✜✿ ✥✧ t✍❀✰ ✥★✛✜✑ ✒✍✐ ✼✥ ✓✔❁✍ ✚✛✜

✖✓✖❢✍✩❂ t✧✓✍✼❀ ❃✍✧✜✰✥★ ✎r✍✍ ✽❂✓✛✕ ⑥✍★✍ ✓✛✕✩✪✫ ✐★

✒✜✎✖★✎ ✥✍✛✢✍✍✛✜ ✥✍✛ ✳❂✍✥★ ✪✛❃✍ ✾✥✎✛ ☞✏✜ ✖✥ t✧✓✍ ✣✖✪

✳❝❄✧ ☞✍✛❅✧✬ ✎✍✛ ✽✾✓✛✕ ⑥✍★✍ ✓✛✕✩✪✫ ✐★ ✒✜✎✖★✎ ✥✍✛✢✍ ❢✍✧

✳❝❄✍ ☞✍✛❅✍✑ ❉✣✍ ☞✍✛❅✍ ✣✖✪ ✒✍✐ ✪✍✛ ✳★✍✳★ t✧✓✍✼❀ ✌✛✜❅✛✤

❉✣✍ ✓✛✕✩✪✫ ✐★ ✒✜✎✖★✎ ✥✍✛✢✍ ✾✚✍❂ ☞✍✛✜❅✛ ✣✍ ❂☞✧✜✤

✼✥ ✓✔❁✍ ✥✧ ✪✍✛ ✣✍ ✒✖✿✥ ✳★✍✳★ t✧✓✍✼❀ ❃✍✧✜✖✰✼

✎r✍✍ ✓✛✕✩✪✫ ✐★ ✽❂✓✛✕ ⑥✍★✍ ✒✜✎✖★✎ ✥✍✛✢✍✍✛✜ ✥✍✛ ✚✍✖✐✼ ❆✪✛✖❃✍✼

✒✍✓✔✕✖✎ ✗✘✙✗❇❈✑ ✒✍✐ ✐✍✼❀❅✛ ✖✥ ✽❂✓✛✕ ⑥✍★✍ ✓✛✕✩✪✫ ✐★

✒✜✎✖★✎ ✥✍✛✢✍ ✳★✍✳★ ☞✏✜✑ ✒✍✻✼ ✻✾ ✎r✣ ✥✧ ☞✚ ✽✐✐✖❁✍ ✪✛✜✑

❊❋●❍■ 10.1 : ♦❏❑✠ ✟▲ ▼✝✠▼✝ ◆▲♦✠❖P ♦✡◗❘❙❚ ❯✝ ▼✝✠▼✝ ✟✠✡☛✠ ✈☎✆✞✝✆ ✟✝✆▲ ❱❲☎❳

♠❊❊❨❩❬ : ✒✍✐✥✍✛ ✼✥ ✓✔❁✍✬ ✖t✾✥✍ ✓✛✕✩✪✫ O ☞✏✬ ✥✧

✪✍✛ ✳★✍✳★ t✧✓✍✼❀   AB ✒✍✏★  CD  ✪✧ ☞✱✻✯ ☞✏ ✜

❆✪✛✖❃✍✼ ✒✍✓✔✕✖✎ ✗✘✙✗❭❈ ✎r✍✍ ✒✍✐ ✖✾❪ ✥★❂✍

✰✍☞✎✛ ☞✏✜ ✖✥ ✦ AOB = ✦ COD ☞✏✑

✖❫✍❢✍✱t✍✛✜ AOB ✎r✍✍ COD ✚✛✜✬

OA = OC ❆✼✥ ✓✔❁✍ ✥✧ ✖❫✍❴✣✍✼❀❈

OB = OD ❆✼✥ ✓✔❁✍ ✥✧ ✖❫✍❴✣✍✼❀❈

AB = CD ❆✖✪✣✍ ☞✏❈

✴✵✶✷✸✹✺ 10.12

✴✵✶✷✸✹✺ 10.13
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✈✄☎✆ ✝ AOB ✞ ✝ COD ✭SSS ✥✟✠✡☛

❜☞ ✌✍✎✏✑✆ ✒✡ ✌✏✄✓ ✒✔✕ ✥✎ ✖ AOB = ✖ COD ✭☞✗✏✘✙☞✡ ✥✚✏✛✏✜✢✏✓✕ ✗✓✣ ☞✕✙✄ ✛✏✏✙☛ ✤

❢✦✧★✩✪✫ : ☞✜✥✗❧✏ ✗✓✣ ✥✬✮ ✯☞✗✏✘✙☞✡ ✥✚✏✛✏✜✢✏✓✕ ✗✓✣ ☞✕✙✄ ✛✏✏✙✰ ✗✓✣ ✱✲✏✏✟ ✌✑ ☞✕✳✏✓✌ ✡✓✕

CPCT  ✎✏ ✌✍✠✏✓✙ ✥✎✠✏ ✢✏✮✙✏✆ ❞✠✏✓✕✥✎ ✢✔☞✏ ✥✎ ✈✏✌ ✴✓✵✏✓✕✙✓ ✥✎ ❜☞✎✏ ✒✡ ✶✒✜❧✏ ✌✍✠✏✓✙

✎✑✄✓ ✒✔✕✷

✈✶ ✠✥✴ ✮✎ ✗✸✹✏ ✎✺ ✴✏✓ ✢✺✗✏✮✻ ✗✓✣✼✴✍ ✌✑ ✶✑✏✶✑ ✎✏✓✽✏ ✈✕✄✥✑✄ ✎✑✓✕✆ ✄✏✓ ✾✟ ✢✺✗✏✈✏✓✓✕

✗✓✣ ✶✏✑✓ ✡✓✕ ✈✏✌ ❞✠✏ ✎✒ ☞✎✄✓ ✒✔✕✿ ❞✠✏ ✗✓ ✶✑✏✶✑ ✒✔✕ ✈✲✏✗✏ ✟✒✺✕✿ ✈✏❜✮ ✒✡ ❜☞✎✺ ✥✟❀✟

✥❁✠✏✎✬✏✌ ❂✏✑✏ ✢✏✻❃ ✎✑✓✕✷

✮✎ ✈❞☞ ✎✏✙✢ (tracing paper) ✬✺✥✢✮ ✈✏✔✑ ❜☞

✌✑ ✮✎ ✗✸✹✏ ✵✏✺✕✥❃✮✷ ❜☞✓ ✗✸✹✏ ✗✓✣ ✈✟✜✥✴✐✏ ✎✏❄✎✑ ✮✎

❃✎✄✺ (disc) ✌✍✏❅✄ ✎✺✥✢✮✷ ❜☞✗✓✣ ✗✓✣✼✴✍ O ✌✑ ✮✎

✎✏✓✽✏  AOB ✶✟✏❜✮✆ ✢✒✏✻ A, B ✗✸✹✏ ✌✑ ✥✱✲✏✄ ✥✶✼✴✜ ✒✔✕✷

✎✓✼❆ ✌✑✆ ✮✎ ✴❇☞✑✏ ✎✏✓✽✏ POQ ✎✏✓✽✏ AOB ✗✓✣ ✶✑✏✶✑

✶✟✏❜✮✷ ❃✎✄✺ ✎✏✓ ❜✟ ✎✏✓✽✏✏✓✕ ✗✓✣ ✥☞✑✏✓✕ ✎✏✓ ✥✡✬✏✟✓ ✗✏✬✺

✢✺✗✏✈✏✓✕ ✗✓✣ ✈✟✜✥✴✐✏ ✎✏❄✓✕ ✭✴✓✥✵✏✮ ✈✏✗✸✣✥✄ t❈❉t❊☛✷

✈✏✌ ✴✏✓ ✗✸✹✏✵✏✕❋  ACB ✄✲✏✏ PRQ  ✌✍✏❅✄ ✎✑✓✕✙✓✷ ✠✥✴ ✈✏✌

✮✎ ✎✏✓ ✴❇☞✑✓ ✗✓✣ ●✌✑ ✑✵✏✓✕✙✓✆ ✄✏✓ ✈✏✌ ❞✠✏ ✈✟✜✛✏✗

✎✑✓✕✙✓✿ ✗✓ ✮✎ ✴❇☞✑✓ ✎✏✓ ✌❇✽✏❍✄✠✏ ■✎ ✬✓✕✙✓✆ ✈✲✏✏❍✄❏ ✗✓

☞✗✏✘✙☞✡ ✒✏✓✕✙✓✷ ❜☞✥✬✮  AB  = PQ ✒✔✷

✠❑✥✌ ✈✏✌✟✓ ❜☞✓ ✮✎ ✥✗✐✏✓▲✏ ✴✐✏✏ ✡✓✕ ✒✺ ✴✓✵✏✏ ✒✔✆ ❜☞✓ ✈✏✌ ✈✼✠ ☞✡✏✟ ✎✏✓✽✏✏✓✕ ✗✓✣ ✥✬✮

✴✏✓✒✑✏❜✮✷ ✥✟❀✟ ✌✍✡✓✠ ✗✓✣ ✎✏✑✽✏ ☞✛✏✺ ✢✺✗✏✮✻ ✶✑✏✶✑ ✒✏✓✕✙✺☎

★▼◆❖P 10.2 :  ◗❘❙ ❚❯ ❱❲❳❨ ❯❩ ❬❩❱❨❭❨❪❫ ❴❨❵❨ ❱❪❛❝❙❡ ❣❵ ❭❫❤❘❵❤ ❯❨❪❥❨ ❦❵❨❦❵ ♠❨❪❫♥ ❤❨❪ ❱❪ ❬❩❱❨❚♣

❦❵❨❦❵ ♠❨❪❤❩ ♠q❫r

✾✌✠✜❍❞✄ ✌✍✡✓✠✆ ✌✍✡✓✠ t❈❉t ✎✏ ✥✗✬✏✓✡ ✒✔✷ s✠✏✟ ✴✺✥✢✮ ✥✎ ✈✏✗✸✣✥✄ t❈❉t✉ ✡✓✕ ✠✥✴

✈✏✌ ✖ AOB = ✖ COD ✬✓✕✆ ✄✏✓

✝ AOB ✞  ✝ COD ✭❞✠✏✓✕✿☛

❞✠✏ ✈✶ ✈✏✌ ✴✓✵✏ ☞✎✄✓ ✒✔✕ ✥✎  AB = CD ✒✔?

✇①②③④⑤⑥  10.14
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✐☎✆✝✞✟✠✡ 10.2

1. ❀✂☛ ☞✌�✍✎ �☞ ☛✂✏ ✑✒✓✂ ✔✑✂✕①✔✖ ✗✂✏✄✏ ✗✘✙✚ ❀�☛ ✛✜☞✌ �✢✂✣❀✂✎✤ ✥✦✂✥✦ ✗✂✏✙✧ �✔★ ☞✌�✍✎ �☞

✔✑✂✕①✔✖ ✑✒✓✂✂✏✙ ☞✌ ✥✦✂✥✦ ✍✌✑✂✎✤ ✛✜✑✏❧ ✑✏❧✩☛✪✂✏✙ ✫✦ ✥✦✂✥✦ ☞✂✏✁✂ ✬✙✄�✦✄ ☞✦✄✌ ✗✘✙✧

2. �✔★ ☞✌�✍✎ �☞ ❀�☛ ✔✑✂✕①✔✖ ✑✒✓✂✂✏✙ ☞✌ ✍✌✑✂✎✤ ✛✜✑✏❧ ✑✏❧✩☛✪✂✏✙ ✫✦ ✥✦✂✥✦ ☞✂✏✁✂ ✬✙✄�✦✄ ☞✦✏✙✚
✄✂✏ ✍✌✑✂✎✤ ✥✦✂✥✦ ✗✂✏✄✌ ✗✘✙✧

10.4 ♦✭✮✯✰✱ ✲✭ ✳✴♦✵ ✶✷ ✸✹✺

❢✻✼✵✽✸✵✶ : ✾✿ ❁❂❃ ✿❄❅❆ ❇❈ ✾✿ ❉❊❋❄ ●❄❍■❏❑✾▲

❡❄▼❄ ◆❃✿❄ ❉❖P◗❘❙  O  ❣❚▲ ✾✿ ❆❍❉❄  AB ●❄❍■❏❑✾▲ ✿❄❅❆

✿❄❖  O ❃❖ ❆❄▼❖ ❉❄❯❍ ✾✿ ❈❖●❄❄ ❉❖P ❁▼❱❏❘❲❄ ◆❃ ❇❙✿❄❈

❡❄❖❏❳❨✾ ❏✿ ❆❍❉❄ ✿❄ ✾✿ ❩❄❄❅ ❘❬❃❈❖ ❩❄❄❅ ❇❈ ❇❳❨❖▲ ❡❄▼

❯❍❏❆✾ ❏✿ ❡❄❖❳❨ ✿❄ ❏▼❲❄❄▼  AB  ✿❄❖  M ❇❈ ✿❄❭❪❄ ❣❚▲ ❪❫

❴ OMA = ❴ OMB = 90°  ❁✈❄❉❄  OM,  AB ❇❈ ❯❵❫ ❣❚

❛❘❖❏●❄✾ ❁❄❉❊P❏❪ ❜❝❞❜❤❥▲ ❂❦❄ ❏❫◗❘❱  B, A ❉❖P ❃■❇❄❪❍

❣❄❖❪❄ ❣❚♠

❣❄♥♣ ❦❣ ❣❄❖❅❄▲ ◆❃❏❯✾  MA = MB ❣❚▲

OA ❁❄❚❈ OB ✿❄❖ ❏❡❯❄✿❈ ❪✈❄❄ ❃❡✿❄❖q❄ ❏r❄❩❄❱❆❄❖■  OMA ❁❄❚❈ OMB ✿❄❖ ❃❉❄s❅❃❡ ❏❃t

✿❈ ◆❃✿❍ ✉❇❇❏❋❄ ✇❉❦■ ❘❍❏❆✾▲ ❦❣ ✉❘❄❣❈q❄ ❏▼❵▼ ❇❏❈q❄❄❡ ✿❄ ❏❉❲❄❖②❄ ❘❊②❭❄■❪ ❣❚③

✶✱④✭✼ 10.3 :  ⑤⑥ ⑦⑧⑨⑩ ⑦❶❷ ⑦❶❷❸❹❺ ❻❶ ⑤⑥ ❼❽⑦⑩ ❾❿ ➀⑩➁⑩ ➂➃⑩ ➁➄➅ ❼❽⑦⑩ ⑥⑩❶ ❻➆➇➈➉⑩⑩➇❼➊

⑥❿➊⑩ ➋➌➍

◆❃ ❇❙❡❖❦ ✿❄ ❏❉❯❄❖❡ ❂❦❄ ❣❚♠ ◆❃✿❄❖ ❏❯●❄▼❖ ❉❖P ❏❯✾♣ ❃❉➎❇❙✈❄❡ ❣❡❖■ ✇❇②❭ ❣❄❖▼❄ ❣❚ ❏✿

❇❙❡❖❦ ❜❝❞➏ ❡❖■ ❂❦❄ ❏❘❦❄ ❅❦❄ ❣❚ ❁❄❚❈ ❂❦❄ ❏❃t ✿❈▼❄ ❣❚▲ ❏❘❦❄ ❣❚ ❏✿ ❉❖P◗❘❙ ❃❖ ❆❍❉❄ ❇❈

❯■❫ ●❄❍■❑❄ ❅❦❄ ❣❚ ❁❄❚❈ ❏❃t ✿❈▼❄ ❣❚ ❏✿ ❉❣ ❆❍❉❄ ✿❄❖ ❃❡❏➐❩❄❄❏❆❪ ✿❈❪❄ ❣❚▲ ❁❪③ ❏❉❯❄❖❡

❡❖■ ❇❏❈✿➑❇▼❄ ❣❚ ➒❦❏❘ ✾✿ ❉❖P◗❘❙ ❃❖ ❆❄▼❖ ❉❄❯❍ ❈❖●❄❄ ❉❊❋❄ ✿❍ ✾✿ ❆❍❉❄ ✿❄❖ ❃❡❏➐❩❄❄❏❆❪

✿❈❖➓ ❁❄❚❈ ❏❃t ✿❈▼❄ ❣❚ ➒❈❖●❄❄ ❆❍❉❄ ❇❈ ❯❵❫ ❣❚➓▲ ◆❃ ❇❙✿❄❈♣ ❏❉❯❄❖❡ ❣❚ ③

✶✱④✭✼ 10.4 :  ⑤⑥ ⑦⑧⑨⑩ ⑦❶❷ ⑦❶❷❸❹❺ ❻❶ ⑤⑥ ❼❽⑦⑩ ⑥⑩❶ ❻➆➇➈➉⑩⑩➇❼➊ ⑥❿➔❶ ⑦❶❷ ➇➁⑤ →⑩❽➣↔❽ ➂↕➙ ❿❶→⑩⑩

❼❽⑦⑩ ❾❿ ➁➣➅ ➋⑩❶➊❽ ➋➌➍

❂❦❄ ❦❣ ❃➛❦ ❣❚♠ ◆❃✿❄❖ ❉❱P➜ ❏✇✈❄❏❪❦❄❖■ ❡❖■ ❇❙❦➛▼ ✿❈❉❖P ❘❖❏●❄✾▲ ❁❄❇ ❘❖●❄❖■❅❖ ❏✿ ❦❣ ◆▼ ❃❩❄❍

❏✇✈❄❏❪❦❄❖■ ❡❖■ ❃➛❦ ❣❚▲ ❏▼❵▼ ❁❩❦❄❃ ✿❈❉❖P ❘❖❏●❄✾ ❏✿ ❂❦❄ ❦❣ ✿✈❄▼ ➝❦❄❇✿ ➞❇ ❡❖■ ❃➛❦

➟➠➡➢➤➥➦ 10.15
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❣✄☎ ❣✆ ✝✞ ✟✠✡ ✟☛✡☞ ✌✍✎✏ ✑✠ ✒✓✠ ✔✎ ✄✕ ✔ ✎✖ ✝✏✟✠✡ ✌✎✕ ✗✎ ✑✘✙✚ ✛ ☎

✆✎ ✏ ❡✘ ✙✚ ✛ ✙✌ ✛✌ ✟✜✢✎✣ ✙✚✞ ✌✎ ✟✠✡ ✤✑✥ O ❣✄✣ ✌✘

AB ✛✌ ✚ ✘✟✎ ❣✄ ✔✎ ✄✕ O ✌✎✠ AB ✟✠✡ ✆✦✧★✙✩ ✤✑ ☛  M ✞✠

✙✆❡✎ ✧✎ ✓✧✎ ❣ ✄☎ ✔✎ ✖✌✎✠ ✙✞❢ ✌✕ ✏✎ ❣ ✄ ✙✌  OM ✪  AB

❣ ✄ ☎ OA ✔✎ ✄✕ OB ✌✎✠ ✙✆❡✎ ✝✛ ❞✑✠ ✙✫✎✛ ✔✎ ✟ ✜✡✙✬ ✭✮✯ ✭✰✱☎

✙✲ ✎✳✎ ☛✚✎✠ ✒ OAM ✬ ✍✎✎  OBM ✆✠ ✒✣

OA = OB ❞✴ ✧✎✠ ✒✵✱

AM = BM ❞✴ ✧✎✠ ✒✵✱

OM = OM ❞✶✳ ✎ ✧ ✙✏ ✷✸ ✱

✔ ✬ ✈ ✣ ✹OAM ✺ ✹OBM ❞✴ ✧✎✠ ✒✵✱

✝✞✞ ✠ ✖✥✎❜✬ ❣✎✠✬ ✎ ❣✄✈ ✻OMA = ✻OMB = 90°    ❞ ✴✧✎✠ ✒✵✱

10.5 r✼ ✽ ✾✿❀❁❂❃❄❅❆ ❇❅ ❈❄ ✽❅ ❉ ❄❊❄ ❉❋● ❄

✔ ✦✧✎ ✧ ✰ ✆✠ ✒ ✔✎ ✖✏✠ ✖❍■✎ ❣ ✄ ✙✌ ✛✌ ✕✠ ✫✎✎ ✌✎✠ ✙✏❏✎ ❑✙✕✬ ✌✕ ✏✠ ✟✠✡ ✙❡✛ ✑✎✠ ✙✩ ✤✑☛ ✖✧✎ ❑❜✬ ❣ ✄✒☎

✔ ✍✎✎ ❑✬ ▲ ✑✎✠ ✙✩ ✤✑☛✔ ✎✠ ✒ ✞ ✠ ❣✎✠✌✕ ✚ ✎ ✏✠ ✟✎❡✘ ✛✌ ✔✎ ✄✕ ✟✠✡ ✟❡ ✛✌ ❣✘ ✕✠ ✫✎✎ ❣✄☎ ✛✌ ▼✟✎✳✎✎ ✙✟✌

✖✥✐ ✏ ✶✸✬✎ ❣✄✈ ✛✌ ✟ ✜✢✎ ✌✎✠ ✩ ✏✎✏✠ ✟✠✡ ✙❡✛ ✙✌✬ ✏✠ ✙✩ ✤✑ ☛ ✖✧✎ ❑❜ ✬ ❣✄✒✵

✛✌ ✙✩ ✤✑☛  P ❡✘ ✙✚ ✛ ☎ ✝✞ ✙✩ ✤✑ ☛ ✞✠ ❣✎✠✌✕ ✚✎ ✏✠ ✟✎ ❡✠ ✙✌✬ ✏✠ ✟✜✢✎ ✫✎✘ ✒◆✠ ✚ ✎ ✞✌✬✠ ❣✄✒✵

✔✎ ✖ ✑✠ ✫✎✬✠ ❣ ✄✒ ✙✌ ✝✞ ✙✩ ✤✑ ☛ ✞✠ ❣✎✠✌✕ ✚ ✎✏✠ ✟✎ ❡✠ ✙✚✬ ✏✠ ◆ ✎❣✠ ✒ ✶✬ ✏✠ ✟ ✜✢✎ ✫✎✘ ✒◆✠ ✚ ✎ ✞✌✬✠ ❣✄✒

[✑✠ ✙✫✎ ✛ ✔✎✟ ✜✡ ✙✬ ✭✮✯ ✭♥(i)]☎ ✔✩ ✑✎✠ ✙✩ ✤✑☛  P  ✔ ✎ ✄✕ Q ❡✘ ✙✚ ✛☎ ✔✎ ✖ ✙✖✡✕ ✞ ✠ ✑✠ ✫✎✠ ✒✓✠ ✙✌

P  ✬ ✍✎✎ Q  ✞ ✠ ❣✎✠✌✕ ✚✎ ✏✠ ✟✎ ❡✠ ✔ ✏ ✙✓✏✬ ✟✜✢✎ ✫✎✘✒◆ ✠ ✚ ✎ ✞✌✬ ✠ ❣✄✒ [✔✎ ✟✜✡✙✬ 10.17(ii)]☎ ✴ ✧✎

❣✎✠ ✓✎ ✧✙✑ ✔ ✎✖ ✬ ✘✏ ✙✩ ✤✑☛  A, B ✔✎✄✕ C ❡✠✒✵

❖P ◗❘❙ ❚❯ 10. 17

❖P ◗❘❙ ❚❯  10.16
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❉☎✆ ✝✆✞ ✟✠✡ ☛☞✌✍✎✆✠ ✏✑✒✓✔✝✆✍☞ ☛✍ ✕✖ ✗✘✙✆ ✎✆✠☞✚

☛✖✟✍ ❧✛☞✜ ✡❧✠☞✢ ☎✏✓ ✏✑✒✓✔ ✕✖ ✌✍✎✆✆ ✞✌ ✏✣✤✆✟ ❧✆✍☞✥ ✟✆✍

✟✠☛✌✆ ✏✑✒✓✔ ✓✆✍ ✏✑✒✓✔✝✆✍☞ ☛✍ ❧✆✍✖✌ r✆✡✍ ✗✆✦✍ ✗✘✙✆ ✗✍✧

✝☞✓✌ ☎✆ ✑✆❧✌ ❧✆✍s✆ ★✓✍✏✎✆✕ ✝✆✗✘✧✏✟ ✩✪✫✩✬✭✢

✝✟✈ ✝✆✮✕ ❧✯ ✟✠✡ ✏✑✒✓✔  A, B ✝✆✛✌ C ✦✍☞✥ r✆✍ ✕✖ ✌✍✎✆✆ ✞✌ ✏✣✤✆✟ ✡ ❧✆✍☞ ☎✆ ✓②☛✌✍ ✰✆✱✓✆✍☞

✯✍☞✥ ✗✍ ☛☞✌✍✎✆✠ ✡ ❧✆✍☞ [✓✍✏✎✆✕ ✝✆✗✘✧✏✟ 10.19(i)]✢  AB ✟✤✆✆ BC ✗✍✧ ♦✯✰✆✈ ✦✲✑ ☛✯✏✳✴✆✆r✖

PQ ✝✆✛✌ RS  ✎✆✠☞✏✚✕✢ ✯✆✡ ✦✠✏r✕ ☎✍ ✦✲✑ ☛✯✏✳✴✆✆r✖ ✕✖ ✏✑✒✓✔   O ✞✌ ✞✐✏✟✵✶✍✓

✖✌✟✍ ❧✛☞ ★❞☎✆✡ ✓✠✏r✕ ✏✖  PQ ✝✆✛✌  RS ✞✌✣✞✌ ✞✐✏✟✵✶✍✓ ✖✌✍☞s✍✥ ❉☎✆✍☞✏✖ ✗✍ ☛✯✆☞✟✌ ✡❧✠☞ ❧✛☞✭

[✓✍✏✎✆✕ ✝✆✗✘✧✏✟ 10.19(ii)]✢

(i) (ii)

✷✸✹✺✻✼✽  10.19

✝✑ ❉☎✆✍☞✏✖  O, AB  ✗✍✧ ✦✲✑ ☛✯✏✳✴✆✆r✖  PQ   ✞✌ ✏✣✤✆✟ ❧✛✥ ✮☛✏✦✕  OA = OB ❧✛✢

➵❞☎✆✡ ✓✠✏r✕ ✏✖ ✝❞☎✆☎ ✾ ✯✍☞ ✏☛✿ ✏✖☎✆ s☎✆ ❧✛ ✏✖ ✌✍✎✆✆✎✆☞❀ ✗✍✧ ✦✲✑ ☛✯✏✳✴✆✆r✖ ✖✆

✞✐❁☎✍✖ ✏✑✒✓✔ ❂☛✗✍✧ ✝☞✟ ✏✑✒✓✔✝✆✍☞ ☛✍ ✑✌✆✑✌ ✓②✌✠ ✞✌ ❧✆✍✟✆ ❧✛✢❃

✮☛✠ ✞✐✖✆✌✥ ❉☎✆✍☞✏✖  O, BC  ✗✍✧ ✦✲✑ ☛✯✏✳✴✆✆r✖  RS ✞✌ ✏✣✤✆✟ ❧✛☞✥ ✮☛✏✦✕ ✝✆✞ ✞✆✟✍

❧✛☞ ✏✖

OB = OC

✮☛✠✏✦✕  OA = OB = OC ❧✛,  ✏r☛✖✆ ✝✤✆❢ ❧✛ ✏✖ ✏✑✒✓✔  A, B ✝✆✛✌ C ✏✑✒✓✔   O ☛✍ ☛✯✆✡

✓②✌✠ ✞✌ ❧✛☞✢ ✝✟✈ ☎✏✓ ✝✆✞  O  ✖✆✍ ✗✍✧✒✓✐ ✟✤✆✆   OA ✏❄✆❅☎✆ ✦✍✖✌ ✕✖ ✗✘✙✆ ✎✆✠☞✚✍✥ ✟✆✍ ✗❧

B ✝✆✛✌ C ☛✍ ✴✆✠ ❧✆✍✖✌ r✆✕s✆✢ ☎❧ ✓✰✆✆❢✟✆ ❧✛ ✏✖ ✟✠✡ ✏✑✒✓✔✝✆✍☞  A, B ✝✆✛✌  C ☛✍ ❧✆✍✖✌ r✆✡✍

✗✆✦✆ ✕✖ ✗✘✙✆ ❧✛✢ ✝✆✞ r✆✡✟✍ ❧✛☞ ✏✖ ✓✆✍ ✌✍✎✆✆✕❆ ★✦✲✑ ☛✯✏✳✴✆✆r✖✭ ✗✍✧✗✦ ✕✖ ✏✑✒✓✔ ✞✌

✷✸✹✺✻✼✽ 10.18
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✐✄☎✆✝✞✟✠ ✡☛ ☞✡✆✌ ✍✎✏✑ ✠✒☞☛✟ ✓✔✕✠✔✟✏ ✖✟✏✗  A, B ✈✔✎☛ C ☞✟ ✍✔✟✡☛ ✥✔✘✟ ✙✔✚✔ ✛✡ ✈☎✜✆✌✢

✙✣✤✔ ✍✎✑ ✈✔✐✘✟ ✈✦ ☎✘✧✘ ✐✄✖✟✢ ✡✔✟ ☎☞★ ✡☛ ☎✚✢✔ ✍✎✩

✪✫✬✭✮ 10.5 :  r✯✰ ✱✲✳ ✴✵✳ ✶✷✸✹✺✻✼✯ ✱✽✾✲✵✶✼✺✸ ✿✼✹✼ ✴✼✺❀✹ ❁✼✰✺ ❂✼❃✼ ✳❀ ✶✼❄✹ ❂✺❅❂❃ ✳❀

❂❆❇✼ ✴❄❈

❢❉❊✪❋●❍ :  ✢☎✠  ABC  ✛✡ ☎■✔❏✔❑✥ ✍✔✟✗ ✆✔✟ ✐✄✖✟✢ ▲▼◆❖ ☞✟ ✓✔✌P✔✔✟◗  A, B ✈✔✎☛  C  ☞✟ ✍✔✟✡☛ ✛✡

✈☎✜✆✌✢ ✙✣✤✔ ❘✔✌✏❙✔ ✥✔ ☞✡✆✔ ✍✎✑ ❚☞ ✙✣✤✔ ✡✔✟ ❯ ABC ✡✔ ❱✱✹❂❆❇✼ ✡✍✆✟ ✍✎✏✑ ❚☞✡✔ ✙✟❞❲✠✄

✆❳✔✔ ☎■✔❨✢✔ ❩✖✓✔✩ ☎■✔❏✔❑✥ ✙✟❞ ❱✱✹❂✺❅✾✲❬ ✆❳✔✔ ❱✱✹✱❭✼❪❫✼ ✡✍✚✔✆✟ ✍✎✏✑

♠❴●❵❛❋● 1 : ✛✡ ✙✣✤✔ ✡✔ ❙✔✐ ☎✠✢✔ ✍❑✈✔ ✍✎✑ ❚☞ ✙✣✤✔ ✡✔✟ ✐✒☛✔ ✡✌☎✥✛✑

❵❣ : ✖✔✘ ✚✌☎✥✛ ✛✡ ✙✣✤✔ ✡✔ ❙✔✐  PQ  ☎✠✢✔ ✍❑✈✔ ✍✎✑

✍✖✟✏ ✙✣✤✔ ✡✔✟ ✐✒☛✔ ✡☛✘✔ ✍✎✑ ❚☞✡✔ ✈❳✔❜ ✍✎ ☎✡ ✍✖✟✏ ❚☞✡✔

✙✟❞❲✠✄ ✛✙✏ ☎■✔❨✢✔ ❝✔✆ ✡☛✘✌ ✍✎✑ ❙✔✐ ✐☛ ✛✡ ☎✦❲✠❑  R

✚✌☎✥✛✑ PR  ✆❳✔✔  RQ ✡✔✟ ☎✖✚✔❚✛✑ ✐✄✖✟✢ ▲▼◆❖ ✡✔✟ ☎☞★

✡☛✘✟ ✙✟❞ ☎✚✛ ✡✌ ❡❚❜ ☛❙✘✔ ✡✔ ❤✐✢✔✟❡ ✡☛✙✟❞ ✙✟❞❲✠✄

✆❳✔✔ ☎■✔❨✢✔ ❝✔✆ ✡✌☎✥✛✑

❚❲✍✌✏ ✙✟❞❲✠✄ ✆❳✔✔ ☎■✔❨✢✔ ✡✔✟ ✚✟✡☛ ✙✣✤✔ ✡✔✟ ✐✒☛✔

✡✌☎✥✛ ❥✠✟☎❘✔✛ ✈✔✙✣❞☎✆ ▲▼◆❦▼❧✑

♥♣qst✉✇① 10.3

1. ♦�✁✂✂②③ ♦②④ ⑤⑥⑦ ⑧✂②⑨⑩② ❶❷❸❹❺❻ ❼✂❽③❾❿➀➁ ➂➃➄❷②⑤ ⑧✂②⑨⑩② ❺②③ ❾⑤➅➆② ❾➇➈➉❸ ➊➋✂❷❾➆➌➍ ➎➏③➐ ➊➋✂❷❾➆➌➍

❾➇➈➉❸➑✂②③ ⑤❽ ➑❾➒⑤➅❺ ➓③❼❷✂ ➔❷✂ ➎➏➐

2. ❺✂➆ →❽❾⑧➀ ➑✂➂⑤✂② ➀⑤ ♦�✁✂ ❾➉❷✂ ➎➏➁ ➀⑤ ➣❿➆✂ ⑥➓♦②④ ♦②④➈➉➃ ⑤✂② ↔✂➅ ⑤➣➆② ♦②④ ❾→➀ ➉❽❾⑧➀➁

3. ❷❾➉ ➉✂② ♦�✁✂ ➂➣↕➂➣ ➉✂② ❾➇➈➉❸➑✂②③ ➂➣ ➂➃❾➅➙➛②➉ ⑤➣②③➜ ➅✂② ❾➓➝ ⑤❽❾⑧➀ ❾⑤ ➊➆♦②④ ♦②④➈➉➃ ➊➋✂❷❾➆➌➍

⑧❽♦✂ ♦②④ →➞➇ ➓❺❾➟➋✂✂⑧⑤ ➂➣ ❾↕➠✂➅ ➎➏③➁

10.6 ➡✬●➢ ➤❍➥●➦➧ ➨●➩❛ ♠➢➫❍ ➥✭➭➯❴✫ ➡✭ ❴➲❢❛✮●➧

✖✔✘ ✚✌☎✥✛  AB ✛✡ ☛✟❘✔✔ ✍✎ ✈✔✎☛  P  ✡✔✟❚❜ ☎✦❲✠❑ ✍✎✑

➳✢✔✟✏☎✡ ✛✡ ☛✟❘✔✔ ✐☛ ✈☞✏❘✢ ☎✦❲✠❑ ✍✔✟✆✟ ✍✎✏✗ ❚☞☎✚✛ ✢☎✠

✈✔✐ ❚✘ ☞❏✔✌ ✡✔✟ P ☞✟ ☎✖✚✔✛➵ ✆✔✟ ✈✔✐✡✔✟ ✈☞✏❘✢

☛✟❘✔✔❘✔✏➸ PL
1
, PL

2
, PM, PL

3
, PL

4
, ✈✔☎✠ ☎✖✚✟✏❡✟✑ ❚✘✖✏✏✟ ☞✟

✡✔✎✘ ☞✌ ☎✦❲✠❑ P ☞✟ AB  ✡✌ ✠✒☛✌ ✍✎➺ ✈✔✐ ❳✔✔✟➸➻✔ ☞✔✟❙✡☛

➼➽➾➚➪➶➹  10.20

➼➽➾➚➪➶➹  10.21
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❜☎✆✝ ✞✟✝✠ ✡☛✝☞✌ ✆✠ ☎✆✌✍ ✎✏✑✒ ❜✓ ✠✍✔✝✝✔✝✑✕✝✍✑✖ ✗✍✑ ☎✍ P ☎✍  AB ✡✠ ✐✘✙ ✠✍✔✝✝✔✝✑✕ ✚✛✝✝✜✌✢

✚✝✈✣✤✥✌ ✦✧★✩✦ ✗✍✑  PM  ☎✙☎✍ ❧✝✍✪✝ ✎✝✍✫✝✒ ✫✥✬✝✌ ✗✍✑ ❜☎ ☎✙☎✍ ❧✝✍✪✭ ✐✘✙✝❜✜  PM  ✆✝✍  P ✮✯

AB ❞✰ ✱✲✳✰ ✈✍✤ ✴✡ ✗✍✑ ✡✥✠✵✝✝✥✶✝✌ ✆✠✌✍ ✎✏✑✒ ✚✌✷✖ ✚✝✡ ✆✎ ☎✆✌✍ ✎✏✑ ✥✆ ✷

✸✹ ✺✻✼✽✾ ✿❀ ✸✹ ❁❀❂❃❃ ❄❁ ❅❆✻ ✹❇ ❅❆✻❃❈❉ ❁❀❂❃❃ ✹❇ ✺✻✼✽✾ ✿❀ ✽❊❁❇ ❋❃❀●❇ ❋❍■

è❏✝✓ ❑✭✥▲▼ ✥✆ ❏✥❑ ✥✙◆❑❖ ✠✍✔✝✝ ✡✠ ✥P✛✝✌ ✎✏✖ ✌✝✍ ✠✍✔✝✝ ✆✭ ❜☎☎✍ ❑◗✠✭ ❘✝◗◆❏ ✎✏✒

▼✆ ✈✣✟✝ ✗✍✑ ✚☎✑✔❏ ▲✭✈✝▼❙ ✎✝✍ ☎✆✌✭ ✎✏✑✒ ✚✝✡ ▼✆ ✈✣✟✝ ✗✍✑ ▲✭✈✝▼❙ ✔✝✭✑❚✆✠ ▲✝❙❚ ✆✠

☎✆✌✍ ✎✏✑ ✥✆ ✐✑✙✭ ▲✭✈✝✖ ❧✝✍✪✭ ▲✭✈✝ ✆✭ ✌❖✐✓✝ ✗✍✑ ✈✍✤◆❑☛ ✈✍✤ ✥✓✆✪ ✎✝✍✌✭ ✎✏✒ ❜☎✆✭ ✚✝✡

✥✈✥✵✝◆✓ ✐✘✙✝❜✜ ✆✭ ✆❜✜ ▲✭✈✝▼❙ ✆✭ ✔✝✭✑❚✆✠ ✌✛✝✝ ✞✓✆✭ ✈✍✤◆❑☛ ☎✍ ❑◗✥✠❏✝❙ ✗✝✡✆✠ ▲✝❙❚ ✆✠

☎✆✌✍ ✎✏✑✒ ❯❏✝☎✖ ▲✝✍ ✈✣✟✝ ✆✭ ☎✙☎✍ ✙✕❱✭ ▲✭✈✝ ✎✏✖ ✆✭ ✈✍✤◆❑☛ ☎✍ ❲❏✝ ❑◗✠✭ ✎✏❳ ❲❏✝✍✑✥✆ ✈✍✤◆❑☛

❜☎ ✡✠ ✥P✛✝✌ ✎✏✖ ✚✌✷ ❜☎✆✭ ❑◗✠✭ ❘✝◗◆❏ ✎✏✒ ❲❏✝ ✚✝✡ ☎✝✍❚✌✍ ✎✏✑ ✥✆ ▲✭✈✝ ✆✭ ✐✘✙✝❜✜ ✚✝✏✠

✞☎✆✭ ✈✍✤◆❑☛ ☎✍ ❑◗✠✭ ✗✍✑ ✆✝✍❜✜ ☎✑✙✑♠ ✎✏❳ ✚✝❜▼ ❑✍✔✝✍✑ ✥✆ ❲❏✝ ▼✍☎✝ ✎✏✒

❨❩❬❭❪❫❴  10.22

❢❵❛❝❞❡❝❣ : ✥✆☎✭ ✥❤✝❥❏✝ ✆✝ ✚❲☎ ✆✝✫▲ ✡✠ ▼✆ ✈✣✟✝ ✔✝✭✑✥❚▼✒ ❜☎✆✭ ❑✝✍ ✙✠✝✙✠ ▲✭✈✝▼❙

AB  ✌✛✝✝ CD  ✔✝✭✑✥❚▼ ✌✛✝✝ ❜✓ ✡✠ ✈✍✤◆❑☛  O  ☎✍ ✐✘✙  OM  ✌✛✝✝  ON  ✵✝✭ ✙✓✝❜▼✒ ✚✝✈✣✤✥✌

✆✝✍ ❜☎ ✡☛✆✝✠ ✗✝✍✥✕❱▼ ✥✆  D, B  ✡✠ ✌✛✝✝  C, A  ✡✠ ✡✕❱✍ [❑✍✥✔✝▼ ✚✝✈✣✤✥✌ ✦✧★✩✩  (i)]✒ ✚✝✡

✡✝▼❙✫✍ ✥✆  O  ✗✝✍✕❱ ✈✍✤ ✥✓❘✝✝✓ ✡✠ ✡✕❱✌✝ ✎✏ ✚✝✏✠ N, M  ✡✠ ✡✕❱✌✝ ✎✏✒ ✚✌✷✖  OM = ON ✎✏✒

❜☎ ✥❦❏✝✆✐✝✡ ✆✝✍ ✈✍✤◆❑☛✝✍✑ O ✌✛✝✝ O♥  ✈✍✤ ☎✈✝♦✫☎✗ ✈✣✟✝ ✔✝✭✑❚✆✠ ✚✝✏✠ ✚✐✫♣✚✐✫

✙✠✝✙✠ ▲✭✈✝▼❙  AB ✌✛✝✝  CD  ✐✍✆✠ ❑✝✍✎✠✝▼❙✒ ✞✓ ✡✠ ✐✘✙  OM ✌✛✝✝ O♥N ✔✝✭✑✥❚▼

[❑✍✥✔✝▼ ✚✝✈✣✤✥✌ ✦✧★✩✩ 10.22(ii)]✒ ❜✓✗✍✑ ☎✍ ▼✆ ✈✣✟✝✝✆✝✠ ❚✆✌✭ ✆✝✍ ✆✝✪✆✠ ❑◗☎✠✍ ✈✣✟✝ ✡✠

❜☎ ✡☛✆✝✠ ✠✔✝✍✑ ✥✆  AB, CD  ✆✝✍ ✡◗✬✝✜ ✴✡ ☎✍ q✆ ✐✍✒ ✌✙ ✚✝✡ ✡✝▼❙✫✍ ✥✆  O,  O♥  ✡✠ ✡✕❱✌✝

✎✏ ✌✛✝✝  M, N ✡✠ ✡✕❱✌✝ ✎✏✒ ❜☎ ✡☛✆✝✠✖ ✚✝✡✓✍ ✥✓✘✓ ✆✝✍ ☎r❏✝✥✡✌ ✥✆❏✝ ✎✏✷
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✐✄☎✆✝ 10.6 : ✱✞ ✟✠✡☛ ✞☞ ✭❀☛ ✌✟☛✍✎✌✏ ✟✠✡☛☛✑✒ ✞☞✮ ✥✓☛✥✓ ✔☞✟☛✱✕ ✟✑✖✗✘✙ ✌✑ ✭❀☛ ✟✑✖✗✘✙☛✑✒ ✌✑✮

✌✏☛❧ ✘✚✓☞ ✛✓ ✜☛✑✢☞ ✜✣✤

✈✦ ✧★ ✩✪✫✬✬ ✯✬✰ ✲✳ ✴✧✬ ✵✶✳✬ ✲✷✸✬✪✹ ✶✺✧ ★✻ ✈✼✬✷✬ ✽★✾✿❁ ✵✶✷✪❂ ✲✸✰ ✷✪❂❃✩❄  O ✷✬✸✬

✰✳ ✷❅❆✬ ✫✬✾✿✲❇✰❁ ✷✪❂❃✩❄ O  ✶✪ ✷❅❆✬ ✷✪❂ ❈✬✾❉❊ ❊★✽✪ ✷✬✸✪ ✩✬✪ ✦❊✬✦❊ ✸❋✦✬✵● ✷✪❂ ❊✪✫✬✬✫✬✿❍ OL

 ❉✼✬✬  OM  ✫✬✾✿✲❇✰ [✩✪✲✫✬✰ ✈✬✷❅❂✲❉ ♥■❏❑▲ (i)]❁ ✈✦ ▼✹◆✬❖ ✩✬✪ ✯✾✷✬✰P  PQ  ✈✬✻❊  RS  ✫✬✾✿✲❇✰

✯✬✪ OL ✈✬✻❊ OM ◗❊ ✸❋✦ ★✬✪✿ [✩✪✲✫✬✰ ✈✬✷❅❂✲❉ 10.23(ii)]❁  PQ ✈✬✻❊ RS  ✳✾ ✸❋✦✬✵✧✬P

✹✬✲◗✰❁ ✴✧✬ ✧✪ ✈✶✹✬✽ ★✻✿❡ ✽★✾✿❘ ✩✬✪✽✬✪✿ ✦❊✬✦❊ ★✻✿❁ ✲▼✧✬✳✸✬◗ ✳✬✪ ✈✬✻❊ ✈✲❙✳ ✶✹✬✽

❊✪✫✬✬✫✬✿❍✬✪✿ ❉✼✬✬ ❥✽ ◗❊ ✸❋✦ ✯✾✷✬✰P ✫✬✾✿❇✳❊ ✩✬✪★❊✬✵✰❁ ✵✶ ◗❄✳✬❊❘ ◗❄✹✪✧ ♥■❏❚ ✳✬ ✲✷✸✬✪✹

❯❱❲❳❨❩❬  10.23

✶✺✧✬✲◗❉ ★✬✪ ✯✬❉✬ ★✻❘ ✲✯✶✳✬ ✳✼✬✽ ✽✾❇✪ ✲✩✧✬ ❭✧✬ ★✻❖

✐✄☎✆✝ 10.7 :  ✱✞ ✟✠✡☛ ✟✑✖ ✟✑✖✗✘✙ ✌✑ ✌✏✘✚✓❪❫☛ ✔☞✟☛✱✕ ❴❵✥☛❛❜ ✏✑✒ ✌✏☛❧ ✜☛✑✢☞ ✜✣✒✤

✈✦ ★✹ ❥◗✧❝●✴❉ ◗✲❊❞✬✬✹✬✪✿ ◗❊ ✈✬❙✬✲❊❉ ✰✳ ❥✩✬★❊❞✬ ✸✪❉✪ ★✻✿❁

♠❢❣❤❦♣❣ 2 : ✧✲✩ ✰✳ ✷❅❆✬ ✳✾ ✩✬✪ ◗❄✲❉qr✪✩✾ ✯✾✷✬✰P ◗❄✲❉qr✪✩ ✲✦❃✩❝ ✶✪ ✯✬✽✪ ✷✬✸✪ s✧✬✶ ✶✪

✶✹✬✽ ✳✬✪❞✬ ✦✽✬✰P❘ ❉✬✪ ✲✶t ✳✾✲✯✰ ✲✳ ✷✪ ✯✾✷✬✰P ✦❊✬✦❊ ★✻✿❁

❤✉ : ✲✩✧✬ ★✻ ✲✳ ✰✳ ✷❅❆✬❘ ✲✯✶✳✬ ✷✪❂❃✩❄  O  ★✻❘ ✳✾ ✩✬✪

✯✾✷✬✰P  AB ✈✬✻❊ CD ✲✦❃✩❝   E  ◗❊ ◗❄✲❉qr✪✩ ✳❊❉✾ ★✻✿❁

E  ✶✪ ✯✬✽✪ ✷✬✸✬   PQ  ✰✳ ✰✪✶✬ s✧✬✶ ★ ✻ ✲✳

✇ AEQ = ✇ DEQ  ★✻ ✭✩✪✲✫✬✰ ✈✬✷❅❂✲❉ ♥■❏❑①✮❁

✈✬◗✳✬✪ ✲✶t ✳❊✽✬ ★✻ ✲✳  AB = CD ★✻❁ ✯✾✷✬✈✬✪✿  AB

✈✬✻❊  CD ◗❊ ▼✹◆✬❖  OL  ❉✼✬✬  OM  ✸❋✦ ✫✬✾✿✲❇✰❁ ✈✦❘
❯❱❲❳❨❩❬ 10.24
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☎ LOE = 180° – 90° – ☎ LEO = 90° – ☎ LEO    ✭✆✝✞✟✞✠✡ ☛☞✌ ✍✞☞✎✞✞☞✏ ☛☞✌ ✑✞☞✒ ✍✞ ✒✠✎✞✓

= 90° – ☎ AEQ = 90° – ☎ DEQ

= 90° – ☎ MEO = ☎ MOE

✆✝✞✟✞✠✡✞☞ ✏  OLE  r✔✞✞  OME  ❡☞✏✕

☎ LEO = ☎ MEO ✭✆✖✑✞ ✗✘✓

☎ LOE = ☎ MOE ✭✙✚✛ ✆✜✢ ✆✍✑✞ ✗✘✓

EO = EO ✭✣✟✞✑✆✤✥✦✓

✈r✧✕ ★ OLE ✩ ★ OME ✭✪✑✞☞✏✫✓

❜✜✜☞ ✚✬✞✮r ✗✞☞r✞ ✗✘✧ OL = OM (CPCT)

❜✜✆✯✰✕ AB = CD ✭✪✑✞☞✏✫✓

✐✱✲✳✴✵✶✷ 10.4

1. ✺ cm ✄✸✂✂ ✹ cm �✻✂✼✽✂ ✾✂✿❀ ❁✂❀ ✾❂❃✂ ❁✂❀ �❄❅❁❆❇✂❀❈ ❉❊ ❉❋�✄●❍❀❁ ■❊✄❀ ❏❑❈ ✄✸✂✂ ▲▼✾❀◆ ✾❀◆❅❁❋✂ ❀❈

✾❀◆ ❄♦❖ ■♦ ❁P❊♦ ◗ cm ❏❑❘ ▲❙✂✽�▼❚❯ ❱♦✾✂ ■♦ ✿❲❄✂❳❨ ❩✂✄ ■♦�❱❬❘

2. ✽�❁ ❬■ ✾❂❃✂ ■♦ ❁✂❀ ❭❪✂▼ ❱♦✾✂❬❫ ✾❂❃✂ ✾❀◆ ❇❅❁❊ ❉❋�✄●❍❀❁ ■❊❀❈❴ ✄✂❀ �❭❵ ■♦�❱❬ �■ ❬■
❱♦✾✂ ✾❀◆ t✂❈❛ ❁P❭❊♦ ❱♦✾✂ ✾❀◆ ❭❈①✄ t✂❈❛✂❀❈ ✾❀◆ ❄❊✂❄❊ ❏❑❈❘

3. ✽�❁ ❬■ ✾❂❃✂ ■♦ ❁✂❀ ❭❪✂▼ ❱♦✾✂❬❫ ✾❂❃✂ ✾❀◆ ❇❅❁❊ ❉❋�✄●❍❀❁ ■❊❀❈❴ ✄✂ ❀ �❭❵ ■♦�❱❬ �■

❉❋�✄●❍❀❁ �❄❅❁❆ ■✂ ❀ ✾❀◆❅❁❋ ❭❀ �❪✿✂▼❀ ✾✂✿♦ ❊❀t✂✂ ❱♦✾✂❇✂❀❈ ❭❀ ❄❊✂❄❊ ■✂❀✁✂ ❄▼✂✄♦ ❏❑❘

4. ✽�❁ ❬■ ❊❀t✂✂ ❁✂❀ ❭❈✾❀◆❅❁❋♦ ✾❂❃✂✂❀❈ ❝❬■ ❏♦ ✾❀◆❅❁❋ ✾✂✿❀

✾❂❃✂❞ ■✂❀❴ �❱▼■✂ ✾❀◆❅❁❋  O ✗✘✕  A, B, C ❇✂❑❊

D  ❉❊ ❉❋�✄●❍❀❁ ■❊❀❴ ✄✂❀ �❭❵ ■♦�❱❬  AB = CD  ❏❑

❝❁❀�t✂❬ ❇✂✾❂◆�✄ ❢❣❤❥✺❞❘

5. ❬■ ❉✂✾❨◆ ❪❀❈ ❄▼❀ ✺ m �✻✂✼✽✂ ✾✂✿❀ ✾❂❃✂ ❉❊ t✂❛❦♦

✄♦▼ ✿❛❦�■✽✂❫ ❊❀❧✂❪✂❴ ❭✿❪✂ ❬✾❈ ❪▼❁♦❉ t✂❀✿ ❊❏♦

❏❑ ❈❘ ❊❀❧✂❪✂ ❬■ ①❀❈❁ ■✂❀ ❭✿❪✂ ✾❀◆ ❉✂❭❴ ❭✿❪✂

❪▼❁♦❉ ✾❀◆ ❉✂❭ ✄✸✂✂ ❪▼❁♦❉ ❊❀❧✂❪✂ ✾❀◆ ❉✂❭

❉❀❈◆■✄♦ ❏❑❘ ✽�❁ ❊❀❧✂❪✂ ✄✸✂✂ ❭✿❪✂ ✾❀◆ ❄♦❖ ❇✂❑❊

❭✿❪✂ ✄✸✂✂ ❪▼❁♦❉ ✾❀◆ ❄♦❖ ■♦ ❉❋♠✽❀■ ❁P❊♦ ♥ m

❏✂❀❴ ✄✂❀ ❊❀❧✂❪✂ ❇✂❑❊ ❪▼❁♦❉ ✾❀◆ ❄♦❖ ■♦ ❁P❊♦ ♣✽✂ ❏❑q
s✉✇②③④⑤  10.25
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6.  ✷✄ m ✥☎✂✆✝✂ ✞✂ ✟✞ ✠✂✡☛ ☞✂♦✌✍ ✎♦�✁✂✂✞✂✏✑ ✟✞ ✞✂☛✂✡✒✓ ✔✡✕ ✥✖✗✂✘ ✙✚✛ ✘✓✒ ☛✜✢♦✡✍

✈✕♦✣✍✏✤ ✦✚✧✝★ ✘✗✂✂ ✜✡✥♦✜ ✩✦✞✓ ☞✥✏✦✓✔✂ ☞✏ ✪✏✂✪✏ ★✫✏✓ ☞✏ ✪✚✬✡ ✙✚✕ ✈✂✚✏ ☞✭✮✝✡✞ ♦✡✍

✙✂✗✂ ✔✡✕ ✟✞ ✥❣✂☛✂✚✒✂ ✯✡☛✓☞✍✂✡✒ ✈✂☞✦ ✔✡✕ ✪✂✘ ✞✏✒✡ ♦✡✍ ✥☛✟ ✙✚✛ ☞✭✮✝✡✞ ☞✍✂✡✒ ✞✓ ✜✂✡✏✓

✞✓ ☛❞✪✂✩✌ ✰✂✘ ✞✓✥✱✟✛

10.7 ✲✳ ✴✵✶✸ ✴✹✺ ✻✸✼ ✽✸✾✸ ✿❀❁❂✾❁ ✳✸✹❃✸

❄❅❆❇❈ ❉❈❊❅❅ ❋● ❍■ ❏■ ❑▲▼❅ ▼❈◆ ❄❖P ❍◗❘❉❙ ❚❯❱❅❲ ▼❈◆ ❄❍P❍❳❨P❩ ▼❬❭❅ ■❅❈ ❉❅❈ ❪❅❆❅❈❖ ❫❈❖ ❏■

❚❉▲❴❅❵ P❛❅❅ ❉❜❲❳❅ ❝❴❅❙❩ ❍▼❡❅❅❍❑P ■❳P❈ ❋●❖❢ ❱❍❉ ❄❅❆ ◗❳❅◗❳ ❑▲▼❅❏❤ ❝❈❖✐ P❅❈ ❄❅❆ ❥❇ ❪❅❆❅❈❖

■▲ ❫❅❆❅❈❖ ▼❈◆ ◗❅❳❈ ❫❈❖ ❨❱❅ ■❋ ❲■P❈ ❋●❖❦ ❨❱❅ ❏■ ❑▲▼❅ ❧❅❳❅ ◗❇❅ ❪❅❆ ❉❜❲❳▲ ❑▲▼❅ ▼❈◆ ❧❅❳❅

◗❇❈ ❪❅❆ ■❈ ◗❳❅◗❳ ❋●❦ ▼❅♠P▼ ❫❈❖✐ ❱❈ ◗❳❅◗❳ ❝♥◗❅♣❵ ❲❈ ❡❅▲ ▼❙◆q ❄❍r■ ❋●❢ ❱❋ ♣❲ ❄❛❅❵

❫❈❖✐ ❍■ ❱❍❉ ❏■ ❪❅❆ ■❅❈ ❉❜❲❳❈ ❪❅❆ ▼❈◆ s❆❳ ❳❊❅❅ ❑❅❏✐ P❅❈ ❍◗❇❅ ❏❈❖t❈ ❱❅ ❫❅❈✉✇❈ ▼❈ ❏■ ❉❜❲❳❈

■❅❈ ❆❜①❅❵P❱❅ ②■ ❝❈❖③❈❢

♣❲ P❛❱ ■❅❈ ❄❅❆ ❑▲▼❅  CD  ▼❈◆ ❲❖③P ❪❅❆ ■❅❈ ▼❬❭❅

❲❈ CD ▼❈◆ ❄❇❙❍❉④❅ ■❅⑤■❳ P❛❅❅ ❥❲❈ ◗❳❅◗❳ ❑▲▼❅   AB

▼❈◆ ❲❖③P ❪❅❆ ❆❳ ❳❊❅■❳ ❲⑥❱❅❍❆P ■❳ ❲■P❈ ❋●❖❢ ❄❅❆

❆❅❏❤③❈ ❍■ ❪❅❆  CD, ❪❅❆  AB ■❅❈ ❆❜①❅❵⑦❆ ❲❈ ②■ ❝❈P❅ ❋●

❚❉❈❍❊❅❏ ❄❅▼❬◆❍P ⑧⑨⑩❶❷❩❢ ❱❋ ❉④❅❅❵P❅ ❋● ❍■ ◗❳❅◗❳

❑▲▼❅❏❤ ❲▼❅❸③❲❫ ❪❅❆ ◗❇❅P▲ ❋●❖ P❛❅❅ ❍▼❝❅❈❫P❹ ❲▼❅❸③❲❫

❪❅❆ ▼❬❭❅ ■▲ ◗❳❅◗❳ ❑▲▼❅❏❤ ◗❇❅P❈ ❋●❖❢ ♣❲■❅ ❍❇♥❇ ❆❺■❅❳

❲❈ ■❛❅❇ ❉❈ ❲■P❈ ❋●❖❹

❻❼❽ ❼❾❿➀ ➁➂➃➄ ❾➀ ❽➄➅ ➆➀➁➄➇➈ ➉➊➄➉➊ ➋➄➅➌➍ ➎➄➅ ➏➐➁➅➑

❿➌➒➎ ➓➄➔ ❿➁➄→➒❿➣ ➋➄➅➎➅ ➋↔➌ ➎↕➄➄ ❼➁➙➄➅➣➎➛ ❻❼❽ ❽➄➅ ➓➄➔

❿➁➄→➒❿➣ ➋➄➅➌➍ ➎➄➅ ➏➐➁➅➑ ❿➌➒➎ ➆➀➁➄➇➈ ➉➊➄➉➊ ➋➄➅➎➀ ➋↔➌➜

❪❅❆ ❧❅❳❅ ▼❈◆❘❉❺ ❆❳ ❄❖P❍❳P ■❅❈①❅ ❡❅▲ ❲❖③P ❑▲▼❅

❧❅❳❅ ▼❈◆❘❉❺ ❆❳ ❄❖P❍❳P ■❅❈①❅ ❲❈ ♣❲ ❄❛❅❵ ❫❈❖ ❆❍❳❡❅❅❍➝❅P

❍■❱❅ ❑❅P❅ ❋● ❍■ ❝❴❅❙ ❪❅❆ ■❅❈①❅ ■❅❈ ❄❖P❍❳P ■❳P❅ ❋●

❄❅●❳ ❉▲❴❅❵ ❪❅❆ ❲❖③P ❆❺❍P▼P▲❵ ■❅❈①❅ ❄❖P❍❳P ■❳P❅ ❋●❢

❄P❹ ❄❅▼❬◆❍P ⑧⑨⑩❶➞ ❫❈❖✐ ❝❴❅❙ ❪❅❆  PQ  ❧❅❳❅  O  ❆❳

❄❖P❍❳P ■❅❈①❅ POQ ❋● P❛❅❅ ❉▲❴❅❵ ❪❅❆  PQ  ❧❅❳❅  O  ❆❳

❄❖P❍❳P ❲❖③P ❆❺❍P▼P▲❵ ■❅❈①❅  POQ  ❋●❢ ➟➠➡➢➤➥➦  10.27

➟➠➡➢➤➥➦  10.26
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♠☎✆ ✝✞✟✠ ✡☛☞ ✝ ✌ ✍✎ ☎✏✑✞✒ ✓✔✕✓ ✍ ✞✖ ✗✎ ✘✙ ✝✚ ✑ ✞✎ ✛✜ ✢✜ ☎ ✛✆☞ ✝✝✑ ✗ ✣✒ ✤✥ ✪

❢✦✧★ ✩✫ ✬✭ ✩✮✯ ✧ ✩✭ ✰✱✧✲ ✳✭ ✴ ✵❀✭ ✶✷✭ ✶✷ ✳ ✭ ✴✸ ✩✮✯✹✺✻ ✴✷ ✶✷✭✶✷ ✦✭✮✼✭ ✽✾✿❢ ✷✿ ✦✷✿ ✮

❣❁ ✾ ❂

✈✠ ✪❃ ✛❄✗ ❅ ✍❆❇ ✝ ❄❅ ❈ ❅✍ ✝ ❉✝✆ ✝ ✍ ✞✖❊✘✏ ☎✆ ✈✎ ✠ ✛✆✠ ❄✝✞☞ ✝ ✗✎✡✠ ✵❋● ✝☛✸ ❍✝☎ ❉✝✆ ✝ ✍✞✖❊✘✏

☎✆ ✈✎✠ ✛✆ ✠ ❄✝✞☞ ✝ ✍✞✖ ✐✆ ✝✐✆ ✤✝✞✠ ✝ ✤✥■ ✛✜ ✢✜ ☎✏✑ ✞✒ ✌ ❄ ❍✝☎ ❉✝✆ ✝ ✍✞✖❊✘✏ ☎✆ ✈✎✠ ✛✆ ✠ ❄✝✞☞ ✝ ✠ ❏ ✝✝

✍ ❆❇✝ ✍✞✖ ✛❄✗ ❅ ✛✐ ❊✘☛ ☎✆ ✈✎✠ ✛✆ ✠ ❄✝✞☞ ✝ ✑ ✞✎ ✗ ✎✐✎♦ ✘✞✠ ❅ ✤✥■

❑▲▼◆❖ 10.8 :  P ✦ ✳ ✭ ✴ ◗✭✷✭ ✩✮✯✹✺✻ ✴✷ ✽✾✿❢ ✷✿ ✦✭ ✮✼✭ ✩✫ ✬✭ ✩✮✯ ❘✭ ✮❙✭ ❚✭✭✱ ✩ ✮✯ ❢ ✦✧★ ❢✶✹✺❯ ✴✷

✽✾✿ ❢ ✷✿ ✦✭ ✮✼✭ ✦✭ ✺❯✱❯ ❱✭ ❣✭ ✮✿✭ ❣❁ ❂

❲❑ ❑❳❨❩ : ✌ ❄ ✍❆❇ ✝ ❄✝ ❍ ✝☎  PQ  ✛✘✒ ✝ ✤✥❃ ❈ ✝✞ ✍ ✞✖❊✘✏  O  ☎ ✆ ❬ POQ  ✠ ❏ ✝✝ ✍❆❇ ✝ ✍✞✖ r ✝✞❭✝

✙ ✝ ✝✡ ✍ ✞ ✖ ✌ ❄ ✛✐ ❊ ✘☛ A ☎✆   ❬ PAQ  ✈ ✎ ✠ ✛✆ ✠ ❄✆ ✠ ✝ ✤ ✥ ■ ✤ ✑ ✞✎ ✛✗ ❪ ❄✆ ✜ ✝ ✤ ✥ ✛ ❄

❬POQ = 2 ❬ PAQ ✤ ✥ ■

❫ ❴ ❵❛❜ ❝ ❞  10.28

✈ ✝✍ ❆✖✛✠ ✓✔✕❡❤ ✑ ✞✎ ✘❅ ✡❥ ✚ ✠ ❅✜ ✛✍✛✙ ✝❊✜ ✛❦ ❏✝✛✠ ✒✝✞✎ ☎✆ ✛✍❍ ✝✆ ❄❅✛❈✌ ■

(i)  ✑✞✎ ❍✝☎   PQ ❋● ✝☛ ✤ ✥❃ (ii)  ✑ ✞✎ ❍ ✝☎  PQ  ✈♦ ✚✍ ❆❇✝ ✤✥ ✠ ❏✝✝   (iii) ✑✞✎ ❍✝☎  PQ  ✘❅● ✝✚ ✤ ✥■

✈ ✝❥✌ ✤✑  AO  ❄✝✞ ✛✑❋ ✝❄✆ ✌ ❄ ✛✐ ❊✘☛ B ✠ ❄ ✐❧♥ ✝✌ ♣■

✗✙ ✝❅ ✛❦ ❏✝✛✠ ✒✝✞✎ ✑ ✞✎ ❃

❬ BOQ = ❬ OAQ + ❬ AQO

✵✟ ✒✝✞✎ ✛❄ ✛q ✝✙ ✝☛ ❈ ❄✝ ✐ ✛✤ ❭❄✝✞☞✝ ♠✗✍✞✖ ✘✝✞ ✈✛✙✝✑☛s✝ ✈✎✠ ✪ ❄✝✞☞✝✝✞✎ ✍✞✖ ✒✝✞✡ ✍✞✖ ✐✆✝✐✆ ✤✝✞✠ ✝ ✤✥■✸

✗ ✝❏✝ ✤❅ t OAQ  ✑ ✞✎ ❃

OA = OQ ✵✌ ❄ ✍❆❇ ✝ ❄❅ ✛q ✝✉✒✝✌ ♣✸

✈ ✠ ✪ ❃ ❬ OAQ = ❬ AQO ✵☎✏ ✑ ✞✒ ✇✕②✸
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❜✄✄☎ ✆✝✞✟✠ ✡✞☎✠✞ ✡☛☞ ✌ BOQ = 2 ✌ OAQ (1)

❜✄✍ ✆✝✎✞✏✑ ✌ BOP = 2 ✌ OAP (2)

(1) ✈✞☛✏ (2) ✄☎✑ ✌ BOP + ✌ BOQ = 2(✌ OAP + ✌ OAQ)

✈✒✞✞✓✠✔✑ ✌ POQ = 2 ✌ PAQ (3)

❢✕✒✞❢✠ (iii) ✖☎✗ ❢✘✙✑ ✚✡✞✛  PQ  ♥✍✜✞✓ ✢✞✆ ✡☛✑ (3) ✖☎✗ ✕✒✞✞✣ ✆✏

✆✝❢✠✖✠✍✓ ✎✞☎✐✞ POQ = 2 ✌ PAQ  ✡✞☎❣✞✤ ✥

✦✧★✩✪✫✬ : ❡✞✣ ✘✍❢✚✙ ❢✎ ✭✆✮✯✓✰✠ ✈✞✖✱✗❢✠✮✞☎✲ ❡☎✲

✡❡  P  ✈✞☛✏   Q ✎✞☎ ❢❡✘✞✎✏ ✚✍✖✞  PQ  ❝✣✞✠☎ ✡☛✲✤

✠❝✑ ✌ PAQ  ❞✳✴ ✵✶✷✳✸✳✹✺  PAQP  ✻✴✹ ✼✽✳ ❞✳✴✾✳

❍✳✿ ❞❀❁✴ ❀❂✹✤

✆✝❡☎✮ ❃❄❅❆ ❡☎✲ ✖✱❇✞ ✖☎✗ ❈✞☎❉✞ ❊✞✞❣ ✆✏ ✎✞☎❜✓

❊✞✍ ❢❝❋♥✯  A ✡✞☎ ✄✎✠✞ ✡☛✤ ❜✄❢✘✙ ✮❢♥ ✈✞✆ ✖✱❇✞

✖☎✗ ❈✞☎❉ ✞ ❊✞✞❣ ✆✏ ✙✎ ✈✞☛✏ ❢❝❋♥ ✯ C  ✘☎✲

●♥☎❢■✞✙ ✈✞✖✱✗❢✠ ❃❄❅❏❑▲✑ ✠✞☎ ✈✞✆ ✆✞✙✛❣☎☞

✌ POQ = 2 ✌ PCQ = 2 ✌ PAQ

✈✠☞✑ ✌ PCQ = ✌ PAQ

✮✡ ❢✣▼✣ ✎✞☎ ❢✄◆ ✎✏✠✞ ✡☛ ☞

✩❖P◗❘ 10.9 :  ❙❞ ❀✿ ✵✶✷✳✸✳✹✺ ✵✴❚ ❞✳✴✾✳ ✼❯✳✼❯ ❀✳✴❁✴ ❀❂✹❱

✈✞❜✙ ✈❝ ✆✝❡☎✮ ❃❄❅❆ ✎✍ ❢✕✒✞❢✠  (ii)  ✎✍ ✈✘❣ ✄☎ ❢✖✖☎✢✣✞ ✎✏☎✲✤ ✮✡✞✛  ✌PAQ  ✭✄

✖✱❇✞■✞✲❲ ❡☎✲ ✙✎ ✎✞☎✐✞ ✡☛ ✚✞☎ ✈❳✓✖✱❇✞ ✡☛✤ ✄✞✒✞ ✡✍✑ ✌ PAQ = 
1

2
 ✌ POQ = 

1

2
 × 180° = 90°

✡☛✤ ✮❢♥ ✈✞✆ ✎✞☎❜✓ ✈✞☛✏ ❢❝❋♥✯  C  ✈❳✓✖✱❇✞ ✆✏ ✘☎✲✑ ✠✞☎ ❊✞✍ ✈✞✆ ✆✞✠☎ ✡☛✲ ❢✎

✌ PCQ = 90°

❜✄ ✆✝✎✞✏✑ ✈✞✆ ✖✱❇✞ ✎✞ ✙✎ ✈✞☛✏ ❣✯✐✞ ✆✞✠☎ ✡☛✲ ✚✞☎ ❢✣▼✣ ✡☛☞

❨❩❬✵✶✷✳ ❞✳ ❞✳✴✾✳ ❭✻❞✳✴✾✳ ❀✳✴❁✳ ❀❂❱

✆✝❡☎✮ ❃❄❅❑ ✎✞ ❢✖✘✞☎❡ ❊✞✍ ✄❪✮ ✡☛✑ ❢✚✄✎✞ ❜✄ ✆✝✎✞✏ ✎✒✞✣ ❢♥✮✞ ✚✞ ✄✎✠✞ ✡☛☞

❫❴❵❛❤❥❦  10.29
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✐☎✆✝✞ 10.10 : ❀✟✠ ✠✡☛ ✟☞✌✠✍✎✡☛✏ ✑✡☛ ✟✒✓✡✔☛ ✕✡✓✡ ✖☛✗✡✡✗✡✏✘✙ ✚✛✑✡☛ ✎✏✜✢✕✣✤ ✑✖✔☛ ✕✡✓✥ ✖☛✗✡✡

✕☛♦ ✦✑ ✧✥ ✎✡☛✖ ✟★✩✡✜ ✠✡☛ ✎✌❀ ✟☞✌✠✍✎✡☛✏ ✪✖ ✛✒✡✔ ✑✡☛✫✡ ✎✏✜✟✖✜ ✑✖☛✙ ✜✡☛ ✬✡✖✡☛✏ ✟☞✌✠✍ ✦✑

✕✭✮✡ ✪✖ ✟★✩✡✜ ✧✡☛✜☛ ✧✯✏ ✰✎✩✡✡✈✜✱ ✕☛ ✬✲✥❀ ✧✡☛✜☛ ✧✯ ✏ ✳✴

✵✶✷ ✸✹ ✺✻✶✼ ✺✽ ✹✾✿❁✶ ❂✼❃✼ ✷❄✺✶❅ ✹❆ ❇❆❈✶ ✹✺❁❆ ❉❊❋ ●

✵✶❍■❏❂❁ ❑▲▼◆▲ ❖❆❋  AB  P✺ ❅❆❈✶✶❈✶❋◗ ❉❊❘ ❙✶❆ ❇✶❆ ❂❚❯❇❱✵✶❆❋  C  ✵✶❊❅ D ✷❅ ✹❖✶✼ ✺✶❆❲✶ ✵❋❁❂❅❁

✺❅❁✶ ❉❊✴ ✵✻✶✶❞❁❳

❨ ACB =  ❨ ADB

✿❉ ❇❩✶✶❞✼❆ ❍❆❏ ❂❬P ❂✺ ❂❚❯❇❱  A, B, C ✵✶❊❅ D P✺ ❍■❭✶ ✷❅

❂❢✻✶❁ ❉❊❋❘ ❂❚❯❇❱✵✶❆❋  A, C ✵✶❊❅ B ✹❆ ❙✶✼❆ ❍✶❬✶ P✺ ❍■❭✶

❈✶✽❋❂❪P✴ ❖✶✼ ❬✽❂❙P ❂✺ ❍❉ D ✹❆ ❉✶❆✺❅ ✼❉✽❋ ❙✶❁✶ ❉❊✴

❁❚❘ ❍❉  AD (✵✻✶❍✶ ❚❫❴✽ ❉❱✸❞  AD) ✺✶❆ P✺ ❂❚❯❇❱  E

(✵✻✶❍✶ E❵) ✷❅ ✺✶❛❆❜✶✴

✿❂❇ ❂❚❯❇❱  A, C, E ✵✶❊❅   B  P✺ ❍■❭✶ ✷❅ ❂❢✻✶❁ ❉❊❋❘ ❁✶❆

❨ ACB = ❨ AEB ✰❝✿✶❆❋❡✳

✷❅❯❁❱ ❂❇✿✶ ❉❊ ❂✺ ❨ ACB = ❨ ADB

✵❁●❘ ❨ AEB = ❨ ADB

✿❉ ❁❚ ❁✺ ✹❋❣✶❍ ✼❉✽❋ ❉❊ ❙❚ ❁✺  E, D ❍❆❏ ✹❋✷✶❁✽ ✼ ❉✶❆✴ ✰❝✿✶❆❋❡✳

✸✹✽ ✷❄✺✶❅❘  E❵ ❣✶✽ D ❍❆❏ ✹❋✷✶❁✽ ❉✶❆✼✶ ❪✶❂❉P✴

10.8 ♣❤❥❦ ♣❧♠♥q♠rs

P✺ ❪❁❱❣✶❱❞❙  ABCD  ✬✲✥❀ ✺❉❬✶❁✶ ❉❊❘ ✿❂❇ ✸✹❍❆❏ ❪✶❅✶❆❋

❩✶✽t✶❞ P✺ ❍■❭✶ ✷❅ ❂❢✻✶❁ ❉✶❆❁❆ ❉❊❋ ✰❇❆❂❈✶P ✵✶❍■❏❂❁ ❑▲▼◆❑✳✴ ✸✼

❪❁❱❣✶❱❞❙✶❆❋ ❖❆❋ ✵✶✷ P✺ ❂❍❩✶❆t✶ ❜❱❲✶ ✷✶P✉❜❆✴ ✵❬❜✇✵❬❜ ❣✶❱❙✶✵✶❆❋

❍✶❬❆ ✺✸❞ ❪②✽✿ ❪❁❱❣✶❱❞❙ ❈✶✽❋❂❪P ✵✶❊❅ ✷❄✾✿❆✺ ✺✶ ✼✶❖

ABCD ❅❂❈✶P ✰✸✹✺✶❆ ❂❍❂❣✶❯✼ ❂③✶④✿✶✵✶❆❋ ❍❆❏ ✺✸❞ ❍■❭✶ ❈✶✽❋❪✺❅

❁✻✶✶ ✷❄✾✿❆✺ ✷❅ ❪✶❅ ❂❚❯❇❱ ❬❆✺❅ ❂✺✿✶ ❙✶ ✹✺❁✶ ❉❊✳✴ ✹❃❖❱❈✶

✺✶❆❲✶✶❆❋ ✺✶❆ ❖✶❂✷P ✵✶❊❅ ✵✶✷ ✵✷✼❆ ✷❆❄⑤✶❲✶ ✵✶❜❆ ❇✽ ❜✸❞ ✹✶❅❲✶✽

❖❆❋ ❂❬❂❈✶P ●

⑥⑦⑧⑨⑩❶❷  10.30

⑥⑦⑧⑨⑩❶❷  10.31
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♣✄☎✆✝☎✞✟ ✠✡ ☛☞ ✌✍✎✏✝ ✑ A ✑ B ✑ C ✑ D ✑ A +✑ C ✑ B +✑ D

1.

2.

3.

4.

5.

6.

❜✌ ✌✝✒✓✝✡ ✌✔ ✕✝✖ ✗✏✝ ✘✙✚✠✚✝✞ ✘✙✠✝✛✄✔ ✜✢✍✣

✏✘❀ ☞✝✖✙✔ ☞✔✍ ✠✝✔❜✞ ✤✝☎✘✥ ✙ ✜☎❜✞ ✜✝✔✦ ✄✝✔ ✏✜ ✘✙✧✙ ✠✝✔ ✌★✏✝✘✖✄ ✠✒✄✝ ✜✢✩

✐✪✫✬✭ 10.11 :  ✮✯✰✱ ✮✲✳✴✵✳✶✷ ✸✹✺ ✻✼✽✳✾✵ ✿✵✹❁✵✵✹❂ ✸✹✺ ❃❄❅✱✹✿ ✱✳❆✽ ✿✵ ✱✵✹❇  180º ❣✵✹✲✵ ❣❈❉

❊✝❋✄❊ ☞✔✍ ❜✌ ✖●☞✔✏ ✠✝ ✘❊✛✝✔☞✦ ✘✟✌✠✝ ✠❍✝✙ ✘✙✧✙ ✖●✠✝✒ ✌✔ ✜✢✦ ✆✝✡ ✌★✏ ✜✢✩

✐✪✫✬✭ 10.12 : ✱■❏ ■✿✻✰ ✮✲✳✴✵✳✶✷ ✸✹✺ ✻✼✽✳✾✵ ✿✵✹❁✵✵✹❂ ✸✹✺ ❑✿ ✱✳❆✽ ✿✵ ✱✵✹❇  180º  ❣✵✹▲ ✲✵✹

✮✲✳✴✵✳✶✷ ✮✯✰✱ ❣✵✹✲✵ ❣❈❉

❜✌ ✖●☞✔✏ ✠✡ ✌★✏✄✝ ✕✝✖ ✖●☞✔✏ ▼◆❖▼◆ ☞✔✍ ❀✡ P❜✞ ✘❊✘◗ ✠✡ ✄✒✜ ✌✔ ✟✝❘♣ ✌✠✄✔ ✜✢✍❙

♠❚❯❱❲❳❯ 3 : ✕✝❊✈❨✘✄ ▼◆❖❩❬ ☞✔✍✦  AB  ❊✈❭✝ ✠✝ ❪✠ ❫✏✝✌ ✜✢ ✕✝✢✒ CD  ✘✤✝❢✏✝ ❊✔❨ ❴✒✝❴✒ ❪✠

✟✡❊✝ ✜✢❙ AC ✕✝✢✒ BD ❴❝❵✝❪ ✟✝✙✔ ✖✒ ❪✠ ✘❴❛❀☎ E ✖✒ ✘☞✛✄✡ ✜✢✍❙ ✘✌❞ ✠✡✘✟❪ ✘✠

✑ AEB = 60° ✜✢❙

❱❡ : OC, OD ✕✝✢✒  BC ✠✝✔ ✘☞✛✝❜❪❙

✘✤✝✆✝☎✟  ODC  ❪✠ ✌☞❴✝✜☎ ✘✤✝✆✝☎✟ ✜✢❙ ❤✗✏✝✔✍✣❥

✕✄✩✦ ✑ COD = 60°

✕❴✦ ✑ CBD  =
1

2
 ✑ COD❤✖●☞✔✏ ▼◆❖❦❥

❜✌✌✔ ✖●✝❧✄ ✜✝✔✄✝ ✜✢✩ ✑ CBD = 30°

✖☎✙✩✦ ✑ ACB = 90° ❤✗✏✝✔✍✣❥

❜✌✘✛❪✦ ✑ BCE = 180° – ✑ ACB = 90° ♥qrst✉✇  10.32
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❢☎✆✆✝ ✞ CEB =90° – 30° = 60°, ✈✟✠✠✡☛☞ ✞ AEB = 60° ✥✌✠✍☛ ✎✠✝☛✠ ✎✏✑

♠✒✓✔✕✖✓ 4 : ✈✠✗✘✙❢☛ ✚✛✜✢✢ ✣✝✤✦  ABCD ✱✧ ★✩✪✫

★☛♣✬✠♣ ✡☎ ✎✏✦ ❢☎✆✣✝✤  AC ✈✠✏✭  BD ❢✗✧✮✠✡ ✎✏ ✤✑ ✫❢✯

✞ DBC = 55° ☛✟✠✠  ✞ BAC = 45° ✎✠✝✦ ☛✠✝ ✞  BCD

❑✠☛ ✧✪❢☎✱✑

✔❣ : ✞ CAD = ✞ DBC = 55° ✰✱✧ ✗✘✲✠✳✠✤✴ ✗✝✙ ✧✠✝✮✠✵

✈☛✶✦ ✞ DAB = ✞  CAD + ✞ BAC

= 55° + 45° = 100°

✥✭✐☛♣✦ ✞ DAB + ✞ BCD = 180° ✰★✩✪✫ ★☛♣✬✠♣ ✡☎ ✗✝✙ ✆✷✣♣✳✠ ✧✠✝✮✠✵

❜✆❢✸✱✦ ✞ BCD = 180° – 100° = 80°

♠✒✓✔✕✖✓ 5 : ✯✠✝ ✗✘✲✠ ✯✠✝ ❢♥✐✯♣✈✠✝✤  A  ✈✠✏✭  B ✥✭ ✥✌❢☛✹✺✝✯

✧✭☛✝ ✎✏✤✑  AD ✈✠✏✭   AC ✯✠✝✻✠✝✤ ✗✘✲✠✠✝✤ ✗✝✙ ✼✫✠✆ ✎✏✤ ✰✯✝❢✳✠✱

✈✠✗✘✙❢☛ ✚✛✜✢✽✵✑ ❢✆✾ ✧✪❢☎✱ ❢✧ B ✭✝✳✠✠✳✠✤✴ DC  ✥✭

❢✿✟✠☛ ✎✏✤✑

✔❣ : AB  ✧✠✝ ❢✣✸✠❜✱✑ ✈♥✦

✞ ABD = 90° ✰✈❀✡✗✘✲✠ ✧✠ ✧✠✝✮✠✵

✞ ABC = 90° ✰✈❀✡✗✘✲✠ ✧✠ ✧✠✝✮✠✵

❜✆❢✸✱✦ ✞ ABD + ✞ ABC = 90° + 90° = 180°

✈☛✶✦ DBC ✱✧ ✭✝✳✠✠ ✎✏✑ ✈✟✠✠✡☛☞  B ✭✝✳✠✠✳✠✤✴ DC ✥✭ ❢✿✟✠☛ ✎✏✑

♠✒✓✔✕✖✓ 6 : ❢✆✾ ✧✪❢☎✱ ❢✧ ❢✧✆✪ ★☛♣✬✠♣✡☎ ✗✝✙ ✈✤☛✶ ✧✠✝✮✠✠✝✤ ✗✝✙ ✆✣❢❁✬✠✠☎✧✠✝✤✤ ✆✝ ♥✻✠

★☛♣✬✠♣✡☎ ✰✫❢✯ ✆✤✬✠✗ ✎✠✝✵ ★✩✪✫ ✎✠✝☛✠ ✎✏✑

✔❣ : ✈✠✗✘✙❢☛ ✚✛✜✢❂ ✣✝✤✦  ABCD  ✱✧ ★☛♣✬✠♣✡☎ ✎✏

❢☎✆✗✝✙ ✈✤☛✶✧✠✝✮✠✠✝✤  A, B, C  ✈✠✏✭ D  ✗✝✙ ✩✣♦✠✶ ✧✠✝✮✠

✆✣❢❁✬✠✠☎✧ AH, BF, CF ✈✠✏✭  DH  ✱✧ ★☛♣✬✠♣ ✡☎

EFGH  ♥✻✠☛✝ ✎✏✤✑

✈♥✦ ✞ FEH = ✞ AEB = 180° – ✞ EAB – ✞ EBA ✰❃✫✠✝✤❄✵

❅❆❇❈❉❊❋  10.33

❅❆❇❈❉❊❋  10.34

❅❆❇❈❉❊❋  10.35
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           = 180° – 
1

2
 (✄ A + ✄ B)

r ☎ ✆ ✆ ✄ FGH = ✄ CGD = 180° – ✄ GCD – ✄ GDC ✭✝ ✞✆✟✠ ✡☛

                      = 180° – 
1

2
 (✄ C + ✄ D)

✈r☞✌ ✄ FEH + ✄ FGH = 180° – 
1

2
 (✄ A + ✄ B) + 180° – 

1

2
 (✄ C + ✄ D)

 = 360° – 
1

2
 ( ✄ A+ ✄ B +✄ C +✄ D) = 360° – 

1

2
 × 360°

 = 360° – 180° = 180°

❜✍ ✎✏✑ ✌ ✒✓✔✟✞ ✕✖✗✕✘ ✍ ✟ ✙ r✚✛ ✆✚ ✜✢  EFGH  ✙ ♣✣✞ ✤✥✦

✐ ✧ ★✩✪ ✫✬ ✮ 10.5

1. ✯✂ ♦ �✰✱✲ ✳✴✵✶ ✷ ✸✹✺ ✻  ♦✹✰✼✽✾  O ♦✂✿✹ ❀❁ ♦ �✁ ✂ ❂❃ ✲❄❅ ✱❆✼✽ ❇ A,B ✯✂ ❈❃  C ❉❊ ❂✾❁✂ ❃ ❋ ❈✺ ✱❁

 ● BOC = 30°  ✲❍✂✂ ● AOB = 60° ❋ ❈❣ ■ ✱✽ ❏✂ ❂  ABC  ♦✹ ✰ ✯✱✲ ✱❃❑✲ ♦ �✁✂ ❂❃  D  ❀❁ ✱❆✼✽ ❇

❋ ❈✻ ✲✂✹ ●ADC  ▲✂✲ ❁❄ ✱▼❀❣

2. ✱❁❊ ❄ ♦�✁ ✂ ❁❄ ❀❁ ▼❄ ♦✂ ♦�✁ ✂ ❁❄ ✱❢✂◆■✂ ♦✹ ✰ ❆❃✂ ❆❃ ❋ ❈❣ ▼❄♦✂ ❖✂ ❃✂ ✿ P✂❇ ❏✂ ❂ ♦✹ ✰ ✱❁❊❄ ✱❆ ✼✽❇

❂❃ ✯✺✲ ✱❃✲ ❁✂✹◗ ✂ ▲✂ ✲ ❁❄ ✱▼❀ ✲❍✂✂ ✽❄P✂❘ ❏✂ ❂ ♦✹ ✰ ✱❁❊❄ ✱❆ ✼✽❇ ❂❃ ❙✂❄ ✯✺✲ ✱❃✲ ❁✂✹◗ ✂ ▲✂✲

❁❄✱▼❀❣

3. ✯✂ ♦ �✰✱✲ ✳✴ ✵✶❚ ✸✹✺ ✻  ● PQR = 100° ❋ ❈,  ▼❋ ✂ t  P, Q ✲❍✂✂  R,  ♦✹ ✰✼✽✾  O ♦✂✿ ✹ ❀❁ ♦�✁ ✂ ❂❃ ✱❯❍✂✲

✱❆ ✼✽❇ ❋ ❈✺❣  ● OPR  ▲✂✲ ❁❄ ✱▼❀❣

❱❲ ❳❨❩ ❬❭ 10.36 ❱❲ ❳❨❩ ❬❭ 10.37
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4. ✈✂☎✆✝�✄ ✞✟✠✡☛ ☞✌✍✎ ✥ ABC = 69° ✈✂✏✑ ✥ACB = 31°

❣✂✌✎ ✄✂✌   ✥ BDC  ❑✂✄ ✒✓�✔✕✖

5. ✈✂☎✆✝�✄ ✞✟✠✡✗ ☞✌✍✎ ✕✒ ☎✆✘✂ ✙✑  A, B, C ✈✂✏✑  D

♣✂✑ �✚✛✜✢ ❣✏✍✖  AC ✈✂✏✑  BD  ✕✒ �✚✛✜✢  E ✙✑ ✐✣

✙✤✒✂✑ ✙✤�✄✦✧✌✜ ✒✑✄✌ ❣✏✍ �✒ ✥ BEC = 130°  ✄r✂✂

✥ ECD = 20° ❣✏✖  ✥ BAC  ❑✂✄ ✒✓�✔✕✖

6. ABCD  ✕✒ ♣✱✓★ ♣✄✢✩✂✢✪✔ ❣✏ �✔✣☎✌✝ �☎✒✁✂✪ ✕✒ �✚✛✜✢  E  ✙✑ ✙✤�✄✦✧✌✜ ✒✑✄✌ ❣✏✍✖ ★�✜

✥ DBC = 70° ✈✂✏✑ ✥ BAC = 30° ❣✂✌, ✄✂✌ ✥ BCD ❑✂✄ ✒✓�✔✕✖ ✙✢✫✬ ★�✜  AB = BC ❣✂✌,

✄✂✌ ✥ECD ❑✂✄ ✒✓�✔✕✖

7. ★�✜ ✕✒ ♣✱✓★ ♣✄✢✩✂✢✪✔ ☎✌✝ �☎✒✁✂✪ ❀✣☎✌✝ ✭✂✓✮✂✂✌✯ ✣✌ ✔✂✫✌ ☎✂✰✌ ☎✆✘✂ ☎✌✝ ✲★✂✣ ❣✂✌✍✎ ✄✂✌ �✣✳

✒✓�✔✕ �✒ ☎❣ ✕✒ ✈✂★✄ ❣✏✖

8. ★�✜ ✕✒ ✣☞✰✍✚ ✒✓ ✈✣☞✂✍✄✑ ✩✂✢✔✂✕✴ ✚✑✂✚✑ ❣✂✌✍✎ ✄✂✌ �✣✳ ✒✓�✔✕ �✒ ☎❣ ♣✱✓★ ❣✏✖

9. ✜✂✌ ☎✆✘✂ ✜✂✌ �✚✛✜✢✈✂✌✍  B  ✈✂✏✑  C ✙✑ ✙✤�✄✦✧✌✜ ✒✑✄✌ ❣✏✍✖

B  ✣✌ ✔✂✫✌ ☎✂✰✌ ✜✂✌ ✑✌❧✂✂❧✂✍✵  ABD ✈✂✏✑  PBQ  ☎✆✘✂✂✌✍

✒✂✌  A, D ✈✂✏✑ P, Q ✙✑ ✱☞✭✂✬ ✙✤�✄✦✧✌✜ ✒✑✄✌ ❣✢✕

❧✂✓✍♣✌ ①✕ ❣✏✍ ❬✜✌�❧✂✕ ✈✂☎✆✝�✄ ✞✟✠✶✟✷✖ �✣✳ ✒✓�✔✕

�✒ ✥ ACP = ✥ QCD ❣✏✖

✸✹✺✻✼✽✾  10.38

✸✹✺✻✼✽✾  10.39

✸✹✺✻✼✽✾  10.40
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10. ❀✄☎ ✄✆✝✞ ✄✟✂✠✂✡☛ ✆✞ ☎✂☞ ✠✂✡☛✂✌✂☞✍ ✆✂☞ ✎❀✂✝ ✏✂✑✆✒ ♦�✁✂ ✓✂✞✍✔☞ ☛✂✕✖✗ ✘✂☞ ✄✝✙ ✆✞✄☛✕ ✄✆

❜✑ ♦�✁✂✂☞✍ ✆✂ ✚✛✄✘✜✢☞☎ ✄✣✤☎✡ ✘✞✝✒✞ ✠✂✡☛✂ ✚✒ ✄✥✦✂✘ ✧★✩

11. ♠✠✂❀✄✑✪✫ ✆✬✂✭ AC  ♦✂✮☞ ☎✂☞ ✝✏✆✂☞✬✂ ✄✟✂✠✂✡☛ ABC  ✌✂★✒  ADC  ✧★✍✩ ✄✝✙ ✆✞✄☛✕ ✄✆

✯ CAD = ✯ CBD ✧★✩

12. ✄✝✙ ✆✞✄☛✕ ✄✆ ✔Ø✞❀ ✝✏✂✍✘✒ ✔✘✡✠✂✡✭☛ ✌✂❀✘ ✧✂☞✘✂ ✧★✩

✐✰✱✲✳✴✵✶ 10.6 ✷✸✹✺✻✼✽✾*

1. ✄✝✙ ✆✞✄☛✕ ✄✆ ☎✂☞ ✚✛✄✘✜✢☞☎ ✆✒✘☞ ✧✡✕ ♦�✁✂✂☞✍ ✆✞ ♦☞❢✤☎✛✂☞✍ ✆✞ ✒☞✓✂✂ ☎✂☞✑✂✍☞ ✚✛✄✘✜✢☞☎ ✄✣✤☎✡✌✂☞✍ ✚✒

✝✏✂✑ ✆✂☞✬✂ ✌✍✘✄✒✘ ✆✒✘✞ ✧★✩

2. ✕✆ ♦�✁✂ ✆✞ 5 cm ✘✦✂✂ 11 cm ✮✿✣✞ ☎✂☞ ☛✞♦✂✕✖   AB  ✌✂★✒  CD  ✝✏✂✍✘✒ ✧★✍ ✌✂★✒ ♦☞❢✤☎✛ ✆✞

✄♦✚✒✞✘ ✄☎❁✂✂ ✏☞✍ ✄✥✦✂✘ ✧★✍✩ ❀✄☎  AB ✌✂★✒  CD  ♦☞❢ ✣✞✔ ✆✞ ☎❂✒✞ 6 cm ✧✂☞✗ ✘✂☞ ♦�✁✂ ✆✞ ✄✟✂❃❀✂

❑✂✘ ✆✞✄☛✕✩

3. ✄✆✝✞ ♦�✁✂ ✆✞ ☎✂☞ ✝✏✂✍✘✒ ☛✞♦✂✌✂☞✍ ✆✞ ✮✿✣✂❜❀✂✖ 6 cm ✌✂★✒ 8 cm ✧★✍✩ ❀✄☎ ✢✂☞❄✞ ☛✞♦✂ ♦☞❢✤☎✛

✝☞ 4 cm ✆✞ ☎❂✒✞ ✚✒ ✧✂☞✗ ✘✂☞ ☎❂✝✒✞ ☛✞♦✂ ♦☞❢✤☎✛ ✝☞ ✄✆✘✑✞ ☎❂✒ ✧★❅

4. ✏✂✑ ✮✞✄☛✕ ✄✆ ✆✂☞✬✂  ABC  ✆✂ ❁✂✞✪✂✭ ✕✆ ♦�✁✂ ♦☞❢ ✣✂✧✒ ✄✥✦✂✘ ✧★ ✌✂★✒ ✆✂☞✬✂ ✆✞ ✠✂✡☛✂✕✖ ♦�✁✂

✝☞ ✣✒✂✣✒ ☛✞♦✂✕✖  AD  ✌✂★✒  CE  ✆✂❄✘✞ ✧★✍✩ ✄✝✙ ✆✞✄☛✕ ✄✆ ✯ABC  ☛✞♦✂✌✂☞✍  AC  ✘✦✂✂  DE

⑥✂✒✂ ♦☞❢✤☎✛ ✚✒ ✌✍✘✄✒✘ ✆✂☞✬✂✂☞✍ ♦☞❢ ✌✍✘✒ ✆✂ ✌✂❆✂ ✧★✩

5. ✄✝✙ ✆✞✄☛✕ ✄✆ ✄✆✝✞ ✝✏✔✘✡✠✂✡✭☛ ✆✞ ✄✆✝✞ ✠✂✡☛✂ ✆✂☞ ✎❀✂✝ ✏✂✑✆✒ ✓✂✞✍✔✂ ❇❀✂ ♦�✁✂ ♠✝♦☞❢

✄♦✆✬✂✂☞❈ ♦☞❢ ✚✛✄✘✜✢☞☎ ✄✣✤☎✡ ✝☞ ✧✂☞✆✒ ☛✂✘✂ ✧★✩

6. ABCD  ✕✆ ✝✏✂✍✘✒ ✔✘✡✠✂✡✭☛ ✧★✩  A, B  ✌✂★✒  C  ✝☞ ☛✂✑☞ ♦✂✮✂ ♦�✁✂  CD ❉❀✄☎ ✌✂♦❁❀✆ ✧✂☞

✘✂☞ ✣r❊✂✆✒❋ ✆✂☞  E  ✚✒ ✚✛✄✘✜✢☞☎ ✆✒✘✂ ✧★✩ ✄✝✙ ✆✞✄☛✕ ✄✆  AE = AD ✧★✩

7. AC ✌✂★✒  BD ✕✆ ♦�✁✂ ✆✞ ☛✞♦✂✕✖ ✧★✍ ☛✂☞ ✚✒✥✚✒ ✝✏✄⑥✠✂✂✄☛✘ ✆✒✘✞ ✧★✍✩ ✄✝✙ ✆✞✄☛✕

(i) AC ✌✂★✒  BD  ✎❀✂✝ ✧★✍✗ (ii) ABCD  ✕✆ ✌✂❀✘ ✧★✩

8. ✕✆ ✄✟✂✠✂✡☛  ABC ♦☞❢ ✆✂☞✬✂✂☞✍  A, B ✌✂★✒  C  ♦☞❢ ✝✏✄⑥✠✂✂☛✆ ❜✝♦☞❢ ✚✄✒♦�✁✂ ✆✂☞ Ø✏❁✂●

D, E ✌✂★✒ F ✚✒ ✚✛✄✘✜✢☞☎ ✆✒✘☞ ✧★✍✩ ✄✝✙ ✆✞✄☛✕ ✄✆ ✄✟✂✠✂✡☛  DEF ♦☞❢ ✆✂☞✬✂  90° – 
1

2
A, 90°

– 
1

2
B ✘✦✂✂  90° – 

1

2
C  ✧★✍✩

9. ☎✂☞ ✝♦✂❈❇✝✏ ♦�✁✂ ✚✒✥✚✒ ✄✣✤☎✡✌✂☞✍  A ✌✂★✒  B ✚✒ ✚✛✄✘✜✢☞☎ ✆✒✘☞ ✧★✍✩  A ✝☞ ✧✂☞✆✒ ✆✂☞❜✭ ✒☞✓✂✂✓✂✍❍

*❀✧ ✚✛❁✑✂♦✮✞ ✚✒✞■✂✂ ✆✞ ☎�✄✪❄ ✝☞ ✑✧✞✍ ☎✞ ❇❜✭ ✧★✩
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PAQ ❜☎ ✆✝✞✂✟ ✠✂✡☛☞✂ ①✌✂ ✍✎ �✞ P ✈✂✎✟ Q  ♥✂✏✑✂✏☛ ✒✓✔✂✂✏☛ ✆✟ �✕✖✂✄ ✍✎☛✗ �☎✘ ✞✡�✙✚ �✞

BP = BQ ✍✎✗

10. �✞☎✡ �❢✂✛✂✜✙  ABC  ❡✏☛✢ ✌�♥  ✣A ✞✂ ☎❡�❞✛✂✂✙✞ ✄✖✂✂ BC  ✞✂ ✤✥✦ ☎❡�❞✛✂✂✙✞ ✆✝�✄✧★✏♥

✞✟✏☛✢ ✄✂✏ �☎✘ ✞✡�✙✚ �✞ ✒✏ ✩ ABC  ✒✏♦ ✆�✟✒✓✔✂ ✆✟ ✆✝�✄✧★✏♥ ✞✟✏☛①✏✗

10.9 ❧✪✫✪✬✭✪

❜☎ ✈✮✌✂✌ ❡☛✏✢ ✈✂✆✑✏ �✑✥✑ �✦✯♥✜✈✂✏☛ ✞✂ ✈✮✌✌✑ �✞✌✂ ✍✎ ✰

1. ✚✞ ✒✓✔✂ �✞☎✡ ✄✤ ✒✏♦ ✱✑ ☎✛✂✡ �✦✯♥✜✈✂✏☛ ✞✂ ☎❡✲✍ ✍✂✏✄✂ ✍✎✢ ✙✂✏ ✄✤ ✒✏♦ ✚✞ �✕✖✂✟ �✦✯♥✜ ☎✏

☎❡✂✑ ♥✲✟✡ ✆✟ ✍✂✏☛✗

2. ✚✞ ✒✓✔✂ ✞✡ ✳✌✂ ☎✒✂✴①☎❡ ✒✓✔✂✂✏☛ ✞✡✵ ✦✟✂✦✟ ✙✡✒✂✚✶ ✒✏♦✯♥✝ ✳✌✂ ☎☛①✄ ✒✏♦✯♥✝✂✏☛✵ ✆✟ ✦✟✂✦✟ ✞✂✏✁✂

✈☛✄�✟✄ ✞✟✄✡ ✍✎☛✗

3. ✌�♥ �✞☎✡ ✒✓✔✂ ✞✡ ✳✌✂ ☎✒✂✴①☎❡ ✒✓✔✂✂ ✏☛ ✞✡✵ ♥✂✏ ✙✡✒✂✚✶ ✒✏♦✯♥✝ ✆✟ ✳✌✂ ☎☛①✄ ✒✏♦✯♥✝✂ ✏☛ ✆✟✵ ✦✟✂✦✟

✞✂✏✁✂ ✈☛✄�✟✄ ✞✟✏☛✢ ✄✂✏ ✙✡✒✂✚✶ ✦✟✂✦✟ ✍✂✏✄✡ ✍✎☛✗

4. �✞☎✡ ✒✓✔✂ ✒✏♦ ✒✏♦✯♥✝ ☎✏ �✞☎✡ ✙✡✒✂ ✆✟ ✷✂✤✂ ①✌✂ ✤✥✦ ✱☎✏ ☎❡�❞✛✂✂�✙✄ ✞✟✄✂ ✍✎✗

5. ✒✏♦✯♥✝ ☎✏ ✍✂✏✞✟ ✙✂✑✏ ✒✂✤✡ ✈✂✎✟ �✞☎✡ ✙✡✒✂ ✞✂✏ ☎❡�❞✛✂✂�✙✄ ✞✟✑✏ ✒✂✤✡ ✟✏✠✂✂ ✙✡✒✂ ✆✟ ✤✥✦

✍✂✏✄✡ ✍✎✗

6. ✄✡✑ ✈☎☛✟✏✠✂✡✌ �✦✯♥✜✈✂✏☛ ☎✏ ✙✂✑✏ ✒✂✤✂ ✚✞ ✈✂✎✟ ✒✏♦✒✤ ✚✞ ✒✓✔✂ ✍✂✏✄✂ ✍✎✗

7. ✚✞ ✒✓✔✂ ✞✡ ✳✌✂ ☎✒✂✴①☎❡ ✒✓✔✂✂✏☛ ✞✡✵ ✦✟✂✦✟ ✙✡✒✂✚✶ ✒✏♦✯♥✝ ☎✏ ✳✌✂ ☎☛①✄ ✒✏♦✯♥✝✂✏☛ ☎✏✵ ☎❡✂✑ ♥✲✟✡

✆✟ ✍✂✏✄✡ ✍✎☛✗

8. ✚✞ ✒✓✔✂ ✒✏♦ ✒✏♦✯♥✝ ✳✌✂ ☎✒✂✴①☎❡ ✒✓✔✂✂✏☛ ✒✏♦ ✒✏♦✯♥✝✂✏☛✵ ☎✏ ☎❡✂✑ ♥✲✟✡ ✆✟ �✕✖✂✄ ✙✡✒✂✚☛ ✦✟✂✦✟ ✍✂✏✄✡ ✍✎☛✗

9. ✌�♥ �✞☎✡ ✒✓✔✂ ✒✏♦ ♥✂✏ ☞✂✆ ☎✒✂✴①☎❡ ✍✂✏☛✢ ✄✂✏ ✱✑✞✡ ☎☛①✄ ✙✡✒✂✚✶ ✦✟✂✦✟ ✍✂✏✄✡ ✍✎☛ ✈✂✎✟ �✒✤✂✏❡✄✰

✌�♥ �✞☎✡ ✒✓✔✂ ✞✡ ♥✂✏ ✙✡✒✂✚✶ ✦✟✂✦✟ ✍✂✏☛✢ ✄✂✏ ✱✑✒✏♦ ☎☛①✄ ☞✂✆ ✳✤❀✂✜✢ ♥✡❀✂✸✵ ☎✒✂✴①☎❡ ✍✂✏✄✏ ✍✎☛✗

10. �✞☎✡ ✒✓✔✂ ✞✡ ☎✒✂✴①☎❡ ☞✂✆ ✒✏♦✯♥✝ ✆✟ ✦✟✂✦✟ ✞✂✏✁✂ ✈☛✄�✟✄ ✞✟✄✏ ✍✎☛✗

11. �✞☎✡ ☞✂✆ ❞✂✟✂ ✒✏♦✯♥✝ ✆✟ ✈☛✄�✟✄ ✞✂✏✁✂ ✱☎✒✏♦ ❞✂✟✂ ✒✓✔✂ ✒✏♦ ✹✂✏✺✂ ✛✂✂① ✒✏♦ �✞☎✡ �✦✯♥✜ ✆✟ ✈☛✄�✟✄

✞✂✏✁✂ ✞✂ ♥✜①✜✑✂ ✍✂✏✄✂ ✍✎✗

12. ✚✞ ✒✓✔✂✠✂☛✷ ❡✏☛ ✦✑✏ ✞✂✏✁✂ ✦✟✂✦✟ ✍✂✏✄✏ ✍✎☛✗

13. ✈✻✸✒✓✔✂ ✞✂ ✞✂✏✁✂ ☎❡✞✂✏✁✂ ✍✂✏✄✂ ✍✎✗

14. ✌�♥ ♥✂✏ �✦✯♥✜✈✂✏☛ ✞✂✏ �❡✤✂✑✏ ✒✂✤✂ ✟✏✠✂✂✠✂☛✷ ✱☎✞✂✏ ✈☛✄✼✒✺✽ ✞✟✑✏ ✒✂✤✡ ✟✏✠✂✂ ✒✏♦ ✚✞ ✍✡ ✈✂✏✟

�✕✖✂✄ ♥✂✏ ✈✯✌ �✦✯♥✜✈✂✏☛ ✆✟ ☎❡✂✑ ✞✂✏✁✂ ✈☛✄�✟✄ ✞✟✏✢ ✄✂✏ ☞✂✟✂✏☛ �✦✯♥✜ ✚✞ ✒✓✔✂ ✆✟ �✕✖✂✄ ✍✂✏✄✏ ✍✎☛✗

15. ☞♣✡✌ ☞✄✜✛✂✜✸✙ ✒✏♦ ☎✥❡✜✠✂ ✞✂✏✁✂✂✏☛ ✒✏♦ ✆✝✾✌✏✞ ✌✜✿❡ ✞✂ ✌✂✏①  1800  ✍✂✏✄✂ ✍✎✗

16. ✌�♥ �✞☎✡ ☞✄✜✛✂✜✸✙ ✒✏♦ ☎✥❡✜✠✂ ✞✂✏✁✂✂✏☛ ✒✏♦ �✞☎✡ ✚✞ ✌✜✿❡ ✞✂ ✌✂✏①   1800  ✍✂✏✢ ✄✂✏ ☞✄✜✛✂✜✸✙ ☞♣✡✌

✍✂✏✄✂ ✍✎✗
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✈�✁✂✁ 11

❥✄☎✆✝✞

11.1 ❍✟✠✡☛☞✟

❢✌✍✎✏ ✑✒✓✔✓✔✏✕ ✖✏✕ ✑✔✗❢✘✓✔✙✚ ✛✔✏ ❢✜✢✣ ✌✤✖✏✓ ✜✔✏ ❢✢✥ ✜✦✧✏ ✓✔ ✌✤★✧✔✏ ✕ ✜✔✏ ✩✎ ✜✦✧✏ ✖✏✕
✑✔✪★✓✜ ✫✔✣✕✚ ✪✏ ✓✫✔✔✫✔✬ ✧✩✣✕ ✫✔✣✕✭ ✪✏ ✪✏✮✪✎ ✑✔✌✜✔✏ ❢✯✫✔❢✘ ✜✔ ✑✧✰✱✔✪ ✜✦✧✏ ✘✫✔✔ ✢✩✣ ✘✪✬✮
♥✏✧✏ ✜✣ ✢✩✔✓✘✔ ✪✏✮ ❢✎✲ ✳✔✣✕✴✣ ✵✶✷ ✫✔✣✕✭ ✘✫✔✔❢✌✚ ✜✱✔✣✸✜✱✔✣ ★✔✰✥ ✑✔✗❢✘ ✜✣ ✑✔✪★✓✜✘✔
✩✔✏✘✣ ✩❣✭ ✹♥✔✩✦✺✔ ✪✏✮ ❢✎✲✚ ❢✜✢✣ ✻✧✧✏ ✪✔✎✏ ✱✔✪✧ ✜✔ ✖✔✧❢✴✼✔ ✻✧✔✧✔✚ ✑✔❣✛✔✦✔✏ ✕ ✑✔❣✦ ✖★✔✣✧✔✏✕
✪✏✮ ❢✪❢✱✔♦✧ ✱✔✔✵✔✏✕ ✜✔ ✳✔✔✜✔ ✻✧✔✧✔✚ ✢✽✾✜ ✜✔ ✖✔✧❢✴✼✔ ✻✧✔✧✔ ✑✔❢♥✭ ✶✧ ✑✔✗❢✘✓✔✏✕ ✜✔✏
✻✧✔✧✏ ✪✏✮ ❢✎✲ ✪✰✮✍ ✑✔❝✔✦✱✔✿✘ ❀✓✔❢✖✘✣✓ ✹✌✜✦✺✔✔✏✕ ✜✣ ✑✔✪★✓✜✘✔ ✩✔✏✘✣ ✩❣✭ ✑✔✌✪✏✮ ✌✔✢
❀✓✔✏✖✏❚❁✣ ✻✔❂✢ ✑✪★✓ ✩✔✏✵✔✚ ❢✛✢✖✏✕ ❢✧❃✧ ✹✌✜✦✺✔ ✩✔✏✘✏ ✩❣✕ ❄

(i) ✑✕★✔✔❢✜✘ ✌❚✦✣ (ruler)✚ ❢✛✢✪✏✮ ✲✜ ✑✔✏✦ ✢✏✕❚✣✖✣❚✦ ✘✫✔✔ ❢✖✎✣✖✣❚✦ ❢✴❢♦✩✘ ✩✔✏✘✏
✩❣✕ ✘✫✔✔ ♥✿✢✦✣ ✑✔✏✦ ✶✕✴ ✑✔❣✦ ✹✢✪✏✮ ✱✔✔✵ ❢✴❢♦✩✘ ✩✔✏✘✏ ✩❣✕✭

(ii) ✢✏❚✸✯❂✪✔✓✦ ✜✔ ✲✜ ✓✰❧✖ ❢✛✢✖✏✕ ✲✜ ✪✏✮ ✜✔✏✺✔ ❅❆º✚ ❪❆º✚ ✘✫✔✔ ❇❆º ✘✫✔✔ ♥✿✢✦✏
✪✏✮ ✜✔✏✺✔ ❅❆º✚ ❈❉º ✘✫✔✔ ❈❉º ✩✔✏✘✏ ✩❣✕✭

(iii) ❢✽✪✔✶✽✦✚ ❢✛✢✜✣ ♥✔✏✧✔✏✕ ✱✔✰✛✔✑✔✏✕ ✖✏ ✕ ♥✔✏ ✧✰✜✣✎✏ ❢✢✦✏ ✩✔✏✘✏ ✩❣✕✭ ✶✧ ✱✔✰✛✔✑✔✏✕ ✜✔✏
✢✖✔✓✔✏❢✛✘ ❢✜✓✔ ✛✔ ✢✜✘✔ ✩❣✭

(iv) ✌✦✜✔✦✚ ❢✛✢✖✏✕ ✌✏✕❢✢✎ ✎✵✔✧✏ ✜✔ ❢✪❝✔✧ ✩✔✏✘✔ ✩❣✭
(v) ✴✔✙♥✔

✢✔✖✔♦✓✘❄ ✲✜ ❀✓✔❢✖✘✣✓ ✑✔✗❢✘✚ ✛❣✢✏ ❢✜ ❢✼✔✱✔✰✛✚ ✪❊❋✔✚ ✴✘✰✱✔✬✰✛✚ ✻✩✰✱✔✰✛ ✑✔❢♥ ❢✛✧✖✏✕
✖✔✌✏✕ ♥✣ ✩✔✏✕ ✜✔✏ ✻✧✔✧✏ ✖✏✕ ✶✧ ✢✱✔✣ ✹✌✜✦✺✔✔✏ ✕ ✜✣ ✑✔✪★✓✜✘✔ ✩✔✏✘✣ ✩❣✚ ✌✦♦✘✰ ❀✓✔❢✖✘✣✓ ✦✴✧✔
❀✓✔❢✖✘✣✓ ✑✔✗❢✘ ✻✧✔✧✏ ✜✣ ✪✩ ✌✤❢●✓✔ ✩❣ ❢✛✢✖✏✕ ✪✏✮✪✎ ♥✔✏ ✹✌✜✦✺✔✸ ■❏ ❑▲▼◆◆▲❏❖P◗❖
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✐☎✆✝ (ungraduated) ✥✞✟✠ ✡☛ ✐✆☞✌✆ ☛✞ ❞✍✎✞✏✑ ✒✞✏✓✞ ✒✟✔ ✕✖ ✠✗✖✞✥✞✏✘ ✙✏✘ ✚✛✖✙✏✘ ✙✞❞ ✜✞✢

✚❢✡ ✒✞✏✘✣ ✥✞❞ ✥✘✤✞✞✚☛✓ ❞✦✠✢ ✥✞✟✠ ✗✞✧❢✏ ☛✞ ✜✞✢ ❞✍✎✞✏✑ ☛✠ ★☛✓✏ ✒✟✘✔ ✩★ ✥✪✎✞✎ ✙✏✘✣ ✫✬✭✮

✥✞✈✞✠✜✞✯✓ ✠✗✖✞✡✧ ✰✓✞✩✱ ✛✞✡✧✑✢✔ ✩✖☛✞ ❞✍✎✞✏✑ ☛✠✫✏✭ ✫✬✭✮ ✚✫✤✞✏✲✞ ✚✳✞✜✞✬✛✞✏✘ ☛✢ ✠✗✖✞ ☛✢

✛✞✡✑✢✔

11.2 ✴✵✶✵✷✸✵✹✺ ✷✻✼✵✽✾

☛✿✞✞ VI ✙✏✘✣ ✥✞❞✖✏ ✥✪✎✎✖ ✚☛✎✞ ✒✟ ✚☛ ✚☛★ ❞✍☛✞✠ ✡☛ ✫❡❀✞✣ ✡☛ ✠✏❁✞✞❁✞✘❂ ☛✞ ❃✘✰

★✙✚❧✜✞✞✛☛✣ ❄❅º✣ ❪❆º✣ ❇❅º✣ ❈❅º ✥✞✟✠ ❉❊❅º ✫✏✭ ☛✞✏❋✞✞✏✘ ✓●✞✞ ✡☛ ✚❢✡ ✑✡ ☛✞✏❋✞ ✫✏✭

★✙✚❧✜✞✞✛☛ ☛✢ ✠✗✖✞ ☛✢ ✛✞✓✢ ✒✟✔ ❞✠❍✓✬ ✩✖ ✠✗✖✞✥✞✏✘ ✫✏✭ ✚❃✡ ✕✚✗✓ ☛✞✠❋✞ ✖✒✢✘ ✰✓✞✡

✑✡ ●✞✏✔ ✩★ ✥✖✬■✮✏❢ ✙✏✘✣ ✥✞❞ ✩✖✙✏✘ ★✏ ✫✬✭✮ ☛✢ ✠✗✖✞✡✧✣ ☛✞✠❋✞ ✰✓✞✓✏ ✒✬✡ ✚☛ ❏✎✞✏✘ ✎✏

✠✗✖✞✡✧ ❞✍✞✙✞✚❋✞☛ ✒✟✘✣ ☛✠✏✘✑✏✔

✷✻✼✵ 11.1 : ❑☞ ▲▼❑ ◆❖❑ ☞✌P◗✌ ❘P❙ ❚❯▲❱❲✌✌❳☞ ☞✝ ✆❨❩✌ ☞✆❩✌❬

✡☛ ☛✞✏❋✞ ABC ✚❢✎✞ ✒✟✔ ✒✙ ✩★✫✏✭ ★✙✚❧✜✞✞✛☛ ☛✢ ✠✗✖✞ ☛✠✖✞ ✗✞✒✓✏ ✒✟✘✔

✷✻✼✵ ❥❭❫ ✻✷❴✵ :

1. B ☛✞✏ ✫✏✭❍❢✍ ✙✞✖☛✠ ✓●✞✞ ☛✞✏✩✱ ✚✳✞❵✎✞ ❃✏☛✠ ✡☛ ✗✞❞ ❃✑✞✩✡ ✛✞✏ ✚☛✠❋✞ BA ✥✞✟✠ BC

☛✞✏ ❛✙✤✞❜✣ ✙✞✖ ❃✢✚✛✡✣ E ✥✞✟✠ D ❞✠ ❞✍✚✓■✮✏❢ ☛✠✓✞ ✒✟ [❢✏✚❁✞✡ ✥✞♥✚✓ 11.1(i)]✔

2. ❞✬✖❜ D ✥✞✟✠ E ☛✞✏ ✫✏✭❍❢✍ ✙✞✖☛✠ ✓●✞✞  
1

2
 DE ★✏ ✰❂❝✢ ✚✳✞❵✎✞ ❃✏☛✠ ✗✞❞ ❃✑✞✩✡✣ ✛✞✏

❣✙✞✖ ❃✢✚✛✡❤ ✡☛ ❢✯★✠✏ ☛✞✏ F ❞✠ ❞✍✚✓■✮✏❢ ☛✠✓✏ ✒✟✘✔

3. ✚☛✠❋✞ BF ❁✞✢✘✚✗✡ [❢✏✚❁✞✡ ✥✞♥✚✓ 11.1(ii)]✔

✎✒✢ ✚☛✠❋✞ BF, ☛✞✏❋✞ ABC ☛✞ ✥✜✞✢✲✦ ★✙✚❧✜✞✞✛☛ ✒✟✔

❦♠♦♣q 11.1

✥✞✩✡ ✒✙ ❢✏❁✞✏✘ ✚☛ ✩★ ✚✫✚✈ ★✏ ☛✞✏❋✞ ★✙✚❧✜✞✞✛☛ ✚☛★ ❞✍☛✞✠ ❞✍✞r✓ ✒✬✥✞ ✒✟✔
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DF ✈✆✝✞ EF ❞✆✟ ✠✡☛✆☞✌✍ ✈✎  ✠❢✆✏✆✑✒✆✟✓ BEF r✔✆✆ BDF ✡✟✓❡

BE = BD (✌❞ ✱✕ ✖✆✗ ❞✕ ✠❢✆✘✙✆✌→ )

EF = DF (❧✡✆✚ ✠❢✆✘✙✆ ✛✆☛✟ ✖✆✗ )

BF = BF (♠✏✆✙✠✚✜✢ )

✈r✣❡ ✤BEF ✥ ✤BDF (SSS ✠✚✙✡)

☞❧❧✟ ✗❜✆✦r ✱✆✟r✆ ✱✝ ✣ ✧EBF = ✧  DBF (CPCT)

★✩✪✫ 11.2 : ✬✭ ✮✯✬ ✰✬ ✲✳✴✵✵✴✵✶✷ ✸✳✹ ✺✻✼ ✽✾✮✿❀✵✵❁✭ ❂✺✻✼✵❃❄✭❅ ✭❆ ✲❇❈✵ ✭✲❈✵ ✍

✌❞ ✞✟❉✆✆❉✆✓❊ AB ✠❋✙✆ ✱✝✍ ✱✡ ☞❧✛✟● ☛❍✎ ❧✡✠■✏✆✆✒❞ ❞✕ ✞✖✚✆ ❞✞✚✆ ✖✆✱r✟ ✱✝✓✍

★✩✪✫ ❏❑▲ ✩★▼✫ :

1. A ✈✆✝✞  B ❞✆✟ ✛✟●◆❋❜ ✡✆✚❞✞ r✔✆✆ 
1

2
 AB ❧✟ ✈✠❖✆❞

✠❢✆✘✙✆ ☛✟❞✞ ✞✟❉✆✆❉✆✓❊ AB ✛✟● ❋✆✟✚✆✟✓ ✈✆✟✞ ♦✌❞

❋♥❧✞✟ ❞✆✟ ✗❜✠rP◗✟❋ ❞✞r✟ ✱✑✌❘✍ ✖✆✗ ☛❙✆☞✌

2. ✡✆✚ ☛✕✠✒✌ ✠❞ ✙✟ ✖✆✗ ✌❞ ❋♥❧✞✟ ❞✆✟ P ✈✆✝✞

Q ✗✞ ✗❜✠rP◗✟❋ ❞✞r✟ ✱✝✓✍ PQ ❞✆✟ ✠✡☛✆☞✌

(❋✟✠❉✆✌ ✈✆❚✠r 11.2)✍

3. ✡✆✚ ☛✕✠✒✌ PQ, AB ❞✆✟ ✠✎◆❋✑ M ✗✞ ✗❜✠rP◗✟❋

❞✞r✕ ✱✝✍

r✎ ✞✟❉✆✆ PMQ, AB ❞✆ ✈✏✆✕✜❯ ☛❍✎ ❧✡✠■✏✆✆✒❞ ✱✝✍

✈✆☞✌ ✱✡ ❋✟❉✆✟✓ ✠❞ ✙✱ ✠✛✠❱ ✠❞❧ ✗❜❞✆✞ AB ❞✆ ☛❍✎ ❧✡✠■✏✆✆✒❞ ❋✟r✕ ✱✝✍

A ✈✆✝✞  B ❞✆✟ P ✈✆✝✞ Q ❧✟ ✠✡☛✆☞✌ ✠✒❧❧✟ AP, AQ, BP r✔✆✆  BQ  ✗❜✆✦r ✱✆✟r✟ ✱✝✓✍

✠❢✆✏✆✑✒✆✟✓ PAQ r✔✆✆ PBQ ✡✟✓❡

AP = BP (❧✡✆✚ ✠❢✆✘✙✆ ✛✆☛✟ ✖✆✗)

AQ = BQ (❧✡✆✚ ✠❢✆✘✙✆ ✛✆☛✟ ✖✆✗)

PQ = PQ (♠✏✆✙✠✚✜✢)

✈r✣❡ ✤ PAQ ✥ ✤ PBQ (SSS ✠✚✙✡)

☞❧✠☛✌❡ ✧ APM = ✧ BPM (CPCT)

❲❳❨❩❬ 11.2
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✈☎ ✆✝✞✟✞✠✡✞☛☞ PMA r✌✞✞ PMB ❡☛☞,

AP = BP (✐✍✎☛ ✏✑ r✒✍)

PM = PM (♠✟✞✓✆✔✕✖)

✗ APM = ✗ BPM (➴✐✒ ✆✘✙ ✆✏✓✞ ✡✞ ✚✠✏✞ ✍✛)

✈r✜✢ ✣ PMA ✤ ✣ PMB (SAS ✆✔✓❡)

❜✘✆✎✥✢ AM = BM ✈✞✛✒ ✗ PMA = ✗ PMB (CPCT ✆✔✓❡ )

❉✓✞☛☞✆✏ ✗ PMA + ✗ PMB = 180° ✭✒✛✆✦✞✏ ✓✠✧❡ ✈✆✟✞★✩✍✑r✪

✍❡ ✐✞r☛ ✍✛☞✜
✗ PMA = ✗ PMB = 90°

✈r✜ PM, ✈✌✞✞✫r✬ PMQ, ✒☛✦✞✞✦✞☞❥ AB ✏✞ ✎❞☎ ✘❡✆✮✟✞✞✡✏ ✍✛✯

✰✱✲✳ 11.3 : ✴✵ ✶✷ ✸✹✺ ✻✵✼✽✾ ✿❀❁ ❂❃✾✼❄✻❅✾✵ ✻❆❇✶❈ ❂✼ 60º ✿❀❁ ✵✾❀✽✾ ✵✷ ✼♦❊✾ ✵✼❊✾❋

✈✞❜✥ ✍❡ ✐●✞✒☞✆✟✞✏ ✆☎❍■✠  A ❏✞✎✑ ✆✏✒❑✞ AB ✎☛☞ [■☛✆✦✞✥ ✈✞♥✆r 11.3(i) ]✯ ✍❡ ✥✏ ✆✏✒❑✞

AC ✏✑ ✒✚✔✞ ✏✒✔✞ ✚✞✍r☛ ✍✛☞✢ ✆✡✘✘☛ ✆✏ ✗ CAB = 60° ✍✞☛✯ ❜✘❏❣✞☛ ✏✒✔☛ ✏✑ ✥✏ ✆❏✆▲

✔✑✚☛ ■✑ ✍✛✯

✰✱✲✳ ▼◆❖ ✱✰P✳ :

1. A ✏✞☛ ❏☛❣❍■● ❡✞✔✏✒ ✈✞✛✒ ✏✞☛❜✫ ✆✝✞◗✓✞ ✎☛✏✒ ✥✏ ❏✩❘✞

✏✞ ✚✞✐ ✦✞✑☞✆✚✥✢ ✡✞☛ AB ✏✞☛ ❡✞✔ ✎✑✆✡✥ ✥✏ ✆☎❍■✠

D ✐✒ ✐●✆r❙❚☛■ ✏✒r✞ ✍✛✯

2. D ✏✞☛ ❏☛❣❍■● ❡✞✔✏✒ ✈✞✛✒ ♠✘✑ ✆✝✞◗✓✞✢ ✡✞☛ ✐✍✎☛ ✎✑

★❜✫ ✌✞✑✢ ✘☛ ✥✏ ✚✞✐ ✦✞✑☞✆✚✥✢ ✡✞☛ ✚✒❑✞ ❯ ❡☛☞ ✦✞✑☞✚☛☞

★✥ ✚✞✐ ✏✞☛ ✆☎❍■✠ E ✐✒ ✐●✆r❙❚☛■ ✏✒r✞ ✍✛✯

3. E ✘☛ ✡✞✔☛ ❏✞✎✑ ✆✏✒❑✞ AC ✦✞✑☞✆✚✥ ➵■☛✆✦✞✥ ✈✞♥✆r

11.3 (ii)➸✯

r☎  ✗ CAB ✍✑ 60° ✏✞ ✈✟✞✑✕❱ ✏✞☛❑✞ ✍✛✯

✈☎ ✈✞❜✥ ■☛✦✞☛☞ ✆✏ ✓✍ ✆❏✆▲ ❏✛❣✘☛  60° ✏✞ ✏✞☛❑✞ ■☛r✑ ✍✛✯

DE ✏✞☛ ✆❡✎✞❜✥✯

❲❳❨❩❬ 11.3
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r✆✝ AE = AD = DE (✞✟✠✡ ☛☞ )

✈r✌✝ ✍ EAD ✱✎ ☛✏✆✡✑✒ ✓✔✡✕✡✒✖ ✑✗ ✈✡✗✞  ✘ EAD, ✖✡☞ ✓✎ ✘ CAB ♦☞✙ ✆✞✡✆✞ ✑✗✝ 60°

✎✡ ✑✗❞

✐✚✛✜✢✣✤✥ 11.1

1. ✄✦ ✧★ ✩✪✫✬ ✭✦❥✮✂ ✯✰✲ ✳✴✂❥✵✭✶✂✦ ✭✷✸✧✪ ✳❥ 900 ✯✰✲ ✦✂✰✮✂ ✦★ ❥�✁✂ ✦★✭✹✄ ✺✂✻❥ ✦✂❥✮✂ ✼✭✩✽ ❥�✁✂

✦★ ✳✪✭✾✿ ✦★✭✹✄❀

2. ✄✦ ✧★ ✩✪✫✬ ✭✦❥✮✂ ✯✰✲ ✳✴✂❥✵✭✶✂✦ ✭✷✸✧✪ ✳❥ 450 ✯✰✲ ✦✂✰✮✂ ✦★ ❥�✁✂ ✦★✭✹✄ ✺✂✻❥ ✦✂❥✮✂ ✼✭✩✽

❥�✁✂ ✦★ ✳✪✭✾✿ ✦★✭✹✄❀

3. ✭✁❢✁ ❁✂✳✂✰✵ ✯✰✲ ✦✂✰✮✂✂✰✵ ✦★ ❥�✁✂ ✦★✭✹✄ ❂

(i) 30° (ii) 22 
1

2

°
(iii) 15°

4. ✭✁❢✁ ✦✂✰✮✂✂✰✵ ✦★ ❥�✁✂ ✦★✭✹✄ ✺✂✻❥ �✂☎✧✰ ❃✂❥✂ ❁✂✳✦❥ ✳✪✭✾✿ ✦★✭✹✄ ❂

(i) 75° (ii) 105° (iii) 135°

5. ✄✦ ✼❁✷✂✩✪ ✭❄✂✶✂✪✹ ✦★ ❥�✁✂ ✦★✭✹✄❅ ✹✷ ✫✼✦★ ✶✂✪✹✂ ✧★ ✩✂✰ ✽❆✂✂ ✦✂❥✮✂ ✼✭✩✽ ❥�✁✂ ✦★✭✹✄❀

11.3 ❇❈❉❊❉❋●❉❍■ ❏❑ ▲❋▼◆ ❖P◗❉❘❙

✈✕✡❚ r✎ ♦✒✙❯ ✈✡❱✡✞✕✡❲r ✞✟✠✡✈✡☞❳ ❨✞ ✓♦✟✡✞ ✓✎❩✡ ❬❩✡ ✑✗❞ ✓❨❯❭❚ ✎❪✡✡✈✡☞❳ ✏☞❳ ✎❚ ❬❫❴

✞✟✠✡✈✡☞❳ ✈✡✗✞ ❵❨❩❴✒❛r ♦✓❜✡❴r ✞✟✠✡✈✡☞❳ ✎✡ ❨❝❩✡☞❬ ✎✞✝ ✈✆ ♦✒✙❯ ✓✔✡✕✡✒✖✡☞❳ ✎❚ ✞✟✠✡✱❡ ✎❚

✖✡✱❡❬❚❞ ✈t❩✡❩ ❣ ☛☞ ❤✏✞❜✡ ✎❚✓✖✱ ✓✎ SAS, SSS, ASA r❦✡✡ RHS ❧✡☞ ✓✔✡✕✡✒✖✡☞❳ ✎❚

☛♦✡♠❬☛✏r✡ ♦☞✙ ✓✠❩✏ ✑✗❳❞ ✈r✌ ✱✎ ✓✔✡✕✡✒✖ ✈✓♥r❚❩ ✑✡☞r✡ ✑✗✝ ❩✓❧ (i) ❧✡☞ ✕✡✒✖✡✱❡ ✈✡✗✞ ✆❚✟

✎✡ ✎✡☞❜✡ ✓❧✱ ✑✡☞❳❅ (ii) r❚✠✡☞❳ ✕✡✒✖✡✱❡ ❧❚ ✑✡☞❳❅ (iii) ❧✡☞ ✎✡☞❜✡ ✈✡✗✞ ✆❚✟ ✎❚ ✕✡✒✖✡ ❧❚ ✑✡☞ r❦✡✡

(iv) ☛✏✎✡☞❜✡ ✓✔✡✕✡✒✖ ✏☞❳ ✎❜✡❴ ✈✡✗✞ ✱✎ ✕✡✒✖✡ ❧❚ ✑✡☞❞ ✈✡❨✠☞ ✎❪✡✡ VII ✏☞❳ ❫✠ ✓✔✡✕✡✒✖✡☞❳ ✎❚ ✞✟✠✡

✎✞✠✡ ☛❚♣✡✡ ✑✗❞ ✈✡❫✱✝ ✈✆ ✑✏ ✓✔✡✕✡✒✖✡☞❳ ✎❚ ♦✒✙❯ ✈✡✗✞ ✞✟✠✡✈✡☞❳ ❨✞ ✓♦✟✡✞ ✎✞☞❳❞ ✈✡❨✠☞ t❩✡✠

✓❧❩✡ ✑✡☞❬✡ ✓✎ ✓✎☛❚ ✓✔✡✕✡✒✖ ✎❚ ✞✟✠✡ ♦☞✙ ✓❭✱✝ ✎✏ ☛☞ ✎✏ ❵☛♦☞✙ r❚✠ ✕✡✡❬ ✓❧✱ ✑✡☞✠☞

✟✡✓✑✱❞ ❨✞qr✒ r❚✠ ✕✡✡❬✡☞❳ ♦☞✙ ☛✕✡❚ ☛❳✟❩ (combinations) ❫☛♦☞✙ ✓❭✱ ❨❩✡❴sr ✠✑❚❳ ✑✗❳❞

❵❧✡✑✞❜✡ ♦☞✙ ✓❭✱✝ ❩✓❧ ❧✡☞ ✕✡✒✖✡✱❡ r❦✡✡ ✱✎ ✎✡☞❜✡ ✉✆❚✟ ✎✡ ✎✡☞❜✡ ✠✑❚❳✇ ✓❧✱ ✑✡☞❳❞ r✡☞

✈✓♥r❚❩ ①❨ ☛☞ ✓✔✡✕✡✒✖ ✎❚ ✞✟✠✡ ☛❧✗♦ ☛❳✕✡♦ ✠✑❚❳ ✑✗❞
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❥☎✆✝ 11.4 : ❢✞✟ ✠✡✟ ☛☞✌☞✍✎ ✟✏ ☛☞✌☞✍ ✏☞✑✒☞ ✓✔☞☞ ☛✕✖ ✞☞✑ ✗☞✡✘☞☛☞✑✙ ✚✑✛ ✖☞✑✜ ✢✑ ❢✣☞✗☞✡✘

✏❞ ✍✤✥☞ ✏✍✥☞✦

✱✧ ★✩✪✫✪✬✭ ABC ❡✮✯ ✰✪✲✪✳ BC, ✱✧ ✰✪✲✪✳ ✧✪✮✴✪ ❡✪✵✪ ✶B r✷✪✪ ✰✸✹ ✺✪✮ ✫✪✬✭✪✰✪✮ ✯ ✧✪ ✹✪✮✻

AB + AC ★✺✹✪ ✼✽✾  ✰✪✈✧✪✮ ★✩✪✫✪✬✭ ABC ✧✿ ✳❀✵✪ ✧✳✵✿ ✼✽✾

❥☎✆✝ ❁❂❃ ☎❥❄✝ :

1. ✰✪✲✪✳  BC ❬✪✿✯★❀✱ ✰✪✽✳ ★❅✸✺✬ B ✈✳ ★✺✱ ✻✱ ✧✪✮✴✪

♦✮❆ ❅✳✪❅✳ ✶XBC ❅✵✪❝✱✾

2. ★✧✳✴✪  BX ❧✮ AB + AC ♦✮❆ ❅✳✪❅✳ ✳✮❬✪✪❬✪✯❇

BD ✧✪★❈✱✾

3. DC ✧✪✮ ★❡❉✪❝✱ r✷✪✪ ✶BDC ♦✮❆ ❅✳✪❅✳ ✧✪✮✴✪

DCY ❅✵✪❝✱✾

4. ❡✪✵ ❉✿★✭✱ CY, BX ✧✪✮  A ✈✳ ✈✐★r❊❋✮★✺r ✧✳r✿

✼✽ (✺✮★❬✪✱ ✰✪♥★r 11.4)✾

r❅● ABC ✰✫✪✿❍❈ ★✩✪✫✪✬✭ ✼✽✾

✰✪❝✱ ✺✮❬✪✮ ✯ ★✧ ✰✪✈✵✮ ✰✫✪✿❍❈ ★✩✪✫✪✬✭ ✧✽❧✮ ✈✐✪■r ★✧✹✪✾

★✺✱ ✻✱ ❡✪✈✵ ✰✵✬❧✪✳● ✰✪✲✪✳ BC r✷✪✪ ✶B ❅✵✪✱ ✻✱

✼✽✯✾ ✈✬✵❣ ★✩✪✫✪✬✭ ACD ❡✮✯●

✶ACD = ✶ ADC (✳❀✵✪ ❧✮ )

✰r❣ AC = AD ✼✪✮✻✪, ✰✪✽✳ ★✈❆✳

AB = BD – AD = BD – AC

✰✷✪✪❏r❑ AB + AC = BD

❁▲▼◆❖P▼ ◆❁◆◗ :

♠✈✹❏✬❘r ✺✪✮ ❀✳✴✪✪✮✯ ✧✿ ✈✬✵✳✪♦❙★❚✪ ✧✿★✭✱✾ ✈✬✵❣ CD ✧✪

❧❡★❯✫✪✪✭✧ PQ ❬✪✿✯★❀✱ ✭✪✮ BD ✧✪✮ ★❅✸✺✬ A ✈✳ ✈✐★r❊❋✮✺

✧✳r✪ ✼✽ (✺✮★❬✪✱ ✰✪♥★r  11.5)✾ AC ✧✪✮ ★❡❉✪❝✱✾ r❅●

ABC ✰✫✪✿❍❈ ★✩✪✫✪✬✭ ✼✽✾ ❱✹✪✵ ✺✿★✭✱ ★✧ A, CD ♦✮❆

❉✯❅ ❧❡★❯✫✪✪✭✧ ✈✳ ★②✷✪r ✼✽● ✰r❣ AD = AC ✼✽✾

❲❳❨❩❭ 11.4

❲❳❨❩❭ 11.5
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❢✆✝✞✟✠✡ : ☛☞✌✍✌✎✏ ✑✒ ✓✔✕✌ ✖✗✍✌✘ ✕✙✒✗ ✙✌✚✛✒ ✜☛✢ ✜✌✚✛ AB +  AC ✣ BC ✙✌✚❣

✤✥✦✠ 11.5 : ✱✧ ★✩✪✫✪✬✭ ✧✮ ✯✰✲✪ ✧✯✲✪ ★✭✳✧✪ ✴✪✵✪✯✶ ✱✧ ✴✪✵✪✯ ✧✪✷✸✪ ✹✺✪✪ ✴✻✼ ✽✪✷

✫✪✬✭✪✴✪✷❍ ✧✪ ✴✻✹✯ ★✽✼✪ ✾✪✷✿

✈✌❀✌✓ BC, ❁✑ ✑✌✚❂✌❃ ❄✌✕✌ ❅B, r❆✌✌ ✈❇✜ ✢✌✚ ✍✌✎✏✌✈✌✚✗ ✑✌ ✈❇r✓ (AB – AC) ✜✌ (AC – AB)

☛✢✜✌ ✙❈❣ ✈✌❉✑✌✚ ☛☞✌✍✌✎✏ ABC ✑✒ ✓✔✕✌ ✑✓✕✒ ✙❈❣ ❞❉❊❋r● ☛✕■✕ ✢✌✚ ☛❞❆✌☛r✜✌❏ ✙❈✗●

❢❑▲✠❢▼ (i) : ❄✌✕ ❡✒☛✏❁ AB > AC ✙❈❃ ✈❆✌✌◆r❖ AB – AC ☛✢✜✌ ✙❈❣

✤✥✦✠ P◗❘ ✥✤✟✠ :

1. ✈✌❀✌✓ BC ❬✌✒✗☛✔❁ ✈✌❈✓ ☛❙❇✢✎ B ❉✓ ☛✢❁ ✛❁ ✑✌✚❂✌

✘✚♦ ❙✓✌❙✓ ❁✑ ✑✌✚❂✌❃ ❄✌✕ ❡✒☛✏❁ ✑✌✚❂✌ XBC,

❙✕✌❝❁❣

2. ☛✑✓❂✌ BX ✖✚ AB – AC ✘✚♦ ❙✓✌❙✓ ✓✚❬✌✌❬✌✗❚ BD

✑✌☛❋❁❣

3. DC ✑✌✚ ☛❄❡✌❝❁ ✈✌❈✓ DC ✑✌ ❡■❙ ✖❄☛❯✍✌✌✏✑

PQ ❬✌✒✗☛✔❁❣

4. ❄✌✕✌ ☛✑ ✘✙ BX ✑✌✚ ☛❙❇✢✎ A ❉✓ ❉✐☛r❱❲✚✢ ✑✓r✌ ✙❈❣

AC ✑✌✚ ☛❄❡✌❝❁ (✢✚☛❬✌❁ ✈✌♥☛r 11.6)❣

r❙❃ ABC ✈✍✌✒❊❋ ☛☞✌✍✌✎✏ ✙❈❣

✈✌❝❁ ✈❙ ✙❄ ✢✚❬✌✚✗ ☛✑ ☛✑✖ ❉✐✑✌✓ ✈✌❉✕✚ ✈✍✌✒❊❋ ☛☞✌✍✌✎✏ ❉✐✌❳r ☛✑✜✌ ✙❈❣

☛✢❁ ✛❁ ❄✌❉✕ ✘✚♦ ✈✕✎✖✌✓ ✈✌❀✌✓ BC ✈✌❈✓ ❅B ❙✕✌❁ ✛❁ ✙❈✗❣ ☛❙❇✢✎  A, DC ✘✚♦ ❡✗❙

✖❄☛❯✍✌✌✏✑ ❉✓ ☛❞❆✌r ✙❈❣

✈r●, AD = AC

❝✖☛❡❁❃ BD = AB – AD = AB – AC

❢❑▲✠❢▼ (ii) : ❄✌✕ ❡✒☛✏❁ AB < AC ✙❈❃ ✈❆✌✌◆r❖  AC – AB ☛✢✜✌ ✙✎✈✌ ✙❈❣

❨❩❭❪❫ 11.6
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❥☎ ✆✝ ✞ ✟✠ ☎ ❥ ✡✝ :

1. ♦ ☛ ☞ ✌ ✍✎ ✏ ✑✒ ✓ ✏✑✔ (i) ❡✕✖✗

2. ✑♦ ❢✘ ☞✔ ✑✙✚ ✏✏ ❡✕ ✖ ✛✜✢ ☞ ☛ ✣✤✥ ✘✕ ✦ ✏✏  BX ✎✕  AC – AB ♦ ✕ ✧

✛ ✘ ✏✛ ✘ ❝ ★ ✘✕ ✦✏✏ ✦✏✖✩ BD ★✏✑✪❝ ✗

3. DC ★✏✕ ✑ ❡❞ ✏✤❝ ✔ ✓ ✏✏ DC ★ ✏ ❞ ✫✛ ✎ ❡✑✬✭ ✏✏✌ ★ PQ

✦✏☞✖✑❬❝ ✗

4. ❡✏✮ ❞ ☞✑✌❝ ✑★  PQ, BX ★ ✏✕ A ❢✘ ❢✐✑✔ ✯✰✕✙ ★ ✘✔ ☞

☛ ✍ ✗ AC ★ ✏✕ ✑❡❞ ✏✤❝  (✙✕✑ ✦✏❝ ♥ ✏✱✑✔ 11.7)✗

✔✛r ABC ♥✭ ✏☞✈✪ ✑✲ ✏✭ ✏✣✌ ☛ ✍✗

♥✏❢ ✘❬ ✮ ✏ ★ ☞ ❢✣✑✈ ✪ ✑✒ ✓ ✏✑✔ (i) ★ ☞ ✔ ✘☛ ☛ ☞ ★ ✘ ✎★✔✕ ☛ ✍✖✗

❥☎ ✆✝ 11.6 : ✳ ✴ ✵✶✷✸ ✷✹✺ ✴✻ ✼✽ ✾✷ ✴✻✵✺✳ ✵✺ ✿ ✴✷ ❀✵✼❁✷ ❀ ❂❃ ✷✷ ❄✷ ❅ ✾✷ ❅❆ ❇✷ ❈✷✼ ✴✷ ❅❉✷ ✵❄✳ ❊✷ ❅ ❆❋

♥✏● ✏✘ ♦ ✕✧ ★ ✏✕ ❍ ✏ ■ B ✔ ✓ ✏✏ ■ C ♥✏✍✘  (BC + CA + AB) ✑✙❝ ☛ ✍ ✖✗ ♥ ✏❢★ ✏✕ ✑✲ ✏✭ ✏✣✌ ABC ★ ☞

✘❬✮ ✏ ★ ✘✮ ☞ ☛ ✍ ✗

❥☎ ✆✝ ✞ ✟✠ ☎ ❥ ✡✝ :

1. BC + CA + AB ♦ ✕✧ ✛ ✘✏✛ ✘ ❝ ★ ✘✕ ✦ ✏✏✦✏✖✩ XY, ✦ ✏☞✖✑❬ ❝ ✗

2. ■LXY ★ ✏✕ ❍✏  B ♦✕✧ ✛ ✘✏✛ ✘ ✔ ✓ ✏✏ ■MYX  ★ ✏✕ ❍✏ C ♦ ✕✧ ✛ ✘✏✛ ✘  ✛✮ ✏✤❝ ✗

3. ■ LXY ✔ ✓ ✏ ✏ ■ MYX ★ ✏✕ ✎❡✑✬✭ ✏✏✑✌ ✔ ★ ☞✑✌ ❝ ✗ ❡✏✮ ✏ ❏✕ ✎❡✑✬✭ ✏✏✌★ ❝ ★ ✑✛ ❑✙ ✣ A  ❢✘

❢✐✑✔ ✯✰✕✙ ★ ✘✔✕ ☛ ✍✖ [✙✕ ✑ ✦ ✏❝ ♥ ✏✱✑✔ 11.8(i)]✗

▲ ▼ ◆ ❖ P 11.8 (i)

▲ ▼ ◆ ❖ P 11.7
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4. AX ❞✆ ✝✞✟ ✠✡☛☞✌✆✆✍❞  PQ r✎✆✆ AY ❞✆ ✝✞✟ ✠✡☛☞✌✆✆✍❞ RS ❬✆✏✞☛✑✒✓

5. ✡✆❡ ✝✏☛✍✒ ☛❞ PQ, XY ❞✆✔ ☛✟✞✕✖ B ✐✗ r✎✆✆ RS, XY ❞✆✔ ☛✟✞✕✖ C ✐✗ ✐✘☛r✙✚✔✕ ❞✗r✆ ✛✜✓

AB ✈✆✜✗ AC ❞✆✔ ☛✡✝✆✢✒  [✕✔☛❬✆✒ ✈✆♥☛r 11.8(ii)]✓

✣✤✥✦✧ 11.8 (ii)

r✟ ABC ✈✌✆✏★✩ ☛✪✆✌✆✖✍ ✛✜✓ ✗✑❡✆ ✫✔✬ ✠✡✎✆✭❡ ✫✔✬ ☛✝✒✮ ✈✆✐ ✐✆r✔ ✛✜✞ ☛❞ B, AX ✫✔✬ ✝✞✟

✠✡☛☞✌✆✆✍❞ ✐✗ ☛❧✎✆r ✛✜✓

✈r✯✮ XB = AB ✛✜✓ ✢✠✏ ✐✘❞✆✗✮ CY = AC ✛✜✓

✢✠✠✔ ✐✘✆❜r ✛✆✔r✆ ✛✜✯ BC + CA + AB = BC + XB + CY = XY

✐✖❡✯ ✰BAX = ✰AXB (❉✱✆✔✞☛❞ ✲ AXB ✡✔✞✮ AB = XB)

r✎✆✆ ✰ABC = ✰BAX + ✰AXB = 2 ✰AXB = ✰LXY

✢✠✏ ✐✘❞✆✗✮ ✰ACB = ✰MYX✮ ✍✜✠✆ ✑✆☛✛✒ ✎✆✆✓

♠✳✴✵✶✷✴ 1 : ✒❞ ☛✪✆✌✆✖✍ ABC ❞✏ ✗✑❡✆ ❞✏☛✍✒ ☛✍✠✡✔✞ ✰B = 60°, ✰ C = 45° ✈✆✜✗

AB + BC + CA = 11 cm ✛✜✓

✶✸✹✴ ✺✻✼ ✸✶✷✴ :

1. ✒❞ ✗✔❬✆✆❬✆✞✽ PQ = 11 cm ✛✜ ( = AB + BC + CA) ❬✆✏✞☛✑✒✓

2. P ✐✗  60° ❞✆ ❞✆✔✾✆ r✎✆✆ Q ✐✗ 45° ❞✆ ❞✆✔✾✆ ✟❡✆✢✒✓
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✈☎✆✝✞ 11.9

3. ❜✟ ✠✡☛☞✡✡☛✌ ✠✡☛ ✍✎✏✑✒✡✡✏✓✔ ✠✕✏✓✖✗ ✎✡✟ ✘✕✏✓✖ ✏✠ ✙☛ ✍✎✏✑✒✡✡✓✠ ✖✠ ✏✚✛✜✢ A ✐✣

✐✤✏✔✥✦☛✜ ✠✣✔☛ ✧★✌✗

4. AP ✠✡ ✘✌✚ ✍✎✏✑✒✡✡✓✠ DE ❬✡✕✌✏✩✖ ✓✡☛ PQ ✠✡☛ ✏✚✌✜✢ B ✐✣ ✐✤✏✔✥✦☛✜ ✠✣✔✡ ✧★ ✪✡★✣ AQ

✠✡ ✘✌✚ ✍✎✏✑✒✡✡✓✠ ❬✡✕✌✏✩✖ ✓✡☛ PQ ✠✡☛ ✏✚✌✜✢ C ✐✣ ✐✤✏✔✥✦☛✜ ✠✣✔✡ ✧★✗

5. AB ✠✡☛ ✪✡★✣ AC ✠✡☛ ✏✎✘✡❜✖ (✜☛✏❬✡✖ ✪✡♥✏✔  11.9)✗

✔✚r ABC ✪✒✡✕✫✬ ✏✭✡✒✡✢✓ ✧★✗

✮✯✰✱✲✳✴✵  11.2

1. ✶✷ �✸✂✹✂✺✻ ABC ✷❞ ✼✽✾✂ ✷❞�✻✶✿ �✻❀❁❂❃ BC = 7 cm , ❄B = 75° ❅✂❆✼ AB + AC = 13 cm

❣✂❂❇

2. ✶✷ �✸✂✹✂✺✻ ABC ✷❞ ✼✽✾✂ ✷❞�✻✶✿ �✻❀❁❂❃ BC = 8 cm, ❄B = 45° ❅✂❆✼ AB – AC =  3.5 cm

❣✂❂❇

3. ✶✷ �✸✂✹✂✺✻ PQR ✷❞ ✼✽✾✂ ✷❞�✻✶✿ �✻❀❁❂❃ QR = 6 cm, ❄Q = 60° ❅✂❆✼ PR – PQ = 2 cm ❣✂❂❇

4. ✶✷ �✸✂✹✂✺✻ XYZ ✷❞ ✼✽✾✂ ✷❞�✻✶✿ �✻❀❁❂❃ ❄Y = 30°, ❄Z = 90° ❅✂❆✼ XY + YZ + ZX

= 11 cm ❣✂❂❇

5. ✶✷ ❀❁✷✂❂✁✂ �✸✂✹✂✺✻ ✷❞ ✼✽✾✂ ✷❞�✻✶✿ �✻❀✷✂ ❅✂❈✂✼ 12 cm ❅✂❆✼ ✷✁✂❉ ✄❊✂✂ ❅❋● ✹✂✺✻✂

✷✂ ●✂❂① 18 cm ❣❆❇
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11.4 ❧✆✝✆✞✟✆

❜✠ ✡☛☞✂☞ ✌✍✎✏ ✡✂✑✁✍ ✑✒❥✓ ✡✂✔❥ ✑❥✕✂❥ ✕✓ ✠✖✂☞✗✂ ✠✍ ✘✁✙✁ ❥�✁✂✄☎ ✕✓ ✖✔✎✚

1. ✄✕ ✘✱✄ ✖✛✄ ✕✂✍✜✂ ✕✂✍ ✠✌✘✢✣✂✂✘✤✗ ✕❥✁✂✥

2. ✄✕ ✘✱✄ ✖✛✄ ❥✍✦✂✂✦✂✎✧ ✕✂ ★✎✩ ✠✌✘✢✣✂✂✤✕ ✦✂✓✎�✁✂✥

3. 60° ❜✪☞✂✘✱ ✫✍✬ ✕✂✍✜✂ ✩✁✂✁✂✥

4. ✄✕ ✘✭✂✣✂✛✤ ✕✓ ❥�✁✂ ✕❥✁✂✏ ✘✤✠✌✍✎ ✡✂✮✂❥✏ ✄✕ ✡✂✮✂❥ ✕✂✍✜✂ ✗✯✂✂ ✡✰☞ ✱✂✍ ✣✂✛✤✂✡✂✍✎ ✕✂ ☞✂✍✲ ✘✱☞✂

✖✂✍✥

5. ✄✕ ✘✭✂✣✂✛✤ ✕✓ ❥�✁✂ ✕❥✁✂✏ ✘✤✠✌✍✎ ✡✂✮✂❥✏ ✄✕ ✡✂✮✂❥ ✕✂✍✜✂ ✗✯✂✂ ✡✰☞ ✱✂✍ ✣✂✛✤✂✡✂✍✎ ✕✂ ✡✰✗❥

✘✱☞✂ ✖✂✍✥

6. ✄✕ ✘✭✂✣✂✛✤ ✕✓ ❥�✁✂ ✕❥✁✂✏ ✘✤✠✕✂ ✑✘❥✌✂✑ ✄✫✎ ✱✂✍ ✡✂✮✂❥ ✕✂✍✜✂ ✘✱✄ ✖✂✍✎✥
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✈�✁✂✁ 12

❣✄☎✆✝✞ ✟✆ ✠✡☛✆

12.1 ❍☞✌✍✎✏☞

✑✒✓ ✔✓✕✖✗ ✘✙✒✒✑✒✚✛ ✜✚✛✢ ✔✣✔✤✒✥✦ ✑✒✘✒✧✒✚✛ ✘✗ ✑✒✣★✩✔✪✫✒✚✛ ✬✭✮✚ ✔✘ ✣✯✰✢ ✑✒✫✪✢ ✔✱✒✤✒✲✬ ✑✒✭✧
♣✪✲✤✒✲✰✬ ✣✚✩ ✳✒✧✚ ✜✚✛ ✓✴✵ ♣✲✣✚✩ ✶✭✛✷ ✑✒✓ ✸✦✜✚✛ ✮✚ ✣✲✩✕ ✑✒✣★✩✔✪✫✒✚✛ ✬✭✮✚ ✔✘ ✑✒✫✪✢ ✣✯✰ ✸✹✫✒✔✺
✣✚✩ ✓✔✧✜✒✓ ✑✒✭✧ ✙✒✚✱✒✓✩✖ ✤✒✗ ✓✔✧✘✔✖✪ ✘✧ ♣✲✣✚✩ ✶✭✛✷ ♦✺✒✶✧✻✒✒✼✒✰✢ ✑✒✓ ✑✓✦✗ ✘✙✒✒ ✣✚✩ ✘✜✧✚
✣✚✩ ✓✩✽✒✰ ✘✒ ✙✒✚✱✒✓✩✖ ✑✒✭✧ ✓✔✧✜✒✓ ✾✒✪ ✘✧ ✮✘✪✚ ✶✭✛✷

✑✒✸✿ ✘✜✧✚ ✣✚✩ ✓✩✽✒✰ ✘✒✢ ♦✮✘✗ ✤✒✲✬✒✑✒✚✛ ✣✚✩ ✑✦✲✔✺✽✒ ✿✘ ✳✒✧ ♣✖✘✧✢ ♣❀✘✧ ✖✯✒✿❁✷
✿✚✮✒ ✘✧✦✚ ✜✚✛ ✑✒✓✦✚ ✬✒✚ ✺❂✧✗ ✪✫ ✘✗ ✶✭✢ ✣✶ ✓✩✽✒✰ ✘✒ ✓✔✧✜✒✓ ✶✭✷ ✘✜✧✚ ✣✚✩ ✓✩✽✒✰ ✘✒ ✓✔✧✜✒✓
✫✒ ✜✒✓ (size) ♦✮✘✒ ✙✒✚✱✒✓✩✖ ✶✒✚✪✒ ✶✭✷

✸✮ ✓❜✘✒✧✢ ✫✔✺ ✑✒✓✘✗ ✘✙✒✒ ✘✒ ✘✜✧✒ ✑✒✫✪✒✘✒✧ ✶✭ ✪✼✒✒ ✸✮✘✗ ✖❃✳✒✸✰ ✑✒✭✧ ♣✒✭❄✵✒✸✰
Ø✜✽✒❅  10 m ✑✒✭✧  8 m ✶✭✛✢ ✪✒✚ ♦✮✘✒ ✓✔✧✜✒✓   2(10 + 8 ) m = 36 m ✶✒✚✯✒ ✪✼✒✒ ♦✮✘✒
✙✒✚✱✒✓✩✖ 10 m × 8 m✢ ✑✼✒✒✰✪❪  80 m2  ✶✒✚✯✒✷

✖❃✳✒✸✰ ✫✒ ♣✒✭❄✵✒✸✰ ✜✒✓✦✚ ✘✒ ✜✒✱✒✘ (unit) ✜✗❡✧ ❆m❇ ✫✒ ✮✚✥❡✗✜✗❡✧ ❆cm❇✢ ✸✹✫✒✔✺
✔✖✫✒ ✬✒✪✒ ✶✭✷

✔✘✮✗ ✮✜✪✖ ✑✒✣★✩✔✪ ✣✚✩ ✙✒✚✱✒✓✩✖ ✘✒✚ ✜✒✓✦✚ ✘✒ ✜✒✱✒✘ ✣✯✰ ✜✗❡✧ ❆m2❇ ✫✒ ✣✯✰
✮✚✛❡✗✜✗❡✧❆cm 2❇✢ ✸✹✫✒✔✺ ✔✖✫✒ ✬✒✪✒ ✶✭✷

✜✒✦ ✖✗✔✬✿ ✑✒✓ ✿✘ ✔✱✒✤✒✲✬✒✘✒✧ ✳✒✯ ✜✚✛ ✳✭❈✚ ✶✲✿ ✶✭✛✷ ✑✒✓ ✸✮✘✒ ✙✒✚✱✒✓✩✖ ✔✘✮ ✓❜✘✒✧
✾✒✪ ✘✧✚✛✯✚❑ ✑❉✫✒✫ ❊ ✑✒✭✧ ✑✓✦✗ ✔✓✕✖✗ ✘✙✒✒✑✒✚✛ ✮✚✢ ✑✒✓ ✬✒✦✪✚ ✶✭✛ ✔✘

 ✍❢☞❍☞❋● ✏☞ ■☞❏❢☞▲▼◆ =
1

2
 × ❖☞P☞◗ × ➴❘❙☞❚❯ (I)
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✠✡ ☛☞✌✍✎☞ ✠✏✑ ✒✓ ✔✒☛ ✒✕✍✖✍✗✘ ✙✓ ❧✚✛✜✢✣✜ ✤✥✜✦✜✧★

✠✍☞✩ ✎✍☞ ✠✡ ✪✡✓✍☞✫✍ ✓✍☞ ✬✑✎✭✮✯✰ ✓✱✲☞ ✮✍✳✴ ✖✍✗✘✍✬✍☞✑

✓✍☞ ✬✍❞✍✱ ✬✍✏✱ ✵✶✷✍✸✹ ✳☞✓✱ ✪✺✕✍ ✓✍ ✪✴❞✍ ✻✼✔✍☞✽ ✓✱✮☞✾

④✍☞✕✍✻✾✳ ✿✍✎ ✓✱ ✪✓✎☞ ✠✏✑❀ ❁☛✍✠✱✫✍✍❂✍✹✩ ✡✍✲ ✳✴✒✘✙ ✒✓

✙✓ ✪✡✓✍☞✫✍ ✒✕✍✖✍✗✘ ABC  ✓✴ ✖✍✗✘✍✙✶ ❃✡❄✍❅   5 cm ,

12 cm ✬✍✏✱ 13 cm ✠✏✑❀ ✎❆ ✠✡ ✬✍❞✍✱ 12 cm ✬✍✏✱

✵✶✷✍✸✹ 5 cm ✳☞✎☞ ✠✏✑❀ ❇☛☞✒✌✍✙ ✬✍✮❈✾✒✎ 12.1)❀ ✬❆✩ ✒✕✍✖✍✗✘

✓✍ ④✍☞✕✍✻✾✳ ✒✲❉✲ ✠✍☞✽✍ ❅

1

2
 × ✬✍❞✍✱ × ✵✶✷✍✸✹ = 

1

2
 × 12 × 5 cm2

è✔✍✲ ☛✴✒✘✙ ✒✓ ✠✡ ✬✍❞✍✱ ❊ cm ✬✍✏✱ ✵✶✷✍✸✹ ❋● cm ✖✍✴ ✳☞ ✪✓✎☞ ❂✍☞❀

✬❆ ✡✍✲ ✳✴✒✘✙ ✒✓ ✠✡ ✙✓ ❧✚❍✜■✧ ✤✥✜✦✜✧★  PQR  ✓✍ ④✍☞✕✍✻✾✳ ✿✍✎ ✓✱✲✍ ✷✍✠✎☞

✠✏✑✩ ✒✘✪✓✴ ✻✼❏✔☞✓ ✖✍✗✘✍ ❋❑cm ✠✏ ❇☛☞✒✌✍✙ ✬✍✮❈✾✒✎ ❋●▲●▼❀ ✸✪ ✒✕✍✖✍✗✘ ✓✍ ④✍☞✕✍✻✾✳ ✿✍✎

✓✱✲☞ ✮☞✾ ✒✳✙✩ ✠✡☞✑ ✸✪✓✴ ✵✶✷✍✸✹ ✿✍✎ ✠✍☞✲✴ ✷✍✒✠✙❀ ◆✔✍ ✬✍✻ ✸✪ ✒✕✍✖✍✗✘ ✓✴ ✵✶✷✍✸✹ ✿✍✎

✓✱ ✪✓✎☞ ✠✏✑❖

✬✍✸✙ ✠✡ ✔✍☛ ✓✱☞✑ ✒✓ ✒✕✍✖✍✗✘ ✓✴ ✖✍✗✘✍✙✶ ✿✍✎ ✠✍☞✲☞

✻✱ ❁✪✓✴ ✵✶✷✍✸✹ ✮✏✾✪☞ ✿✍✎ ✓✱✎☞ ✠✏✑❀ ✔✠ ✙✓ ✪✡❆✍✠✗

✒✕✍✖✍✗✘ ✡☞✑ ✪✑✖✍✮ ✠✏❀  QR ✓✍ ✡è✔P✒❆◗☛✗  M ✳☞✓✱ ❁✪☞  P

✪☞ ✒✡✳✍✸✙❀ ✠✡ ✘✍✲✎☞ ✠✏✑ ✒✓  ❘PMQ  ✙✓ ✪✡✓✍☞✫✍

✒✕✍✖✍✗✘ ✠✏❀ ✬✎❅✩ ✻✍✸❂✍✍✽✍☞✱✪ ✻✼✡☞✔ ✓✍ ✻✼✔✍☞✽ ✓✱✮☞✾✩ ✠✡

✳❉❆✍✸✹  PM  ✲✴✷☞ ☛❄✍✍✹✙ ✬✲✗✪✍✱ ✿✍✎ ✓✱ ✪✓✎☞ ✠✏✑ ❅

PQ2 = PM2 + QM2

✬❂✍✍✹✎✈ (10)2 = PM2 + (5) 2, ✷✺✶✒✓ QM = MR ✠✏❀

✬✎❅✩ ✠✡☞✑ ✻✼✍❙✎ ✠✍☞✎✍ ✠✏ ❅ PM2 = 75

✬❂✍✍✹✎✈ PM = 75  cm = 5 3  cm

❚❯❱❲❳❨❩ 12.1

❚❯❱❲❳❨❩ 12.2
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r☎✆ ✥ PQR  ❞✝ ✞✝✟✠✝✡☛☞ = 
1

2
 × ✈✝✌✝✍ × ➴✎✏✝✑✒ = 

21
10 5 3 cm 25 3

2
 cm 2

✈✝✑✓ ✈☎ ✔✟✕✝✟✖ ✗❞ ✑✘ ✘✙✠✝ ❞✝ ✡✚✛✝✟✜ ❞✍✢✟☛ ✓❞ ❧✣✤✦✧★✩✪ ✤✫★✬★✪✭ ❞✝ ✞✝✟✠✝✡☛☞ ✗❞✘

✡✚❞✝✍ ✡✗✍❞✗☞r ✗❞✛✝ ✐✝ ✘❞r✝ ✮✯✰ ✱✔✝✮✍✲✝✝✳✝✒✆ ✮✴ ✓❞ ✗✠✝✵✝✶✐  XYZ ☞✟r✟ ✮✯✖✆ ✗✐✘❞②

✔✝✟♥✝✟✖ ☎✍✝☎✍ ✵✝✶✐✝✈✝✟✖  XY ✈✝✯✍  XZ ✴✟✖ ✘✟ ✡✚❡✛✟❞ ✵✝✶✐✝   5 cm ✮✯ r✳✝✝ ✢✮ ✵✝✶✐✝ ✐✝✟ ☎✍✝☎✍ ♥✮②✖

✮✯✆ ✈✳✝✝✒r❣  YZ,  8 cm ☞✷☎✝✑✒ ❞② ✮✯ ✸✔✟✗✕✝✓ ✈✝✢✹☛✗r ✺✻✼✽✾✰

✑✘ ✗❜✳✝✗r ✴✟✖ ✵✝② ✮✴ ✗✠✝✵✝✶✐ ❞② ➴✎✏✝✑✒ ✐✝♥♥✝ ✏✝✮r✟ ✮✯✖✰ ✑✘✗☞✓✆ ✮✴  X  ✘✟ ✵✝✶✐✝ YZ

✡✍ ☞✷☎   XP   ✕✝②✖✏r✟ ✮✯✖✰ ✈✝✡ ✔✟✕✝ ✘❞r✟ ✮✯✖ ✗❞ ✛✮ ☞✷☎  XP  ✗✠✝✵✝✶✐ ✢✟☛ ✈✝✌✝✍  YZ  ❞✝✟

✔✝✟ ☎✍✝☎✍ ✵✝✝✜✝✟✖ ✴✟✖ ✗✢✵✝✝✗✐r ❞✍r✝ ✮✯ ✸RHS ✘✢✝✿✜✘✴ ✡✚✗r☎✖✌✾✰

✈r❀✆ YP = PZ = 
1

2
 YZ = 4 cm

✗✡☛✍✆ ✡✝✑✳✝✝✜✝✟✍✘ ✡✚✴✟✛ ✢✟☛ ✡✚✛✝✟✜ ❢✝✍✝✆ ✮✴✟✖ ✡✚✝❁r ✮✝✟r✝ ✮✯❀

XP 2 = XY2 – YP2

= 52 – 42 = 25 – 16 = 9

✈r❀✆ XP = 3 cm

✈☎✆ ✥ XYZ  ❞✝ ✞✝✟✠✝✡☛☞ = 
1

2
 × ✸✈✝✌✝✍  YZ✾ × ✸➴✎✏✝✑✒  XP✾

= 
1

2
 × 8 × 3 cm 2 = 12 cm 2

✈☎ ✴✝♥ ☞②✗✐✓ ✗❞ ✮✴✟✖ ✓❞ ✤❂❃★✣✧★✩✪ ✤✫★✬★✪✭ ❞② ✵✝✶✐✝✈✝✟✖ ❞② ☞✷☎✝✑✛✝✎ ❄✝r ✮✯✖✆

✡✍❅r✶ ➴✎✏✝✑✒ ❄✝r ♥✮②✖ ✮✯✰ ❆✛✝ ✈✝✡ ✈☎ ✵✝② ✑✘❞✝ ✞✝✟✠✝✡☛☞ ❄✝r ❞✍ ✘❞r✟ ✮✯✖❇ ✱✔✝✮✍✲✝✝✳✝✒✆

✈✝✡✢✟☛ ✡✝✘ ✓❞ ✗✠✝✵✝✶✐✝❞✝✍ ✡✝✢✒☛ ✮✯✆ ✗✐✘❞② ✵✝✶✐✝✓✎ ❈❉ m, ✽✻ m ✈✝✯✍ ✻❈ m ✴✝✡② ✜✑✒

✮✯✖✰ ✈✝✡ ✑✘❞✝ ✞✝✟✠✝✡☛☞ ✗❞✘ ✡✚❞✝✍ ❄✝r ❞✍✟✖✜✟❇ ✗♥✗❊✏r ❋✡ ✘✟✆ ✛✗✔ ✈✝✡ ✘✙✠✝ (I) ❞✝

✡✚✛✝✟✜ ❞✍✢✟☛ ✞✝✟✠✝✡☛☞ ❄✝r ❞✍♥✝ ✏✝✮✟✖✜✟✆ r✝✟ ✈✝✡❞✝✟ ✑✘❞② ➴✎✏✝✑✒ ❄✝r ❞✍♥② ✮✝✟✜②✰ ✡✍❅r✶

✮✴✟✖ ✑✘❞② ➴✎✏✝✑✒ ❄✝r ❞✍♥✟ ❞✝ ❞✝✟✑✒ ✘✖✢✟☛r ♥✮②✖ ✗✴☞ ✍✮✝ ✮✯✰ ✓✟✘✝ ❞✍♥✟ ❞✝ ✡✚✛❡♥ ❞②✗✐✓✰

✛✗✔ ✈✝✡ ✓✟✘✝ ♥✮②✖ ❞✍ ✡✝r✟ ✮✯✖✆ r✝✟ ✈✜☞✟ ✈♥✶●❍✟✔ ✡✍ ✏☞✟ ✐✝✑✓✰

■❏❑▲▼◆❖ 12.3
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12.2 ❢✠✡ ☛✡ ☞✌ ✍✡ ✎✡ ✏✠✡ ✑✒ ✓ ✔ ✕✖ ✗✡ ✏✘ ✙✏✒ ✚✛✠✡ ✜✡ ✗✡

❣� ✁✂✄☎ ✆ ✂ ✢ ✣✤ ✝✥✦ ✂✧ ★✩ ✪✤✝✫ ✤✄✥ ✬✭ ✄✮✢ ✥✄✪✯✰ ✱✂ ☎ ✂✤✆ ✲✳ ✂✂☎ ✴✁ ❣✵✬ ✂✶

♠ ✣❣ ✂✄✥☎✄ ✬ ☎✵✴✫ ✂✱✂✄✪✷✆ ✷✪✸ ✂★ (applied mathematics) ✴ ✁ ✆✂✱✐ ✪✆✱✂ ✶

♠ ☎✆✂ ✷✪✸ ✂★� ✱ ✬ ✂✹ ✁ ✦✂ ✂✹✪★ ✆� ✱ ✪✧ ✺✂✱✂✄ ✥ ✴✁ ✆✂✱ ✐ ✻★ ☎✂ ✬ ✪✼✆ ✬ ✂✹✁

✪✧ ✪✦✂✣☎ ✴✫ ✆✂✁ ✆ ✂ ✳ ✂✂ ✪✆ ♠ ✣❣ ✄✥ ✻☎ ✽ ✂✄✟ ✂ ✂✄✥ ✆✂ ✾✆ ✪✧ ✿✧ ✆✂✄✸ ✂ ✝✥❀ ✥✼�

(encyclopedic) ✭ ✄②✂✆ ✝ ✤❁ ✂ ✢ ✂★ ✂ ✳ ✂✂✶ ♠ ☎✆✂ ❂✱ ✂✪✤★� ✱ ✆✂✱✐
✤✵②✱★✩ ✤✄✣✝✵✁ ✄✿✂☎ ❡✽ ✂✄✟ ✂✪✤✪★ ❃ ✆� ✝ ✤✲ ✱✂✬ ✂✄✥ ✝✄ ✝ ✥❀✥✪✼★ ✳ ✂✂✶ ✱ ❣ ✆✂✱✐

★� ☎ ✴ ✵✲★ ✆✂✄✥ ✤✄✥ ✪✭ ②✂✂ ✷✱✂ ❣ ✹✶ ✴ ✵✲★ ✆ r ✤✥ ✄❄ ✧ ✷✂✄❅❄ ✬✂ ✱★ ✂✄✥❄ ✪✟ ✂✦✂ ✵✢ ✂✄✥❄

✝ ✤✭ ✥ ❀✂✄✥❄ ✬ ☎✄✆ ✴✫ ✆ ✂✁ ✧ ✄❧ ✪✧ ✪✿✂ ✺❆ ❇★ ✵✦✂✵✐✢ ✂✄✥❄ ✝ ✤ ❀❣ ✵✦ ✂✵✢ ✂✄✥❄ ✧ ❈ ❉ ✂✂✄✥ ✧ ✄❧

✽ ✂✄✟ ✂✴❧✭ ✂✄✥❄ ❀✄✭ ☎✂✄✥❄ ✿✂✥✧ ✵❧✬ ✂✄✥❄ ✷✂✄✭ ✂✄✥❄ ✻④✱✂ ✪❊ ✧ ✄❧ ✴❈ ✺❋�✱ ✽ ✂✄✟ ✂✴❧✭ ✂✄✥ ✆✂ ✧ ✸ ✂✐☎

❣ ✹✶ ✻✝� ✴✵✲ ★ ✆ ✤✄✥❄ ❣� ✁✂✄☎ ☎✄ ✪✟ ✂✦✂✵✢ ✆� ★� ☎✂✄✥ ✦✂✵✢ ✂✬ ✂✄✥ ✧ ✄❧ ✴❊✂✄✥ ✤✄✥ ♠✝✧ ✄❧

✽ ✂✄✟ ✂✴❧✭ ✆✂ ✴✫ ✪✝● ❡ ✱✂ ✝✵✴ ✪✁ ✪❇★ ❃ ✝✞✟ ✂ ✴✫ ✪★ ✴✂ ✪❊★ ✪✆ ✱✂ ❣✹ ✶

❍■❏❑▲▼ ◆▲ ❖ P◗ ◗ ❘❙❑ ❚❑▲ ❯❱❲❳❨ ❩❳ ❬ ❭❪❳ (Hero’s formula) ❫ ❑■ ❚❍❑ ❴❑ ❵❑ ❍❛❜ P◗ ▲ ▼■ ❝▲ ❞❤❥❑

❴❑ ❏ ❍❑ ❍❛t

❢✠✡ ☛✡☞✌ ✍✡ ✎ ✡ ✏✠✡ ✑✒ ✓ = ( ) ( ) ( )s s a s b s c❦ ❦ ❦ (II)

♥❯ ❳♦  a, b ✈❳♣❲ c q❪❳s❳✉ ♥ ❩❱ s❳✉ ♥❳✇ ♦ ❯ ♣① ③⑤❳❳

s = q ❪❳ s❳✉ ♥ ❩❳ ✈ ⑥⑦⑧q❲ ⑨❳ ⑧ (semi-perimeter) = 
2

a b c⑩ ⑩
  ❯ ♣❶

❥❍ ◗ ❘❙❑ ❷◗ ❞❸❹❑❞❵ ❺▲ ❻ ◗ ❍❑ ❥❚ ❍❑▲ ❵❑ ❍❛❼ ❴❽ ❞❙❑❫ ❑❾ ❴ ❚■ ❿➀ ❝❑P➁ ◗ ❏➂ ❵❑ ◗ ▲ ➃❑ ❵ ▼ ❍❑▲

◗ ❚❵■ ❍❑▲ ❜ ➄❑P➅ ❿➆❏ ❽ ❵❑➅ ➇➅ ❞❙❑❫ ❑❾ ❴❑ ❚❑ ❏ ➆❑ ◆➁ ❖ ABC ❚❑ ➈❑▲❙ ❑ ➆❖➂ ➃❑ ❵ ❚❏▼ ▲ ◆▲ ❖ ❞➂➅ ❼

P◗ ◗ ❘❙❑ ❚❑ ➆➉ ❥❑▲➇ ❚❏▲ ❻ ➊❤▲❞ ➋❑➅ ➄❑ ◆➌❖❞ ❵ ➍➎➏➐➑❜

➄❑P➅  a = 40 m, b = 24 m❼ c = 32 m  ➂▲ ❻ ❵❑❞ ❚ ❍❺▲ ❻

 s = 
40 24 32

2

➒ ➒
 m = 48 m

➆➉❑ ➓ ❵ ❍❑▲➇❑ ❜

➄ ❽ ❼ s – a = (48 – 40) m = 8 m❼

 s – b = (48 – 24) m = 24 m❼

➄ ❑ ❛ ❏ s – c = (48 – 32) m = 16 m

❍ ❛❻ ❜

➔→ ➣↔↕➙➛ 12.4

➜➝ ➞➟➠➡ (10➢➤➥➦➧ ➥  – 75 ➢➤ ➥➦➧ ➥)

➔→ ➣↔↕ ➙➛ 12.5
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✈☎✆✝ ✞✟✠✡☛ ABC ❞✟ ☞✟✌✍✟✞☛✎ = ( ) ( ) ( )✏ ✏ ✏s s a s b s c

= 2 248 8 24 16 m 384 m

❣✑ ✒❣ ✓✟✔ ✕✌✖✟☎✌ ❣✗✘ ✙❞ 32 2 + 242 = 1024 + 576 = 1600 = 402  ❣✗✚ ✈☎✆✝ ✛✜ ✞✟✠✡☛ ❞✔

✓✟❍✢✟✣✤ ✣❞ ✜✑❞✟✌✥✟ ✙✍✟✓✟❍✢ ✦✧✟☎✔ ❣✗✘✚ ✜✦✜✌ ✦★✩✔✝ ✈✪✟✟✡☎✫  BC, ✙✢✜❞✔ ✎❢✦✟✛✡ 40 m ❣✗✝ ✛✜

✙✍✟✓✟❍✢ ❞✟ ❞✥✟✡ ❣✗ ☎✪✟✟ AB ✈✟✗✬ AC ✠✌☛ ✦✔♦ ❞✟ ❞✟✌✥✟ 90° ❣✟✌✭✟✚

✛✜✙✎✣✝ ✜❜✍✟ I ✜✌ ❣✑ ✢✟✤♦ ❞✬ ✜❞☎✌ ❣✗✘ ✙❞ ✞✟✠✡☛ ❞✟ ☞✟✌✍✟✞☛✎ = 
1

2
 × 32 × 24 m 2

= 384 m2

❣✑ ✞✟☎✌ ❣✗✘ ✙❞ ✒❣ ☞✟✌✍✟✞☛✎ ✠❣✔ ❣✗ ✢✟✌ ❣✑✌✘ ❣✔✬✟✌✧ ✠✌☛ ✜❜✍✟ ✜✌ ✞✮✟✯☎ ❣❍✈✟ ✪✟✟✚

✈✦ ✈✟✞ ✞❣✎✌ ♦✰♦☎ ✙❞✣ ✭✣ ✈✱✒ ✙✍✟✓✟❍✢✟✌✘ ✠✌☛ ☞✟✌✍✟✞☛✎✟✌✘ ❞✟✌ ❣✔✬✟✌✧ ✠✌☛ ✜❜✍✟ ✜✌ ✲✟☎

❞✬✠✌☛ ✢✟✤♦ ❞✔✙✢✣ ✙❞ ☞✟✌✍✟✞☛✎ ✞❣✎✌ ✢✗✜✌ ❣✔ ✞✮✟✯☎ ❣✟✌☎✌ ❣✗✘✚ ✒✌ ✙✍✟✓✟❍✢ ❣✗✘ ✆

 (i) ✶✳ cm ✓✟❍✢✟ ✠✟✎✟ ✜✑✦✟❣❍ ✙✍✟✓✟❍✢

✈✟✗✬ (ii) ✈✜✑✟✧ ✓✟❍✢✟ ✽ cm ✈✟✗✬ ✦✬✟✦✬ ✓✟❍✢✟✣✤ ✴ cm ✠✟✎✟ ✜✑✙✵✦✟❣❍ ✙✍✟✓✟❍✢✚

✈✟✞ ✕✌✖✟✌✘✭✌ ✙❞

(i) ✠✌☛ ✙✎✣✝       s = 
10 10 10

2

✷ ✷
 cm = 15 cm

✛✜✙✎✣✝ ✙✍✟✓✟❍✢ ❞✟ ☞✟✌✍✟✞☛✎  = 15(15 10)(15 10)(15 10)✸ ✸ ✸  cm2

=
2 2

15 5 5 5 cm 25 3 cm

(ii)  ✠✌☛ ✙✎✣✝      s = 
8 5 5

cm 9 cm
2

✛✜✙✎✣✝ ✙✍✟✓✟❍✢ ❞✟ ☞✟✌✍✟✞☛✎ = 9(9 8) (9 5) (9 5)✏ ✏ ✏ cm2

= 2 29 1 4 4 cm 12 cm

✈✟✛✣ ✈✦ ✠❍☛✹ ✺✕✟❣✬✥✟ ✎✌✘✚

♠✻✼✾✿❀✼ 1 : ✣❞ ✙✍✟✓✟❍✢ ❞✟ ☞✟✌✍✟✞☛✎ ✲✟☎ ❞✔✙✢✣ ✙✢✜❞✔ ✕✟✌ ✓✟❍✢✟✣✤ 8 cm ✈✟✗✬ 11 cm ❣✗✘

✈✟✗✬ ✙✢✜❞✟ ✞✙✬✑✟✞ 32 cm ❣✗ ❁✕✌✙✖✟✣ ✈✟✠❂☛✙☎ ✶❃❄❅❆✚
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✠✡ : ❀☛☞✌✍ ✎✏✑✒☞✎ = 32 cm, a = 8 cm ✥☞✓✑ b = 11 cm ☛✓✔

❜✕✏✖✗✍ ✘✙✕✑✙ ✚☞✛✜☞ c = 32 cm – (8 + 11) cm = 13 cm

✥✈✍ 2s = 32  ☛✓✔ ❜✕✏✖✗   s = 16 cm✍

s – a = (16 – 8) cm = 8 cm✍

s – b = (16 – 11) cm = 5 cm✍

s – c = (16 – 13) cm = 3 cm

❜✕✏✖✗✍ ✏✢☞✚☞✛✜ ✣☞ ✤☞✦✢☞✎✧✖ = ( ) ( ) ( )s s a s b s c★ ★ ★

= 2 216 8 5 3 cm 8 30 cm

♠✩✪✠✫✬✪ 2 : ✗✣ ✏✢☞✚☞✛✜☞✣☞✑ ✎☞✱✭✧  ABC  ✣✙ ✚☞✛✜☞✗✌ 120 m✍ 80 m ✥☞✓✑ 50 m ☛✓✮ ✯✰✦✏✲☞✗

✥☞✱✳✧✏✘ ✴✵✶✷✸✔ ✗✣ ✒☞✏✖✹ ✺✻✼✽✾ ✣☞✦ ❜✕✱✦✧ ✿☞✑☞✦✮ ✥☞✦✑ ✗✣ ✈☞❁❂ ✖❃☞✹✙ ☛✓ ✥☞✓✑ ❜✕✱✦✧

✥✮✰✑ ❄☞☞✕ ❅❃☞✹✙ ☛✓✔ ❅✕✦ ✏✣✘✹✦ ✤☞✦✢☞✎✧✖ ✒✦✮ ❄☞☞✕ ❅❃☞✹✙ ☛✓❆ ✗✣ ✥☞✦✑ 3 m ✿☞✓❁❂✦ ✗✣ ✎✧☞❇✣

✱✦✧ ✏✖✗ ♦❈☞☞✹ ❉☞✦❁❂✘✦ ☛✛✗ ❜✕✱✦✧ ✿☞✑☞✦✮ ✥☞✦✑ ✵❊ ❋ ✎●✏✘ ✒✙❇✑ ✣✙ ✰✑ ✕✦ ✣☞✌❇✦✰☞✑ ✈☞❁❂ ✖❃☞✹✦

✣☞ ❞❀❀ ✚☞✙ ❍☞✘ ✣✙✏✜✗✔

✠✡ : ✎☞✱✭✧ ✣☞ ✤☞✦✢☞✎✧✖ ❍☞✘ ✣✑✹✦ ✱✦✧ ✏✖✗✍ ☛✒✦✮ ✎●☞✐✘ ☛✓ ■

2s = 50 m + 80 m + 120 m = 250 m

✥❈☞☞✭✘❏ s = 125 m

❜✕✏✖✗✍ s – a = (125 – 120) m = 5 m✍

s – b = (125 – 80) m = 45 m✍

s – c = (125 – 50) m = 75 m

✥✘■✍ ❄☞☞✕ ❅❃☞✹✦ ✱✦✧ ✏✖✗ ✤☞✦✢☞✎✧✖ = ( )( )( )s s a s b s c★ ★ ★

= 125 5 45 75❑ ❑ ❑ m2

= 2
375 15 m

✕☞❈☞ ☛✙✍ ✎☞✱✭✧ ✣☞ ✎✏✑✒☞✎  =  AB + BC + CA = 250 m

✥✘■✍ ✈☞❁❂ ✖❃☞✹✦ ✱✦✧ ✏✖✗ ✥☞✱▲❀✣ ✘☞✑ ✣✙ ✖▼✈☞❜✭ = 250 m – 3 m ✯✎✧☞❇✣ ✱✦✧ ✏✖✗✸

= 247 m

❜✕✏✖✗✍ ✈☞❁❂ ✖❃☞✹✦ ✣☞ ❞❀❀ = 20 × 247 ❋ = 4940 ❋

◆❖P◗❘❙❚ 12.6

◆❖P◗❘❙❚  12.7
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♠☎✆✝✞✟✆ 3 : ✱✠ ✡☛☞✌☞✍✎☞✠☞✏ ✌☞✑✒☞✓✔ (plot) ✠❞ ✌☞✍✎☞✕☞✖✓ ✠☞ ✕✗✍✘☞✙ ✚ ✛ ✜ ✛ ✢ ✣✤ ✕☞✤✏

✥✦✠☞ ✘✡✏✧☞✘ ✚★★ m ✣✤✩ ✪✦ ✌☞✑✒☞✓✔ ✠☞ ✫☞✖☛☞✘✬✭ ✮☞✙ ✠❞✡✎✱✩

✝❣ : ✧☞✗ ✭❞✡✎✱ ✌☞✍✎☞✱❡ ✯✧❞✰✏☞✖✓ ✧✖✓✲ 3x, 5x ✕☞✤✏ 7x ✣✤✓ ✯✳✖✡✒☞✱ ✕☞✴✵✬✡✙ ✶✷✸✹✲✩

✙r✺ ✣✧ ✎☞✗✙✖ ✣✤✓ ✡✠  3x + 5x + 7x = 300 ✯✡☛☞✌☞✍✎ ✠☞ ✘✡✏✧☞✘✲

✪✦✡✭✱✺  15x = 300  ✣✤✺ ✡✎✦✦✖  x = 20  ✘✐☞✻✙ ✣☞✖✙☞ ✣✤✩

✪✦✡✭✱✺ ✡☛☞✌☞✍✎ ✠❞ ✌☞✍✎☞✱❡  3 × 20 m✺  5 × 20 m ✕☞✤✏  7 × 20 m ✣✤✓✩

✕✈☞☞✼✙✽ ✾✖ ✌☞✍✎☞✱❡ 60 m✺ 100 m ✕☞✤✏ 140 m ✣✤✓✩

❉✾☞ ✕☞✘ ✕r ✯✣❞✏☞✖✗ ✠☞ ✦✑☛☞ ✘✐✾☞✖✿ ✠✏✴✖✬✲ ✫☞✖☛☞✘✬✭ ✮☞✙ ✠✏ ✦✠✙✖ ✣✤✓❀

✕r✺             s = 
60 100 140

2

❁ ❁
 m = 150 m

✪✦✡✭✱✺ ✫☞✖☛☞✘✬✭ = 150(150 60) (150 100) (150 140)❂ ❂ ❂ m2

= 150 90 50 10❃ ❃ ❃ m❄

= 2
1500 3 cm

❅❆❇❈❊❋●❍ 12.1

1. ■❏ ❑✂✄✂❑✂✄ ▲▼◆❖P✄ ◗✂❖❘❙ ❚❯ ❱❲✂①❖ ❳◆❨P❩ ❬❭❪ �❩❫✂✂ ❬❭ ❲✂❭❯ ❑❬ ❴✂❵❛✂  ‘a’ ◆✂❩❖ ■❏ ▲♦◗✂❬❵

�❢✂❴✂❵❛ ◆❖P ❲✂❏✂❯ ❏✂ ❬❭❜ ❬❝❯✂❖❤ ◆❖P ▲❨❢✂ ❏✂ ❚❥❑✂❖① ❏❯◆❖P ❦▲ ◗✂❖❘❙ ❏✂ ❧✂❖❢✂❚P❩ ♥✂✄ ❏❝�❛■❜

❑�♣ ▲▼◆❖P✄ ◗✂❖❘❙ ❏✂ ❚�❯♦✂❚ 180 cm ❬❭q ✄✂❖ ❦▲❏✂ ❧✂❖❢✂❚P❩ s❑✂ ❬✂❖①✂t

2. �❏▲❝ ✉❩✂❦❙❲✂❖◆❯ (flyover) ❏❝ �❢✂❴✂❵❛✂❏✂❯ ♣❝◆✂❯ ❏✂❖ �◆♥✂❚❤✂❖▼ ◆❖P �❩■ ❚❥❑✂❖① �❏❑✂

❛✂✄✂ ❬❭❜ ♣❝◆✂❯ ❏❝ ❴✂❵❛✂❲✂❖▼ ❏❝ ❩▼◗✂❦❑✂✇ 122 mq 22 m ❲✂❭❯ 120 m ❬❭▼ ②♣❖�❫✂■

❲✂◆③P�✄ ④⑤⑥⑦⑧❜ ❦▲ �◆♥✂❚❤ ▲❖ ❚❥�✄ ◆⑨✂❙ ⑩❶❶❶ ❷ ❚❥�✄ m2 ❏❝ ❚❥✂�❸✄ ❬✂❖✄❝ ❬❭❜ ■❏ ❏❹❚❤❝

❤❖ ■❏ ♣❝◆✂❯ ❏✂❖ �◆♥✂❚❤ ♣❖❤❖ ◆❖P �❩■ ❺ ♦❬❝❤❖ ◆❖P �❩■ �❏❯✂■ ❚❯ �❩❑✂❜ ❻▲❤❖ ❏❵❩ �❏✄❤✂

�❏❯✂❑✂ �♣❑✂t

❼❽❾❿➀➁➂ 12.8
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✈✠✡☛☞✌✍ 12.9

3. ❢✆✝� ✎✂✏✑✒ ✓✄✔ ✕✆ ❢✎✒✝✖ ✎✗✘✗� (slide) ❝☎� ❣✙✚✑ ❣✛✜ ✚✝✆� ✎✂✢✏�✑✣ ✤�✏✂✁✂✄✔ (side walls)

✓✄✔ ✝✄ ✕✆ ✤�✏✂✁ ✎✁ ❢✆✝� ✁✔❡ ✝✄ ✎✄✔✗ ❢✆✣✂ ❡✣✂ ❣✛ ✥✂✛✁ ✦✝ ✎✁ ✧✎✂✏✑✒ ✆✂✄ ❣✁✂★✩✂✁✂ ✥✂✛✁

✝✂✎✒ ✁❢❧✂✕✪ ❢✖❧✂✂ ❣✙✥✂ ❣✛ ✫✤✄❢❧✂✕ ✥✂✏✬✒❢✭ ✮✯✰✮✱✲✜ ✣❢✤ ✚✝ ✤�✏✂✁ ✆� ❢✏✓✂✕✳ ✮✴ m❪

✮✮m ✥✂✛✁ ✵m ❣✛✔❪ ✭✂✄ ✁✔❡ ✝✄ ✎✄✔✗ ❣✙✕ ✩✂✂❡ ✆✂ ✶✂✄✟✂✎✒✖ ✷✂✭ ✆�❢✸✕✜

✈✠✡☛☞✌✍ 12.10

4. ✦✝ ❢✟✂✩✂✙✸ ✆✂ ✶✂✄✟✂✎✒✖ ✷✂✭ ✆�❢✸✕ ❢✸✝✆� ✤✂✄ ✩✂✙✸✂✕✳ ✮♠ cm ✥✂✛✁ ✮✱ cm ❣✛✔ ✭✹✂✂ ✦✝✆✂

✎❢✁✓✂✎ ✐✯ cm ❣✛✜

5. ✕✆ ❢✟✂✩✂✙✸ ✆� ✩✂✙✸✂✥✂✄✔ ✆✂ ✥☎✙✎✂✭ ✮✯ ✺ ✮✼ ✺✯✴ ❣✛ ✥✂✛✁ ✦✝✆✂ ✎❢✁✓✂✎ ✴✐✱ cm ❣✛✜ ✚✝

❢✟✂✩✂✙✸ ✆✂ ✶✂✄✟✂✎✒✖ ✷✂✭ ✆�❢✸✕✜

6. ✕✆ ✝✓❢✻❝✂❣✙ ❢✟✂✩✂✙✸ ✆✂ ✎❢✁✓✂✎ ✽✱ cm ❣✛ ✥✂✛✁ ✦✝✆� ❝✁✂❝✁ ✩✂✙✸✂✕✳ ✮✯ cm ✖✾❝✂✚✑ ✆�
❣✛✔✔✜ ✚✝ ❢✟✂✩✂✙✸ ✆✂ ✶✂✄✟✂✎✒✖ ✷✂✭ ✆�❢✸✕✜

12.3 ♣✿❀❁❂❀❃❄❂❅❆ ❇❅❈ ❉❂❅❊❂❋❈● ❍❂✿ ■❏❑❅ ▲❅❆ ▼◆❏❂❅❑ ❇❅❈ ❖P❊❂ ■❂ ◗❑❀❋❘❙❂❅❚

❯❱❲ ❳❨❩❬❭ ❭❫ ❩❫❴❱❲ ❵❛❜ ❞❱❴ ❤❱❛❥❨ ❵❛❜ ❩❳❭ ❦❱♥❩❯ ♦q r❱qs ❵♦ t❴❛ ❤❱❛❥❨ ❫s❵❱❲❛ ❵❛❜ ❩❳❭

❵✉❜✇ ❯❬①♥s❱❛② ❫❱❛ ❩❲③✉④❥ ❫s❥❨ ♦q r❱qs ⑤⑥♦❛② ❞⑦❩❥ ❵⑧⑨ ❯❨⑩s ❤❱❛❥❨ ❩❫❭ ⑧❭ ❶❱❛❷❱❞❜❳ ❫❨ ①s

❴❛ ❯❬①♥s❨ ①❛❥❨ ♦q❸ ❵♦ ❭❛❴❱ ❵q❜❴❛ ❫s❛⑧❨❹ r❲❛❫ ❺❱s ❤❱❛❥ ❻❥✉❦❱✉⑨❬❱❛② ❵❛❜ r❱❫❱s ❵❛❜ ♦❱❛❥❛ ♦q②❸
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❣☎✆✝ ✞✟✠✡☛✠☞✌☛✍☛✎ ✍☛✆ ✏✑☛✡☛✠✌☛✍☛✎ ✡☛☛✒☛✆✝ ☎✆✝ ✏✓✡☛☛✏✌✟ ✍✎✔☛ ✕✖✗✟☛ ❣✘ ✙☛✘✎ ✏✕✚✎ ✏✑☛✡☛✠✌ ✓✆✚

④☛✆✑☛✕✚✛ ✓✆✚ ✜✢✑☛ ✍☛ ✕✣✤☛✆✒ ✍✎✓✆✚ ✞✟✠✡☛✠☞✌ ✍☛ ④☛✆✑☛✕✚✛ ✥☛✟ ❣☛✆ ✌☛✟☛ ❣✘✦ ✙☛✧★ ✔✩✞✆ ✪✩ ❣✠✧☞

✜☎❧✤☛ ✍☛✆ ✪✆✫☛✆✝ ✬

♠✭✮✯✰✱✮ 4 : ✍☎✛☛ ✓✆✚ ✕☛✜ 240 m❪ 200 m ✙☛✘✎ 360 m ✡☛✠✌☛✙☛✆✝ ✓☛✛☛ ★✍ ✏✑☛✡☛✠✌☛✍☛✎ ✫☛✆✟

❣✘❪ ✌❣☛✲ ✓❣ ✒✆❣✢✲ ✳✒☛✔☛ ✞☛❣✟✩ ❣✘✦ ✧✜✩ ✫☛✆✟ ✜✆ ✜✝✛✴✔ 240 m❪ 320 m ✙☛✘✎ 400 m ✡☛✠✌☛✙☛✆✝

✓☛✛☛ ★✍ ✙♦✤ ✫☛✆✟ ❣✘❪ ✌❣☛✲ ✓❣ ✙☛✛✢ ✙☛✘✎ ✵✤☛✌ ✳✒☛✔☛ ✞☛❣✟✩ ❣✘ ✶✪✆✏✫☛★ ✙☛✓✷✚✏✟

✸✹✺✸✸✻✦ ✳✜✔✆ ✧✜ ✫☛✆✟ ✍✩ ✜✼✜✆ ✛✽✼✩ ✡☛✠✌☛ ✓✆✚ ☎✾✤✿✏✼♦✪✠ ✍☛✆ ✜✽☎✠✫☛ ❀☛✩❁☛☞ ✜✆ ✌☛✆✖✗✍✎

✳✜✆ ✪☛✆ ✡☛☛✒☛✆ ✝ ☎✆ ✝ ✏✓✡☛☛✏✌✟ ✍✎ ✏✪✤☛✦ ✧✔☎✆✝ ✜✆ ★✍ ✡☛☛✒ ☎✆✝ ✳✜✔✆ ✙☛✛✢ ✳✒☛★ ✙☛✘✎ ✪✢✜✎✆ ✡☛☛✒

☎✆✝ ✵✤☛✌ ✳✒☛✧☞✦ ✒✆❣✢✲❪ ✙☛✛✢ ✙☛✘✎ ✵✤☛✌ ✓✆✚ ✏✛★ ✏✍✟✔✆✿✏✍✟✔✆ ④☛✆✑☛✕✚✛☛✆✝ ✶❣✆❡❂✆✤✎ ☎✆✝✻ ✍☛

✕✣✤☛✆✒ ✏✍✤☛ ✒✤☛ ❣✘✐ ✶✸ ❣✆❡❂✆✤✎ = ✸❃❃❃❃ m2 ❣✘✻

✯❄ : ☎☛✔ ✛✩✏✌★  ABC ✓❣ ✫☛✆✟ ❣✘❪ ✌❣☛✲ ✒✆❣✢✲ ✳✒☛✤☛ ✒✤☛ ❣✘✦ ✜☛❅☛ ❣✩❪  ACD ✓❣ ✫☛✆✟ ❣✘

✏✌✜✍✩ ✡☛✠✌☛ AD ✓✆✚ ☎✾✤✿✏✼♦✪✠ E ✍☛✆ C ✜✆ ✌☛✆✖✗✍✎ ✧✜ ✫☛✆✟ ✍☛✆ ✪☛✆ ✡☛☛✒☛✆✝ ☎✆✝ ✏✓✡☛☛✏✌✟ ✏✍✤☛

✒✤☛ ❣✘✦

             a = 200 m ❪ b = 240 m❪ c = 360 m

✙✟✬❪      s = 
200 240 360

2

❆ ❆
 m = 400 m

✧✜✏✛★❪ ✒✆❣✢✲ ✳✒☛✔✆ ✓✆✚ ✏✛★ ④☛✆✑☛✕✚✛

= 400(400 200) (400 – 240) (400 – 360)❇ m2

= 2
400 200 160 40 m

=
2

16000 2 m  = 1.6 × 2  ❣✆❡❂✆✤✎

                          = 2.26 ❣✆❡❂✆✤✎ ✶✛✒✡☛✒✻

✙☛✧★ ✙✼  ❉ACD ✍☛ ④☛✆✑☛✕✚✛ ✕✏✎✍✏✛✟ ✍✎✆✝✦

✤❣☛✲❪ s = 
240 320 400

2

❈ ❈
m = 480 m

✙✟✬❪ ❊ ACD ✍☛ ④☛✆✑☛✕✚✛  = 480(480 240) (480 320) (480 400)❇ ❇ ❇ m2

                         = 480 240 160 80❋ ❋ ❋ m2 = 38400 m2 = 3.84 ❣✆❡❂✆✤✎

✈●❍■❏❑▲  12.11
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è✠✡☛ ☞✌✍✎✏ ✍✑  AD  ♦✒✓ ✔è✠✕✍✖✗☞✘  E  ✑✡✒ ❞✙✔✘✚✡ ✛✡✌✜✡✢   C  ❞✒ ✎✡✒❧✣☛✒ ♦✡✤✡ ✥✒✚✡✡✚✡✦❧

✍❢✡✧✡✘✎  ACD  ✑✡✒ ✖✥✡✖✥ ★✡✒❢✡✩✓✤✡✒✦ ♦✡✤✒ ☞✡✒ ✧✡✡✪✡✒✦ ✔✒✦ ✍♦✧✡✡✍✎✫ ✑✥✫✡ ✬✭✮ ✯✠✡ ✰✡✩ ✱❞✑✡

✑✡✥✲✡ ✖✫✡ ❞✑✫✒ ✬✭✦✳ ♦✡✴✫♦ ✔✒✦✵ ✱☛ ☞✡✒☛✡✒✦ ✧✡✡✪✡✒✦ ♦✒✓ ✖✥✡✖✥ ✰✡✶✡✥  AE  ✰✡✭✥  ED ✬✭✦ ✫✷✡✡

✍☛✸❞✦☞✒✬ ✱☛✑✌ ❞✦✪✫ ✹✺✻✡✱✠✡✺ ✧✡✌ ✖✥✡✖✥ ✬✭✦✮

✰✫✸✵ ✰✡✤✈ ✼✪✡☛✒ ♦✒✓ ✍✤✏ ★✡✒❢✡✩✓✤ = ■✠✡✎ ✼✪✡☛✒ ♦✒✓ ✍✤✏ ★✡✒❢✡✩✓✤

= (3.84 ÷ 2) ✬✒✯✽✒✠✥ = 1.92 ✬✒✯✽✒✠✥

♠✾✿❀❁❂✿  5 : ✍✑❞✌ ✴♦✈✓✤ ♦✒✓ ✍♦❃✡❄✷✡✠✡✒✦ ☛✒ ❞✩✓✡✱✢ ✰✍✧✡✠✡☛ ♦✒✓ ✍✤✏ ✏✑ ✥✭✤✌ ✍☛✑✡✤✌✮

✼✗✬✡✒✦☛✒ ☞✡✒ ❞✔✈✬✡✒✦ ✔✒✦✵ ✍♦✍✧✡✗☛ ✪✍✤✠✡✒✦ ✔✒✦ ✻✤✑✥ ✔✡✻✢ ✍✑✠✡✮ ✏✑ ❞✔✈✬ ☛✒ ✪✍✤✠✡✒✦  AB, BC

✰✡✭✥  CA ✔✒✦ ✔✡✻✢ ✍✑✠✡ ✫✷✡✡ ✰✗✠ ❞✔✈✬ ☛✒ ✪✍✤✠✡✒✦  AC, CD ✰✡✭✥ DA ✔✒✦ ✔✡✻✢ ✍✑✠✡ ❡☞✒✍✚✡✏

✰✡♦❅✓✍✫ ❆❇❈❆❇❉✮ ✍✩✓✥ ✼✗✬✡✒✦☛✒ ✱☛ ✪✍✤✠✡✒✦ ❊✡✥✡ ❋✡✒✥✒ ✪✏ ✧✡✡✪✡✒✦ ✑✡✒ ❞✡✩✓ ✍✑✠✡✮ ✠✍☞

AB = 9 m, BC = 40 m✵ CD = 15 m✵ DA = 28 m ✰✡✭✥ ● B = 90º  ✬✭✵ ✫✡✒ ✍✑❞ ❞✔✈✬ ☛✒

✰✍✶✑ ❞✩✓✡✱✢ ✑✌ ✰✡✭✥ ✍✑✫☛✌ ✰✍✶✑✳ ✍♦❃✡❄✷✡✠✡✒✦ ❊✡✥✡ ❞✩✓✡✱✢ ✍✑✠✡ ✪✠✡ ♦✘✓✤ ★✡✒❢✡✩✓✤

✧✡✌ ❍✡✫ ✑✌✍✎✏✮ ❡✠✬ ✔✡☛ ✑✥ ✻✍✤✏ ✍✑ ✪✍✤✠✡✒✦ ✑✌ ✻✡✭❧✣✡✱✠✡✒✦ ✑✡✒ ❏✡✒❧✣✡ ✎✡ ❞✑✫✡ ✬✭✮❉

❀❑ : ✻✈✺✍✑  AB = 9 m ✰✡✭✥ BC = 40 m✵ ● B = 90°  ✬✭✵ ✱❞✍✤✏

AC = 2 2
9 40▲ m

= 81 1600▲ m

= 1681  m = 41m

✰✖✵ ✩✬✤✒ ❞✔✈✬ ☛✒ ❞✔✑✡✒✲✡ ✍❢✡✧✡✘✎  ABC  ♦✒✓ ★✡✒❢✡✩✓✤ ♦✒✓ ✖✥✡✖✥ ❞✩✓✡✱✢ ✑✌ ✬✭✮

✰✫✸✵ ★✡✒❢✡✩✓✤ ▼ ABC =
1

2
 × ✰✡✶✡✥ × ✹✺✻✡✱✢

=
1

2
 × 40 × 9 m 2 = 180 m2

☞✈❞✥✒ ❞✔✈✬ ☛✒  ▼ACD ♦✒✓ ★✡✒❢✡✩✓✤ ♦✒✓ ✖✥✡✖✥ ❞✩✓✡✱✢ ✑✌ ✬✭✮ ✱❞✑✌ ✧✡✘✎✡✏✺ 41 m✵ 15 m ✰✡✭✥

28 m ✬✭✦✮

✠✬✡✺✵ s =
41 15 28

2

◆ ◆
 m = 42 m

✰✫✸✵ ▼ ACD  ✑✡ ★✡✒❢✡✩✓✤ = ( – ) ( – ) ( – )s s a s b s c

❖P◗❘❙❚❯  12.12
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= 42(42 – 41) (42 – 15)(42 – 28) m2

= 42 1 27 14☎ ☎ ☎ m2 = 126 m2

❜✆✝✞✟✠ ✡☛✞☞ ✆✌✍☛ ✎☞ ✏✑✒ m2 ✆✡✥✓❜✔ ✕✖ ✗✓☞ ✘✍✆✙☞ ✆✌✍☛ ✕✖ ✆✡✥✓❜✔ ✆☞ ✭✏✑✒✚✏✛✜✢ m2✠

✈✣✓✓✔✤✦ ✧★ m2 ✈✝✩✕ ☛✪✫

✆❧✓✖ ✝✬✮✓✯✣✓✰✓☞✱ ✲✓✙✓ ✕✖ ✳❜✔ ✆✡✥✓❜✔ ✕✓ ✬✴✥✞ ✵✓☞✶✓✡✥✞ = (180 + 126) m2 = 306 m 2

♠✷✸✹✺✻✸ 6 : ✆✓✎✰✓ ✬☞✥ ✡✓✆ ✟✕ ✼✓☞✤ ☛✪ ✗✓☞ ✟✕ ✆✌✽✤✴❧✓✴✔✗ ✬☞✥ ✈✓✕✓✙ ✕✓ ☛✪ ✭✘☞✝✼✓✟

✈✓✬✾✥✝✤ ✏✛✿✏❀✢✫ ✬☛ ✈✡✎✖ ✟✕ ✡✴✶✓✖ ✈✓✪✙ ✟✕ ✡✴✶✓ ✆☞ ✰☛ ✽✓☛✤✖ ✣✓✖ ✝✕ ✬☞ ❜✆ ✼✓☞✤ ✡✙

✕✓✌ ✕✙✬☞✥ ✈✞✳✚✈✞✳ ✡✥✆✞✓☞✱ ✭✰✓ ❞✡✗✓☞✱✢ ✕✓ ❞❁✡✓✘✎ ✕✙☞✱✫ ❞✆✎☞ ❜✆ ✼✓☞✤ ✕✓☞ ✘✓☞

❝✙✓❝✙ ❧✓✓✳✓☞✱ ✌☞✱ ✝✬❧✓✓✝✗✤ ✕✙ ✝✘✰✓✫ ✰✝✘ ❜✆ ✼✓☞✤ ✕✓ ✡✝✙✌✓✡ 400 m ☛✪ ✈✓✪✙ ✟✕ ✝✬✕❂✓✔

160 m ☛✪✠ ✤✓☞ ✡❃❁✰☞✕ ✕✓☞ ✼✓☞✤✖ ✬☞✥ ✝✞✟ ✝✕✤✎✓ ✵✓☞✶✓✡✥✞ ✡❃✓❄✤ ☛✓☞✳✓❅

✹❣ : ✌✓✎ ✞✖✝✗✟  ABCD ✼✓☞✤ ☛✪✫ ❜✆✕✓

✡✝✙✌✓✡ = 400 m

❜✆✝✞✟✠ ✡❃❁✰☞✕ ❧✓✴✗✓ = 400 m ÷ 4 = 100 m

✈✣✓✓✔✤✦ AB = AD = 100 m

✌✓✎ ✞✖✝✗✟ ✝✬✕❂✓✔ BD = 160 m ☛✪✫ ✤❝

❆ ABD ✕✓ ✈✩✔✡✝✙✌✓✡

s = 
100 100 160

2

❇ ❇
 m = 180 m

✈✤❈✠ ❆ ABD ✕✓ ✵✓☞✶✓✡✥✞ = 180(180 100) (180 – 100) (180 – 160)❉  m2

= 180 80 80 20❊ ❊ ❊ m2 = 4800 m2

❜✆✝✞✟✠ ✡❃❁✰☞✕ ✕✓☞ ✼✓☞✤✖ ✕✙✎☞ ✬☞✥ ✝✞✟ ★✑✒✒ m2 ✵✓☞✶✓✡✥✞ ✡❃✓❄✤ ☛✓☞✳✓✫

♦❋●❍■❏● ❍♦❍❑ : CE ▲ BD ✼✓✖✱✝✽✟ ✭✘☞✝✼✓✟ ✈✓✬✾✥✝✤ ✏✛✿✏★✢✫

▼◆❖P◗❘❙ 12.13
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♣✠✡☛☞ BD = 160 ✥✌✍ ✎✏☛✑✒

DE = 160 m ÷ 2 m = 80 m

✏❧✓❧ ✥✔✍ DE2 + CE2 = DC 2  ✥✌✕

✎✏☛✑✒✍ CE = 2 2
DC DE✖

✈✗✘✍ CE = 2 2
100 80 m 60 m

✎✏☛✑✒✍ ✙ BCD  ☞❧ ❞❧✚✛❧✜✢✑  = 
1

160 60
2
✣ ✣ m2 = 4800 m2

✐✤✦✧★✩✪✫ 12.2

1. ✱✆ ✬✂✭✮✯ ✰✲✳✴✂✳✮✵ ABCD ✭✄✯ ♦✂✆✂✁ ✆✂ ❣✶✷ ✸✵✝✹✄✺  ✻ C = 90º, AB = 9 m, BC = 12 m✷

CD = 5 m ♦✂✶✁  AD = 8 m ❣✶✼ ✽✝ ✬✂✭✮✯ ✆✂ ✸✆✲☎✂ ✾✂✄✟✂✬✯✿ ❣✶❀

2. ✱✆ ✰✲✳✴✂✳✮✵ ABCD ✆✂ ✾✂✄✟✂✬✯✿ ❁✂✲ ✆�✸✵✱✷ ✸✵✝✹✄✺  AB = 3 cm✷  BC = 4 cm✷  CD = 4 cm✷

DA = 5 cm ♦✂✶✁   AC = 5 cm ❣✶✼

3. ✁✂❥✂ ☎✄ ✱✆ ✁✺❂�☎ ✆✂❂✵ ✝✄ ✱✆ ❣✭✂✽✮✵❣✂✵ ✆✂ ✸✰✟✂ ❃☎✂❄✂✷ ✵✶✝✂ ✸✆ ♦✂✭❅✯✸✲ ❆❇❈❆❉ ✹✄✺

✸❢❊✂✂❄✂ ❂❄✂ ❣✶✼ ✬❋❄✂✄❂ ✸✆✱ ❂✱ ✆✂❂✵ ✆✂ ✭✳✯✿ ✾✂✄✟✂✬✯✿ ❁✂✲ ✆�✸✵✱✼

●❍■❏❑▲▼ 12.15

●❍■❏❑▲▼ 12.14
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4. ✱☎ �✆✂✝✂✞✟ ✠✂✡☛ ✱☎ ☞✌✂✍✄☛ ✎✄✞✝✂✞✏✟ ☎✂ ✱☎ ✑✒ ✠✂✓✂☛ ✑✡ ✠✂✡☛ ✔✂✕✆✂✖✗✘ ✝✂✒ ✱☎ ✑✒ ✑✡✙ ✚�✛

�✆✂✝✂✞✟ ☎✒ ✝✂✞✟✂✱❢ 26 cm❪ 28 cm ✠✂✡☛ 30 cm ✑✡✍ ✄✥✂✂ ☞✌✂✍✄☛ ✎✄✞✝✂✞✏✟ 28 cm ✜✕✗

✠✂✓✂☛ ✖☛ �✈✥✂✄ ✑✡❪ ✄✂✕ ✢☞☎✒ ☞✍①✄ ✣❢✎✂✤✏ ✦✂✄ ☎✒�✟✱✙

5. ✱☎ ☞✌✎✄✞✝✂✞✏✟✂☎✂☛ ✧✂✂☞ ✜✕✗ ★✂✕✄ ✌✕✍ ✩✪ ①✂✚✂✕✍ ✜✕✗ ✎☛✫✕ ✜✕✗ �✘✱ ✧✂✂☞ ✑✡✙ ✚�✛ ✤☞ ☞✌✎✄✞✝✂✞✏✟

☎✒ ✖❞✬✚✕☎ ✝✂✞✟✂ ✭✮ m ✑✡ ✠✂✡☛ ✯✰✲✂ �✜☎✁✂✏ ✳✪m ✑✡❪ ✄✂✕ ✖❞✬✚✕☎ ①✂✚ ☎✂✕ ✎☛✫✕ ✜✕✗ �✘✱ ✤☞

✧✂✂☞ ✜✕✗ ★✂✕✄ ☎✂ �☎✄✫✂ ✔✂✕✆✂✖✗✘ ✖❞✂❄✄ ✑✂✕①✂✴

6. ✛✂✕ �✜�✝✂♥✫ ☛✍①✂✕✍ ✜✕✗ ☎✖✰✲✂✕✍ ✜✕✗ ✩✮ �✆✂✝✂✞✟✂☎✂☛ ✵✞☎✰✲✂✕✍ ☎✂✕ ☞✒☎☛ ✱☎ ✶✂✄✂ ✯✫✂✚✂ ①✚✂ ✑✡

✷✛✕�★✂✱ ✠✂✜✸✗�✄ ✩✹✺✩✻✼✙ ✖❞✬✚✕☎ ✵✞☎✰✲✕ ✜✕✗ ✌✂✖ 20 cm❪ 50 cm ✠✂✡☛ 50 cm ✑✡✍✙ ✶✂✄✕ ✌✕✍

✖❞✬✚✕☎ ☛✍① ☎✂ �☎✄✫✂ ☎✖✰✲✂ ✘①✂ ✑✡✴

7. ✱☎ ✖✄✍① ✄✒✫ �✝✂♥✫✽�✝✂♥✫ ✾✂✕✰✂✕✍ (shades) ✜✕✗ ☎✂①✟✂✕✍ ☞✕ ✯✫✒ ✑✡✙ ✤♥✑✕✍ ✠✂✜✸✗�✄ ✩✹✺✩♦ ✌✕✍

I, II ✠✂✡☛ III ☞✕ ✛✾✂✂✏✚✂ ①✚✂ ✑✡✙ ✖✄✍① ☎✂ ✣✖☛✒ ✝✂✂① 32 cm �✜☎✁✂✏ ☎✂ ✱☎ ✜①✏ ✑✡ ✠✂✡☛

�✫✎✘✂ ✝✂✂① 6 cm❪ 6 cm ✠✂✡☛ 8 cm ✝✂✞✟✂✠✂✕✍ ☎✂ ✱☎ ☞✌�✿✯✂✑✞ �✆✂✝✂✞✟ ✑✡✙ ✦✂✄ ☎✒�✟✱

�☎ ✖❞✬✚✕☎ ✾✂✕✰ ☎✂ �☎✄✫✂ ☎✂①✟ ✖❞✚✞❀✄ �☎✚✂ ①✚✂ ✑✡✙

❁❂❃❅❆❇❈ 12.16 ❁❂❃❅❆❇❈ 12.17

8. ✖✗✾✂✏ ✖☛ ✱☎ ✖✐✗✘✂✕✍ ☎✂ �✰✟✲✂✤✫ ✩✻ �✆✂✝✂✞✟✂☎✂☛

✵✂✤✘✂✕✍ ☞✕ ✯✫✂✚✂ ①✚✂ ✑✡❪ �✟✫✌✕✍ ☞✕ ✖❞✬✚✕☎ ☎✒ ✝✂✞✟✂✱❢

9 cm❪ 28 cm ✠✂✡☛ 35 cm ✑✡✍ ✷✛✕�★✂✱ ✠✂✜✸✗�✄

✩✹✺✩✪✼✙ ✤✫ ✵✂✤✘✂✕✍ ☎✂✕ ❉✮ ✖✡☞✕ ✖❞�✄ cm 2 ☎✒ ✛☛

☞✕ ✖✂�✘✾✂ ☎☛✂✫✕ ☎✂ ❧✚✚ ✦✂✄ ☎✒�✟✱✙

9. ✱☎ ★✂✕✄ ☞✌✘✍✯ ✜✕✗ ✠✂☎✂☛ ☎✂ ✑✡ �✟☞☎✒ ☞✌✂✍✄☛

✝✂✞✟✂✱❢ 25 m ✠✂✡☛ 10 m ✑✡✍✙ ✤☞☎✒ ✠☞✌✂✍✄☛ ✝✂✞✟✂✱❢

14 m ✠✂✡☛ 13 m ✑✡✍✙ ✤☞ ★✂✕✄ ☎✂ ✔✂✕✆✂✖✗✘ ✦✂✄

☎✒�✟✱✙ ❁❂❃❅❆❇❈ 12.18
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12.4 ❧ ✠✡ ✠☛☞ ✠

❜ ✝ ✌✍ ✎✂ ✎ ✏✄✑✒ ✌ ✂✓ ☎✄ ✔☎✕ ☎✔✖ ✔✗ ✂✘ ✙✚✛✜✌ ✂✄✑ ✆✂ ✌✍ ✎✎ ☎ ✔✆✎ ✂ ❣✢ ✪

1. ✎✔✛ ✔✟ ✂❀✂✜✣ ✆� ❀✂✜✣ ✂✤✥ a, b  ✌✂✢✁  c  ❣✂ ✄✑✒ ✘ ✂✄ ❣� ✁✂✄☎ ✦ ✄✧ ✝✞✟ ✂ ★ ✂✁✂ ✔✟ ✂❀✂✜✣ ✆✂ ✩✂✄✟ ✂✓✧✖

( ) ( ) ( )✫ ✫ ✫s s a s b s c  ❣✂ ✄✘✂ ❣✢ ✣ ❣✂✥ s = 
2

✬ ✬a b c
 ❣ ✢✭

2. ✤✆ ✱✘✜ ❀✂✜ ✮✣ ✔✣ ✝ ✆� ❀ ✂✜✣ ✂✤✥ ✘✯ ✂✂ ✤✆ ✔✦ ✆✰ ✂✮ ✔✛✤ ❣ ✂✄✑✒ ✘ ✂✄ ✲ ✝ ✆✂ ✩ ✂✄✟ ✂✓ ✧✖ ✲✝ ✄ ✛ ✂✄ ✔✟ ✂❀✂✜ ✣ ✂✄✑ ✏ ✄✑

✔✦ ❀✂ ✂✔✣ ✘ ✆✁ ✦✄✧ ✌✂ ✢✁ ✔✓✧✁ ❣� ✁✂ ✄☎ ✦ ✄✧ ✝✞✟ ✂ ✆ ✂ ✓❢✎ ✂✄✳ ✆ ✁✦ ✄✧ ✴ ✂✘ ✔✆✎ ✂ ✣ ✂ ✝✆✘ ✂ ❣ ✢✭
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✈�✁✂✁ 13

✐✄☎✆✝✞ ✟✠✡☛✠✐☞✌ ✍✠✎✏ ✍✠✞✑✒

13.1 ❍✓✔✕✖✗✓

❣✘ ✙✚✛ ✜✢✣✤ ✥✢✦ ✧✣★✢✣✩✪ ✫✬✢✭✮ ❣✘✣✩ ✯✢✣✛ (solid) ❣✦ ✙✧★✢✢✰✱ ✧✣✲✣ ❣✳✩✴ ✜✥✢✦ ✲✵ ❣✘ ✶✷❣✦✣✩
✜✢✸✙✲✭✢✣✩ ✵✢ ✜✹✭✭✺ ✵✤✲✣ ✜✢ ✤❣✣ ❣✳✩✪ ✙✚✷❣✣✩ ❣✘ ✜✫✺✦ ✜✥✭✢✛✫✻✙✼✲✵✢ ✜✽✢✾✢ ✿✭✢✘✫❀❁❀
(blackboard) ✫✤ ★✢✦✩❂ ✛✵✲✣ ❣✳✩✴ ✭✣ ❧❃❄❅ ❆❇❈❉❄❊❇❋ (plane figures) ✵❣❞✢✲✦ ❣✳✩✴ ❣✘
✛✘● ■❏ ❣✳✩ ✙✵ ✜✢✭✲✪ ✾■✱✪ ✾❑▲✢ ✰▼✭✢✙✧ ◆✭✢ ❣✳✩✪ ✶✺✾✣❖ ✫✙✤✘✢✫ ✜✢✳✤ P✢✣◗✢✫❖❞✢✣✩ ✵✢ ◆✭✢
✲✢▼✫✭✱ ❣✳ ✲✽✢✢ ❣✘ ✰✷❣✩ ✣ ✙✵✛ ✫✬✵✢✤ r✢✲ ✵✤ ✛✵✲✣ ❣✳✩✴ ❣✘ ✰✺✾✣❖ ❘✢✤✣ ✘✣✩ ✙✫❙❞✦ ✵P✢✢✜✢✣✩
✘✣✩ ✫❡❚ ❂✻✾✣❖ ❣✳✩✴ ✭❣ ✧✣★✢✺✢ ✤✢✣❂✵ ❣✢✣■✢ ✙✵ ✭✙✧ ❣✘ ❏✵ ❣✦ ✜✢✵✢✤ ✜✢✳✤ ❏✵ ❣✦ ✘✢✫ ✵✦
✜✺✣✵ ✛✘✲❞ ✜✢✸✙✲✭✢✣✩ ✵✢✣ ■▲✢✣ ✘✣✩ ✛✣ ✵✢❀ ✵✤ ❏✵ ✾✣❖ ❯✫✤ ❏✵ ✤★✢ ✵✤ ❏✵ ❯✹✾✢✱✹✢✤
❡✣✤✦ ❘✺✢❏❱✪ ✲✢✣ ◆✭✢ ❣✢✣✲✢ ❣✳✴ ✰✛ ✫✬✙❲✭✢ ✛✣✪ ❣✘ ✾✻❖❙ ❳❇❨❧ ❆❇❈❉❄❊❇❋ (solid figures) ✫✬✢❩✲
✵✤✣✩■✣ ❬✙✚✷❣✣ ✫✬✢✭✮ ✯✢✣✛ ✵❣✢ ✚✢✲✢ ❣✳❭✪ ✚✳✛✣ ✙✵ ❏✵ ❪✢✺✢✥✢ (cuboid), ❏✵ ❘✣❞✺
(cylinder), ✰▼✭✢✙✧✴ ✙✫❙❞✦ ✵P✢✢✜✢✣✩ ✘✣✩✪ ❣✘ ❪✢✺✢✥✢✪ ❪✢✺ ✜✢✳✤ ❘✣❞✺✢✣✩ ✾✣❖ ✫❑❜✯✦✭ P✢✣◗✢✫❖❞✢✣✩
✜✢✳✤ ✜✢✭✲✺✢✣✩ ✵✢✣ r✢✲ ✵✤✺✢ ✥✢✦ ✛✦★✢ ❂✻✾✣❖ ❣✳✩✴ ✜❘ ❣✘ ❪✢✺✢✥✢✢✣✩ ✜✢✳✤ ❘✣❞✺✢✣✩ ✾✣❖ ✫❑❜✯✦✭
P✢✣◗✢✫❖❞✢✣✩ ✜✢✳✤ ✜✢✭✲✺✢✣✩ ✾✣❖ ❘✢✤✣ ✘✣✩ ✙✾✼✲✢✤ ✛✣ ✜✹✭✭✺ ✵✤✣✩■✣ ✲✽✢✢ ✰✛ ✜✹✭✭✺ ✵✢✣ ✾✻❖❙
✜✷✭ ✯✢✣✛✢✣✩✪ ✚✳✛✣ ✙✵ ✿✢✩✾✻❖ ✜✢✳✤ ■✢✣❞✣✪ ✾✣❖ ✙❞❏ ✙✾✼✲❑✲ ✵✤✣✩■✣✴

13.2 ❫✓❴✓❍✓ ❵✓❛❝ ❫✓❴ ❢❤❥ ❦♠♥♦♣q s✓❤t✓❦❥✉
◆✭✢ ✜✢✫✺✣ ✵✢■✚ ✾✣❖ ✜✺✣✵ ✫✷✺✢✣✩ ❬✿✢✦❀✢✣✩❭ ✾✣❖ ❏✵ ❘✩✇❞ ✵✢✣ ✧✣★✢✢ ❣✳① ✭❣ ✾✳❖✛✢ ✙✧★✢✲✢
❣✳① ◆✭✢ ✭❣ ❏✣✛✢ ✙✧★✢✢✰✱ ✧✣✲✢ ❣✳✪ ✚✳✛✢ ✙✵ ✜✢✫ ✜✢✸✙✲ ②③④② ✘✣✩ ✧✣★✢ ✤❣✣ ❣✳✩①

⑤⑥⑦⑧⑨ 13.1
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❜✏✏✑ ✒✓✔✓✕✓ ❝✔✖✓ ✗✘✙ ✚✛✜ ✢✓✣ ❜✏ ✒✓✔✓✕✓ ✤✓✑ ✥✤✔✓ ✦✓✗✖✑ ✗✘✧★ ✖✓✑ ✛✤✖✔✑ ✩✧✪✫✔ ✤✓✪✬

✤✫ ✢✓❞✭✚✤✖✓ ✣✮✯✑✪✫✰ ✢✓❜✱ ✜✑✲✓✑✧✳

✣✗✴✑ ✗✵✑✧ ❜✏ ❝✧✮✴ ❞✑✶ ✖✴ (bottom) ✤✓✑ ✥✤✔✑ ❞✑✶

✛✴✱ ✱✤ ✢✓✚✖✓✤✓✩ ❢✷✤✮✯✑ ✤✫ ✢✓❞✭✚✤✖✓ ✗✓✑✪✫✙ ✚✗

✢✓✈✛✖ ✸✹.✺ (a) ✬✘✏✓ ✗✓✑✪✓✙

✛✣✶✩ ✗✵✑✧ ❜✻✩✼✽✻✩ ❞✑✶ ✜✓✑ ✛✏✩✓✑✧ ✤✓✑ ✥✤✔✑ ❞✑✶ ✜✓✑ ✴✧❝✑

✢✓✚✖✓✤✓✩ ❢✷✤✮✯✓✑✧ ✤✫ ✢✓❞✭✚✤✖✓ ✗✓✑✪✫✙ ✢❝ ✚✗ ✢✓✈✛✖

✸✹.✺ (b) ✬✘✏✓ ✛✜✲✓✓❜t ✜✑✪✓✙

✢❝★ ✏✓✵✔✑ ✢✓✘✩ ✣✫✾✑ ❞✑✶ ✛✏✩✓✑✧ ✤✓✑ ✥✤✔✑ ❞✑✶ ✛✴✱★ ✗✵✑✧

✱✤ ✛✕✓❯✔ ✵✓✣ ❞✑✶ ✜✓✑ ✢✓✘✩ ✢✓✚✖✓✤✓✩ ❢✷✤✮✯✓✑✧ ✤✫ ✢✓❞✭✚✤✖✓

✗✓✑✪✫✙ ❜✔❞✑✶ ✏✓❣✓★ ✗✵✑✧ ✢✓✈✛✖ ✸✹.✺(c) ✬✘✏✫ ✢✓✈✛✖ ✣✿✓❀✖ ✗✓✑✪✫✙

✚✗ ✢✓✈✛✖ ✲✓✓✑✴✔✑ ✣✩ ✢✓✈✛✖ ✸✹ .✺ (d) ✬✘✏✫ ✛✜✲✓✓❜t

✜✑✪✫✙

✢✧✖ ✵✑✧★ ❝✧✮✴ ❞✑✶ ❁✣✩✫ ✛✏✩✑ ✤✓✑ ✥✤✔✑ ❞✑✶ ✛✴✱★ ✗✵✑✧ ✱✤

✢❯✚ ✢✓✚✖✓✤✓✩ ❢✷✤✮✯✑ ✤✫ ✢✓❞✭✚✤✖✓ ✗✓✑✪✫★ ✬✓✑ ❂✫✤ ✖✴

❃✢✓✻✓✩❄ ❞✑✶ ❢✷✤✮✯✑ ✬✘✏✓ ✗✓✑✪✓★ ✛✬✏✑ ✽✣✩✓✑❅✖ ✢✓✈✛✖ ✵✑✧ ✜✓❜❆

✢✓✑✩ ✴✪✓✔✑ ✣✩★ ✗✵✑✧ ✢✓✈✛✖ ✸✹.✺(e) ✣✿✓❀✖ ✗✓✑✪✫✙

❜✏ ✣✿✤✓✩★ ✒✓✔✓✕✓ ✤✫ ❁✣✩✫ ✣❇❈❂ ✤✓✑ ✣❉❊✓t✖✚✓❋ ✥✤✔✑ ❞✑✶

✛✴✱★ ✗✵✔✑ ✾❋ ✢✓✚✖✓✤✓✩ ❢✷✤✮✯✓✑✧ ✤✓ ✣✿✚✓✑✪ ✛✤✚✓ ✗✘✙
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♠☎✆✝✞✟✠ ✡✡✝☛ ☞✌ ✍✎✝✝☛✠✏ ✌✑ ✒✓ ✔✓ ✕✝✖✝✗✝ ✓✏ ✘✝✌✆✏ ☎✙✚✛ ✜✢ ✣✝☞✠✝✞✤ ✥✦✝✧✠✦ ★✞✤✩

✣✝☞✠✝✓✝✆ ✈✝✞✪✝✝✞✤✩ ✫✝✞ ✕✝✖✝✗✝ ✦✞✬ ☎✬✭✓ ✓✌✭✝✠✞ ✌✑✤✮ ❧✞ ✒★✭ ✓✆ ✘✖✏ ✌✑✩ ✒✫✖★✞✤ ❧✞ ☎✯✰☞✞✓

✓✝ ✈✝✞✪✝❞✝✬✭ ♠❧✓✏ ✭✤✘✝✱☛ ✣✝✑✆ ✡✝✑✲✳✝✱☛ ✓✝ ✴✵✶✝✝ ✓✆✦✞✬ ☎✯✝❞✠ ✒✓☞✝ ✫✝ ❧✓✠✝ ✌✑ ✣✝✑✆ ✒☎✬✆

❧✗✝✏ ✜✢ ✈✝✞✪✝☎✬✭✝✞✤ ✓✝✞ ✫✝✞✲✳ ✒✭☞✝ ✫✝✠✝ ✌✑✷

✣✘✩ ☞✒✍ ✌★ ✕✝✖✝✗✝ ✓✏ ✭✸✘✝✱☛ l, ✡✝✑✲✳✝✱☛ b ✣✝✑✆ ✹✺✡✝✱☛ h ★✝✖ ✭✞✤✩ ✠✝✞ ✱✖ ✒✦★✝✣✝✞✤

(dimensions) ✦✞✬ ❧✝♦✝ ☞✌ ✣✝✻✒✠ ✔✞❧✞ ✣✝✓✝✆ ✓✏ ✒✍✼✝✝✱☛ ✍✞✴✏✩ ✫✑❧✏ ✒✓ ✣✝✻✒✠ ✽✾.✿(f)

★✞✤ ✍✎✝✝☛✱☛ ✴✱☛ ✌✑✷

✣✠✢ ❧✗✝✏ ✜✢ ✣✝☞✠✝✞✤ ✦✞✬ ✈✝✞✪✝☎✬✭✝✞✤ ✓✝ ☞✝✞✴ ✒✖✸✖ ✌✑ ✢

✣✝☞✠ ✽ ✓✝ ✈✝✞✪✝☎✬✭ (= l × h)

+

✣✝☞✠ ✿ ✓✝ ✈✝✞✪✝☎✬✭ (= l × b)

+

✣✝☞✠ ✾ ✓✝ ✈✝✞✪✝☎✬✭ (= l × h)

+

✣✝☞✠ ❀ ✓✝ ✈✝✞✪✝☎✬✭ (= l × b)

+

✣✝☞✠ ❁ ✓✝ ✈✝✞✪✝☎✬✭ (= b × h)

+

✣✝☞✠ ❂ ✓✝ ✈✝✞✪✝☎✬✭ (= b × h)

= ✿(l  × b) + ✿(b × h) + ✿(l  × h)

= ✿(lb + bh + hl)

✱❧❧✞ ✌★✞✤ ☎✯✝❞✠ ✌✝✞✠✝ ✌✑ ✢

❄❃❅❃❆❃ ❇❃ ❈❉❊❋●❍ ■❃❏❑❃❈▲▼ = 2(lb + bh + hl)

✫✌✝✺ l, b ✣✝✑✆ h Ø★✎✝✢ ✕✝✖✝✗✝ ✦✞✬ ✠✏✖ ✒✓✖✝✆✞ ✥✓✝✞✆✮ ✌✑✤✷

❢◆❖❈P❃● ◗ ✈✝✞✪✝☎✬✭ ✦✞✬ ★✝✪✝✓ (unit) ✓✝✞ ✦✴☛ ✱✓✝✱☛ ✥✦✴☛ ★✝✪✝✓✮ ✒✭☞✝ ✫✝✠✝ ✌✑✩ ✟☞✝✞✤✒✓ ✌★

✔✓ ✈✝✞✪✝ ✦✞✬ ☎✒✆★✝✶✝ ✓✝✞ ★✝☎✖✞ ✦✞✬ ✒✭✔ ♠❧✞ ★✝✪✝✓ ✥☞✝ ✱✓✝✱☛✮ ✭✸✘✝✱☛ ✓✏ ✗✝✵✫✝ ✦✝✭✞ ✦✴✝❘✞

❧✞ ✗✝✆✠✞ ✌✑✤✷
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♠✏✑✒✓✔✑ ✕✖✗ ✘✑✙✓ ✚✓✛ ✜✢✏ ✒✣✑✓✖ ✚✑✤ ✥✦ ✧✑★✑✩✑ ✢✪✤✦✫ ✬✭✮✑✯✰✛ ✱✑✙✲✳✑✯✰ ✘✴✑✑ ✵✶✱✑✯✰

Ø✣✷✑✸ 15 cm, 10 cm ✘✴✑✑ 20 cm ✒✑✖✭✛ ✘✑✖ ✯✤✦✑ ✚❣✹✺✫✜ ✻✑✖✼✑✚✗✬ ✒✑✖✽✑✸

2[(15 × 10) + (10 × 20) + (20 × 15)] cm2

= 2(150 + 200 + 300) cm2

= 2 × 650 cm2

= 1300 cm2

✜✑✏ ✦✫✢✪✥ ✢✦ ✧✑★✑✩✑ ✢✪✤✦✫ ✬❀✮✑✯✰✛ ✱✑✙✲✳✑✯✰ ✾✑✙✓ ✵✶✱✑✯✰ ✮✓✑✮✓ ✒✑✖✭ ✥✦ ❄✿❁ (cube)

✦✒✬✑✘✑ ✒✙❞ ✜✢✏ ✧✑★ ✦✑ ✚❂❃✜✖✦ ✢✦★✑✓✑ ✜✑ ✦✑✖✓ (edge) ✜✑ ✩✑❅✪✑ (side) a ✒✑✖✛ ✘✑✖ ♠✤✦✑

✚❣✹✺✫✜ ✻✑✖✼✑✚✗✬ ❆(a × a + a × a + a × a) ✾✴✑✑✰✘✈  ❆ (a2 + a 2 + a❇), ✾✴✑✑✰✘✈ 6a2 ✒✑✖✽✑

❈✏✖✢❉✑✥ ✾✑❊✢✘ ❋●.●), ✢✪✤✤✖ ✒✣✖✭ ✚❂✑❢✘ ✒✑✖✘✑ ✒✙ ✸

❍■❏ ❑■ ▲▼◆❖P◗ ❘■❙❚■▲❯❱ = 6a 2

✪✒✑✶ a ✧✑★ ✦✑ ✢✦★✑✓✑ ✒✙❞

✣✑★ ✬✫✢✪✥ ✒✣ ✧✑★✑✩✑ ✕✖✗ ❡✸ ✚✗✬✦✑✖✭ (faces) ✣✖✭ ✤✖ ✕✖✗✕✬ ✱✑✓ ✚✗✬✦✑✖✭ ✕✖✗ ✻✑✖✼✑✚✗✬✛

✢★✱✬✖ ✾✑✙✓ ✵✚✓✫ ✚✗✬✦✑✖✭ ✦✑✖ ❡✑✖✲✳✦✓✛ ❲✑✘ ✦✓✖✭❞ ✥✖✤✫ ✢❳✴✑✢✘ ✣✖✭✛ ✯★ ✱✑✓✑✖✭ ✚✗✬✦✑✖✭ ✦✑

✻✑✖✼✑✚✗✬ ✧✑★✑✩✑ ✦✑ ▲■❨❩❬ ▲▼◆❖P◗ ❘■❙❚■▲❯❱ (lateral surface area) ✦✒✬✑✘✑ ✒✙❞ ✾✘✸✛

❭❪ ❄✿❁✿❫✿ ❴❵❛❪❜ ❝❤❥✿❦❧ l, ♣✿♥♦q✿❦❧ b ✾✑✙✓ ✵✶✱✑✯✰ h r✿st ✉✿s ✇❛❪✿ ①✿②③❧ ①④⑤⑥❜⑦ ⑧✿s⑨✿①⑩❝

2lh + 2bh, ❶❷✿✿❧✉❸ 2(l + b)h ✒✑✖✘✑ ✒✙❞ ✯✤✫ ✚❂✦✑✓✛ ❴❪❁✿❹s a ③✿❝s ❭❪ ❄✿❁ ❪✿ ①✿②③❧ ①④⑤⑥❜⑦

⑧✿s⑨✿①⑩❝ ❺a❇ r✿s✉✿ r♥❻ ♠✚✓✑✖❼✘ ✦✑✖ ✏❣✢✹❽✽✘ ✓❉✑✘✖ ✒❅✥✛ ✧✑★✑✩✑ ❈✜✑ ✧✑★❾ ✕✖✗ ✚❣✹✺✫✜ ✻✑✖✼✑✚✗✬

✦✑✖ ✦✩✑✫❿✦✩✑✫ ➀➁▲➂➃■❬ ✜✑ ❩➄❯❱ ▲▼◆❖P◗ ❘■❙❚■▲❯❱ (total surface area) ✩✑✫ ✦✒✑ ✪✑✘✑ ✒✙❞

✾✑✯✥ ✕❅✗❡ ♠✏✑✒✓✔✑ ✒✬ ✦✓✖✭❞
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♠☎✆ ✝✞✟✆ 1 ✪ ❡✠✡☛ ☞✌✍✎ ✏✑✒❡✒ ✓✔✕ ✖ ✗ ✖✎ ✒ ✘ ✖✍ ✖ ✙ ✖✚✛☛ ✚ ✠✜ ✓✚ ✢✒ ✓✔✕ ✖ ✗✖✎ ✣✗✤✥☛ ✓✎ ✦

✱ ✗ ✧ ✖✍✖★ ✖✖✗✖✡ ✩ ✖✫✬✒ (box) ✌✡ ✡✐ ✖✍✖ ✙ ✖✚✛ ☛ ✚ ✠✭ ✏✘✒ ✎ ✒ ✖✮✛ ✖ ✬ ✣✖✫✘ ✓✎ ✦ ✏ ✙✯ ✖ ✓✎ ✦ ✒ ✖✰ ✖ ✱ ✗

✡❥✲☛ ✍ ✗ ✖✲✘ ✒✎ ✳✗✖ ✘ ✖✍ ✖ ✚ ✠ ✴✵✎✏ ✐✖✱ ☞ ✖✶✏✛ ✷✸✹✺✻✜ ✼✒ ✗✖ ✽✚ ✘ ✖✍ ✍✖ ☞✖✓✾✽✗ ✚ ✠ ✏✗

✼✒ ✎ ✏✗✛ ✍ ✖ ✗✖✲✘ ✐✖✡☛ ✵✍✖ ✙ ✖✏✚✱ ✜ ✽✏ ✵ ✼ ✌✡✖✎✬ ✛ ✩ ✖✫✬ ✒ ✗☛ ✣❥✩ ✖✢✿✭ ✙✖✠✤✥ ✖✢✿ ☞ ✖✠✡ ❀❁ ✙✖✢✿

✑❡✾✖Ø 80 cm✭ 40 cm ☞✖✠✡ 20 cm ✚ ✠❥✭ ✛ ✖✎ ✼ ✒✎ 40 cm ★ ✖❂✘ ✖ ✓✖✣☛ ✗ ✖✲✘ ✗☛ ✏✗✛ ✍☛

✓ ✲✖✿✗ ✖✡ ✾✖☛♦ ✖✎ ❥ ✗☛ ☞✖✓✾✽✗✛ ✖ ✚ ✖✎ ✲☛❃

✝ ❣ ✪ ✙♣❁✏✗ ❡ ✠✡☛ ✩ ✖✫ ✬✒ ✓✎ ✦ ❀ ✌✡☛ ✌✔ ❄❅ ✗ ✖✎ ✗ ✖✲✘ ✒✎

✳✗ ✍✖ ✙✖✚✛☛ ✚ ✠✭ ✢✒ ✏✣✱ ✢✒ ✗✖✽✿ ✓✎ ✦ ✏ ✣✱ ☞✖✓✾✽✗

✗ ✖✲✘ ✢✒ ✩ ✖✫✬✒ ✓✎ ✦ ✌✔❄❅☛✽ ✕ ✖✎ ✯ ✖✌✦✣ ✓✎ ✦ ✩ ✡ ✖✩ ✡ ✚ ✖✎ ✲✖✭

✘ ✖✎ ✱✗ ✧ ✖✍✖★ ✖ ✓✎ ✦ ☞✖✗ ✖✡ ✗ ✖ ✚ ✠ ✜

✩ ✖✫✬✒ ✗☛ ✣❥✩ ✖✢✿ 80 cm, ✙ ✖✠✤✥ ✖✢✿ 40 cm ☞✖✠✡ ❀❁ ✙ ✖✢✿ 20 cm ✚ ✠✜

☞✛ Ø✭ ✩ ✖✫✬✒ ✗ ✖ ✌✔ ❄❅☛✽ ✕ ✖✎ ✯ ✖✌✦✣ = ❆(lb + bh + hl)

= ❆[( ❇❈ × ✺❈) + (✺❈ × ❆❈) + (❆❈ × ❇❈)] cm 2

= ❆[✸❆❈❈ + ❇❈ ❈ + ✷❉❈❈] cm2

= ❆ × ❊❉❈❈ cm 2 = ✷✷❆❈❈ cm2

☞✩✭ ✌✈❋✽✎✗ ✾✖☛♦ ✗ ✖ ✕ ✖✎ ✯✖✌✦✣ = ✺❈  × ✺❈  cm2 = ✷❉❈❈  cm2

☞✛ Ø✭ ✓✖❥✏ ●✛ ✾✖☛♦ ✖✎ ❥ ✗☛ ✒ ❥✐✽ ✖ = 
❝❍■ ❏❑ ▲ ▼❵ ◆❤ ❖ P❑s ◗ ❑▲ ❘②

❙ ❏ ❚❑ ❤ ❯ ❏ ❑ P ❑s ◗ ❑▲ ❘②

=
11200

1600
 = ❱

✢✒✏ ✣✱ ❡✠✡☛ ✗ ✖✎ ✗ ✖✲✘ ✗☛ ❱ ✾ ✖☛♦ ✖✎ ❥ ✗☛ ☞ ✖✓ ✾✽✗✛ ✖ ✚ ✠✜

♠☎✆ ✝✞✟✆ ❲ ✪ ✚❡☛ ✵ ✍✎ ☞ ✌✍✎ ✧ ✖✡ ✓✎ ✦ ✏✣✱ ✭ ✳✬ ✗✍ ✓✖✣☛ ✱ ✗ ✧ ✖✍ ✖✗ ✖✡ (cubical) ✌✖✍☛ ✗☛

♦ ❥✗☛ ✩ ✍✓ ✖✢✿ ✚ ✠✭ ✏✘✒✗ ✖ ✌✈❋✽✎✗ ✩ ✖✚ ✡☛ ✏✗✍ ✖✡✖ ✷✹ ❊m ✣❳✩ ✖ ✚ ✠✜ ✓✚ ✢✒ ♦ ❥✗☛ ✓✎ ✦ ✩ ✖✚ ✡☛

✌✔❄❅ ✌✡✭ ✛ ✣☛ ✗ ✖✎ ●✖✎✤✥✛✎ ✚ ❂✱✭ 25 cm ★ ✖❂✘ ✖ ✓✖✣☛ ✓ ✲✖✿✗ ✖✡ ♦ ✖✢ ✣✎ ❥ (tiles) ✣✲✓✖✛ ✖ ✚ ✠

✴✵✎✏ ✐✖✱ ☞ ✖✶✏✛ ✷✸ .❊)✜ ✽✏ ✵ ♦✖✢ ✣✖✎ ❥ ✗☛ ✣✖✲✛ ✸ ❉❈ ❨✌✱ ✌✈✏✛ ✵✘✿ ✍ ✚ ✠✭ ✛ ✖✎ ✼✒ ✎ ♦ ✖✢ ✣

✣✲✓✖✍✎ ❡✎ ❥ ✏✗✛ ✍ ✖ ❩✽✽ ✗ ✡✍ ✖ ✌✤✥✎ ✲✖❃
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❣✏ ✑ ✒ ✓✔✕ ✖✗✘✙ ✚✗✒✛✔ ✖✜✢✣✗✤✥ ✖✛ ✦✗✧ ✢✤✥ ✢★✩✗✪✗ ✒ ✫✬ ✦✗✧ ✢✗✤ ✥ ✣✔ ✭ ✥✮ ✯✗ ✰✗ ✪ ✣✛ ✱ ✤ ✩✤✜ ✲✢✳✴

✧ ✱ ✖✗✘✙✗ ✤✥ ✖ ✜✢✣✗ ✤✥ ✣✗ ❜✗ ✤✵✗✖ ✜✢ ✰✗ ✪ ✣✛ ✱✗ ✶✗ ✩✷ ✯✣ ✒✫✬

✶✚✴ ✈✗ ✱✗✣✗✛ ✦✥✣✔ ✣✗ ✳✣ ✲✣✱✗✛✗ = ✸.✺ m = ✸✺✹ cm

✶ ✪✻✴ ✦✥✣✔ ✣✗ ✖✼✽✾✔✯ ❜✗ ✤✵✗✖ ✜✢ =  ✺ × ✸ ✺✹ × ✸✺✹ cm2

✳✣ ✦✗✧ ✢ ✣✗ ❜✗✤✵✗✖ ✜✢ = ❍✗✿❀✗ × ❍✗✿❀ ✗  = ❁✺ × ❁✺ cm2

✶ ✪✻✴ ✦✗✧ ✢✗ ✤✥ ✣✔ ✩✗✥✲❂✪ ✭ ✥✮ ✯✗ = 
❱❞❛ ❃ ❞❦ ❄ ❵❅❇ ❃❆ ④❦s ❈ ❦❄ ◗ ②

❉❞ ❱ ❦❊ ② ❞❦ ④❦s ❈ ❦❄ ◗ ②

=
5 × 150× 150

25× 25
 = ✸❋✹

✶ ✚ ✸ ✕❀ ● ✱✴ ✶■ ✗✗● ✪❏ ✸❁ ✦✗✧ ✢✗ ✤✥ ✣✔ ✢✗ ★✪ = ❑▲✹ ▼✖ ✳

✧ ✭✲ ✢✳✴ ✸ ✦✗✧ ✢ ✣✔ ✢✗ ★✪ = 
360

12
▼✖ ✳ = ❑✹ ▼✖ ✳

✶ ✪✻✴ ✸❋✹ ✦✗✧ ✢✗ ✤✥ ✣✔ ✢✗ ★✪ = ✸❋ ✹ × ❑✹ ▼✖ ✳ = ✺◆✹✹ ▼✖ ✳

❖P❘❙❚❯❲❳ 13.1

1. 1.5 m ✡ ❨❩✝❬ 1.25 m ❭✝☞❪❫✝ ☛✝☞✌ 65 cm ❴❝ ✌✝ ❡✡✝❢❤❥❧ ❧✝ ♠❧ ❢❪♥❩✝ ❩✎✝☎✝ ♦✝✎✝ ❝☞♣ qr✞

➴✐✌ r✞ t✝✉✡ ✝ ✌t✝✎✝ ❝☞♣ ❡✡ ✝❢❤❥❧ ✇✝✄❥ ❧✄ ①✝✞❥✝q③ ❧✝✞ ✎❴⑤☎ ①✝✎✍✞ ❝✉♠❬ ❢✎⑥✝③❢✌✍ ❧✄❢♦♠⑦

(i) ❢❪♥❩ ✝ ❩ ✎✝ ✎✞ ⑧✞✠ ❢✡♠ ☛ ✝⑧✇☎❧ ❡ ✡ ✝❢ ❤❥❧ ✇ ✝✄ ❥ ❧ ✝ ✆✝✞✟ ✝✐✠✡ ♣

(ii) q r ✇ ✝✄ ❥ ❧ ✝ ① ⑨⑩☎❬ ☎❢❶ ❷ m2 ✇ ✝✄ ❥ ❧ ✝ ① ⑨⑩☎ ❸ ❹ ❺ ✐♠ ❝☞ ♣

2. ♠❧ ❧① ✌✞ ❧✄ ✡ ❨❩ ✝q③❬ ❭ ✝☞❪❫ ✝q ③ ☛ ✝☞ ✌ ➴❻❭ ✝q③ ❼①✇ ✝⑦ 5 m❬ 4 m ☛ ✝☞ ✌ 3 m ❝☞ ❨♣ ❽ ❾❿❹ ❺ ✐♠ ✐➀❢ ✍

m➁ ❧✄ ❶ ✌ r✞ q r ❧ ①✌✞ ❧ ✄ ❶✄ ⑧ ✝✌✝✞ ❨ ☛ ✝☞ ✌ ➂✍ ✐✌ r✐✞✠❶ ✄ ❧ ✌ ✝✎✞ ❧ ✝ ➃☎☎ ➄✝ ✍ ❧✄❢ ♦♠ ♣

3. ❢❧ r✄ ☛ ✝☎ ✍✝❧ ✝✌ ❝ ✝➅✡ ⑧✞✠ ✐✠✇ ✝③ ❧ ✝ ✐❢ ✌① ✝✐ 250 m ❝ ☞ ♣ ☎ ❢❶ ❷ ❹ ❺ ✐♠ ✐➀❢ ✍ m2 ❧✄ ❶ ✌ r✞

❭ ✝ ✌✝✞ ❨ ❶✄ ⑧ ✝✌✝✞ ❨ ✐✌ ✐✞ ❨❥ ❧ ✌ ✝✎✞ ❧✄ ✡ ✝❴ ✍ ❷ ❿❹ ❹❹ ❺ ✐♠ ❝ ☞❬ ✍✝✞ q r ❝ ✝➅✡ ❧✄ ➴❻❭ ✝q③ ➄ ✝✍ ❧✄❢ ♦♠ ♣

[➆➇➈➉➊➋  : ❭ ✝✌✝✞ ❨ ❢❪♥❩ ✝✞ ❨ ❧ ✝ ✆✝✞✟ ✝ ✐✠✡ ➌ ✐✝✇ ⑧③ ✐ �✁✂✄☎ ✆✝✞✟ ✝✐✠✡]

4. ❢❧ r✄ ❢❪ ♥❩✞ ①✞ ❨ ➍ ✝✌✝ ❝ ✉☛ ✝ ✐✞ ❨❥ 9.375 m2 ⑧✞✠ ✆ ✝✞✟ ✝ ✐✠✡ ✐✌ ✐✞ ❨❥ ❧ ✌ ✎✞ ⑧✞✠ ❢✡ ♠ ✐☎ ✝③❡ ✍ ❝ ☞ ♣ q r

❢❪ ♥❩✞ ⑧✞✠ ✐✞ ❨❥ r✞ 22.5 cm × 10 cm × 7.5 cm ❢ ⑧① ✝☛ ✝✞ ❨ ⑧ ✝✡ ✄ ❢❧ ✍✎✄ q ➎ ❥ ✐✞ ❨ ❥ ❧✄ ♦ ✝

r❧ ✍✄ ❝☞ ❨➏
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5. ✱☎ ✆✂✝✂☎✂✞ �✟✠✡☛ ☎✂ ✱☎ �☎✝✂✞✂ 10 cm ✥☞✡✂✌✍ ☎✂ ✎✏ ✄✑✂✂ ✱☎ ✒✓✔ ✆✂✝✂✕✂✂☎✂✞ �✟✠✡☛

☎❞ ✥✖✡✂✌✍✗ ✘✂✏✟✙✂✌✍ ✒✂✏✞ ✚✛✘✂✌✍ ✜✢✣✂✤ 12.5 cm✗ 10 cm ✒✂✏✞ 8 cm ✎✏☞✦

(i) �☎❢ �✟✠✡☛ ☎✂ ✧✂✣★✍ ✧✩✪✫❞✔ ✬✂☛✭✂✧✮✥ ✒�✯☎ ✎✏ ✒✂✏✞ �☎✄✝✂ ✒�✯☎ ✎✏✰

(ii) �☎❢ �✟✠✡☛ ☎✂ ★✲✮✥ ✧✩✪✫❞✔ ✬✂☛✭✂✧✮✥ ☎✢ ✎✏ ✒✂✏✞ �☎✄✝✂ ☎✢ ✎✏✰

6. ✱☎ ✳✂☛✴✂ ✧✂✏✯✂ ✆✂✞ (green house) ❢✖✧✵✁✂✍ ✶✧ ❢☛ ✣✂❞✣✂☛ ☎❞ ✧�✴✷✴✔✂☛☞ ❢☛ ✸✒✂✯✂✞ ✕✂❞

❢�✖✢�✥✄ ✎✏❧ ✆✂✞ ★☛✮ ✒☞✹✞ ✎❞ ✡✝✂✔✂ ①✔✂ ✎✏ ✒✂✏✞ ✣✂❞✣✂☛ ☎❞ ✧�✴✷✴✔✂☛☞ ☎✂☛ ✴☛✧ ✺✂✞✂ �✘✧☎✂

☎✞ ✞✂☛☎✂ ①✔✂ ✎✏✦ ✔✎ ✧✂✏✻✂✂ ✆✂✞ 30 cm ✥☞✡✂✗ 25 cm ✘✂✏✟✙✂ ✒✂✏✞ 25 cm ✚✛✘✂ ✎✏✦

(i) ✌❢✢☛☞ ✧❜✔✲✼✄ ✣✂❞✣✂☛ ☎❞ ✧�✴✷✴✔✂☛☞ ☎✂ ✬✂☛✭✂✧✮✥ ✼✔✂ ✎✏✰

(ii) ❢✕✂❞ ✽✾ �☎✝✂✞✂☛☞ ★☛✮ �✥✱ �☎✄✝☛ ✴☛✧ ☎❞ ✒✂★✣✔☎✄✂ ✎✏✰

7. ✣✂✂☞�✄ ✿★❞✴ ✿✴✂✥ ✒✧✝❞ �✢✫✂✌✔✂☛☞ ☎✂☛ ✧✏☎ ☎✞✝☛ ★☛✮ �✥✱ ①❀✂☛ ★☛✮ �✟✠✡☛ ✡✝✂✝☛ ☎✂ ✒✂❁✟✍✞

✹☛ ✞✎✂ ✑✂✂✦ ✹✂☛ ✢✂✧✂☛☞ ★☛✮ �✟✠✡✂☛☞ ☎❞ ✒✂★✣✔☎✄✂ ✑✂❞✦ ✡✟✙☛ �✟✠✡✂☛☞ ☎❞ ✢✂✧ 25 cm × 20 cm

× 5 cm ✒✂✏✞ ✳✂☛✴☛ �✟✠✡✂☛☞ ☎❞ ✢✂✧ 15 cm × 12 cm × 5 cm ✑✂❞☞✦ ❢✕✂❞ ✧❜☎✂✞ ☎❞

✒�✄✈✔✂�✧☎✄✂ (overlaps) ★☛✮ �✥✱ ★✲✮✥ ✧✩✪✫❞✔ ✬✂☛✭✂✧✮✥ ★☛✮ ♦% ★☛✮ ✡✞✂✡✞ ✒�✄�✞✼✄ ①❀✂✂

✥①☛①✂✦ ✔�✹ ①❀✂☛ ☎❞ ✥✂①✄ ② ❂✧✱ ✧❜�✄ ✽❃❃❃ cm2 ✎✏✗ ✄✂☛ ✧❜❄✔☛☎ ✧❜☎✂✞ ★☛✮ ✾♦❃ �✟✠✡☛

✡✝★✂✝☛ ☎❞ �☎✄✝❞ ✥✂①✄ ✒✂✱①❞✰

8. ✧✞★❞✝ ✒✧✝❞ ☎✂✞ ✐✂✟✙❞ ☎✞✝☛ ★☛✮ �✥✱✗ ✱☎ ❢☞✹✵☎ ★☛✮ ✧❜☎✂✞ ★☛✮ ❅✂✛✘☛ ❆✏❢✂ ✱☎ ✒✿✑✂✂✌✍

✿✑✂✂✝ �✄✞✧✂✥ ☎❞ ❢✎✂✔✄✂ ❢☛ ✡✝✂✝✂ ✘✂✎✄❞ ✎✏✗ ❆✂☛ ☎✂✞ ☎✂☛ ✘✂✞✂☛☞ ✒✂☛✞ ❢☛ ✒✂✏✞ ✚✧✞ ❢☛ ❅☎

✥☛ ✸❢✂✢✝☛ ★✂✥✂ ✧✮✥☎ ✥✴☎✂ ✎✲✒✂ ✎✂☛①✂ �❆❢☛ ✆✂✲✢✂☎✞ ✚✧✞ �☎✔✂ ❆✂ ❢☎✄✂ ✎✏❧✦ ✔✎

✢✂✝✄☛ ✎✲✱ �☎ �❢✥✂✌✍ ★☛✮ ❢✢✔ ✥①✂ �✄✞✧✂✥ ☎✂ ✒�✄�✞✼✄ ☎✧✟✙✂ ✝①✁✔ ✎✂☛①✂✗ ✒✂✯✂✞

�★✢✂✒✂☛☞ ② ✢❞✴✞ × ❇ ✢❞✴✞ ✒✂✏✞ ✚✛✘✂✌✍ ✾❈♦ ✢❞✴✞ ★✂✥☛ ✌❢ ❅✂✛✘☛ ☎✂☛ ✡✝✂✝☛ ★☛✮ �✥✱ �☎✄✝☛

�✄✞✧✂✥ ☎❞ ✒✂★✣✔☎✄✂ ✎✂☛①❞✰

13.3 ❉❊ ❋●❍ ■❏❑▲▼◆ ❍❖❋P ❊▲ ◗❏❘❙▼◆ ❚▲❖❯▲◗❱❋

❲❳❨ ❩❬ ❭❪❫❴ ❭❵ ❛❝❡❭ ❣❤❥❪❪❭❪❦ ♠❪❵♥ ♣❡q ❛❪r❦ st❩❡q s✉❵ ✇③❭❪❦ ④❭ ❣❡⑤ ⑥✇❦ ④❭ ❦⑦❪❭❦

④❭ s⑧❣❪⑨⑩❦ ❶❡❦❵ ❷❝❪④❸ ❴r✉❵ ✇❩♣❡ ❛❪❲❹❪❭❪❦ ❭❪❫❴ ❭❵ ♠❪❵♥❪❡q ✉❡ ❷❝❪❺⑨ ❻❪❵❼ ❹❪❡ ❩❬❡q ❽❲❪

✇③❪❾❹ ❩❪❡❫❪ ❿❨❡❳⑦❪④ ❛❪➀❳❹ ➁➂➃➄➅➆
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✈✏✑✒✓ 13.6

❀✔✕ ✖✗ ✘✙ ✚✛✜✢ ✣✤✛ ✙✢✥✤ ✦✧★✤✩✥✜ ✜✪✤✫✛ ✖✬✭✮ ✫✤✛ ✯✤✛ ✖✗✛✭ ✰✱✤✲✫ ✖✤✛✳✤ ★✖ ✴✣ ②✵✶

♦✷✸✹✺✻ ✶✼②✽ (right circular cylinder) ✣✖❞✤✫✤ ✖✬✾ ✘✙✣✤ ✣✤✜✿✤ ❀✖ ✖✬ ✔✣ ✘✙✣✤ ❁✤✧✤✤✜

★❂❃✤✤✣✤✜ ✖✬ ❁✤✬✜ ✚✛✜✢ ✣✤✛ ❁✤✥✤✜ ✙✛ ❞✤✔❄❅✣ ❆✰ ❇✙✗✣✤✛✿✤ ❅❈✤✫✛ ✖❉✴❊ ✙✛ ✜✪✤✤ ✳❀✤ ✖✬✾

❁✤✘✴ ✕✛✪✤✛✭ ✔✣ ✔✣✙ ✰✱✣✤✜ ✣✤ ❅✛❞❈ ❞❄❅ ★❂❃✤✢❀ ❅✛❞❈ ✽✉✺❋ ✖✤✛✫✤ ✖✬✾

❁✤●✔✫ ❍■.❏ (a) ✗✛✭✮ ❁✤✰ ✴✣ ❅✛❞❈ ✣✤✛

✕✛✪✤ ✜✖✛ ✖✬✭✮ ✯✤✛ ✔❈✔♥❑✫ ❆✰ ✙✛ ★❂❃✤✤✣✤✜ ✖✬✮ ✰✜✭✫❉

❁✤✥✤✜ ✙✛ ✙✗✣✤✛✿✤ ✰✜ ❈✖✢✭ ✖✬✾ ✘✙✔❞✴✮ ✖✗

✘✙✛ ❞❄❅ ★❂❃✤✢❀ ❅✛❞❈ ❈✖✢✭ ✣✖ ✙✣✫✛✾

✔❈❢✙✭✭✕✛✖✮ ❀✔✕ ❅✛❞❈ ✣✤ ❁✤✥✤✜ ★❂❃✤✢❀ ❈

✖✤✛✮ ✯✬✙✤ ✔✣ ❁✤✰ ❁✤●✔✫ ❍■❣❏ (b) ✗✛✭ ✕✛✪✤ ✜✖✛

✖✬✭✮ ✫✤✛ ▲✤✢ ✖✗ ✘✙✛ ❞✭❅ ★❂❃✤✢❀ ❅✛❞❈ ❈✖✢✭ ✣✖

✙✣✫✛ ✖✬✭✾

▼◆❖P◗❘❙ ❚ ❀✖✤❯ ✖✗ ★✛❱★❞ ❞✭❅ ★❂❃✤✢❀ ❅✛❞❈✤✛✭ ✣✤ ✖✢ ❁✧❀❀❈ ✣✜✛✭✳✛✾ ❁✫❢✮ ✯❅ ✫✣ ❁❝❀❲✤✤

❈ ✣✖✤ ✯✤✴✮ ❳❅✛❞❈❨ ✙✛ ✖✗✤✜✤ ✫✤❩✰❀✩ ❞✭❅ ★❂❃✤✢❀ ❅✛❞❈ ✙✛ ✖✤✛✳✤✾

❁❅✮ ❀✔✕ ✔✣✙✢ ❅✛❞❈ ✣✤✛ ✴✣ ✜✭✳✢❈ ✣✤✳✯ ✙✛ ✚✣❈✤ ✖✤✛✮ ✫✤✛ ✖✗ ✣✤✳✯ ✣✢ ❝❀❬❈✫✗

✗✤❡✤✤ ✙✛ ✘✙✛ ★✬❱✙✛ ✣✜✛✭✳✛❭ ✰✖❞✛ ✣✤✳✯ ✣✢ ✴✣ ❁✤❀✫✤✣✤✜ ♥✤✢❪ ✴✛✙✢ ❞✢✔✯✴ ✔✯✙✣✢ ❞✭❅✤✘✩

✴✛✙✢ ✖✤✛ ✔✣ ✣✤✳✯ ❅✛❞❈ ★✛❱ ❑✤✜✤✛✭ ❁✤✛✜ ❅✙ ✴✣ ❅✤✜ ❫✤❬✗ ✯✤✴ ❁✤✬✜ ❴✙✣✢ ❑✤✬❵❛✤✘✩ ❅✛❞❈

✣✢ ✦❯❑✤✘✩ ★✛❱ ❅✜✤❅✜ ✖✤✛✮ ✯✬✙✤ ✔✣ ❁✤●✔✫ ❍■.❜ ✗✛✭ ✕♥✤✤✩❀✤ ✳❀✤ ✖✬✾

✈✏✑✒✓ 13.7
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✈☎✆✝✞ 13.8

❜✟ ✠✡☛☞ ✌✡ ✍✡✎✏✡✑✒✓ ✔✕✎✖ ✗✎✓✘ ✙✎✒ ✙✚ ✑✛✜✢ ✌✡ ✍✡✎✏✡✑✒✓ ✣✎✤✡✥ ✦✧✡✘ ✣☛★✩✪ ★✌ ✠✡☛☞

✌☛ ✓✖✗✡❜❞ ✙✛✫✡☛✧ ✬✡✭✡✮ ✌☛ ✑★✮★✭ ✙✎✒ ✗✮✡✗✮ ✔✯✰ ✩✡✎ ✱✲r ✔✯✥

✬✳✴✰ ✗✎✓✘ ✌✡ ✙✚ ✑✛✜✢☛✧ ✍✡✎✏✡✑✒✓ = ✬✡✧✳✡✌✡✮ ✠✡☛☞ ✌✡ ✍✡✎✏✡✑✒✓ = ✓✖✗✡❜❞ × ✵✡✯✶✷✡❜❞

   = ✗✎✓✘ ✙✎✒ ✬✡✭✡✮ ✌✡ ✑★✮✕✡✑ ✸ ✹✺✵✡❜❞

= ✱✲r × h

❜✟★✓✪✰ ✻✼✽✾ ✿❀ ❁❂ ❃❄❅❆❇❈ ❉❀✼❊❀❃❋✽ = 2✲✲rh

✩✔✡✺ r ✗✎✓✘ ✙✎✒ ✬✡✭✡✮ ✌☛ ★✏✡❝✧✡ ✔✯ ✬✡✯✮ h ♠✟✌☛ ✹✺✵✡❜❞ ✔✯✥

❢●❍❃■❀❇ ❏ ✗✎✓✘ ✌☛ ★❑▲✡★✳ ✕✎✖✰ ✩✗ ✳✌ ✬▼✧▲✡✡ ✘ ✌✔✡ ✩✡✪✰ ◆✗✎✓✘

✌☛ ★✏✡❝✧✡❖ ✟✎ ✔✕✡✮✡ ✳✡P✑✧❞ ♠✟✙✎✒ ✬✡✭✡✮ ✌☛ ★✏✡❝✧✡ ✟✎ ✔✡✎✤✡✥

✧★✣ ✗✎✓✘ ✙✎✒ ✹✑✮☛ ✬✡✯✮ ★✘✵✓✎ ★✟✮✡✎✖ ✌✡✎ ◗✡☛ ❘✌✘✡ ✔✡✎✰ ✳✡✎ ✔✕✎✖

✣✡✎ ✙✛✫✡✡✎✖ ♥✙✡❑✳✙ ✕✎✖ ✙✛✫✡✡✌✡✮ ✍✡✎✏✡✡✎✖❙ ✌☛ ✬✡✯✮ ✬✡✙✠✧✌✳✡ ✑✶✷✎✤☛✰

★✩✘✕✎✖ ✟✎ ✑❚P✧✎✌ ✌☛ ★✏✡❝✧✡ r ✔✡✎✤☛ ✬✡✯✮ ✍✡ ✎✏✡✑✒✓ ✲r
❯  ✔✡✎✤✡

♥✣✎★❱✡✪ ✬✡❲★✳ ❳❨❩❬❙✥ ✳✗ ❜✟✟✎ ✔✕✎✖ ✗✎✓✘ ✌✡ ✟✖✑❭❪✡❞ ✧✡ ✙❫✒✓

✑✛✜✢☛✧ ✍✡✎✏✡✑✒✓ ✱✲rh + ✱✲r❯ = ✱✲r(r + h) ✑❚✡✐✳ ✔✡✎✤✡✥

❜✟★✓✪✰ ✻✼✽✾ ✿❀ ❁❴❋✽ ❃❄❅❆❇❈ ❉❀✼❊❀❃❋✽ = 2✲✲r(r + h)

✩✔✡✺ r ✬✡✯✮ h ✗✎✓✘ ✌☛ ✚✕✠✡✴ ★✏✡❝✧✡ ✬✡✯✮ ✹✺✵✡❜❞ ✔✯✖✥

❢●❍❃■❀❇ ❏ ✬✡✑✌✡✎ ✬✦✧✡✧ ❳ ✟✎ ✧✔ ✧✡✣ ✔✡✎✤✡ ★✌ ✲ ✪✌ ✬✑★✮✕✎✧ ✟✖❱✧✡ ✔✯✥ ❜✟★✓✪✰ ✲

✈☎✆✝✞ 13.9



✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ ☛✝☞✌ ☛✝☎✍✎ 259

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-13\Chap-13 PM65

❞✏ ✑❞ ✒✓✏✔✕ ✒✏✖✗ ✒✘✏✙✕✚✛ ✜✢✏✣✤✙ ✥✘✦✧★✏ ✩✏✪✕✏ ✩✖✫ ✧✗✬✕✭ ✮✯ ✩✣ ✰✓❞✏ ✣✏✘ ✒✧✘✪

✧✥✗❞✤✘✏✪✔ ✣✪✔ ✧✱✲✏✪✳ ❞✗✕✪ ✩✖✔✴ ✕✏✪ ✧✱✏✲✵ ✩✣ ✲✩ ✣✏✘ ✤✳✶✏✳
22

7
 ✲✏ ✸.✷✹ ✙✪♦ ✯✗✏✯✗ ✤✪✕✪ ✩✖✔✫

♠✺✻✼✽✾✻ 3 ✿ ✓✏✥✙❧✏✚ ❞✏✪ ✒✧✘✪ ✥✙❀✏✘ ✙✪♦ ✧✱✏✪✮✪❁❂ ✙✪♦ ✥✤✑ ✑❞ ✯✪✤✘✏❞✏✗ ✙✪♦✥✤❃✏✪❄❞✏✪✧

(kaleidoscope) ❞✏ ✣✏❅❃✤ ✯✘✏✘✏ ❆✏✏✫ ✙✩ ✰✓ ✙✪♦✥✤❃✏✪❄❞✏✪✧ ❞✚ ✙❇ ✧❈❉❊ ✯✘✏✘✪ ✙✪♦ ✥✤✑

♣✏❂✛ ❞✏✳✮ (chart paper) ❞✏ ✧✱✲✏✪✳ ❞✗✘✏ ♣✏✩✕✚ ❆✏✚ ❋✜✪✥●✏✑ ✒✏❍✥✕ ✷✸■✷❏❑✫ ✲✥✜ ✙✩

25 cm ✤▲✯✏✰✛ ✒✏✖✗ 3.5 cm ✥❧✏▼✲✏ ❞✏ ✙✪♦✥✤❃✏✪❄❞✏✪✧ ✯✘✏✘✏ ♣✏✩✕✚ ✩✖✴ ✕✏✪ ◆✓✪ ♣✏❂✛ ❞✏✳✮

✙✪♦ ✥❞✕✘✪ ❖✏✪❧✏✧♦✤ ❞✚ ✒✏✙✢✲❞✕✏ ✩✏✪✳✚P
22

7
✤✚✥✮✑

✼❣ ✿ ✯✪✤✘✏❞✏✗ ✙✪♦✥✤❃✏✪❄❞✏✪✧ ❞✚ ✥❧✏▼✲✏  (r) = ✸.◗ cm

✙✪♦✥✤❃✏✪❄❞✏✪✧ ❞✚ ❘❙♣✏✰✛ ❋✤✔✯✏✰✛❑ (h) = ❚◗ cm

✒✕✵✴ ✒✏✙✢✲❞ ♣✏❂✛ ❞✏✳✮ ❞✏ ❖✏✪❧✏✧♦✤ = ✯✪✤✘ ❞✏ ✙❇ ✧❈❉❊✚✲ ❖✏✪❧✏✧♦✤

= ❚❯rh

=
222

2 3.5 25 cm
7

❱ ❱ ❱

= ◗◗❏ cm2

❲❳❨❩❬❭❪❫ 13.2

t❴ ✍❵ ☛❛☎❜✝✝ ✎ ❵❝✝ t✝❡❢ ❤ = 
22

7
 ✡✄②t❡❥

1. ➴❦♥✝qr 14 cm s✝✡✞ ❡❵ ✡✉❴ s�✈✝✄☎ ❴✞✡✎ ❵✝ s✇ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ 88 cm2 ❝☞❥ ❴✞✡✎ s✞✠

☛✝①✝✝✌ ❵✝ ③☎✝④ ⑤✝✍ ❵✄②t❡❥

2. ⑥✝✍⑦ ❵✄ ❡❵ ♥✝⑧✌ ④✞ 1 m ➴❦♥✄ ☛✝☞✌ 140 cm ③☎✝④ s✞✠ ☛✝⑥✝✌ s✝✡✄ ❡❵ ❴⑨⑧ ❴✞✡✎✝❵✝✌

⑩⑨❵✄ ❴✎✝qr t✝✎✄ ❝☞❥ q④ ❵✝☎r s✞✠ ②✡❡ ②❵✍✎✞ s❶r ❷✄⑩✌ ♥✝⑧✌ ❵✄ ☛✝s❸☎❵✍✝ ❝✝✞❶✄❹

3. ⑥✝✍⑦ ❵✝ ❡❵ ✐✝q✐ 77 cm ✡✉❴✝ ❝☞❥ q④s✞✠ ❡❵ ☛✎⑦✐❺❻❜✝❵✝⑩

❵✝ ☛✝⑨✍②✌❵ ③☎✝④ 4 cm ❝☞ ☛✝☞✌ ❴✝❝✌✄ ③☎✝④ 4.4 cm ❝☞

(⑧✞②❼✝❡ ☛✝❽②✍ ❾❿➀❾❾)❥

⑤✝✍ ❵✄②t❡ ➁

(i) ☛✝⑨✍②✌❵ s✇ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡

(ii) ❴✝❝✌✄ s✇ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡

(iii) s⑦✠✡ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡

➂➃➄➅➆ 13.10

➂➃➄➅➆ 13.11
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4. ✱☎ ✆✂✝✞✆ (roller) ☎✂ ❞✟✂✠ 84 cm ✥✡ ☛✂✡✆ ✞☞✌✂✍✎ 120 cm ✥✡✏ ✱☎ ✑✂✝✞ ✒✝✓ ✔✡✕✂✖ ☎✂✝ ✱☎

✌✂✆ ✠✔✄✞ ☎✆✖✝ ✒✝✓ �✞✱ ❝✗✗ ✘✙☎✆ ✞①✂✖✝ ✚✛✜✄✝ ✥✡☞✏ ✑✂✝✞ ✒✝✓ ✔✡✕✂✖ ☎✂ m2 ✔✝☞ ✢✂✝✣✂✚✓✞

❑✂✄ ☎✤�✦✱✏

5. �☎✠✤ ✌✝✞✖✂☎✂✆ ❢✄☞✧✂ ☎✂ ❞✟✂✠ 50 cm ✥✡ ☛✂✡✆ ★✩✘✂✍✎ 3.5 m ✥✡✏ ✪✫✬❝✗ ✭✚✱ ✚✮�✄ m2

☎✤ ✕✆ ✠✝ ✍✠ ❢✄☞✧✂ ✒✝✓ ✒✯ ✚✰✲✳ ✚✆ ✚✝☞✴ ☎✆✂✖✝ ☎✂ ❞✟✟ ❑✂✄ ☎✤�✦✱✏

6. ✱☎ ✞☞✌ ✒✰✵✂✤✟ ✌✝✞✖ ☎✂ ✒✯ ✚✰✲✳✤✟ ✢✂✝✣✂✚✓✞ 4.4 m2 ✥✡✏ ✟�✕ ✌✝✞✖ ✒✝✓ ☛✂✶✂✆ ☎✤ �✣✂✷✟✂

0.7 m ✥✡✸ ✄✂✝ ✹✠☎✤ ★✩✘✂✍✎ ❑✂✄ ☎✤�✦✱✏

7. �☎✠✤ ✒✰✵✂✂☎✂✆ ✒✺✓✱✩ ☎✂ ☛✂☞✄�✆☎ ❞✟✂✠ 3.5 m ✥✡ ☛✂✡✆ ✟✥ 10 m ①✥✆✂ ✥✡✏ ❑✂✄ ☎✤�✦✱✻

(i) ☛✂☞✄�✆☎ ✒✯ ✚✰✲✳✤✟ ✢✂✝✣✂✚✓✞✏

(ii) ✼✗ ✭✚✱ ✚✮�✄ m2 ☎✤ ✕✆ ✠✝ ✍✠✒✝✓ ✒✯ ✚✰✲✳ ✚✆ ✽✞✂❢✴✆ ☎✆✂✖✝ ☎✂ ❞✟✟✏

8. ①✆✔ ✚✂✖✤ ✾✂✆✂ ①✆✔ ✆✑✂✖✝ ✒✂✞✝ ✱☎ ✠☞✟✣✂ ✔✝☞ 28 m ✞☞✌✂✍✎ ☛✂✡✆ 5 cm ❞✟✂✠ ✒✂✞✂ ✱☎

✌✝✞✖✂☎✂✆ ✚✂✍✚ ✥✡✏ ✍✠ ✠☞✟✣✂ ✔✝☞ ①✔✤✎ ✕✝✖✝ ✒✂✞✂ ✒✺✓✞ �☎✄✖✂ ✚✰✲✳ ✥✡✿

9. ❑✂✄ ☎✤�✦✱ ✻

(i) ✱☎ ✌✝✞✖✂☎✂✆ ✚✝✴❀✂✝✞ ☎✤ ✌☞✕ ✴☞☎✤ ☎✂ ✚✂❁✒✎ ✟✂ ✒✯ ✚✰✲✳✤✟ ✢✂✝✣✂✚✓✞✸ �✦✠☎✂ ❞✟✂✠

4.2 m ✥✡ ☛✂✡✆ ★✩✘✂✍✎ 4.5 m ✥✡✏

(ii) ✍✠ ✴☞☎✤ ☎✂✝ ✌✖✂✖✝ ✔✝☞ ✒✺✓✞ �☎✄✖✂ ✍❢✚✂✄ (steel) ✞①✂ ✥✂✝①✂✸ ✟�✕ ✒✺✓✞ ✍❢✚✂✄ ☎✂
1

12
 ✧✂✂① ✌✖✂✖✝ ✔✝☞ ✖✲✴ ✥✂✝ ①✟✂ ✥✡✿

10. ☛✂✈�✄ ✪❂✬✪✫ ✔✝☞✸ ☛✂✚ ✱☎ ✞✡☞✚❁✂✝✛ ☎✂ ✚✮✝✓✔ ✕✝✑✂ ✆✥✝ ✥✡☞✏ ✍✠✝

✱☎ ✠✦✂✒✴✤ ☎✚✛✜✝ ✠✝ ❃☎✂ ✦✂✖✂ ✥✡✏ ✍✠ ✚✮✝✓✔ ✒✝✓ ☛✂✶✂✆ ☎✂

❞✟✂✠ 20 cm ✥✡ ☛✂✡✆ ★✩✘✂✍✎ 30 cm ✥✡✏ ✚✮✝✓✔ ✒✝✓ ★✚✆ ☛✂✡✆ ✖✤✘✝

✔✂✝✛✜✖✝ ✒✝✓ �✞✱ ✕✂✝✖✂✝☞ ☛✂✝✆ 2.5 cm ☛�✄�✆✙✄ ☎✚✛✜✂ ✧✂✤ ❄✂✝✛✜✂

✦✂✖✂ ✥✡✏ ❑✂✄ ☎✤�✦✱ �☎ ✞✡☞✚❁✂✝✛ ☎✂✝ ❃☎✖✝ ✒✝✓ �✞✱ ✒✺✓✞

�☎✄✖✝ ☎✚✛✜✝ ☎✤ ☛✂✒❁✟☎✄✂ ✥✂✝①✤✏

11. �☎✠✤ �✒❅✂✞✟ ✒✝✓ �✒❅✂�❆✂✎✟✂✝☞ ✠✝ ✱☎ ☛✂✶✂✆ ✒✂✞✝ ✌✝✞✖✂☎✂✆ ☎✞✔✕✂✖✂✝☞ ☎✂✝ ①✵✂✝ ✠✝ ✌✖✂✖✝

☛✂✡✆ ✠✦✂✖✝ ☎✤ ✚✮�✄✟✂✝�①✄✂ ✔✝☞ ✧✂✂① ✞✝✖✝ ✒✝✓ �✞✱ ☎✥✂ ①✟✂✏ ✚✮❇✟✝☎ ☎✞✔✕✂✖ ☎✂✝ 3 cm

�✣✂✷✟✂ ☛✂✡✆ 10.5 cm ★✩✘✂✍✎ ☎✂ ✥✂✝✖✂ ❆✂✂✏ �✒❅✂✞✟ ☎✂✝ ✍✠✒✝✓ �✞✱ ✚✮�✄✧✂✂�①✟✂✝☞ ☎✂✝ ①✵✂✂ ✕✝✖✂

❆✂✂✏ ✟�✕ ✍✠✔✝☞ ❂❝ ✚✮�✄✧✂✂①✤ ❆✂✝✸ ✄✂✝ �✒❅✂✞✟ ☎✂✝ �☎✄✖✂ ①✵✂✂ ✑✂✆✤✕✖✂ ✚✛✜✂ ✥✂✝①✂✿

13.4 ❈❉ ❊❋● ❍■❏▲▼◆ ❖▲❋❍P◗ ❉▲ ❘■❙❚▼◆ ❯▲❱❲▲❘◗❊

❳❨❩❬ ❭❪ ❫❴ ❵❛❩❜❡❵❴ ❳❩❣❤❭✐❩❥❦ ❪❩❥ ❧❪ ❛❥♠ ♥♦♣ ❧❪ ♣q❩ ❪♣ r❩❥❵ s❤t❭ ❪♣ ♣❫❥ ✉❩❥✇

②③④⑤⑥ 13.12



✐�✁✂✄☎ ✆✝✞✟ ✝ ✐✠✡ ☛ ✝☞ ✌ ☛ ✝☎ ✍✎ 261

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-13\Chap-13 PM65

❧✏✑✒✓✔ ❧✓ ✕✖ ✗✒✘✙✚✑✒✓ ✏ ✛✒✓ ❢✜✢✣✤ ( prism) ✛❞ ✚✓ ❞✥ ✏✦ ✗✧ ★ ✛ ✗✩✑ ✪✫✛✒✬ ✭✓✮ ✯✒✓ ❧✒✓ ✏ ✛✒✓

♥✓✰✒✓ ✏ ✱✒✓ ✙ ✪✫✲✳ ✖❞ ✴✏ ❞✥ ✏✦ ✵✕ ❧ ✪✫✛✒✬ ✭✓✮ ✯✒✓ ❧ ✙ ✪✬✒✙ ✳✶ (pyramids) ✛❞✷✒✚✓ ❞✥ ✏✦✸ ✗✒✕★ ♥✓✰ ✒✓ ✏

✙ ✛ ✕ ✖ ✛✒✓ ✙✛❧ ✪✫✛✒✬ ✱✙ ✖ ✚ ✙✛✑✒ ✵ ✧✖✒✑✒✸ ✱✒ ✚✒ ❞ ✥✦

✹ ✺✻✼✽✾✼✿ ❀ ★ ✛ ❧✳✛✒✓ ❁✒ ✙❂✒ ❃✒❄✱ ABC ✙✱ ❧ ✛✒ ✛✒✓ ❁✒ B ❧✳✛✒✓ ❁✒ ❞✒✓ ❅ ✛✒❆ ✷✴✙✱★ ✦ ♥✒✓ ✖✒✓ ✏

✷ ✏✧ ❃✒❄✱✒ ✗✒✓ ✏ ✳✓ ✏ ❧✓ ✙ ✛❧✴ ★ ✛❅ ✳✒✖ ✷✴✙✱★ AB, ✭✓✮ ✗✖❄✙♥♦✒ ★ ✛ ✷ ✏✧✴ ✗✒✥✬ ✳✒✓❆✴ ✶✒✓✬✴

✙❇ ✪✛✒ ♥✴✙✱★ [♥✓✙✰✒★ ✗✒✘✙✚ ❈❉.❈❉(a)]✦ ✶✒✓✬✴ ✛✒✓ ♥✒✓ ✖✒✓ ✏ ❞ ✒❊✒✒✓ ✏ ❧✓ ✙❂ ✒❃✒❄✱ ✭✓✮ ♥✒✓ ✖✒✓ ✏ ✗✒✓✬ ❧✓

✪✛✶❋✓ ❞ ❄★ ❅ ✙❂ ✒❃✒❄✱ ✛✒✓ ✶✒✓✬✴ ✭✓✮ ✗✖❄✙♥♦✒ ✛✕● ✧✒✬ ❍✒❄ ✳✒✕★ ✦ ✗✒✪ ■✑✒ ♥✓✰ ✒✚✓ ❞ ✥ ✏❏ ✱ ✧ ✙❂ ✒ ❃✒❄✱

✶✒✓✬✴ ✭✓✮ ✗✖❄✙♥♦✒ ❍ ✒▼ ✳ ✬❞✒ ❞ ✥ ❅ ✚✒✓ ✱ ✒✓ ✭❞ ✗✒✘✙ ✚ ✧✖✒ ✬ ❞✒ ❞✥ ❅ ■ ✑✒ ✗✒ ✪ ❑ ❧✓ ✪❞❇ ✒ ✖✚✓ ❞✥ ✏

[♥✓ ✙✰ ✒★ ✗✒✘✙ ✚ ❈❉.❈❉(b)]❏ ■✑✒ ✗✒ ✪✛✒✓ ✕ ❧ ✧✒✚ ✛✴ ✑✒♥ ✙♥✷✒ ✚✴ ❞✥ ✙✛ ✕❧✴ ✗✒ ✛✒✬ ✭✓✮

★ ✛ ▲✒✓ ❆✓ ✧✚● ✖ ✵ ✪✒❂ ✒✸ ✳✓ ✏ ❃✒✬✴ ✗✒ ✪✖✓ ✛❃✒✴ ✗✒✕ ❧◆✴ ✳ ✰ ✒✒✕● ❊✒✴ [♥✓✙✰ ✒★ ✗✒✘✙ ✚ ❈❉.❈❉ (c)

✗✒✥✬ (d)] ❏

✈ ❖ P ◗ ❘ 13.13

✑❞ ✗✒✘✙✚ ★ ✛ ②❙❚ ❯ ❱❲❳❨❩ ❬❳❙❯ ❭❪ (right circular cone)

✛❞✷✒ ✚✴ ❞✥✦ ✗✒✘✙ ✚ ❈❉.❈❉(c) ✳✓ ✏ ✙ ✧✩♥❄ A ✕ ❧ ✷ ❜ ✧ ✭❫❴✒✴✑

♦✒ ✏✭❄✮ ✛✒ ❬❳❨❵❳❛ (vertex) ✛❞ ✷✒ ✚✒ ❞ ✥ ❅ AB ✕ ❧ ✛✴ ➴❝❡❳❣❛

✛❞✷✒ ✚✴ ❞ ✥ ✗✒✥✬ BC ✗✒❤✒✬ ✛✴ ❢❥❳✣ ❩❳ ✛❞✷✒ ✚✴ ❞✥✦ AC

✕ ❧ ♦ ✒✏✭❄✮ ✛✴ ❢❦ ❩❛♠ ➴❝ ❡❳ ❣❛ (slant height) ✛❞✷✒ ✚✴ ❞✥✦

✑❞ ✒♣ B ✭❫❴ ✒✴✑ ✗✒ ❤✒✬ ✛✒ ✭ ✏✓✮ ♥✫ (centre) ❞✥ ✦ ♦✒ ✏✭❄✮ ✛✴

q♣ ❇✒✕● ❅ ✙❂ ✒ ✲✑✒ ✗✒✥✬ ✙ ✚✑● ✛ q♣❇✒✕● ✛✒✓ ✪✫✒✑r ◆✳♦✒r h, r

✗✒✥✬ l  ❧✓ s✑■ ✚ ✙ ✛✑✒ ✱ ✒✚✒ ❞ ✥✦ ★ ✛ ✧✒✬ ✪❄ ✖r ♥✓✰✒✓ ✏ ✙✛

✙ ✛❧ ✪✫✛✒✬ ✭✓✮ ♦✒ ✏✭❄✮ ✛✒✓ ❞ ✳ ✷✏✧ ✭❫❴ ✒✴✑ ♦✒ ✏✭❄✮ ✉t❨❙ ✛❞

❧✛✚✓ ❞✥ ✏✦ ✗✒ ✪ ✗✒✘✙✚ ❈❉.❈✇ ✛✒✓ ♥✓✙✰✒★ ✦ ✕ ✖✳✓ ✏ ✱✒✓ ✗✒✪ ✈ ❖P ◗ ❘ 13.14
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✬☎✆✝✞✟ ✠✡☛☎ ☞✌✡ ✌✍✆ ✝✡ ✎✆✏ ✝✑✒☎✓✔ ✬☎✆✝✞✟ ✕✌✓✆ ✌✍✆✖ (a) ❡✡✆✗ ✬☎✓✘☎✙ ✚☎✡ ✛☎✜☎☞ ✝✡✟ ✝✆✡✟✠✢ ✣✡ ✤❡✎☎✕✡ ✝☎✎✓

☞✡☛☎☎ ✛☎✜☎☞ ❥☞ ✎✆✏ ✕✌✓✆ ✌✍ ✛☎✍☞ (b) ❡✡✆✗ ✛☎✜☎☞ ✝✑✒☎✓✔ ✕✌✓✆ ✌✍✖

t✍✣☎ ✤✚ ✏✡✎✕ ✚✓ ✤✥✦☎✤✧ ❡✡✆ ✦☎☎✗ t✏ ✧✚ ✛★✔✦☎☎ ✕ ✚✌☎ t☎✩✗ ✪✬☎✆✝✞✟✫ ✣✡ ✌❡☎☞☎ ✧☎✭❥✔✙

✎✆✏ ✝✑✒☎✓✔ ✪✬☎✆✝✞✟✫ ✣✡ ✌✓ ✌☎✡②☎✖

❢✮✯✰✱✲✰✳ ✴ (i) ✩✚ ✣☎❥✟ ✏✕✡ ✌✞✩ ✚☎②t ✝✡✟ ✬☎✆✝✞✟ ✚☎✡ ✵✣✝✡✟ ✬☎✓✘☎✙ ✣✡ t☎✕✡ ✝☎✎✓ ✤✚✣✓

❍☎✞t☎ ✔☎ ✤✚✕☎☞✡ ✝✡✟ ✛✕✞✤✠✬☎ ✚☎✤✶✩ ✤t✣❡✡✆ ✚☎✡✷✙ ✛✤✧✸✔☎✤❥✚✧☎ ✕ ✌☎✡ ✧✦☎☎ ☛☎☎✡✎ ✚☞ ✠✡✤☛☎✩

✤✚ ✤✚✣ ✛☎✚☎☞ ✝✡✟ ✚☎②t ✣✡ ✬☎✆✝✞✟ ✚☎ ❥✑✘✹ ✏✕☎ ✦☎☎✖ ✺✤t✣ ❍☎✞t☎ ✔☎ ✤✚✕☎☞✡ ✝✡✟ ✛✕✞✤✠✬☎

✛☎❥ ✬☎✆✝✞✟ ✚☎✡ ✚☎✶✡✆②✡ ✝✌ ✵✣✚✓ ✻✼✽✾✿ ❀❁❂❃❄✾ ✌☎✡②✓ ✤t✣✡ l ✣✡ ✸✔❧✧ ✤✚✔☎ t☎✧☎ ✌✍✖❅ ☛☎☎✡✎☎

✌✞✛☎ ✚☎②t ✛☎❥✚☎✡ ✩✚ ②☎✡✎ ✝✡✟✚ ✝✡✟ ❍☎☎② ✚✓ ✧☞✌ ✤✠☛☎☎✷✙ ✠✡②☎✖

(ii) ✔✤✠ ✛☎❥ ✵✕ ❍☎✞t☎✛☎✡✆✗ ✤t✕✝✡✟ ✤✣☞☎✡✆ ❥☞ A ✛☎✍☞ B ✛✆✤✚✧ ✌✍✗ ✚☎✡ ❡☎✡✈❆ ✚☞ ✤❡✎☎ ✎✡✆✗

✧☎✡ ✛☎❥ ✠✡☛☎✡✆②✡ ✤✚ ✛☎r✤✧ ❇❈❉❇❊ (c) ✚☎ ✝✤Ø✧ ❍☎☎② ✬☎✆✝✞✟ ✚☎ ✝✑✒☎✓✔ ✛☎è☎☎☞ ✏✕☎✧☎ ✌✍✖

❋●■❏❑ 13.15

(iii) ✔✤✠ ✛☎r✤✧ ❇❈.❇❊ (c) ❡✡✆ ✤✠✩ ✚☎②t ✚☎✡ O ✣✡ t☎✧✓ ✌✞✷✙ ☞✡☛☎☎✛☎✡✆ ▲☎☞☎ ✣✍✚✈❆☎✡✆

◆☎✡✶✡▼◆☎✡✶✡ ✶✞✚✈❆☎✡✆ ❡✡✆ ✤✝❍☎☎✤t✧ ✚☞ ✤✎✔☎ t☎✩✗ ✧☎✡ ✔✡ ✚✶✡ ✌✞✩ ❍☎☎② ✎②❍☎② ✤❖☎❍☎✞t ✝✡✟

✛☎✚☎☞☎✡✆ ✝✡✟ ✌✍✆ ✛☎✍☞ ✷✕❡✡✆ ✣✡ ❥✢✭✔✡✚ ✚✓ P◗❘☎✷✙ ✬☎✆✝✞✟ ✚✓ ✤✧✔✙✚ P◗❘☎✷✙ l ✝✡✟ ✏☞☎✏☞ ✌✍✖

(iv) ✛✏ ❥✢✭✔✡✚ ✤❖☎❍☎✞t ✚☎ ❙☎✡❖☎❥✟✎ =
1

2
 × ❥✢✭✔✡✚ ✤❖☎❍☎✞t ✚☎ ✛☎✜☎☞ × l

✛✧❚✗ ❥❯☞✡ ✚☎②t ✚☎ ❙☎✡❖☎❥✟✎

= ✣❍☎✓ ✤❖☎❍☎✞t☎✡✆ ✝✡✟ ❙☎✡❖☎❥✟✎☎✡✆ ✚☎ ✔☎✡②

= 1 2 3

1 1 1

2 2 2
b l b l b l❱ ❱ ❱ ❲  = ❳ ❨1 2 3

1

2
l b b b❩ ❩ ❩❬
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=
1

2
 × l × [✈✏✑✒✓  ✶✔.✶✕(c) ❞✖ ✗✘✙✖ ✚✒✛✓ ✗✒✙✜✖✢✏ ❞✖ ✣✤✥✏✦✧]

(♣✘★✒❞ b
1
 + b

2
 + b

3
 + . . . ✒✢✣❞✙ ✦✜ ✈✏✑✒✓ ✚❢✩ ✚✒✛✓ ✪✏✏✫ ❞✏❢ ✥✬✏✓❢ ✭✮✤)

✗✙✯✓✰ ✦✜ ✚✒✛✓ ✪✏✏✫ ✜❢ ✱✏✤✚✰✩ ❞✏ ✈✏✲✏✙ ✥✬✓✏ ✭✮✳

✜✏❧✏ ✭✖✴ ✦✜ ✈✏✲✏✙ ❞✖ ✗✒✙✒✲ = ✷✵r, t✭✏★ r ✈✏✲✏✙ ❞✖ ✒✸✏✹✺✏ ✭✮✳

✦✜✒✣❜✴ ✻✼✽✾✿❀ ❁✼ ✾❂ ❃❄❅❆❇❈ ❉✼❊❋✼❃❀● =
1

2
 × l  × 2✵✵r = ✵✵rl

t✭✏★ r ✈✏✲✏✙ ❞✖ ✒✸✏✹✺✏ ✭✮ ✈✏✮✙ l ✒✓✺✧❞ ❍★♣✏✦✧ ✭✮✤✳

è✺✏✬ ■✖✒t❜ ✒❞ l❏ = r❏ + h❏ ✭✏❢✓✏ ✭✮✴ ✒t✜❢ ✭✢ ✈✏✑✒✓ ✶✔.✶❑ ✜❢

■❢♥✏ ✜❞✓❢ ✭✮✤ ▲✗✏✦❧✏✏✫✏❢✙✜ ✗▼✢❢✺ ✜❢◆✳ ✺✭✏★ h ✱✏✤✚✰✩ ❞✖ ❍★♣✏✦✧ ✭✮✳

✈✓❖✴ l = 2 2
r hP  ✭✏❢✫✏✳

✈✥ ✺✒■ ✱✏✤✚✰✩ ✚❢✩ ✈✏✲✏✙ ❞✏❢ ✥✤■ ✙♥✏✏ t✏✓✏ ✭✮✴ ✓✏❢ ◗❞✬❢ ✚❢✩ ✒✣❜ r ✒✸✏✹✺✏ ✚✏✣❢ ❜❞

✚♦❘✏✏❞✏✙ ❞✏✫t ✚❢✩ ❙✰❞❚❯❢ ❞✖ ✈✏✚✱✺❞✓✏ ✈✏✮✙ ✭✏❢✫✖✳ ✦✜❞✏ ❱✏❢✸✏✗✩✣ ❲✗❳❙✓❖ ✵r❏ ✭✮✳

✦✜✒✣❜✴ ✻✼✽✾✿❀ ❁✼ ✾✿❀● ❃❄❅❆❇❈ ❉✼❊❋✼❃❀● = ✵✵rl  + ✵✵r2 = ✵✵r(l + r)

♠❨✼❩❬❭✼ 4 ❪ ❜❞ ✣✤✥ ✚♦❘✏✖✺ ✱✏✤✚✰✩ ❞✏ ✚✛ ✗♦❳❫✖✺ ❱✏❢✸✏✗✩✣ ❴✏✓ ❞✖✒t❜✴ ✒t✜❞✖ ✒✓✺✧❞

❍★♣✏✦✧ 10 cm ✭✮ ✈✏✮✙ ✈✏✲✏✙ ❞✖ ✒✸✏✹✺✏ ❣ cm ✭✮✳

❩● ❪ ✚✛ ✗♦❳❫✖✺ ❱✏❢✸✏✗✩✣ =  ✵rl

=
22

7
 × ❣ × ✶❵ cm2

= ✷✷❵ cm2

♠❨✼❩❬❭✼ 5 ❪ ❜❞ ✱✏✤✚✰✩ ❞✖ ❍★♣✏✦✧ 16 cm ✭✮ ✈✏✮✙ ✈✏✲✏✙ ❞✖ ✒✸✏✹✺✏ 12 cm ✭✮✳ ✦✜ ✱✏✤✚✰✩

❞✏ ✚✛ ✗♦❳❫✖✺ ❱✏❢✸✏✗✩✣ ❴✏✓ ❞✖✒t❜✳ (✵ = ✔.✶❛ ❞✏ ✗▼✺✏❢✫ ❞✖✒t❜)

❩● ❪ ✺✭✏★✴ h = 16 cm ✈✏✮✙  r = 12cm ✭✮✳

✦✜✒✣❜✴ l❏ = h❏ + r❏  ✜❢ ✭✢❢✤ ✗▼✏❝✓ ✭✏❢✓✏ ✭✮ ❖

l = 2 2
16 12P  cm = ✷❵ cm

❡❤❥❦q 13.16
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✈☎✆✝ ✞✟ ✠✡☛☞✌✍ ✎✏✑✒✏✠✓✔ = ✕rl

= ✸.✶✖ × ✶✗ × ✗✷ cm2

= ✼✘✸ .✻ cm2

❧✏✙✏ ✚✌✝ ✞✛✓✔ ✠✡☛☞✌✍ ✎✏✑✒✏✠✓✔ = ✕rl + ✕r✜

= (✼✘✸.✻ + ✸.✶✖  × ✶✗ × ✶✗) cm2

= (✼✘✸.✻ + ✖✘✗.✶✻) cm2

= ✶✗✷✘.✼✻  cm2

♠✢✣✤✥✦✣ 6 ✪ ✱✧ ★✏✛✩✫✩✏ ✞✛✓✬✭✞✛✓✬ ✮✏✯✞✛✓ ✰✲❧✑ ✈✏✧✏✳ ✧✏ ✚✲

✴✵✑✹✺✏✱ ✈✏✽✹☎ ✶✸.✶✼) ✹✰❧✧✑ ❧❢❧✑ ✾✏✲✿❀✑ ✹❧✳✑ ✧✌ ✹✒✏❁✍✏

✗❂✶ cm ✚✲ ✈✏✲✳ ❃❧✧✌ ✔❄❢✏❃❅ ✴❆❇✾✏❃❅❈ ✗✷ cm ✚✲❉ ✍✹✵ ★✏✛✩✫✩✑

✞✑✓ ✠♦❊✍✑✧ ✶ cm2 ✠✡☛☞ ✠✳ ✈✏✲❧☎❋ ✾✏✳ ✵✏❋✑✯ ✚✏✑✯✝ ☎✏✑ ●✏☎ ✧✌✹✰✱

✹✧ ✠❍✳✑ ★✏✛✩✫✩✑ ✠✳ ✞✛✓✔ ✹✧☎❋✑ ✵✏❋✑✯ ✚✏✑✯■✑❏.

✤❣ ✪ ✾❍❇✹✧ ★✏✛✩✫✩✑ ✞✑✓ ✵✏❋✑✯ ♣❧✞✑✓ ✞✟ ✠✡☛☞ ✠✳ ✚✌ ✚✏✑☎✑ ✚✲✯✝ ❃❧✹✔✱ ✚❑✑✯ ✵✏❋✏✑✯ ✧✌ ❧✯✺✍✏ ●✏☎

✧✳❋✑ ✞✑✓ ✹✔✱ ★✏✛✩✫✩✑ ✞✑✓ ✞✟ ✠✡☛☞✌✍ ✎✏✑✒✏✠✓✔ ✧✏✑ ●✏☎ ✧✳❋✏ ✚✏✑■✏❉ ✍✚✏❇ ✚❑✑✯ ✮✏✯✞✛✓ ✧✌ ❆❇✾✏❃❅

✵✌ ✚✲❉ ❃❧✹✔✱✝ ✚❑✑✯ ✠✚✔✑ ✮✏✯✞✛✓ ✧✌ ✹☎✍❅✧ ❆❇✾✏❃❅ ●✏☎ ✧✳❋✌ ✠✿❀✑■✌❉

✈❢✝ l = 2 2
r h▲  = 2 2

(2.1) 20▲  cm

= 404.41  cm = ✗✷.✶✶ cm

✈☎✆✝ ★✏✛✩✫✩✑ ✧✏ ✞✟ ✠✡☛☞✌✍ ✎✏✑✒✏✠✓✔ = ✕rl

=
22

7
 × ✗.✶ × ✗✷.✶✶ cm2 = ✶✸✗.✼✗✻ cm 2 = ✶✸✗.✼✸ cm2 ✴✔■★✏■❈

✈☎✆ ✶ cm 2 ✎✏✑✒✏✠✓✔ ✠✳ ✵✏❋✏✑✯ ✧✌ ❧✯✺✍✏ = ✖

❃❧✹✔✱✝ ✠❍✳✑ ★✏✛✩✫✩✑ ✠✳ ✞✛✓✔ ✵✏❋✏✑✯ ✧✌ ❧✯✺✍✏ = ✶✸✗.✼✸ × ✖ = ✘✸✷.▼✗ = ✘✸✶ ✴✔■★✏■❈

✈☎✆✝ ❃❧ ★✏✛✩✫✩✑ ✠✳ ✔■★✏■ ✘✸✶ ✵✏❋✑✯ ✚✏✑✯■✑❉

◆❖P◗❘ 13.17
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✏✑✒✓✔✕✖✗ 13.3

t✘ ✍✙ ☛ ✚☎ ✛ ✝✝ ✎ ✙ ✜ ✝ t ✝✢ ❪ ✣ =
22

7
 ✡ ✄ ②t✢✤

1. ✱✙ ❞✝✥✦ ✧✠ ✦✞✠ ☛ ✝★✝✌ ✙ ✝ ✩☎ ✝✪ ✫✬✭✮ cm ✜ ☞ ☛ ✝☞ ✌ ✯ ✪✙✄ ②✍☎ ✰✙ ✲✳✴ ✝✯ ✰ ✫✬ cm ✜ ☞✤ ✯ ✪✙ ✝

✦♦ ✐�✁ ✂✄☎ ✆✝✞✟ ✝✐✠✡ ✵ ✝✍ ✙ ✄②t✢✤

2. ✱✙ ❞ ✝✥✦✧✠ ✙ ✝ ✦ ✧✠✡ ✐�✁ ✂✄☎ ✆✝✞✟ ✝✐✠✡ ✵ ✝✍ ✙ ✄ ②t✢✶ ②t✪✙ ✄ ②✍☎ ✰✙ ✲ ✳✴ ✝✯ ✰ ✷ ✫ m ✜ ☞ ☛ ✝☞ ✌

☛ ✝★✝ ✌ ✙ ✝ ✩☎ ✝✪ ✷ ✈ m ✜ ☞✤

3. ✢✙ ❞ ✝✥✦ ✧✠ ✙ ✝ ✦♦ ✐ �✁✂✄☎ ✆✝✞✟ ✝ ✐✠✡ ✸✬✹ cm 2 ✜☞ ☛✝☞ ✌ ✯ ✪✙✄ ②✍☎ ✰✙ ✲✳ ✴ ✝✯ ✰ ✫✈ cm ✜ ☞✤ ✵ ✝✍

✙✄ ②t✢ ✺

(i) ☛ ✝★✝ ✌ ✙ ✄ ②✟ ✝✻☎ ✝ (ii) ❞ ✝✥✦ ✧✠ ✙ ✝ ✦ ✧✠✡ ✐�✁ ✂✄☎ ✆✝✞✟ ✝✐✠✡

4. ❞ ✝✥✦ ✧✠ ✦✞✠ ☛ ✝✙ ✝✌ ✙ ✝ ✢✙ ✍✥✘✼ ✫ ✬ m ✲✳✴ ✝ ✜☞ ☛ ✝☞ ✌ ✽ ✪✦✞✠ ☛ ✝★✝✌ ✙ ✄ ②✟ ✝✻☎ ✝ ✷ ✈ m ✜ ☞✤ ✵ ✝✍

✙✄ ②t✢ ✺

(i) ✍✥✘ ✼ ✙ ✄ ②✍☎ ✰✙ ✲✳✴ ✝✯✰

(ii) ✍✥✘✼ r✞ ✥ ✡ ✾✞ ✦✞✠ ✎✦ ✝✪ (canvas) ✙✄ ✡ ✝✾ ✍✶ ☎ ②✿ ✫ m2 ✦✞ ✠✎ ✦✝✪ ✙✄ ✡ ✝✾ ✍ ❀✬ ❁ ✐✢ ✜ ☞✤

5. ✹ m ✲✳✴ ✝✯✰ ☛ ✝☞ ✌ ☛ ✝ ★✝✌ ✙ ✄ ②✟ ✝✻☎ ✝ ❂ m ✦ ✝✡ ✞ ✢✙ ❞✝ ✥✦✧✠ ✦✞✠ ☛ ✝✙ ✝✌ ✙ ✝ ✍✥✘ ✼ ✘✎✝✎✞ r✞ ✥

✸ m ✴ ✝☞ ❃❄✞ ②✍✌✐ ✝✡ ✙✄ ②✙ ✍✎✄ ✡ ✥✘✝ ✯✰ ✡✾✞✾ ✄❅ ☎✜ r✝✎ ✙ ✌ ✴ ②✡✢ ②✙ ✯ ✪✙✄ ②✪✡ ✝ ✯✰ ☛ ✝☞ ✌

✙ ❆✝✯ ✰ r✞ ✥ ✷ ✬ cm ②✍✌ ✐✝✡ ☛ ②✍②✌❇✍ ✡ ✾✞✾ ✝✤ (✣ = ✸.✫✈  ✙ ✝ ✐❈☎ ✝✞✾ ✙ ✄ ②t✢✤)

6. ❞ ✝✥✦ ✧✠ ✦✞✠ ☛ ✝★✝✌ ✙ ✄ ✢✙ ✾ ✧✥✘ t ✙✄ ②✍☎ ✰✙ ✲✳✴ ✝ ✯✰ ☛ ✝☞ ✌ ☛ ✝★✝✌ ✩☎ ✝✪ ♦ r❞ ✝✺ ✷✮ m ☛ ✝☞ ✌

✫✈ m ✜ ☞ ✥✤ ✯ ✪✙✄ ✦♦ ✐�✁ ✂ ✐✌ ✷ ✫✬ ❁✐✢ ✐❈②✍ ✫✬✬ m2 ✙✄ ✿ ✌ ✪✞ ✪ ✐✞✠✿✄ ✙ ✌✝✎✞ ✙ ✝ ✩☎☎

✵ ✝✍ ✙✄ ②t✢✤

7. ✢✙ t✝✞✙ ✌ ✙✄ ❆ ✝✞ ✐✄ ✢✙ ❞ ✝✥✦ ✧✠ ✦✞ ✠ ☛ ✝✙ ✝✌ ✙✄ ✜ ☞✶ ②t✪ ✦✞ ✠ ☛ ✝★✝✌ ✙✄ ②✟ ✝✻☎ ✝ ❀ cm ☛✝☞ ✌

✲✳ ✴ ✝✯ ✰ ✷ ✈ cm ✜ ☞✤ ✯✪✄ ✐❈✙ ✝ ✌ ✙✄ ✫ ✬ ❆✝✞ ②✐☎ ✝✳ ✘✎✝✎✞ ✙ ✞ ②✡ ✢ ☛ ✝✦❞☎ ✙ ✾ ❉ ✝✞ ✙ ✝ ✆✝✞✟ ✝✐✠✡

✵ ✝✍ ✙✄ ②t✢✤

8. ②✙ ✪✄ ✘✪ ❢❆ ✝✐ ✙ ✝✞ ✐✧✌✝✎✞ ✾ ❉✝✞ ✪✞ ✘ ✎✞ ✮ ✬ ❊✝✝✞ ❊✝✡ ✞ ❞ ✝✥✦ ✧✠☛ ✝✞ ✥ ❋ ✝✌✝ ✪ ❃❄✙ ✪✞ ☛✡✾ ②✙☎ ✝ ✜ ✧☛ ✝

✜ ☞✤ ✐❈❣☎ ✞✙ ❞ ✝✥✦ ✧✠ ✦✞ ✠ ☛✝ ★✝✌ ✙ ✝ ✩☎ ✝ ✪ ✈✬ cm ✜☞ ☛ ✝☞ ✌ ✲ ✳✴ ✝✯ ✰ ✫ m ✜ ☞✤ ☎ ②✿ ✯ ✎ ❞ ✝✥✦ ✧✠☛ ✝✞ ✥ ✙✄

✘✝✜ ✌✄ ✐�✁ ✂✝✞ ✥ ✙ ✝✞ ✐✞ ✥ ❆ ✙ ✌✦✝ ✎✝ ✜ ☞ ☛ ✝☞ ✌ ✐✞ ✥❆ ✙✄ ✿ ✌ ✫✷ ❁✐✢ ✐❈②✍ m2 ✜ ☞✶ ✍✝✞ ✯✎✙ ✝✞ ✐✞ ✥❆ ✙ ✌ ✝✎✞

r✞ ✥ ②✙ ✍✎✄ ✡ ✝✾ ✍ ☛ ✝✢✾✄ ❅ (✣ = ✸.✫✈ ☛ ✝☞ ✌ 1.04  = ✫.✬✷ ✙ ✝ ✐❈☎ ✝✞✾ ✙✄ ②t✢✤)

13.5 ① ●❍ ■❍ ❏● ❑ ▲▼◆ ❖P ◗●❍❘ ●❑ ❙ ■

✱❚ ❯❱❲❳❱ (sphere) ❨❩❱ ❬❱❲❭❱ ❬❫❴ ❨❩❱ ❩ ❬ ✱ ❚ ❵❛❜❱ ❚❝ ❭❡❬ ❬ ❝ ❬❫❴ ❨❩❱ ❤❱❥ ✱ ❚ ❚❱❯❦

❥ ❡ ❵❛❜❱ ❧❱ ❝♠♥ ♣ ❚❭❲ ❬❫ ♠❴ ❬❱q ❪ ❤❱❥ ❧❱❝♠♥ ♣ ❚❭❲ ❬❫ ♠❪ ❨❩❱ ❲♠s❚ ❩ ❬ ✱ ❚ ✉ ♠✇ ♣ ③❭❳ ❤ ❱④s❭ ❬❫
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❢☎✆✝✞ ✟✠✡☛☞✝ ❢✌✍✎✏ ✑✝ ❢✒❢✓✔✕ ❢✌✍✎✏ ✖❢☎✆☞ ✗✘✙✞ ✝✞ ✗✍☞✚✎✠ ✝✛✕☞ ✛✜✍✢ ✆☞ ✑✝ ❢✒❢✓✔✕ ✎✣✤✥

✟✤ ✤✛✕✞ ✛✜ ✖❢☎✆☞ ✗✘✙✞ ✝✥ ✦✧★✩✪★ ✝✛✕☞ ✛✜✍✢❞ ✫✌ ☛❢✎ ✫✞✟ ✑✝ ✗✘✙✞✞✝✞✤ ✔✝✕✥ (disc) ✗☞✚

✑✝ ✱☛✞✆ ✗☞✚ ✫✒✏❢✎✓✞ ✑✝ ✬✞☞✤✥ ❢✔✟✝✞ ✎☞✍ ✫✞✜✤ ✭✆☞ ✗✜✆☞ ✛✥ ✮✞✏✯✞✑✰ ☎✜✆☞ ✫✞✟✒☞ ❢✟✲✳☞

✫✒✏✈✲☞✎ ✯☞✍ ❢✴✞✵✞✏☎ ✝✞☞ ✮✞✏✯✞☛✞ ✶✞✞✷ ✕✞☞ ✫✞✟ ✑✝ ✒☛✞ ✸✞☞✆ ✎☞✹✞☞✍✺☞ ✖✎☞❢✹✞✑ ✫✞✻❢✕ ✼✽✾✼✿✢❞

☛✛ ❢✝✆ ✗❀✕✏ ✆☞ ❢✯✳✕✞❁☎✏✳✕✞ ✳✺✕✞ ✛✜❂ ✑✝ ✺✍☞✎❂ ✛✞✰✷ ✑☞✆✞ ✛✥ ✛✜❞ ☛✛ ✑✝ ❃❄❅❆❄
(sphere) ✝✛✳✞✕✞ ✛✜❞

❇❈❉❊❋ 13.18

●☛✞ ✫✞✟ ✫✒✏✯✞✒ ✳✺✞ ✆✝✕☞ ✛✜✍ ❢✝ ❍✆ ✗✘✙✞ ✗☞✚ ✗✍☞✚✎✠ ✝✞ ●☛✞ ✛✞☞✕✞ ✛✜ ❢☎✆☞ ✫✞✟✒☞

✮✞✏✯✞☛✞ ✛✜❞ ❢✒■✆✍✎☞✛✷ ☛✛ ✺✞☞✳☞ ✝✞ ✗✍☞✚✎✠ ✵✞✥ ✛✞☞ ☎✞✕✞ ✛✜❞ ✭✆ ✟✠✝✞✤✷ ❏★❑▲★ ▼◆ ✦✧★✦❖P◗✪

❘★❙✦❚ (three dimensional figure) ✖❯★❑❱ ❘★❙✦❚✢ ❲❳❨ ❩★❑ ❘★◆★❬★ ✖❭❪❑❱✢ (space) P❑❡

✦❭❫★❚ ❴❵ ❱❛★◗ ✦❜❡❝❣❘★❑❡ ❱❑ ✦P▲ ◆❤ ❜❵◗ ❲❳ ❩★❑ ▼◆ ✦❵✦❬✐❚ ✦❜❡❝❣ ❱❑ ✖❩★❑ ❏★❑▲❑ ◆★ ❖❑t❥❝❦

◆❲▲★❚★ ❲❳✢ ❱❑ ▼◆ ❧♠♥ ✪★ ✦❵✦❬✐❚ ❝♦❤◗ ❪❤ ❲★❑❚❑ ❲❳❡ ✖❩★❑ ❏★❑▲❑ ◆◗ ♣qrs✉r ◆❲▲★❚◗ ❲❳✢❞

✇②③④⑤❄⑥ ⑦ ✺✞☞✳✞ ✑✝ ✺☞✍✎ ✝✥ ✟✘⑧✸ ✝✥ ✕✤✛ ✛✞☞✕✞ ✛✜❞ ❯★❑❱ ❏★❑▲★ ❍✆ ✸✞☞✆ ✗☞✚ ❢✳✑ ✟✠☛✞☞✺

✛✞☞✕✞ ✛✜ ❢☎✆✝✞ ✟✘⑧✸ ✑✝ ✺✞☞✳✞ ✛✞☞❞

✇⑨⑩❄❶❆❄④ ⑦ ●☛✞ ✫✞✟ ✝✵✞✥ ✳❷❸❷✣ ✗☞✚ ✆✞✶✞ ✹✞☞✳☞ ✛✜✍ ☛✞ ✝✵✞✥ ✫✞✟✒☞ ❢✝✆✥ ✱☛❢●✕ ✝✞☞

✳❷❸❷✣ ✗☞✚ ✆✞✶✞ ✹✞☞✳✕☞ ✎☞✹✞✞ ✛✜❂ ✫✞✟ ☛✛ ☎✞✒✕☞ ✛✞☞✍✺☞ ❢✝ ❍✆ ✟✤ ✬✞☞✤✥ ❢✝✆ ✟✠✝✞✤ ✳✟☞❷✥

☎✞✕✥ ✛✜❞ ✫✌ ✫✞✭✑ ✑✝ ✤✌✤ ✝✥ ✺✍☞✎ ✳☞✍ ✫✞✜✤ ❍✆✗☞✚ ❹✟✤ ✑✝ ✝✥✳ ✳✺✞ ✎☞✍❞ ✝✥✳ ✝✥

✆✛✞☛✕✞ ✳☞✕☞ ✛✏✑✷ ✺☞✍✎ ✟✤ ✬✞☞✤✥ ✳✟☞❷✒✞ ✟✠✞✤❺✵✞ ✝✤ ✎✥❢☎✑❞ ☎✌ ✫✞✟ ✑☞✆✞ ✝✤ ✤✛☞ ✛✞☞✍✷ ✕✞☞

✬✞☞✤✥ ✝✞☞ ✶✞✞✯☞ ✤✹✞✒☞ ✗☞✚ ❢✳✑✷ ✌✥✔❁✌✥✔ ✯☞✍ ❢✟✒ ✳✺✞✕☞ ✤❢✛✑ ✫✞✜✤ ✬✞☞✤✥ ✳✟☞❷✒✞ ✕✌ ✕✝

☎✞✤✥ ✤❢✹✞✑ ☎✌ ✕✝ ❢✝ ✟✣✤✥ ✺☞✍✎ ✟✤ ✬✞☞✤✥ ✒ ❢✳✟❷ ☎✞✑ [✎☞❢✹✞✑ ✫✞✻❢✕ ✼✽.✼❻(a)]❞ ✬✞☞✤✥

✟✤ ✟✠✞✤❢❺✵✞✝ ✫✞✜✤ ✫✍❢✕✯ ❢✌✍✎✏ ✫✍❢✝✕ ✝✤ ✳✥❢☎✑ ✫✞✜✤ ❼✥✤☞❁❼✥✤☞ ✺☞✍✎ ✆☞ ✬✞☞✤✥ ✝✞☞ ✛❷✞
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②✏✑✒✓✔ ✈✕ ✈✖✗✘ ✑✙✚✛✚✜ ✢✘ ✣✘✤✥ ✜✚ ✦✧✚✢ ★✚✖✗✘ ✩✘✪ ✑②✓ ✢✫✚✧✬✚ ✥✘✗✘ ✩✘✪ ✑②✓ ✜✑✫✓✔

❜✢✢✘ ✈✚✖✜✚✘ ✣✘✤✥ ✜✏ ✑✭✚✮✧✚ ✯✚✬ ✫✚✘ ✒✚✓✣✏✔ ❜✢✩✘✪ ✕✚✥✰ ✜✚✣✒ ✖✱ ✣✘✤✥ ✜✏ ✑✭✚✮✧✚ ✩✘✪ ✕✱✚✕✱

♣✚✱ ✩✲✳✚ ✴✚✏✤♣ ②✏✑✒✓✔ ✈✕ ✒✚✘ ✵✚✘✱✏ ✈✚✖✗✘ ✣✘✤✥ ✖✱ ②✖✘✶✏ ✷✚✏ ✸✢✏ ✜✚✘ ✓✜✹✓✜ ✜✱✩✘✪

❜✗ ✩✲✳✚✚✘✤ ✖✱ ✱✴✚✜✱ ✩✲✳✚✚✘✤ ✜✚✘ ✺✚✑✱✓ [✥✘✑✴✚✓ ✈✚♥✑✬ ✻✼ .✻✽(b)]✔

✾✿❀❁❂ 13.19

❜✗ ✢✕✢✘ ✈✚✖✜✚✘ ❃✧✚ ✖❄✚❅✬ ✫✚✘✬✚ ✫❆❇

✩✫ ✵✚✘✱✏ ✑✒✢✗✘ ✓✜ ✣✚✘②✘ ✩✘✪ ✖✲♦❈ ✜✚✘ ✖❉✱✚✹✖❉✱✚ ❊✜ ✑✥✧✚ ✷✚✚ ✈✕ ✸✢✏ ✣✚✘②✘ ✜✏ ✑✭✚✮✧✚

✩✚②✘ ♣✚✱ ✩✲✳✚✚✘✤ ✩✘✪ ✛✚✘✭✚✚✘✤ ✜✚✘ ✺✚✱ ✱✫✏ ✫❆✔ ❜✢✜✚ ❃✧✚ ✈✷✚❋ ✫●✈✚❇ ❜✢✢✘ ✧✫ ✢●❍✚✩ ✑★②✬✚

✫❆ ✑✜ ✑✭✚✮✧✚ r ✩✚②✘ ✓✜ ✣✚✘②✘ ✜✚ ✖✲♦❈✏✧ ✛✚✘✭✚✖✪②

= ✑✭✚✮✧✚ r ✩✚②✘ ♣✚✱ ✩✲✳✚✚✘✤ ✜✚ ✛✚✘✭✚✖✪②  = ■ × (❏ r❑)

❜✢✑②✓✰ ①▲▼◆▼ ❖▲ P◗❘❙❚❯ ❱▲▼❲▲P❳◆ = 4 ❏❏ r2

✒✫✚t r ✣✚✘②✘ ✜✏ ✑✭✚✮✧✚ ✫❆✔

✣✚✘②✘ ✩✘✪ ✖✲♦❈ ✖✱ ✈✚✖ ✑✜✬✗✘ ✖✪②✜ ✥✘✴✚✬✘ ✫❆✤❇ ✩✘✪✩② ✓✜✔ ✧✫ ✩❨✏✧ ✫❆✔

✈✚❜✓ ✓✜ ❈✚✘✢ ✣✚✘②✚ ②✘✤ ✈✚❆✱ ❜✢✘ ✕✏♣ ✢✘ ❜✢✩✘✪ ✩✤✘✪✥❄ ✢✘ ✒✚✬✘

✫●✓ ✓✜ ✬② ❣✚✱✚ ✥✚✘ ✺✚✚✣✚✘✤ ★✘✤ ✜✚✶ ②✘✤✔ ✣✚✘②✘ ✜✚ ❃✧✚ ✫✚✘✬✚ ✫❆❇

✧✫ ✥✚✘ ✕✱✚✕✱ ✺✚✚✣✚✘✤ ★✘✤ ✑✩✺✚✚✑✒✬ ✫✚✘ ✣✧✚ ✫❆ (✥✘✑✴✚✓ ✈✚♥✑✬ ✻✼.❩❬)✔

✖❄❭✧✘✜ ✈✚❪✚ ✺✚✚✣ ❃✧✚ ✜✫②✚✬✚ ✫❆ ✧✫ ✓✜ ❫❴❵①▲▼◆▲

(hemisphere) ✜✫②✚✬✚ ✫❆ (❃✧✚✘✤✑✜ hemi ✜✚ ✈✷✚❋ ✈✚❪✚ ✫❆✔)✔
✾✿❀❁❂ 13.20
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✈☎✆✝✞✟✠✟ ✡✟☛ ☞✌✍✎ ✡✟☛ ✏✞✑✟ ✒✟✓ ✈✞☞ ✔✕✞ ✖✗ ✘✖✙✟ ✗✚✓✛ ✜✘✡✟☛ ✢✖✙✣✟ ☞☛✠✖ ✗✚✓✛

♥✞✟✤✥ ✜✣✒✟✓ ✦✖ ✡✧★✕ ✗✚ ✈✞✚✑ ✦✖ ✘✒✙✠ ☞☛✠✖ ✗✚ ✩✈✞☎✞✑✪✫

✈✬✞✆✝✞✟✠✟ ✖✞ ✡✧ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠ ✝✞✟✠✟ ✡✟☛ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠ ✖✞ ✈✞☎✞✥ ✈✯✞✞✆✙✰
1

2
 × ✹✱r✷  ✗✚✫

✈✙✲✥ ✳✴✵✶✸✺✻✺ ✼✸ ✽✾ ✿❀❁❂❃❄ ❅✸✺❆✸✿❇✻ = 2✱✱r2

t✗✞❈ r ♠✘ ✝✞✟✠✟ ✖★ ✢✮✞❉✕✞ ✗✚ ✢t✘✖✞ ✈☎✆✝✞✟✠✞ ✦✖ ❊✞✞✝ ✗✚✫

✈✏ ♥✞✟✣✞✟✓ ☞☛✠✖✞✟✓ ✖✞✟ ✠✟✣✟ ☞✑✥ ✜✘✖✞ ✡❋☛✠ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠ = ●✱r✷  + ✱r✷ ✗✚✫

✈✙✲✥ ✳✴✵✶✸✺✻✺ ✼✸ ✽❍❇✻ ✿❀❁❂❃❄ ❅✸✺❆✸✿❇✻ = 3✱✱r2

■❏✸❑▲▼✸ 7 ◆ ❖ cm ✢✮✞❉✕✞ ✡✞✠✟ ✦✖ ✝✞✟✠✟ ✖✞ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠ P✞✙ ✖★✢t✦✫

❑✻ ◆ ❖ cm ✢✮✞❉✕✞ ✡✞✠✟ ✝✞✟✠✟ ✖✞ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠

= ✹✱r✷ = ✹ ×
22

7
 × ❖ × ❖ cm2 = ◗❘◗ cm2

■❏✸❑▲▼✸ 8 ◆ ✢✮✞❉✕✞ ●❘ cm ✡✞✠✟ ✦✖ ✈☎✆✝✞✟✠✟ ✡✟☛ ✢✠✦✥ P✞✙ ✖★✢t✦✲

(i) ✡✧ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠ (ii) ✡❋☛✠ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠

❑✻ ◆ (i) ✢✮✞❉✕✞ ●❘ cm ✡✞✠✟ ✈☎✆✝✞✟✠✟ ✖✞ ✡✧ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠

= ●✱r✷ = ● ×
22

7
 × ●❘ × ●❘ cm2 = ●❖❖● cm2

(ii) ✈☎✆✝✞✟✠✟ ✖✞ ✡❋☛✠ ☞✌✍✎★✕ ✭✞✟✮✞☞☛✠

= ❙✱r✷ = ❙ ×
22

7
 × ●❘ × ●❘ cm2 = ✹❘❚❯ cm2

■❏✸❑▲▼✸ 9 ◆ ✘✡✆☛✘ ✖✞ ✦✖ ✒✞✟❧✑✘✞✜✢✖✠ ✘✡✞✑ ✢t✘ ❱✞✞✟❱✞✠✟ ✝✞✟✠✟ ✡✟☛ ✈✓♥✑ ✈☞✣✟ ✖✑✙✏

✩❱✞✟✠✪ ✢♥❱✞✞✙✞ ✗✚ ♠✘✖✞ ❢✕✞✘ ❖ m ✗✚✫ ✒✞✟❧✑✘✞✜✢✖✠ ✘✡✞✑ ✡✟☛ ☞✞✘ ✕✟ ✖✑✙✏ ✢♥❱✞✞✣✟ ✡✟☛

✢✠✦ ✢✖✙✣✞ ✭✞✟✮✞☞☛✠ ♠☞✠❲☎ ✗✚✛

❑✻ ◆ ✝✞✟✠✟ ✖✞ ❢✕✞✘ = ❖ m ✗✚✫ ✜✘✢✠✦ ✢✮✞❉✕✞ ❙❳❚m ✗❋✜✆✫ ✈✏✥ ✖✑✙✏ ✢♥❱✞✞✣✟ ✡✟☛ ✢✠✦✥



✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ ☛✝☞✌ ☛✝☎✍✎ 269

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-13\Chap-13 PM65

❡✏✑✒✓✔✏✕✖✗✘ ✔✙✏✓ ✗✏✑ ✚✛✘✜✢ ✣✤✏✏✥ ✕✔ ✦✏✑✘✑ ✗✏ ✛✧★✩✪✫ ✬✏✑✭✏✛✮✘ ✯✰✱

✦✏✑✘✑ ✗✏ ✛✧★✩✪✫ ✬✏✑✭✏✛✮✘ = ✲✳r✷ = ✲ ×
22

7
 × ✸.✺ × ✸.✺ m2 = ✶✺✲ m2

♠✴✵✹✻✼✵ 10 ✽ ✖✗✔✪ ❢✏✙✥ ✗✏ ✾✛✓✪ ❢✏✏✦ ✿✢❀✦✏✑✘✏✗✏✓ ✯✰ ✿✏✰✓ ✕✔ ✛✓ ✛✑❁✒ ✖✗✫✏ ❂✏✥✏ ✯✰

❃❄✑✖❅✏❆ ✿✏❇✖❈ ✶✸❉❊✶❋✱ ✫✖❄ ✕✔ ✿✢❀✦✏✑✘✑ ✙✑✮ ✿✏✢✏✓ ✗✪ ✛✖✓✖✢ ✶●❉❍ m ✯✰■ ❈✏✑ ✺ ❏✛❆

✛❑✖❈ ✶▲▲ cm2 ✗✪ ❄✓ ✔✑ ✕✔✑ ✛✑❁✒ ✗✓✏✥✑ ✗✏ ▼✫✫ ◆✏❈ ✗✪✖❂❆✱

✹❣ ✽ ♣❖P✖✗ ✙✑✮✙✘ ✦✏✑✘✏✗✏✓ ✛✧★✩ ✛✓ ✯✪ ✛✑❁✒ ✯✏✑✦✏■ ✕✔✖✘❆ ✯❡✑❁ ✿✢❀✦✏✑✘✑ ✙✑✮ ✙◗ ✛✧★✩✪✫

✬✏✑✭✏✛✮✘ ✗✏✑ ◆✏❈ ✗✓✥✑ ✗✪ ✿✏✙④✫✗❈✏ ✯✰✱

✿✈■ ✿✏✢✏✓ ✗✪ ✛✖✓✖✢ = ✶●.❍ m ✯✰✱

✕✔✖✘❆■ ❊✳r = ✶● .❍

✿✤✏✏❀❈❘■ r =
17.6 7

2 22
 m = ❊.❙ m

✕✔✖✘❆■ ❢✏✙✥ ✗✏ ✙◗ ✛✧★✩✪✫ ✬✏✑✭✏✛✮✘ = ❊✳r✷

= ❊ ×
22

7
 × ❊.❙ × ❊.❙ m2

= ✲❚ .❊❙ m2

✿✈■ ✶▲▲ cm 2 ✛✑❁✖✒❁✦ ✗✪ ✘✏✦❈ = ✺ ❏✛❆

✕✔✖✘❆■ ✶m2 ✛✑❁✖✒❁✦ ✗✪ ✘✏✦❈ = ✺▲▲ ❏✛❆

✿❈❯■ ✲❚❉❊❙ m2 ✛✑❁✖✒❁✦ ✗✪ ✘✏✦❈ = ✺▲▲ × ✲❚.❊❙ ❏✛❆ = ❊✲❍✲▲ ❏✛❆

❱❲❳❨❩❬❭❪ 13.4

t❫ ✍❴ ☛❵☎❛✝✝ ✎ ❴❜✝ t✝❝❞ ❤ =
22

7
 ✡✄②t❝❥

1. ②✎❦✎ ②✟✝❧☎✝ ♥✝✡✞ ♦✝✞✡✞ ❴✝ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ q✝✍ ❴✄②t❝ r

(i) s✉.✇ cm (ii) ✇.①  cm (iii) s③  cm

2. ②✎❦✎ ⑤☎✝⑥ ♥✝✡✞ ♦✝✞✡✞ ❴✝ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ q✝✍ ❴✄②t❝ r

(i) s③ cm (ii) ⑦s cm (iii) ⑧ .✇ m

⑨⑩❶❷❸ 13.21
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3. ✶☎ cm �✥✂✆✝✂ ✞✂✟✠ ✡☛ ☞✌✍①✂✠✟✠ ☛✂ ✞✎✏✟ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟ ✗✂✄ ☛✕�✘✡✙ (✚ = ✸ .✶✛ ✟✕�✘✡✙)

4. ✡☛ ①✂✠✟✂☛✂✱ ①✎✜✢✂✱✠ ✣✠✤ ✦✞✂ ✧✂✱★✠ ✑✱✩ ✪✫☛✕ �✥✂✆✝✂ ✼ cm ✫✠ ✶✛ cm ✦✂✠ ✘✂✄✕ ✦❣✙ ✬★ ✭✂✠★✂✠✤

�❢✮✂�✄✝✂✠✤ ✣✠✤✩ ①✎✜✢✂✱✠ ✞✠✏ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟✂✠✤ ☛✂ ☞★✎✑✂✄ ✗✂✄ ☛✕�✘✡✙

5. ✑✕✄✟ ✫✠ ✢★✠ ✡☛ ☞✌✍①✂✠✟✂☛✂✱ ☛✐✂✠✱✠ ☛✂ ☞✂✤✄�✱☛ ✯✝✂✫ ✶☎ .✺ cm ✦❣✙ ✶✰ ✲✑✡ ✑✳�✄

✶☎☎ cm2 ☛✕ ✭✱ ✫✠ ✬✫✞✠✏ ☞✂✤✄�✱☛ ✑✒✓✔ ✑✱ ☛✟✬✍ ☛✱✂★✠ ☛✂ ✯✝✝ ✗✂✄ ☛✕�✘✡✙

6. ✪✫ ①✂✠✟✠ ☛✕ �✥✂✆✝✂ ✗✂✄ ☛✕�✘✡ �✘✫☛✂ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟ ✶✺✛ cm 2 ✦❣✙

7. ♣✴✭✳✣✂ ☛✂ ✯✝✂✫ ✑✒✮✞✕ ✞✠✏ ✯✝✂✫ ☛✂ ✟①✧✂① ✡☛✵♣✂❣✮✂✂✬✍ ✦❣✙ ✬★ ✭✂✠★✂✠✤ ✞✠✏ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟✂✠✤

☛✂ ☞★✎✑✂✄ ✗✂✄ ☛✕�✘✡✙

8. ✡☛ ☞✌✍①✂✠✟✂☛✂✱ ☛✐✂✠✱✂ ☎.✷✺  cm ✣✂✠✐✕ ❢✐✕✟ ✫✠ ✢★✂ ✦❣✙ ✬✫ ☛✐✂✠✱✠ ☛✕ ☞✂✤✄�✱☛ �✥✂✆✝✂

✺ cm ✦❣✙ ☛✐✂✠✱✠ ☛✂ ✢✂✦✱✕ ✞✹ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟ ✗✂✄ ☛✕�✘✡✙

9. ✡☛ ✟✤✢ ✞✒✻✂✕✝ ✢✠✟★ �✥✂✆✝✂ r ✞✂✟✠ ✡☛ ①✂✠✟✠ ☛✂✠

✑✽✁✂✍✄✝✂ ✾✂✠✱✠ ✦✎✡ ✦❣ (✭✠�♥✂✡ ☞✂✞✒✏�✄ ✶✸.✷✷)✙ ✗✂✄ ☛✕�✘✡❑

(i) ①✂✠✟✠ ☛✂ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟

(ii) ✢✠✟★ ☛✂ ✞✹ ✑✒✓✔✕✝ ✖✂✠✥✂✑✏✟

(iii) ➴✑✱ (i) ☞✂❣✱  (ii) ✣✠✤ ✑✳✂❡✄ ✖✂✠✥✂✑✏✟✂✠✤ ☛✂ ☞★✎✑✂✄

13.6 ❄✿❀✿❁✿ ❂✿ ❃✿❅❆❀

✈❇❈ ❉❈❊❋● ❍■❇❇✈❇❏▲ ▼❏▲◆ ❖P◗❊ ✈❇❘❉❙❚❇❏▲ ❯❖❱❙P✈❇❏▲❲ ❖❏◗ ✈❇❚❙❳❇❏▲ (volumes) ❖❏◗ ♦❇❨❏ ▼❏▲ ❈❩❋❏

❩● ❈❬❭ ❪P❖❏◗ ❩❫▲❴ ✈❇❈❍❇❏ ❚❇❵ ❩❇❏❛❇ ❉❍ ❜❇❏❝ ❖❱❙P❞❤ ❱❥❇❇❳ ❦❇❏❨❙● ❩❫▲❴ ❧❝ ❦❇❏❨❏ ❛❞ ❱❥❇❇❳ ❖❏◗

▼❇❈ ❍❇❏ ♠❝ ❖❱❙P ❍❇ ❃✿❅❆❀ ❍❩❙❏ ❩❫▲❴

qrst✉✿✇ ② ❚❉❵ ❍❇❏❧③ ❖❱❙P ❜❇❏❝ ❩❫◆ ❙❇❏ ♠❝ ❖❱❙P ④❇❨❇ ❦❇❏❨❏ ❛❞ ❱❥❇❇❳ ❍❇❏ ▼❇❈❇ ⑤❇ ❝❍❙❇

❩❫ ✈❇❫❨ ♠❝ ▼❇❈ ❍❇❏ ❖❱❙P ❍❇ ❃✿❅❆❀ ❍❩❇ ⑤❇❙❇ ❩❫❴ ❵⑥❝❨● ✈❇❏❨◆ ❚❉❵ ❖❱❙P ⑦❇❇❏⑦❇❋● ❩❫◆

❙❇❏ ♠❝❍❇ ✈⑧❚▲❙❨ (interior) ❉❨⑨❙ ❩❇❏❙❇ ❩❫◆ ❉⑤❝❏ ❩❖❇ ❚❇ ❵⑩❖ ❝❏ ⑧❇❨❇ ⑤❇ ❝❍❙❇ ❩❫❴ ❚❩ ❵⑩❖

♠❝ ❖❱❙P ❯♦❙③❳❲ ❖❏◗ ✈❇❍❇❨ ❍❇ ❩❇❏ ⑤❇❙❇ ❩❫❴ ❧❝ ❉❱❥❇❉❙ ▼❏▲◆ ♦❙③❳ ❖❏◗ ✈⑧❚▲❙❨ ▼❏▲ ❯✈▲❵❨❲

❉⑤❙❳● ❖❱❙P ❯❚❇ ❵⑩❖❲ ⑧❇❨❇ ⑤❇❙❇ ❩❫ ❖❩ ♠❝❍● ❶❷❸❹❺❷ (capacity) ❍❩❋❇❙● ❩❫❴ ❵⑥❝❨❏ ❻❇❼❵❇❏▲

▼❏▲◆ ❉❍❝● ❖❱❙P ❍❇ ✈❇❚❙❳ ♠❝ ❖❱❙P ④❇❨❇ ❦❇❏❨❏ ❛❞ ❱❥❇❇❳ ❍● ▼❇❈ ❩❫ ✈❇❫❨ ❉❍❝● ❖❱❙P ❍●

❽❇❉❨❙❇ ♠❝ ❖❱❙P ❖❏◗ ✈⑧❚▲❙❨ ▼❏▲ ⑧❇❨❏ ⑤❇ ❝❍❳❏ ❖❇❋❏ ❵⑩❖ ❯❚❇ ✈❾❚ ❖❱❙P❲ ❍❇ ✈❇❚❙❳ ❩❫❴

❧❝❉❋❞ ❧❳ ❵❇❏❳❇❏▲ ❖❏◗ ❩● ▼❇❿❇❍ ❄✿❀ ➀✿➁✿❂ (cubic units) ❩❫▲❴

➂➃➄➅➆ 13.22
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❜✏✑✒✓ ✔✑✕ ✖✗ ✘✙✚✙✛✙ ✜✢✣ ✤✙✔✥✚ ✦✧ ★✙✥ ✦✩✢✪✫✢✬ ✥✙✢ ✭✏✦✙ ✤✮✙✯ ✭✏ ✘✙✚✙✛✙ ✰✙✩✙ ✘✙✢✩✢

✫✓ ①✮✙✙✚ ✜✢✣ ✗✙✱ ✏✢ ✖✙✢✫✙✲

✏✙✮✙ ✖✧✬ ❧✙✢✳✙✱✣✒ ✤✮✙✜✙ ✤✙✔✥✚ ✦✙✢ ✓✦ ❧✙✢✳✙ (region) ✜✢✣ ✱✑✩✗✙♦✙ ✜✢✣ ✴✱ ✗✢✪ ✗✙✱✙ ✵✙✥✙

✖❣✲ ❜✏✑✒✓✬ ✔✑✕ ✏✖✧ ✥✙❣✩ ✱✩ ✦✖✙ ✵✙✓✬ ✥✙✢ ✖✗ ✜✶✷✙✧✔ ❧✙✢✳✙ ✦✙ ❧✙✢✳✙✱✣✒ ✔✙ ✓✦ ✘✙✚✙✛✙✙✦✙✩

❧✙✢✳✙ ✦✙ ✤✙✔✥✚ ✔✙ ✓✦ ✫✙✢✒✙✦✙✩ ❧✙✢✳✙ ✦✙ ✤✙✔✥✚✬ ❜④✔✙✑✕ ✖✧ ✸✙✥ ✦✩ ✩✖✢ ✖✙✢✥✢ ✖❣✪✲ ✱✩✹✥✺

✏✩✒✥✙ ✜✢✣ ✑✒✓✬ ✱✻✙✔✼ ✖✗ ✔✖ ✦✖✙ ✦✩✥✢ ✖❣✪ ✑✦ ✜✶✷✙ ✦✙ ❧✙✢✳✙✱✣✒ ✸✙✥ ✦✧✑✵✓ ✔✙ ✓✦

✘✙✚✙✛✙ ✦✙ ✤✙✔✥✚ ✸✙✥ ✦✧✑✵✓ ✔✙ ✓✦ ✫✙✢✒✢ ✦✙ ✤✙✔✥✚ ✦✧✑✵✓✬ ❜④✔✙✑✕✲ ✔✢ ✜✢✣✜✒ ❜✚

❧✙✢✳✙✙✢✪ ✦✧ ✱✑✩✏✧✗✙✓✽ ✖✧ ✖❣✪✲

✈✾✿❀❁ 13.23

✤✙✜✶✣✑✥ ❂❃ .❄❃ ✦✙✢ ✕✢✑❞✙✓✲ ✗✙✚ ✒✧✑✵✓✬ ✖✗ ✦✖✥✢ ✖❣✪ ✑✦ ✱✻④✔✢✦ ✤✙✔✥ ✦✙ ❧✙✢✳✙✱✣✒

A ✖❣✬ ✑✵✏ ❅✽❆✙❜✯ ✥✦ ✤✙✔✥✙✢✪ ✦✙ ❇✢✩ ✒✫✙✔✙ ✫✔✙ ✖❣ ✜✖ h ✖❣ ✤✙❣✩ ✘✙✚✙✛✙ ✦✙ ✤✙✔✥✚ V

✖❣✲ ❈✔✙ ✤✙✱ ★✥✙ ✏✦✥✢ ✖❣✪ ✑✦ V, A ✤✙❣✩ h ✜✢✣ ★✧❆ ✗✢✪ ❈✔✙ ✏✪★✪❉ ✖✙✢✫✙❊

✱✻④✔✢✦ ✤✙✔✥ ✰✙✩✙ ✘✙✢✩✢ ✫✓ ❧✙✢✳✙ ✦✙ ❧✙✢✳✙✱✣✒ × ❅✽❆✙❜✯

= ✭✏ ✘✙✚✙✛✙ ✰✙✩✙ ✘✙✢✩✢ ✫✓ ❧✙✢✳✙ ✦✙ ✤✙✔✥✚♠✗✙✱❋

❜✏✑✒✓✬ ✖✗✢✪ A × h = V ✱✻✙●✥ ✖✙✢✥✙ ✖❣✲

✤✥✼✬ ❍■❏■❑■ ▲■ ▼■◆❖❏ = ▼■P■◗ ▲■ ❘■❙❚■❯❱❲ × ➴❳❨■❩❬ = ❲②❭■❩❬ × ❨■♣❪❫■❩❬ × ➴❳❨■❩❬

= l × b × h

✵✖✙✽  l, b ✤✙❣✩ h Ø✗❴✙✼ ✘✙✚✙✛✙ ✦✧ ✒✪★✙❜✯✬ ❆✙❣❵❛✙❜✯ ✤✙❣✩ ❅✽❆✙❜✯ ✖❣✪✲

❢❝❡❯❤■❥ ❦ ✵★ ✖✗ ✑✳✙✑✜✗✧✔ ✤✙✦✙❴✙ (space) ✗✢✪ ✘✙✢✩✢ ✫✓ ❧✙✢✳✙ ✜✢✣ ✱✑✩✗✙♦✙ ✦✙✢ ✗✙✱✥✢ ✖❣✪✬ ✤✮✙✙✯✥♥

q✙✢✏ ✰✙✩✙ ✘✙✢✩✢ ✫✓ ❧✙✢✳✙ ♠①✮✙✙✚❋ ✦✙✢ ✗✙✱✥✢ ✖❣✪✬ ✥✙✢ ✖✗ ✓✢✏✙ ✭✏ ❧✙✢✳✙ ✗✢✪ ✗✙✳✙✦ ✒✪★✙❜✯ ✜✢✣ ✘✙✚✙✢✪

✦✧ ✜✖ ✏✪❞✔✙ ✑✫✚✜✢✣ ✦✩✥✢ ✖❣✪ ✵✙✢ ✭✏✗✢✪ ✱r♦✙✯✥✔✙ ✏✗✙✓ ✵✙ ✏✦✥✢ ✖❣✪✲ ✤✥✼✬ ✤✙✔✥✚ ✦✙

✗✙✳✙✦ ♠✔✙ ✘✙✚ ❜✦✙❜✯❋ ✖✧ ✑✒✔✙ ✵✙✥✙ ✖❣✲
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❧☎✆☎ ✝✞✟ ❄✠✡ ☛✠ ☞✠✌✍✡ = ❢☛✡✠✎✠ × ❢☛✡✠✎✠ × ❢☛✡✠✎✠ = a3

t✝☎✏ a ✑☎✒ ✓☎ ✔✓✒☎✕☎ ✝✖ (♥✗✔✘☎✙ ✚☎✛✜✢✔✣ ✶✤.✷✥)❆

❜❧✔✦✙✟ ✧✔♥ ✙✓ ✑☎✒ ✓☎ ✔✓✒☎✕☎ ✶✷ cm ✝✖, ✣☎✗

♠❧✓☎ ✚☎✧✣✒ = ✶✷ × ✶✷ × ✶✷ cm3 = ✶★✷✩  cm3

✧☎♥ ✓✞✔t✙ ✔✓ ✚☎❀ ❜✒ ❧✪✫☎☎✗✬ ✛✗✢ ✭☎✕✗ ✮✗✬ ✔❀✯✦✞

✓❞☎☎✚☎✗✬ ✮✗✬ ❀✰✱ ✲✳✛✗✢ ✝✖✬❆ ✚☎❜✙ ❜✒✛✗✢ ❀✴✧☎✗✵ ✓☎✗ ✸❀✹✺

✓✕✒✗ ✛✗✢ ✔✦✙ ✛✳✢✯ ♠♥☎✝✕✻☎ ✦✗✬❆

✼✽✠✾✎✿✠ 11 ❁ ✙✓ ✘☎✳✦✗ ✮✖♥☎✒ ✮✗✬ ✶❂ m ✦✬✭✞ ✙✓ ♥✞✛☎✕ ✓☎ ✔✒✮☎②✻☎ ✔✓✧☎ t☎✒☎ ✆☎☎❆

♥✞✛☎✕ ✓✞ ❃✏✲☎❜② ✥ m ✝✖ ✚☎✖✕ ♠❧✓✞ ✮☎✗✺☎❜② ✷✥ cm ✝✖❆ ✧✔♥ ❜❧ ♥✞✛☎✕ ✓☎✗ ✷✥ cm ×

✶✷ cm × ✩ cm ✔✛✮☎✚☎✗✬ ✛☎✦✞ ❜❅✺☎✗✬ ❧✗ ✭✒☎✧☎ t☎✒☎ ✝✖✟ ✣☎✗ ❜❧✛✗✢ ✔✦✙ ✔✓✣✒✞ ❜❅✺☎✗✬ ✓✞

✚☎✛✈✧✓✣☎ ✝☎✗✵✞❇

✾❣ ❁ ✲✪✏✔✓ ♥✞✛☎✕ ♣☎✕☎ ✑☎✗✕☎ ✵✧☎ ✸✆☎☎✒ ❧❈☎✞ ❜❅✺☎✗✬ ♣☎✕☎ ✑☎✗✕✗ ✵✙ ✸✆☎☎✒ ✛✗✢ ✭✕☎✭✕ ✝☎✗✵☎✟ ❜❧✔✦✙

✚☎❜✙ ♥✞✛☎✕ ✓☎ ✚☎✧✣✒ ❉☎✣ ✓✕✗✬✟ t☎✗ ✙✓ ✑☎✒☎❈☎ ✝✖❆

✧✝☎✏✟ ✦✬✭☎❜② = ✶❂ m = ✶❂❂❂ cm✟

✮☎✗✺☎❜② = ✷✥ cm

✚☎✖✕ ❃✏✲☎❜②  = ✥ m = ✥❂❂ cm

✚✣❊✟ ♥✞✛☎✕ ✓☎ ✚☎✧✣✒ = ✦✬✭☎❜② × ✮☎✗✺☎❜② × ❃✏✲☎❜②

= ✶❂❂❂ × ✷✥ × ✥❂❂ cm3

✚✭ ❀✴❋✧✗✓ ❜❅✺ ✔✛✮☎✚☎✗✬ ✷✥ cm × ✶✷ cm × ✩ cm ✓☎ ✙✓ ✑☎✒☎❈☎ ✝✖❆

❜❧✔✦✙✟ ✙✓ ❜❅✺ ✓☎ ✚☎✧✣✒ = ✦✬✭☎❜② × ✲☎✖●✱☎❜② × ❃✏✲☎❜②

 = ✷✥ × ✶✷ × ✩ cm 3

✚✣❊✟ ✛☎✏✔✯✣ ❜❅✺☎✗✬ ✓✞ ❧✬✘✧☎ =
❍❤■❦❥ ❏❦ ❑❦▲r✉

▼❏ ◆❖ ❱ ❏❦ ❑❦▲r✉

=
1000 × 24 × 400

24× 12 × 8
 = ✥✶PP .P

❜❧✔✦✙✟ ♥✞✛☎✕ ✭✒☎✒✗ ✮✗✬ ✥✶P★ ❜❅✺✗✬ ✦✵✗✬✵✞❆

◗❘❙❚❯ 13.24
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♠✏✑ ✒✓✔✑ 12 ✪ ✱✕ ✖✗✘✙ ✚✙✛ ✜ ✢✣✙✤✕✙✥ ✦ ✧✥ ★✙✥✣ ✩ ✫✙ ✫✬✭ ✮✙✥ ✱✕

❄✙ ✜ ✛✥ ✯ ✰✙✕✙✩ ✛✥ ✯ ✫ ✬✦✲ ✳✧ ✜✥ ✴✜✧✥ ✰✙✛ ✵ ✯✶✷ ✸✹.✺✻ ❡✥ ✦ ✼✽✙✙✾ ✱

✰ ✜✈✧✙✩ ✱✕ ✿✙❀ ✘✙ ✖✜✙ ✶✣❁✙ ✫✬✲ ❂❃❅❁✥✕ ❄✙ ✜ ✕✙ ✶✕✜✙✩✙ ✹ cm

✫✬✲ ✳ ✧ ✖✗✘✥ ❣✙✩ ✙ ✖✜✙ ✱ ❆✱ ✿✙❀ ✘✥ ✕✙ ✰✙❁✷ ✜ ❇✙✷ ✕❈✶✮ ✱✲

✒ ❉ ✪ ❂❃❅❁✥✕ ❄✙ ✜ ✕✙ ✰✙❁✷ ✜ = ✶✕ ✜✙✩✙ × ✶✕ ✜✙✩ ✙ × ✶✕✜✙✩ ✙

 = ✹ × ✹ × ✹ cm3 = 27 cm 3

✿✙❀ ✘✥ ❡✥ ✦ ❄✙ ✜✙✥ ✦ ✕ ❈ ✧ ✦★❁✙ = ✸✻

✰✷ ❊ ✭ ✿✙❀ ✘✥ ✕✙ ✰ ✙❁✷ ✜ = ✺❋ × ✸✻ cm3 = ●❍ ✻ cm3

■❏❑▲▼◆❖P 13.5

1. ◗✝❘❙ ❚ ❯✄ ❘❱ ❲❳✄ ❨✞✠ ◗✝✐ ❩ cm × ❬.❭ cm  × ❪.❭ cm ❫☞ ❴❵ ❛✞ ❚✄ ❪❬ ❘❱ ❘❲❳☎ ✝✞ ❴ ❨ ✞✠ ❛❯ ✐☞❨✞✠ ❜

❯✝ ☛ ✝☎ ✍✎ ❞☎ ✝ ❫ ✝✞ ❝ ✝❢

2. ❛❯ ❤ ✝✎✝❥✝ ✝❯✝✌ ✐ ✝✎✄ ❯✄ ❜ ❴❯✄ ❦ m ✡ ❴❳✄❧ ❭ m ❙ ✝☞❱ ♥✄ ☛ ✝☞ ✌ ❩♦❭ m ❝❫ ✌✄ ❫ ☞❵ ♣ ❚ ◗✞ ❴ ❘❯✍✎✞

✡ ✄ ❜✌ ✐✝ ✎✄ ☛ ✝ ❚❯✍✝ ❫ ☞❢

(❪  m3 = ❪q qq l)

3. ❛❯ ❤✝✎✝❥✝✝❯✝✌ ❳✍r✎ ❪q m ✡ ❴❳✝ ☛ ✝☞ ✌ s m ❙ ✝☞❱♥ ✝ ❫☞❵ ♣ ❚ ❯✝✞ ❘❯✍✎✝ t✉❙ ✝ ❳✎✝☎ ✝ ✇ ✝❛ ❘❯ ♣ ❚◗✞ ❴

①sq ❤✝✎ ◗✄ ❜ ✌ ②③❨ ☛ ✝ ❚❨✞ ✠❢

4. s m ✡ ❴❳✝❧ ❦ m ❙ ✝☞ ❱♥ ✝ ☛ ✝☞ ✌ ① m ❝❫ ✌✝ ❛❯ ❤✝✎✝❥ ✝✝❯✝✌ ❝④⑤④ ✝ ⑥✝⑦②❨ ✝✎✞ ◗✞ ❴ ①q ⑧ ✐❛ ✐③❘✍

m3 ❯✄ ②✌ ❚✞ ❫ ✝✞ ✎✞ ❨ ✝✡ ✝ ⑨☎ ☎ ⑩ ✝✍ ❯✄❘✇ ❛❵

5. ❛❯ ❤✝✎✝❥ ✝✝❯✝✌ ❜❴❯✄ ❯✄ ❶ ✝❘✌✍✝ ❭ qqqq ✡ ✄ ❜✌ ✐✝✎✄ ❯✄ ❫ ☞❵ ☎ ❘② ♣ ❚ ❜❴❯✄ ❯✄ ✡ ❴❳✝♣ r ☛ ✝☞ ✌

❝❫ ✌✝♣ r ❷◗❸ ✝❹ ❬ ♦❭ m ☛ ✝☞ ✌ ❪q m ❫☞ ❴❧ ✍✝✞ ♣ ❚❯✄ ❙ ✝☞❱ ♥ ✝♣ r ⑩ ✝✍ ❯✄ ❘✇ ❛❵

6. ❛❯ ❝✝✉❨ ❘✇❚ ❯✄ ✇✎❚ ❴⑥☎ ✝ ❩q qq ❫ ☞❧ ❯✝✞ ✐③❘✍❘②✎ ✐③ ❘✍ ⑨☎ ❘❞ ✍ ❪❭q ✡ ✄ ❜✌ ✐ ✝✎✄ ❯✄

☛ ✝❨❸☎ ❯ ✍✝ ❫ ☞❵ ♣ ❚ ❝✝✉❨ ◗✞ ❴ ❬q m × ❪❭ m × ❦ m ◗✝✐✝✞ ❴ ❨ ✝✡ ✄ ❛❯ ❜ ❴❯✄ ❳✎✄ ❫ ⑦♣ r ❫ ☞❵ ♣ ❚ ❜❴❯✄

❯✝ ✐✝✎✄ ❨❫ ✝✉ ❘❯✍✎✞ ❘② ✎ ❨ ✞✠ ❘✡ ❛ ✐☎ ✝r❺ ✍ ❫ ✝✞ ❝✝❢

7. ❘❯❚✄ ❝✝✞ ②✝◗ ❯✄ ◗✝✐ ❩q m × ❬❭ m × ❪q  m ❫ ☞ ❴❵ ♣ ❚ ❝✝✞ ②✝◗ ◗✞ ❴ ❪.❭ m × ❪.❬❭ m × q.❭ m ❯✄

◗✝✐ ❨ ✝✡✞ ✡ ❯❱♥✄ ❨✞ ✠ ❘❯✍✎✞ ☛ ❘❶ ❯✍◗ ❨ ③✞✠ ❜ (crate) ✌⑥ ✝✞ ✇ ✝ ❚ ❯✍✞ ❫ ☞❴❢

8. ❪❬ cm ❥ ✝⑦✇✝ ❨ ✝✡✞ ❛❯ ✂✝✞ ❚ ❤ ✝✎ ❯✝✞ ❳✌✝❳ ✌ ☛ ✝☎ ✍✎ ❨ ✝✡ ✞ s ❤✝✎✝✞ ❴ ◗✞ ❴ ❯✝❜ ✝ ✇ ✝✍✝ ❫ ☞❵ ✎❛ ❤ ✝✎

❯✄ ❞☎ ✝ ❥✝⑦✇✝ ❫ ✝✞❝✄❢ ❚✝❻✝ ❫✄❧ ♣ ✎ ②✝✞ ✎✝✞ ❴ ❤✝✎✝✞❴ ❨✞✠ ✐�✁✂✄☎ ✆✝✞✟ ✝✐✠✡ ✝✞ ❴ ❯✝ ☛✎⑦✐✝✍ ❥✝✄ ⑩ ✝✍ ❯✄❘✇❛❵

9. ① m ❝❫ ✌✄ ☛ ✝☞ ✌ ❩q m ❙ ✝☞❱♥ ✄ ❛❯ ✎②✄ ❬ km ✐③❘✍ ❤✝❴❜ ✝ ❯✄ ❙ ✝✡ ❚✞ ❳❫ ❯ ✌ ❚◗⑦② ③ ◗✞ ❴ ❘❝✌✍✄

❫ ☞❵ ❛❯ ❘◗✎❜ ◗✞ ❴ ❚◗⑦② ③ ◗✞ ❴ ❘❯✍✎✝ ✐ ✝✎✄ ❘❝✌✞ ❝✝❢

❼ ❽ ❾ ❿ ➀ 13.25
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13.7 ❝☎✆✝ ✞✟ ✠✟✡☛✝

❣☞ ✌✍✎✏ ✑✒✓✍✔ ❣✕✖ ✗✘ ✙✕✚✍ ✚☞✏✛ ☞✏✜✏✍✖ ✓✍✔ ✢✏✣✤✏✍✖ ✘✏✍ ✥✘ ✓✍✔ ✦✜✧ ✥✘ ✧✎✏✘✧ ★✏✛✏✩✏ ✪✛✏✣✏

✙✏✤✏ ❣✕t ✫✚✬ ✜✭✘✏✧ ✚☞✏✛ ☞✏✜✏✍✖ ✓✍✔ ✓✮✯✏✏✍✖ ✘✏✍ ✥✘ ✓✍✔ ✦✜✧ ✥✘ ✧✎✏✘✧ ✥✘ ✪✍✰✛ ✪✛✏✣✏

✙✏ ✚✘✤✏ ❣✕✱ ✲✚✗✰✥t ✫✚✬ ✤✓✳✔ ✴✏✧✏ ✙✏✍ ❣☞✛✍ ★✏✛✏✩✏ ✓✍✔ ✗✰✥ ✗✌✣✏ ✵✏✏t ❣☞ ✘❣ ✚✘✤✍

❣✕✖ ✗✘ ✪✍✰✛ ✘✏ ✢✏✣✤✛t ✢✏✶✏✧ ✘✏ ✷✏✍✸✏✜✔✰ × ✦➴✑✏✲✳ ❣✏✍✤✏ ❣✕✱ ✢✵✏✏✳✤✹ ✣❣ ✢✏✣✤✛ ✓✮✯✏✬✣

✢✏✶✏✧ ✘✏ ✷✏✍✸✏✜✔✰ × ✦➴✑✏✲✳ = ✺r2h ❣✕✱

✲✚✗✰✥t ❝☎✆✝ ✞✟ ✠✟✡☛✝ = ✺✺r2h

✙❣✏➴ r ✢✏✶✏✧ ✘✬ ✗✸✏✈✣✏ ✢✏✕✧ h ✪✍✰✛ ✘✬ ✦➴✑✏✲✳ ❣✕✱

♠✻✟✼✽✾✟ 13 ✿ ✗✘✚✬ ☞✖✗✌✧ ✓✍✔ ✎✏✖✩✏✍ ✪✍✰✛✏✘✏✧ ❣✕✖ (✌✍✗✎✏✥

✢✏✓✮✔✗✤ ❀❁.❂❃)✱ ✣✗✌ ✜✭❆✣✍✘ ✎✏✖✩✏✍ ✘✏ ✢✏✶✏✧ ❂❄  cm

✗✸✏✈✣✏ ✘✏ ✥✘ ✓✮✯✏✬✣ ✷✏✍✸✏ ❣✕ ✢✏✕✧ ✦➴✑✏✲✳ ❀❄ m ❣✕t ✤✏✍ ✥✍✚✍

❀❅ ✎✏✖✩✏✍ ✪✛✏✛✍ ☞✍✖ ✗✘✤✛✍ ✓✖✔❇✬❈ ✗☞❉❊✏ ✘✬ ✢✏✓❋✣✘✤✏

❣✏✍●✬❍

✼✆ ✿ ✑♣➴✗✘ ✓✖✔❇✬❈ ✗☞❉❊✏ ✗✙✚✚✍ ✎✏✖✩✏✏ ✪✛✏✣✏ ✙✏✥●✏

✫✚ ✜♣✧✍ ✎✏✖✩✏✍ ✓✍✔ ■✵✏✏✛ ✘✏✍ ✩✏✧ ✌✍●✏t ✲✚✗✰✥ ❣☞✍✖ ✪✍✰✛✏✍✖

✓✍✔ ✢✏✣✤✛✏✍✖ ✘✏✍ ♦✏✤ ✘✧✛✍ ✘✬ ✢✏✓❋✣✘✤✏ ❣✕✱

✪✍✰✛ ✓✍✔ ✢✏✶✏✧ ✘✬ ✗✸✏✈✣✏ = ❂❄ cm

✪✍✰✛✏✘✏✧ ✎✏✖✩✏✍ ✘✬ ✦➴✑✏✲✳ = ❀❄ m = ❀❄❄❄ cm

✲✚✗✰✥t ✥✘ ✎✏✖✩✏✍ ✘✏ ✢✏✣✤✛ = ✺r❏h

=
22

20 20 1000
7
❑ ❑ ❑ cm3

=
8800000

7
 cm3

=
8.8

7
 m3 (❀❄❄❄❄❄❄ cm3 = ❀m3)

▲▼◆❖P 13.26
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✈r✪❪ ✶✏ ✑✒✓✔✒✒✓✕ ✖✒ ✈✒✗r✘ =
8.8

14
7

✙ m3

= ✶✚.✻ m3

❜✛✜✢✣❪ ✶✏ ✑✒✓✔✒✒✕✓ ✤✕✥ ✜✢✣ ✶✚.✻ m3 ✤✓✥♦✦✧ ✜★✩✫✒ ✖✦ ✈✒✤✬✗✖r✒ ✭✒✕✮✦✯

♠✰✱✲✳✴✱ 14 ✵ ❥★✷✒✘ ✤✕✥ ✣✖ ★✕✢✕ ★✕✓❪ ✔✒✒✕✸✗ ✹✺✒✼✒✒✕✽ ✤✕✥ ✣✖

▲✧✒✾✢ ✹❥ ✺✿✖✒✘✺✒❥ ✤✕✥ ✹✒✛ ✈✒❀✒❥ ✜❁✒✸✗✒ ✶❂ cm ✤✒✢✒ ✣✖

❝r❃✘ ✼✒✒ ✷✒✕ ❄❅ cm ✖✦ ❆❇❈✒❜❃ r✖ ✛✓r❥✕ ✤✕✥ ✷❉✛ ✛✕ ✔✒❥✒

✭✿✈✒ ✼✒✒✯ ✷❉✛ ✖✒✕ ❄ cm ✜❁✒✸✗✒ ✤✒✢✕ ❝✕✢✘✒✖✒❥ ✜✮✢✒✛✒✕✓ ★✕✓

❊ cm ❆❇❈✒❜❃ r✖ ✔✒❥ ✖❥ ❄ ❋ ✹●✜r ✜✮✢✒✛ ✖✦ ✺❥ ✛✕ ❝✕❈✒

✷✒r✒ ✭t ❍✺✕✜✑✒✣ ✈✒■✜r ✶❄❏❅✚❑✯ ✷❉✛ ✖✒✕ ✹❉❥✒ ❝✕❈✘✕ ✹❥

✺✿✖✒✘✺✒❥ ✖✒✕ ✤✿✥✢ ✜✖r✘✦ ❥✒✜✬✒ ✹●✒♥r ✭✿❜❃▼

✲❣ ✵ ❝◆❖✕ ❝r❃✘ ★✕✓ ✷❉✛ ✖✒ ✈✒✗r✘ = ❝✕✢✘✒✖✒❥ ❝r❃✘ ✖✒ ✈✒✗r✘

= PR◗H

(✷✭✒❇ R ✈✒t❥ H ♦★✬✒✪ ❝r❃✘ ✖✦ ✜❁✒✸✗✒ ✈✒t❥ ❆❇❈✒❜❃ ✭t✓ )

= P × ✶❂ × ✶❂ × ❄❅  cm3

❜✛✦ ✹●✖✒❥❪ ✣✖ ✜✮✢✒✛ ✷❉✛ ✖✒ ✈✒✗r✘ = Pr
◗
h

(✷✭✒❇ r ✈✒t❥ h ♦★✬✒✪ ✜✮✢✒✛ ✖✦ ✜❁✒✸✗✒ ✈✒t❥ ❆❇❈✒❜❃ ✭t✓)

= P × ❄ × ❄ × ❊ cm3

❜✛✜✢✣❪ ✷❉✛ ✤✕✥ ❝✕❈✕ ✮✣ ✜✮✢✒✛✒✕✓ ✖✦ ✛✓✑✗✒

=
❝r✘❃ ✖✒ ✈✒✗r✘

✣✖ ✜✮✢✒✛ ✖✒ ✈✒✗r✘

=
× 15 ×15 × 32

× 3 × 3 × 8

❘

❘

= ✶❙❙

✈r✪❪ ✺✿✖✒✘✺✒❥ ❚✒❥✒ ✹●✒♥r ✖✦ ✮❜❃ ❥✒✜✬✒ = ❄ ❋✹✣ × ✶❙❙

= ❄❙❙ ❋✹✣

❯❱❲❳❨ 13.27
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✐☎✆✝✞✟✠✡ 13.6

t☛ ✄☞ ✌✍✎✏✂✂ ✑ ☞✒✂ t✂✓✔  ✕ =
22

7
 ②✖�t✓✗

1. ✓☞ ☛✱②✑✂☞✂✘ ☛✄✙✑ ✚✱✛ ✌✂✜✂✘ ☞✖ ✢�✘�✜ ✣✤✥ cm ✌✂✦✘ ✧★☞✖ ✩✪✫✂✬✙ ✥✭ cm ✒✦✗ ✬★ ☛✄✙✑

❡✱✮ �☞✄✑✱ ②✖✯✘ ✢✂✑✖ ✌✂ ★☞✄✂ ✒✦✰ (✣✶✶✶ cm 3 = ✣②✖✯✘)

2. ②☞✲✳✖ ✚✱✛ ✓☞ ☛✱②✑✂☞✂✘ ✢✂✬✢ ☞✂ ✌✂✮✄�✘☞ ✴✎✂★ ✥✵ cm ✒✦ ✌✂✦✘ ☛✂✒✘✖ ✴✎✂★ ✥✷ cm

✒✦✗ ✬★ ✢✂✬✢ ☞✖ ②✮☛✂✬✙ ✤✭cm ✒✦✗ ✬★ ✢✂✬✢ ☞✂ ✸✹✴✎❡✂✑ ✺✂✄ ☞✖�t✓✔ ✎�✸ ✣cm 3 ②☞✲✳✖

☞✂ ✸✹✴✎❡✂✑ ✶❞✻ ①✹✂❡ ✒✦✗

3. ✓☞ ★✂✱✼✯ �✲✽✮☞ (soft drink) ✸✂✱ ✢✹☞✂✘ ✚✱✛ ✢✦☞✂✱✮ ❡✱✮ ✧✢②♥✜ ✒✦ ✾ – (i) ②✮☛✂✬✙ ✭ cm ✌✂✦✘ ✫✂✦✲✳✂✬✙

✵ cm ✚✂②✱ ✓☞ ✌✂✎✄✂☞✂✘ ✌✂✜✂✘ ☞✂ �✯✑ ☞✂ �✲♥☛✂ �t★☞✖ ✩✪✫✂✬✙ ✣✭ cm ✒✦ ✌✂✦✘

(ii) ✴✎✂★ ✿ cm ✚✂②✱ ✚❀❁✂✖✎ ✌✂✜✂✘ ✌✂✦✘ ✣✶ cm ✩✪✫✂✬✙ ✚✂②✂ ✓☞ ❂②✂�❃✯☞ ☞✂ ☛✱②✑✂☞✂✘

�✲♥☛✂✗ �☞★ �✲♥☛✱ ☞✖ ✜✂�✘✄✂ ✌�✜☞ ✒✦ ✌✂✦✘ �☞✄✑✖ ✌�✜☞ ✒✦✰

4. ✎�✸ ✓☞ ☛✱②✑ ☞✂ ✢✂❄✚✙ ✢❀❅❆✖✎ ❇✂✱❈✂✢✛② ❉✵.✥  cm2 ✒✦ ✌✂✦✘ ✧★☞✖ ✩✪✫✂✬✙ ✭ cm ✒✦✔ ✄✂✱ ✺✂✄

☞✖�t✓ ✾

(i) ✌✂✜✂✘ ☞✖ �❈✂✈✎✂ (ii) ☛✱②✑ ☞✂ ✌✂✎✄✑ (✕ = ✤ .✣✵ ②✖�t✓)

5. ✣✶ m ①✒✘✱ ✓☞ ☛✱②✑✂☞✂✘ ☛✄✙✑ ☞✖ ✌✂✮✄�✘☞ ✚❊ ✢❀❅❆ ☞✂✱ ✢✱✮✯ ☞✘✂✑✱ ☞✂ ✴✎✎ ✥✥✶✶ ❋✢✓

✒✦✗ ✎�✸ ✢✱✮✯ ☞✘✂✑✱ ☞✖ ✸✘ ✥✶ ❋✢✓ ✢✹�✄ m2 ✒✦✔ ✄✂✱ ✺✂✄ ☞✖�t✓ ✾

(i) ☛✄✙✑ ☞✂ ✌✂✮✄�✘☞ ✚❊ ✢❀❅❆✖✎ ❇✂✱❈✂✢✛②

(ii) ✌✂✜✂✘ ☞✖ �❈✂✈✎✂

(iii) ☛✄✙✑ ☞✖ ✜✂�✘✄✂

6. ✩✪✫✂✬✙ ✣ m ✚✂②✱ ✓☞ ☛✱②✑✂☞✂✘ ☛✄✙✑ ☞✖ ✜✂�✘✄✂ ✣✭.✵ ②✖✯✘ ✒✦✗ ✬★☞✂✱ ☛✑✂✑✱ ✚✱✛ �②✓

�☞✄✑✱ ✚①✙ ❡✖✯✘ ✜✂✄❢ ☞✖ ❄✂✖✯ ☞✖ ✌✂✚❄✎☞✄✂ ✒✂✱①✖✰

7. ★✖★✱ ☞✖ ✓☞ ✢✱✮�★② (lead pencil) ②☞✲✳✖ ✚✱✛ ✓☞ ☛✱②✑ ✚✱✛ ✌●✎✮✄✘ ❡✱✮ ①✹✱✢✛✂✬✯ (graphite)

★✱ ☛✑✱ ❆✂✱★ ☛✱②✑ ☞✂✱ ✲✂② ☞✘ ☛✑✂✬✙ ①✬✙ ✒✦✗ ✢✱✮�★② ☞✂ ✴✎✂★ ✿ mm ✒✦ ✌✂✦✘ ①✹✱✢✛✂✬✯ ☞✂

✴✎✂★ ✣ mm ✒✦✗ ✎�✸ ✢✱✮�★② ☞✖ ②✮☛✂✬✙ ✣✵ cm ✒✦✔ ✄✂✱ ②☞✲✳✖ ☞✂ ✌✂✎✄✑ ✌✂✦✘ ①✹✱✢✛✂✬✯ ☞✂

✌✂✎✄✑ ✺✂✄ ☞✖�t✓✗

8. ✓☞ ✌❃✢✄✂② (hospital) ✚✱✛ ✓☞ ✘✂✱①✖ ☞✂✱ ✢✹�✄�✸✑ ✿ cm ✴✎✂★ ✚✂②✱ ✓☞ ☛✱②✑✂☞✂✘ ☞✯✂✱✘✱

❡✱✮ ★❍✢ (soup) �✸✎✂ t✂✄✂ ✒✦✗ ✎�✸ ✎✒ ☞✯✂✱✘✂ ★❍✢ ★✱ ✵ cm ✩✪✫✂✬✙ ✄☞ ●✂✘✂ t✂✄✂ ✒✦✔ ✄✂✱

✬★ ✌❃✢✄✂② ❡✱✮ ✥✭✶ ✘✂✱�①✎✂✱✮ ✚✱✛ �②✓ ✢✹�✄�✸✑ �☞✄✑✂ ★❍✢ ✄✦✎✂✘ �☞✎✂ t✂✄✂ ✒✦✰
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13.8 ②✏✑ ✒✓✔✕✖✗ ✘✕✙✒✚✛ ✜✕ ✢✕✗✣✤

✈✥✦✧★ ✶✩✪✫✬ ✭✮✯✰ ✈✥✱ ✲✮✳✥★✮ ✴✵✯ ✧✷ ✸✹✭✮✯ ✺✷ ✴✻

✈✥✼✥✥✽ ✧✾✥✿❀✥ ❁✥❂✮ ✈✥✵✽ ✺✷ ✴✻ ❃❄❅✥✸❆ ❁✥❂✮ ❇✮❂❈ ✈✥✵✽

❉✥✯❁❊❋ ✧✲✺ ✴❊✺ ✴✵✯●

❢❍✗✕✜②✕■ ❏ ♠✱✽✥✮❑★ ✈✥✦✧★❀✥✮✯ ✷✻ ✴✻ ★✽✴✰ ✺✷ ✴✻ ✈✥▲✥✽ ✧✾✥✿❀✥ ✈✥✵✽ ✺✷ ✴✻ ❃❄❅✥✸❆

❁✥❂✥ ✺✷ ✳✥✥✮✳✥❂✥ ❇✮❂❈ ✈✥✵✽ ✺✷ ✳✥✥✮✳✥❂✥ ❉✥✯❁❊❋ ❇❈✥❈✮ ✷✥ ✱♦❀▼❈ ✷✻✧◆✺ ❖✲✮✧✳✥✺ ✈✥❁P❋✧★

✶✩✪✫✬◗● ✧✱❋✽ ✴✭ ✺✷ ✱♦❀✥✮❘ ❙✥✽✥ ❀✴ ❚✥★ ✷✽✮✯❘✮ ✧✷ ✺✷ ❉✥✯❁❊❋ ✷✥ ✈✥❀★❈ ❑❀✥ ✴✵●

✈✥✸✺ ✸✹ ✱♦❀✥✮❘ ✷✥✮ ✱♦✥✽❯❱✥ ✷✽✮✯●

❉✥✯❁❊❋ ✷✥✮ ✽✮★ ✹✮ ✺✷ ❇✥✽ ❃✱✽ ★✷ ❱✥✧✽✺ ✈✥✵✽ ✸✹ ✽✮★ ✷✥✮ ❇✮❂❈ ✭✮✯ ❲✥❂ ✲✻✧◆✺● ✴✭

✲✮✳✥★✮ ✴✵✯ ✧✷ ✸✹✹✮ ❇✮❂❈ ✷✥ ❁❊❋♥ ❱✥✥❘ ❱✥✽ ❘❀✥ ✴✵ ❳✲✮✧✳✥✺ ✈✥❁P❋✧★ ✶✩.✫❨ (a)➸●

✧✱❋✽ ✴✭ ✲❊❇✥✽✥ ❉✥✯❁❊❋ ✷✥✮ ✽✮★ ✹✮ ❱✥✽ ✷✽ ❇✮❂❈ ✭✮✯ ✽✮★ ✷✥✮ ❲✥❂ ✲✮★✮ ✴✵✯● ✴✭ ✲✮✳✥★✮ ✴✵✯

✧✷ ❇✮❂❈ ✈❱✥✻ ❱✥✻ ✱❩✽✥ ❈✴✻✯ ❱✥✽✥ ✴✵ [✲✮✧✳✥✺ ✈✥❁P❋✧★ ✶✩.✫❨(b)]●

✈❇ ❉✥✯❁❊❋ ✷✥✮ ★✻✹✽✻ ❇✥✽ ✽✮★ ✹✮ ❱✥✽ ✷✽ ❇✮❂❈ ✭✮✯ ❲✥✧❂✺● ✴✭ ✲✮✳✥★✮ ✴✵✯ ✧✷ ❇✮❂❈ ✱❩✽✥

✽✮★ ✹✮ ❱✥✽ ❘❀✥ ✴✵ [✲✮✧✳✥✺ ✈✥❁P❋✧★  ✶✩.✫❨(c)]●

❬❭❪❫❴ 13.29

❬❭❪❫❴ 13.28
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❜☎ ✆✝✞✟✠✡ ☎✠☛ ☞✌ ✍✎✏✑✏✟✒ ✍✎✑✟✓ ☎✑✔✠ ☞✕✖ ✍✑ ✔✗✎ ✘✟✖✙✚✛✜✟✠✖ ✑✟ ✜✟✞✔✎ ✢✠✓✎ ✙✠✛

✜✟✞✔✎ ✙✠✛ ✢✈✟✢✈ ☞✕✣ ❜☎✑✟ ✜✤✟✒ ☞✕ ✍✑ ✞✍✥ ✘✟✖✙✚✛ ✜✟✕✈ ✢✠✓✎ ✑✗ ✜✟✦✟✈ ✍✧✟★✞✟ ✩✑ ☞✗

☞✟✠ ✜✟✕✈ ❣✪✫✟❜✒ ✬✟✗ ✩✑ ☞✗ ☞✟✠☛ ✔✟✠ ✘✟✖✙✚✛ ✑✟ ✜✟✞✔✎ ✢✠✓✎ ✙✠✛ ✜✟✞✔✎ ✑✟ ✩✑✭✍✔☞✟❜✒ ☞✟✠✔✟

☞✕✣

✜✔✮☛ ✯✰✱✲✳✴ ✵✰ ✶✰✷✸✹ = 
1

3
✺✺r2h

t☞✟✪ r ✜✟✦✟✈ ✍✧✟★✞✟ ☞✕ ✜✟✕✈ h ✘✟✖✙✚✛ ✑✗ ❣✪✫✟❜✒ ☞✕✣

♠✻✰✼✽✾✰ 15 ✿ ✍✑☎✗ ✘✟✖✙✚✛ ✑✗ ❣✪✫✟❜✒ ✜✟✕✈ ✍✔✞✒✑ ❣✪✫✟❜✒ ❢✌✘✟✮ ❀❁ cm ✜✟✕✈ ❀❂ cm ☞✕✖✣

❜☎✑✟ ✜✟✞✔✎ ❃✟✔ ✑✗✍t✩✣

✼❄ ✿ l❅ = r❅  + h❅ ☎✠ ☞✌✠✖ ✆✝✟❧✔ ☞✟✠✔✟ ☞✕ ✮

r = 2 2 2 2
28 21 7 7cm cml h

✜✔✮☛ ✘✟✖✙✚✛ ✑✟ ✜✟✞✔✎ = 
1

3
✺r❅h =

1

3
 ×

22
7 7 7 7 21

7
❆ ❆ ❆  cm3

= ❇❈❉❊ cm 3

♠✻✰✼✽✾✰ 16 ✿ ✌✟✠✍✎✑✟ ✙✠✛ ✆✟☎ ✙✠✛✎✙✟☎ ✑✟ ✩✑ ❡✚✑❋●✟ ☞✕ ✍t☎✑✟ ❍✟✠✧✟✆✛✓ ❈❈❁ m2 ☞✕✣

✙☞ ❜☎☎✠ ❇ m ✜✟✦✟✈ ✍✧✟★✞✟ ✙✟✓✟ ✩✑ ✘✟✖✙✚✛ ✑✟ ✜✟✆✔✎ ✑✟ ✔✖✢■ ✢✎✙✟✔✗ ☞✕✣ ✞☞ ✌✟✎✔✠

☞✚✩ ✍✑ ✍☎✓✟❜✒ ✜✟✕✈ ✑❡✟❜✒ ✌✠✖ ✓✡✬✟✡ ❁ m2 ✙✠✛✎✙✟☎ ✎✏❡ ☞✚✜✟ ☞✟✠✡✟☛ ❜☎☎✠ ✢✎✟✩ t✟✎✠ ✙✟✓✠

✘✟✖✙✚✛ ✑✟ ✜✟✞✔✎ ❃✟✔ ✑✗✍t✩✣

✼❄ ✿ ✙✠✛✎✙✟☎ ✑✟ ❍✟✠✧✟✆✛✓ = ❈❈❁ m2 ☞✕ ✜✟✕✈ ❁ m2 ✙✠✛✎✙✟☎ ✍☎✓✟❜✒☛ ❜❏✞✟✍✥ ✌✠✖ ✎✏❡ ☞✟✠

t✟✔✟ ☞✕✣

✜✔✮☛ ✔✖✢■ ✙✠✛ ✍✓✩ ❑✆✓▲✦ ✙✠✛✎✙✟☎ = (❈❈❁ – ❁) m2 = ❈❈▼ m2

❜☎✍✓✩☛ ✔✖✢■ ✑✟ ✆◆✏❖✗✞ ❍✟✠✧✟✆✛✓ = ❈❈▼ m2

✜✢☛ ✔✖✢■ ✙✠✛ ✜✟✦✟✈ ✑✗ ✍✧✟★✞✟ = ❇ m

è✞✟✎ ✥✗✍t✩ ✍✑ ✔✖✢■ ✑✗ ✙✠✛✙✓ ✙❢ ✆◆✏❖ ☞✗ ☞✟✠✔✗ ☞✕ P✔✖✢■ ✙✠✛ ✆✛✘✟✒ ✑✟✠ ◗✑✟ ✎☞✗✖

t✟✔✟ ☞✕❘✣

✜✔✮☛ ✔✖✢■ ✑✟ ✙❢ ✆◆✏❖✗✞ ❍✟✠✧✟✆✛✓ = ❈❈▼ m2
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✈✏✑✑✒✓✔✕ ✖rl = ✺✺✗

❀✑✕
22

7
 × ✼ × l  = ✺✺✗

❀✑✕ l =
550

22
m = ✷✺ m

✈✘✕ l✙ = r✙ + h✙

❜✚✛✜✢✕ h = 2 2
l r✣  = 2 2

25 7 m 625 49 m 576 m✣ ✤ ✣ ✤

= ✷✥ m

✈✓✦✕ ✓✧✘★ ✩✑ ✈✑❀✓✪ = 
2 31 1 22

7 7 24 m
3 3 7

r h✫ ✤ ✬ ✬ ✬ ✬ = ✶✷✭✷ m3

✮✯✰✱✲✳✴✵ 13.7

t✸ ✍✹ ☛✻☎✽✝✝ ✎ ✹✾✝ t✝✿❁ ❂ = 
22

7
 ✡✄②t✿❃

1. ♠❄ ✡❅✸ ❆�❇✝✄☎ ❈✝❅❆❉✠ ✹✝ ☛✝☎✍✎ ❊✝✍ ✹✄②t✿❁ ②t❄✹✄

(i) ②✟✝❢☎✝ ❋  cm ☛✝☞✌ ●❍■✝❏❑ ▲ cm ✾☞❃ (ii) ②✟✝❢☎✝ ▼.◆ cm ☛✝☞✌ ●❍■✝❏❑ ❖P  cm ✾☞❃

2. ❈✝❅❆❉✠ ❆✞✠ ☛✝✹✝✌ ❆✞✠ ♠❄ ✸✍❑✎ ✹✄ ✡✄◗✌✝✞❅ ❘✞❅ ❙✝②✌✍✝ ❊✝✍ ✹✄②t✿ ②t❄✹✄

(i) ②✟✝❢☎✝ ▲ cm ☛✝☞✌ ②✍☎❑✹ ●❍■✝❏❑ P◆ cm ✾☞❃

(ii) ●❍■✝❏❑ ❖P cm ☛✝☞✌ ②✍☎❑✹ ●❍■✝❏❑ ❖▼ cm ✾☞❃

3. ✿✹ ❈✝❅❆❉✠ ✹✄ ●❍■✝❏❑ ❖◆ cm ✾☞❃ ☎②❚ ❏❄✹✝ ☛✝☎✍✎ ❖◆▲❯ cm3  ✾☞❁ ✍✝✞ ❏❄❆✞✠ ☛✝❙✝✌ ✹✄

②✟✝❢☎✝ ❊✝✍ ✹✄②t✿❃ (❂ = ▼.❖❱ ✐❲☎✝✞❳ ✹✄②t✿❃)

4. ☎②❚ ❨  cm ●❍■✝❏❑ ❆✝✡✞ ✿✹ ✡❅✸ ❆�❇✝✄☎ ❈✝❅❆❉✠ ✹✝ ☛✝☎✍✎  ❱❩  ❂  cm3  ✾☞❁ ✍✝✞ ❏❄❆✞✠ ☛✝❙✝✌

✹✝ ❞☎✝❄ ❊✝✍ ✹✄②t✿❃

5. ●✐✌✄ ❞☎✝❄ ▼.◆ m ❆✝✡✞ ❈✝❅❆❉✠ ❆✞✠ ☛✝✹✝✌ ✹✝ ✿✹ ❳❬❭❬✝ ❖P m ❳✾✌✝ ✾☞❃ ❏❄✹✄ ❙✝②✌✍✝

②✹✡✝✞✡✄◗✌✝✞❅ ❘✞❅ ②✹✍✎✄ ✾☞❪

6. ✿✹ ✡❅✸ ❆�❇✝✄☎ ❈✝❅❆❉✠ ✹✝ ☛✝☎✍✎ ❨❩◆❋ cm3 ✾☞❃ ☎②❚ ❏❄❆✞✠ ☛✝❙✝✌ ✹✝ ❞☎✝❄ P❩ cm ✾☞❁

✍✝✞ ❊✝✍ ✹✄②t✿ r

(i) ❈✝❅❆❉✠ ✹✄ ●❍■✝❏❑ (ii) ❈✝❅❆❉✠ ✹✄ ②✍☎❑✹ ●❍■✝❏❑

(iii) ❈✝❅❆❉✠ ✹✝ ❆❫ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡
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7. ❍✂ ☎✆✂ ✝✂ ✞✟ ✠ cm❪ ✡☛ cm ✝✂✥ ☞ ✡✌ cm ✍✂✎ ✞ ✏✑ ✒ ✓✑✂ ✞✁✂ �✔✂ ❍✂☎✆ ABC ✑✂ ✞ ❍✂☎✆ ✂ ✡☛ cm

✍ ✞♦ ✕� ☞✄ ✖✂☎ ✓✂ ✗✂ ✆ ✂✄✂ ✘✥ ✙ ✚✒ ✕ ✛✑✂ ☞ ✕ ✛✂ ✜✄ ✢✂ ✞✒ ✑✂ ✝✂ ✗✄✣ ✤✂✄ ✑✦�✆ ✏✙

8. ✗�❀ ✕ ✛✧ ✣ ★ ✍ ✞♦ �✔✂ ❍✂☎✆ ABC ✑✂ ✞ ✗� ❀ ❍✂☎✆ ✂ 5 cm ✍ ✞♦ ✕ � ☞✄ ✖ ✂☎ ✓✂ ✗✂ ✆✂ ✏❪ ✄✂ ✞ ✚✒ ✕ ✛✑✂ ☞ ✕ ✛✂ ✜✄

✢✂ ✞✒ ✑✂ ✝✂ ✗✄ ✣ ✤✂✄ ✑✦�✆ ✏✙ ✕ ✛✧✣✂ ✞✟ ★ ✝✂ ✥ ☞ ❇ ✓✞✟ ✕ ✛✂ ✜✄ � ✑✏ ① ✏ ❀✂ ✞✣✂ ✞✟ ✢✂ ✞✒✂ ✞✟ ✍✞♦ ✝✂ ✗✄ ✣✂ ✞✟ ✑✂

✝✣☎✕✂ ✄ ❍✂✦ ✤✂ ✄ ✑✦�✆ ✏✙

9. ① ✞✘ ✩✪ ✑✦ ✏✑ ✫✞ ☞✦ ✡✬✭✠ m ✮ ✗✂✒ ✝✂✥ ☞ ✯✪✰✂ ✚✱ ✌ m ✍✂✎ ✞ ✏✑ ✧✂ ✟ ✍☎♦ ✍ ✞♦ ✝✂ ✑✂ ☞ ✑✦ ✘ ✥ ✙ ✚✒ ✑✂

✝✂ ✗✄✣ ✤✂✄ ✑✦�✆ ✏✙ ✚✒ ✫✞☞✦ ✑✂ ✞ ✍✈✂✂✱ ✒ ✞ ✲✰✂ ✣✞ ✍ ✞♦ �✎ ✏ ✍ ✞♦ ✣✍✂ ✒ ✒ ✞ ✫✑✂ ✆✂ ✣✂ ✘ ✥ ✙ ✍✂ ✪�✳✄

✍ ✞♦ ✣✍✂✒ ✑✂ ✴✂ ✞✔✂✕♦✎ ✤✂✄ ✑✦�✆ ✏✙

13.9 ✵ ✶ ✷✸ ✷ ✹✶ ✺✶ ✻✼✽

✾ ✿❁❂ ✾ ❃ ❄❅❆ ✿❅❈ ❉❊ ❂ ❊ ❋✿❅●❅ ❊✿ ✾ ✿■❏❑ ▲▼◆❖ ❅ P✿◗✿ ❘ ✿❂ ❙ ◗❚ ●❅ ❉▲❉❯ ✿❱❑ ❉❲ ✿❳■ ✿✾ ✿❅❈ ▲ ✿●❅

❄✿❅ ■✿ ❏♥❑ ❋ ✿❅●❅ ●♥❉❘ ❂ ❙ ❉◗◆ ❨ ❂ ❊ ❃ ❏❩❑ ●♥❉❘❂ ❬ ❉❘ ❖▲❅◆ ✾ ❈❄❨ ❁❑ ❋ ✿❅●✿❅❈ ❊✿❅ ❭▲ ❅◆▲ ● ❂ ❊

❃ ✿❨ P ❅❈ ❂ ❊❝ ❨❆ ✿✿ ❘ ✿ ❖ ▲❅◆ ❙ ❖✿❫ ✿ ❚ ♥❬ ❂ ❊ ❃ ❴❵ ♥ ❑ ✿❛ ❄ (trough) ●♥❉❘ ❂ ❉❘ ❖P ❅❈ ❁❖ ❃ ❏❩❑ ❊✿❅

❨❆ ✿✿ ❘ ✿ ❖ ▲❅◆ ❙ ✾❃ ❃ ❏❩❑ ❊✿❅ ◗❥ ❨✿ ❜ ◗❨ ❏ ❊ ◗✿❑ ♥ ❖❅ ❯ ✿❉❨❂ [❄❅❉❆✿❂ ✾ ✿▲❞◆ ❉❏ ❡❢.❢❣(a)]❙

✾❃ ❉●❂ ❋❂ ❋✿❅●✿❅❈ P ❅❈ ❖❅ ❂ ❊ ❊✿❅ ❃ ❏❩❑ P❅❈ ❖✿▲❤✿❑ ♥◗❥ ▲❩ ❊ ❴✿❉●❂ ❙ ❃ ❏❩❑ P ❅❈ ❖❅ ▲✐◆❦

◗✿❑ ♥ ❃ ✿❚ ❨ ❉❑ ❊● ❊❨ ❧ ❖ ❑ ✿❛ ❄ P❅❈ ❘ ✿❂ ❋ ✿ ❉❘ ❖P ❅❈ ▲❚ ❃ ❏❩❑ ❨ ❆✿✿ ❚✐✾ ✿ ❚▼ [❄❅❉❆ ✿❂ ✾ ✿▲ ❞◆ ❉❏

❡❢.❢❣(b)]❙ ✾❃ ❑ ✿❛❄ P❅❈ ✾ ✿❂ ❁❖ ◗✿❑ ♥ ❊✿❅ ❖✿▲ ❤✿❑ ♥◗❥ ▲❩ ❊ ❂ ❊ ❑ ✿◗❑ ❅ ▲ ✿●❅ ❃ ❅ ●❑ ♠✾ ❫ ✿✿❩ ❏♣

✾ q ✿✿❈❉❊❏ ❃ ❅ ●❑ ✿❊✿❨ ❉❋ ●✿❖ (graduated cylindrical jar)➸ P ❅❈ ❴✿❉●❂ ❙ P✿❑ ●♥❉❘❂ ◗✿❑ ♥ P ❅❈

❴✐❃ ✿❂ ❋❂ ❋ ✿❅●❅ ❊♥ ❉❲✿❳■✿ r ❚▼ ❭✾ ✿◗ ❋ ✿❅●❅ ❊✿ r ■✿❖ P✿◗ ❊❨ ❧ ❖❊♥ ❉❲ ✿❳■ ✿ s ✿❏ ❊❨ ❖ ❊❏ ❅

❚▼ ❈❝❙ ✾❃
4

3
 tr3 ❊✿ P✿❑ ❉❑ ❊✿❉●❂ ❙ ✉ ■✿ ✾ ✿◗ ■❚ ◗✿❏❅ ❚▼ ❈ ❉❊ ■❚ P ✿❑ ❃ ❏❩❑ ❖ ❅ ❃ ✿❚ ❨ ❉❑ ❊●❅

◗✿❑ ♥ ▲ ❅◆ ✾ ✿■❏❑ ▲ ❅◆ ●❋❯ ✿❋ ❃ ❨✿❃ ❨ ❚ ▼✇

② ③ ④ ⑤ ⑥ 13.30
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✱✏ ✑✒✓ ✔✕✖✓ ✗✘✙ ✕✚✔✛✜✒ ✏✒✢ ✱✏ ✣✤✜ ✥✒✕ ✏✒ ✦✒✢✧✒ ✧✢✏✓ ★✒✢✩✓✒✗✱✪ ✗✘ ✦✒✢✧✢ ✏✙

✔❢✒✫✜✒ R ❑✒✬ ✏✓✭✢✖ 34
R

3
 ✏✒ ✥✒❞ ✔❞✏✒✔✧✱✪ ✱✏ ✑✒✓ ✔✕✖✓ ✜✩ ✥✒❞ ✑✬✮❞ ✘✢ ✑✒✩✓ ✔❞✏✧✢

✕✒❞✙ ✭✢✖ ✣✒✜✬❞ ✭✢✖ ✧✦✯✒✦ ✑✓✒✑✓ ✩✰✪ ✜✩ ✩✥✢✲ ✳✜✒ ✑✬✒✬✒ ✩✰✴ ✩✥ ✵✒❞✬✢ ✩✰✲ ✔✏ ✦✒✢✧✢ ✏✒

✣✒✜✬❞ ✈✘✭✢✖ ✶✒✓✒ ✩✷✒✱ ✦✱ ✕✒❞✙ ✭✢✖ ✣✒✜✬❞ ✭✢✖ ✑✓✒✑✓ ✩✰✪ ✗✘ ✕✚✜✒✢✦ ✏✒✢ ✑✒✓✸✑✒✓ ✏✓❞✢

✕✓✹ ✩✥ ✕✚✒✺✬ ✏✓✬✢ ✩✰✲ ✔✏ ✱✏ ✦✒✢✧✢ ✏✒ ✣✒✜✬❞ ✦✒✢✧✢ ✏✙ ✔❢✒✫✜✒ ✭✢✖ ✻✒❞ ✏✒
4

3
✼  ✦①❞✒ ✩✰✪

✗✘✘✢ ✩✥✢✲ ✔❞❜❞ ✘①✽✒✭ ✕✚✒✺✬ ✩✒✢✬✒ ✩✰ ✾

✿❀❁❂❁ ❃❀ ❄❀❅❆❇ =
34

3
r

✵✩✒t r ✦✒✢✧✢ ✏✙ ✔❢✒✫✜✒ ✩✰✪

✈♠❈✬✓ ✏❉✒✒✣✒✢✲ ✥✢✲ ✗✘✢ ✔✘❊ ✯✒✙ ✔✏✜✒ ✵✒ ✘✏✬✒ ✩✰✪ ✕✓✤✬① ✗✘ ✘✥✜ ✬✒✢ ✩✥ ✗✘✢ ✘❋✜

✥✒❞ ✧✢✬✢ ✩✰ ✲✪.

✣✑ ✣●✮✦✒✢✧✢ ✭✢✖ ✣✒✜✬❞ ✭✢✖ ✑✒✓✢ ✥✢✲ ✣✒✕ ✳✜✒ ✣❞①✥✒❞ ✧✦✒ ✘✏✬✢ ✩✰✲✴ ✩✒t✹ ✜✩

3
4 1

3 2
r ❍❦  = 

2

3
■r3 ✩✰✪

❄❆❏▲ ❄▼◆✿❀❁❂❁ ❃❀ ❄❀❅❆❇ ❖ 
32

3
r

✵✩✒t r ✣●✮✦✒✢✧✢ ✏✙ ✔❢✒✫✜✒ ✩✰✪

✣✒✗✱ ✗❞ ✘P❢✒✒✢✲ ✏✒ ✕✚✜✒✢✦ ★◗✒✒✮❞✢ ✭✢✖ ✔✧✱ ✭①✖❘ ✈★✒✩✓❙✒ ✧✢✲✪

❚❯❀❱❲❳❀ 17 ❏ ❨❨ .❩ cm ✔❢✒✫✜✒ ✭✒✧✢ ✦✒✢✧✢ ✏✒ ✣✒✜✬❞ ❑✒✬ ✏✙✔✵✱✪

❱❂ ❏ ✭✒t✔❘✬ ✣✒✜✬❞ =
4

3
■r3

=
4 22

11.2 11.2 11.2
3 7
❬ ❬ ❬ ❬  cm 3 = ❭❪❪❫.❴❩ cm 3

❚❯❀❱❲❳❀ 18 ❏ ✱✏ ◗✒✒❵✷✸✕✷❛✷ (shot-putt) ❝❡❣ cm ✔❢✒✫✜✒ ✭✒✧✒ ✱✏ ●✒✬① ✏✒ ✦✒✢✧✒ ✩✰✪ ✜✔★

✗✘ ●✒✬① ✏✒ ✻✒❞❋✭ (density) ❫❡❪ ✦✚✒✥ ✕✚✔✬ cm 3 ✩✰✹ ✬✒✢ ◗✒✒❵✷✸✕✷❛✷ ✏✒ ★✚❤✜✥✒❞ ❑✒✬ ✏✙✔✵✱✪

❱❂ ❏ ❈Pt✔✏ ◗✒✒❵✷✸✕✷❛✷ (shot-putt) ●✒✬① ✏✒ ✱✏ ❥✒✢✘ ✦✒✢✧✒ ✩✰ ✬❧✒✒ ★✚❤✜✥✒❞ ✣✒✜✬❞ ✣✒✰✓

✻✒❞❋✭ ✭✢✖ ✦①❙✒❞✕✖✧ ✭✢✖ ✑✓✒✑✓ ✩✒✢✬✒ ✩✰✹ ✗✘✔✧✱ ✕✩✧✢ ✩✥✢✲ ◗✒✒❵✷✸✕✷❛✷ ✏✒ ✣✒✜✬❞ ❑✒✬ ✏✓❞✒

❈✒✔✩✱✪
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✈❝❪ ☎✆✝✞✝ ✟✆ ✈✆✠✡☛ =
34

3
r☞

=
34 22

4.9 4.9 4.9 cm
3 7

= ✹✌✍ cm 3 ✭✞☎✎✆☎✏

❧✆✑✆ ✒✓❪ ✔ cm3 ✥✆✡✕ ✟✆ ✖✗✘✠✙✆☛ = ✼.✽ ☎✗✆✙

✈✡✚❪ ✛✆✆✜✢✣✤✢✦✢ ✟✆ ✖✗✘✠✙✆☛ = ✼.✽ × ✹✌✍ ☎✗✆✙

= ✍✽✹✸.✹✹ ☎✗✆✙ = ✍.✽✸ ❢✟✞✆✝☎✗✆✙  (✞☎✎✆☎)

♠✧★✩✪✫★ 19 ✬ ✱✟ ✈✥✮☎✆✝✞✆✟✆✯ ✟✢✆✝✯✝ ✟✓ ❢✰✆✲✠✆ ✍.✸ cm ✒✳✴ ✵❧✶✝✷ ✈✺✖✯ ✎✆✯✝ ✻✆ ❧✟☛✝

✶✆✞✝ ✤✆☛✓ ✟✆ ✈✆✠✡☛ ♦✆✡ ✟✓❢✻✱✴

✩❣ ✬ ✟✢✆✝✯✝ ✙✝✺ ✎✆✯✝ ✻✆ ❧✟☛✝ ✶✆✞✝ ✤✆☛✓ ✟✆ ✈✆✠✡☛

=
32

3
r☞

=
2 22

3.5 3.5 3.5
3 7
✾ ✾ ✾ ✾  cm 3 = ✽✌.✽ cm3

✐✿❀❁❂❃❄❅ 13.8

t❆ ❇❈❉❊✂✂ ❋ ●❍✂ t✂■❏ ❑ = 
22

7
 ②▲�t■▼

1. ◆❖ ①✂P②P ●✂ ❇✂❉✄❋ ◗✂✄ ●▲�t■ �t❖●▲ �❘✂❙❉✂ �❋❚❋ ❍❯ ❱

(i) ❲ cm (ii) ❳.❨❩  m

2. ◆❖ ❬✂P❖ ①✂P②✂●✂❭ ①P❫❴ ❵✂❭✂ ❍❛✂■ ①■ ❜�❞❡❊✂✂�❤✄❥ ❤✂❋▲ ●✂ ❇✂❉✄❋ ◗✂✄ ●▲�t■❏ �t❖●✂

❦❉✂❖ �❋❚❋ ❍❯ ❱

(i) ♥♣ cm (ii) ❳.♥q  m

3. r✂✄s ●▲ ■● ①P❫❴ ●✂ ❦❉✂❖ ✉✇♥ cm ❍❯▼ ❉�❴ ③❖ r✂✄s ●✂ ④✂❋⑤❞ ♣✇⑥ ①⑦✂⑧ ❤⑦�✄ cm 3 ❍❯❏

✄✂P ③❖ ①P❫❴ ●✂ ❴⑦❦❉⑧✂❋ ◗✂✄ ●▲�t■▼

4. ⑨❫❴⑦⑧✂ ●✂ ❦❉✂❖ ❤⑩❊❞▲ ❞P❶ ❦❉✂❖ ●✂ ②①❷✂① ■●❸⑨✂❯❊✂✂③❹ ❍❯▼ ⑨❫❴⑦⑧✂ ●✂ ❇✂❉✄❋ ❤⑩❊❞▲ ❞P❶

❇✂❉✄❋ ●▲ ●✂❯❋❸❖▲ �❷✂❈❋ ❍❯❺
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5. ❖☎✝✏ ✑✒✓✔ cm ✥✝✡✞ ✕✖ ☛✗✘✙✝✞✡✝✖✝✌ ✖✚✝✞✌✞ ✛✞✜ ✢✖✍✎✞ ✡✄✚✌ ✣✤✗ ☛✝ ✏✖✍✝ ✦☞✧

6. ✕✖ ☛✗✘✙✝✞✡✝✖✝✌ ✚✜✖✄ ✑ cm ✛✝✞✚✄ ✕✖ ✡✝✞✦✞ ✖✄ ★✝✣✌ (sheet) ✏✞ ❧✎✄ ✦☞✩ ☎✢✣ ✪✏✖✄

☛✝✜✍✢✌✖ ✢✟✝✈☎✝ ✑m ✦☞✫ ✍✝✞ ✪✏ ✚✜✖✄ ✥✞✠ ❧✎✝✎✞ ✛✞✜ ✡✙✞ ✡✝✞✦✞ ✖✝ ☛✝☎✍✎ ✬✝✍ ✖✄✢✭✕✩

7. ♠✏ ✙✝✞✡✞ ✖✝ ☛✝☎✍✎ ✬✝✍ ✖✄✢✭✕ ✢✭✏✖✝ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ ✑✔✮ cm2 ✦☞✩

8. ✢✖✏✄ ❢✝✥✎ ✖✝ ✙①✜❧✣ ✕✖ ☛✗✘✙✝✞✡✞ ✥✞✠ ☛✝✖✝✌ ✖✝ ✦☞✩ ☛✜✣✌ ✏✞✫ ✪✏✛✞✜ ✏✐✞✠✣✄ ✖✌✝✎✞ ✛✞✜

✮✹✯✓✹✰ ✱✐✕ ❖☎☎ ✦①✕✩ ☎✢✣ ✏✐✞✠✣✄ ✖✌✝✎✞ ✖✄ ✣✌ ❣ ✱✐✕ ✐✲✢✍ ✥✙✘ ✛✄✚✌ ✦☞✫ ✍✝✞ ✬✝✍ ✖✄✢✭✕✳

(i) ✙①✜❧✣ ✖✝ ☛✝✜✍✢✌✖ ✥✴ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ (ii) ✙① ✜❧✣ ✥✞✠ ☛✜✣✌ ✖✄ ✦✥✝ ✖✝ ☛✝☎✍✎

9. ✡✝✞✦✞ ✥✞✠ ✏②✝✝✪✏ ✂✝✞✏ ✙✝✞✡✝✞✜ ✖✝✞ ✢✐✵✝✡✝✖✌✫ ✢✭✎✛✞✜ ✏✞ ✐✲✶☎✞✖ ✖✄ ✢✟✝✈☎✝ r ✦☞ ☛✝☞✌ ✐�✁✂✄☎

✆✝✞✟✝✐✠✡ S ✦☞✫ ✕✖ ❧✷✸✝ ✙✝✞✡✝ ❧✎✝☎✝ ✭✝✍✝ ✦☞ ✢✭✏✖✝ ✐�✁✂✄☎ ✆✝✞✟✝✐✠✡ S✺ ✦☞✩ ✬✝✍ ✖✄✢✭✕✳

(i) ✎✕ ✙✝✞✡✞ ✖✄ ✢✟✝✈☎✝ r ✺ (ii)  S ☛✝☞✌ S✺ ✖✝ ☛✎①✐✝✍

10. ✣✥✝✪✘ ✖✝ ✕✖ ✥☞✠✐✏✤✡ (capsule) ✻✓✔ mm ❖☎✝✏ ✖✝ ✕✖ ✙✝✞✡✝ ✼✙✝✞✡✄✽ ✦☞✩ ✪✏ ✥☞✠✐✏✤✡

✖✝✞ ❢✝✌✎✞ ✥✞✠ ✢✡✕ ✢✖✍✎✄ ✣✥✝✪✘ ✼mm 3 ✛✞✜✽ ✖✄ ☛✝✥✾☎✖✍✝ ✦✝✞✙✄✧

✿❀❁❂❃❄❅❆ 13.9 (❇❈❉❊❋●)*

1. ✕✖ ✡✖✷✸✄ ✥✞✠ ❧①✖✾✝☞❍✐✠ (book-shelf ) ✖✄ ❧✝✦✌✄

✢✥✛✝✕■ ✢✎❏✎ ✦☞✜✳

➴■★✝✪✘ = 110 cm✫ ✙✦✌✝✪✘ = ❣✔ cm✫ ★✝☞✷✸✝✪✘ = 85 cm

✼✣✞✢❑✝✕ ☛✝▲✢✍ ✑✻✓✻✑✽✩ ✐✲✶☎✞✖ ▼◆✝✝✎ ✐✌ ✍❑✍✝✞✜ ✖✄

✛✝✞✚✝✪✘ ✔ cm ✦☞✩ ✪✏✥✞✠ ❧✝✦✌✄ ✐✠✡✖✝✞✜ ✐✌ ✐✝✢✡✾✝

✖✌✝✪✘ ✭✝✍✄ ✦☞ ☛✝☞✌ ☛✝✜✍✢✌✖ ✐✠✡✖✝✞✜ ✐✌ ✐✞✜✚ ✢✖☎✝

✭✝✎✝ ✦☞✩ ☎✢✣ ✐✝✢✡✾✝ ✖✌✝✎✞ ✖✄ ✣✌ ❣✒ ✐☞✏✞ ✐✲✢✍

cm 2 ✦☞ ☛✝☞✌ ✐✞✜✚ ✖✌✝✎✞ ✖✄ ✣✌ ✑✒ ✐☞✏✞ ✐✲✢✍ cm ✦☞✫

✍✝✞ ✪✏ ❧①✖r✾✝☞❍✐✠ ✐✌ ✐✝✢✡✾✝ ☛✝☞✌ ✐✞ ✜✚ ✖✌✝✎✞ ✖✝

✥①✠✡ ❖☎☎ ✬✝✍ ✖✄✢✭✕✩

2. ✢✖✏✄ ✵✝✌ ✥✞✠ ✖✜✐✝♠✜✷ ✖✄ ✏✝✛✎✞ ✖✄ ✣✄✥✝✌ ✖✝✞

❣✑ cm ❖☎✝✏ ✥✝✡✞ ✡✖✷✸✄ ✥✞✠ ✙✝✞✡✝✞✜ ✖✝✞ P✝✞✚✞

☛✝◗✝✝✌✝✞✜ ✐✌ ✢✚✖✝ ✖✌ ✏✭✝☎✝ ✭✝✍✝ ✦☞✫ ✭☞✏✝ ✢✖

☛✝▲✢✍ ✑✻✓✻❣ ✛✞✜ ✢✣❑✝✝☎✝ ✙☎✝ ✦☞✩ ✪✏ ✐✲✖✝✌ ✥✞✠

☛✝✂✙✝✞✡✝✞✜ ✖✝ ✐✲☎✝✞✙ ✪✏ ✖✝☎✘ ✥✞✠ ✢✡✕ ✢✖☎✝ ✭✝✎✝ ✦☞

❘❙❚❯❱ 13.31

*☎✦ ✐✲✾✎✝✥✡✄ ✐✌✄✆✝✝ ✖✄ ✣�✢✁✚ ✏✞ ✎✦✄✜ ✣✄ ✙✪✘ ✦☞✩

❘❙❚❯❱ 13.32
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✈✂☎✆ ✝✞ ①✂✟✠✂✟✡ ☛✂✟ ☞✂✌✍✎ ✏✂✠✟ ✆✡① ✑✟✡ ✒✟✡✓ ☛✆✏✂✞✂ ✔☎✕ ✒✖✗✘✟☛ ✈✂✙✂✆ ✚✛✜ cm �✥✂✢✘✂ ✈✂☎✆ ✣✌☞✂✝✤

✼ cm ☛✂ ✦☛ ✧✟✠✞ ✔☎ ✄★✂✂ ✝✩✔✟✡ ☛✂✠✟ ✆✡① ✪✟ ✒✟✡✓ ☛✆✏✂✞✂ ✔☎✕ ✘�✍ ☞✂✌✍✎ ✏✟✫ ✆✡① ☛✂ ✒✟✡✓

☛✆✏✂✞✟ ☛✎ ✍✆ ❞✜ ✒☎✪✟ ✒✖�✄ cm 2 ✔☎ ✄★✂✂ ☛✂✠✟ ✆✡① ✏✟✫ ✒✡✟✓ ☛✆✏✂✞✟ ☛✎ ✍✆ ✜ ✒☎✪✟ ✒✖�✄ cm 2

✔✂✟❣ ✄✂✟✬ ✒✟✡✓ ☛✆✏✂✞✟ ☛✂ ✏✭✫✠ ✮✘✘ ✯✂✄ ☛✎�✰✦✕

3. ✦☛ ①✂✟✠✟ ✏✟✫ ✮✘✂✪ ✑✟✡ ❞✜% ☛✎ ☛✑✎ ✔✂✟ ✰✂✄✎ ✔☎✕ ✱✪☛✂ ✏✲ ✒✳✴✵✎✘ ✶✂✟✥✂✒✫✠ �☛✄✞✟ ✒✖�✄✷✂✄

☛✑ ✔✂✟ ①✘✂ ✔☎✸

13.10 ❧✹✺✹✻✽✹

❜✾ ✿❀❁❂❁ ❃❄❅❆ ✿❂❇❈❄ ❉❈❊❈❉❋❉●❂❍ ❉■❅❏❑✿❂❄❅ ▲❂ ✿❀❁❁❈ ❉▲❁❂ ▼◆❖

1. P◗❘◗❙◗ ❚◗ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 2 (lb + bh + hl)

2. P◗❘ ❚◗ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 6a2

3. ❝❭❴❘ ❚◗ ❵❛ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 2❡❡rh

4. ❝❭❴❘ ❚◗ ❵❢❫❴ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 2❡❡r (r +h )

5. ❤◗✐❵❢❫ ❚◗ ❵❛ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = ❡❡rl

6. ❤◗✐❵❢❫ ❚◗ ❵❢❫❴ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = ❡❡rl + ❡❡r2, ❥❦◗◗♠♥♦ ❡r (l + r)

7. ♣◗❭❴❭ ❚◗ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 4 ❡❡ r2

8. ❥q♠♣◗❭❴❭ ❚◗ ❵❛ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 2❡❡r2

9. ❥q♠♣◗❭❴❭ ❚◗ ❵❢❫❴ ❯❱❲❳❨❩ ❬◗❭❪◗❯❫❴ = 3❡❡r2

10. P◗❘◗❙◗ ❚◗ ❥◗❩♥❘ = l × b × h

11. P◗❘ ❚◗ ❥◗❩♥❘ = a3

12. ❝❭❴❘ ❚◗ ❥◗❩♥❘ = ❡❡r2h

13. ❤◗✐❵❢❫ ❚◗ ❥◗❩♥❘ = 
1

3
❡❡r2h

14. ♣◗❭❴❭ ❚◗ ❥◗❩♥❘ = 
34

3
r

15. ❥q♠♣◗❭❴❭ ❚◗ ❥◗❩♥❘ = 
32

3
r

[❁▼❂r ✿s❂t❂❄❅ l, b, h, a, r, ❜✉❁❂❉❏ ▲❂ ❇✇❁❂❄②❆ ✿❇❈❄ ✾❅❏③❂④ ⑤❄⑥ ✿❈❑✾❂t❆ ✾❂❃❂⑦❁ ✿⑧❂❂❄⑨ ❃❄❅ ❇✇❁❂❄②

❉▲❁❂ ②❁❂ ▼◆⑩]
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✈�✁✂✁ 14

❧✄☎✆✝✞✟✠

14.1 ❍✡☛☞✌✍✡

✐✎✏✑✏✒✓ ✔✕✖✗ ✑✘✙✚✖✗✛ ✜✗✢✙✚✣✕✤ ✥✗✤✚✖✗✛ ✜✚✦✏✧✚✙✚✖✗✛ ✥✚★✖✢✚✚✖✗ ✩✪✎✚✐✫✚✖✗✬ ✥✚✏✒ ✭✖✫ ✮✐ ✕✗✖ ✏✭✏✯✚✰✓
✐✎✤✚✦ ✤✱ ✜✲✳✓✚✴✵ ✒✖✢✚✓✖ ✤✚✖ ✏✕★✑✱ ✦✔✑✱ ✔✶✗✷ ✙✖ ✜✲✳✓✚✴✵ ✔✕✖✗ ✜✕✚✳✚✦ ✐✸✚✚✖✗✛ ✹✖★✱✏✭✺✓✚✖✗✛
✐✏✸✚✤✚✥✚✖✗ ✥✚✶✦ ✜✗✳✚✦ ✭✖✫ ✥✰✙ ✜✚✻✓✚✖✗ ✜✖ ✼✐★✽✻ ✔✚✖✑✱ ✦✔✑✱ ✔✶✗✷ ✙✖ ✜✲✳✓✚✴✵ ✏✾✭✖✫✹ ✭✫✱
❝✿★✖❝✚✺✱ ✙✚ ✪✖✗✒❝✚✺✱ ✭✖✫ ✥✚✶✜✑✚✖✗✛ ✭✗✫✐✓✱ ✭✖✫ ★✚✯✚✚✖✗✛ ✓✪✦✚✖✗ ✭✖✫ ✑✚✐✕✚✓✛ ✐✗✳✭❀✚✱❁✙ ✙✚✖✺✓✚ ✭✖✫
✏✭✏✯✚✰✓ ❢✚✖✸✚ ✴✭✗ ✕✒✚✖✗ ✕✖✗ ✏✤✴ ✪✴ ✢✚✳✚✖❂✛ ✕✑✒✚✓ ✭✖✫ ✐✏✦✧✚✚✕✚✖✗ ✥✚✏✒ ✜✖ ✜✗❝✗✏✻✑ ✔✚✖ ✜✤✑✖
✔✶✗✷ ✴✤ ✏✓✏❣✳✑ ✼❃✖❣✙ ✜✖ ✴✤✏✸✚✑ ✏✤✴ ✪✴ ❄✓ ✑✘✙✚✖✗ ✙✚ ✥✗✤✚✖✗ ✤✚✖✛ ✺✚✖ ✜✗✢✙✚✣✕✤ ✙✚ ✥✰✙
✮✐ ✕✖✗ ✔✚✖ ✜✤✑✖ ✔✶✗✛ ❅❆❇❈❉❊❋ (data) ✤✔✚ ✺✚✑✚ ✔✶✷ ✥✗✪✎✖✺✱ ❣✚✽✒ “data” ★✶✏✹✓ ❣✚✽✒ datum

✤✚ ❝✔❞✭✳✓ ✔✶✷ ✔✚✵✛ ✙✔ ❝✚✑ ✥✭❣✙ ✔✶ ✏✤ ✥✚✐✭✖✫ ✏★✴ ●✥✚✗✤■❏✚❑ ✴✤ ✓✙✚ ❣✚✽✒ ✓✔✱✗ ✔✶✷
✏✐▲★✱ ✤❢✚✚✥✚✖✗ ✕✖✗ ✥✚✐ ✥✚✗✤■❏✚✖✗ ✥✚✶✦ ✥✚✗✤■❏✚✖✗ ✭✖✫ ✐✎❝✗✻✓ ✭✖✫ ❝✚✦✖ ✕✖✗ ✐▼❏ ✳❞✭✖✫ ✔✶✗✷

✥✚✺ ✔✕✚✦✱ ✒❞✏✓✙✚ ✥✏✻✤ ✜✖ ✥✏✻✤ ✜✲✳✓✚◆✥✏✯✚✏✭✰✙✚✜ ✔✚✖✑✱ ✺✚ ✦✔✱ ✔✶✷ ✔✕ ✺✱✭✓
✐✙❂✑ ✏✤✜✱ ✓ ✏✤✜✱ ✮✐ ✕✖✗ ✥✚✗✤■❏✚✖✗ ✤✚ ✐✎✙✚✖✪ ✤✦✑✖ ✦✔✑✖ ✔✶✗✷ ✥✑❖ ✔✕✚✦✖ ✏★✴ ✙✔
✥✚✭❣✙✤ ✔✚✖ ✺✚✑✚ ✔✶ ✏✤ ❄✓ ✥✚✗✤■❏✚✖✗ ✜✖ ✔✕ ✥✐✓✱ ❄P▲✚✓❞✜✚✦ ✥✘✚❁✐✲✧✚❁ ✜✲✳✓✚✴✵ ✼✐★✽✻
✤✦✓✚ ✺✚✓ ✺✚✴✵✷ ✥✘✚❁✐✲✧✚❁ ✜✲✳✓✚✴✵ ✼✐★✽✻ ✤✦✓✖ ✜✖ ✜✗❝✗✏✻✑ ✥◗✙✙✓ ✪✏✧✚✑ ✤✱ ✴✤ ❣✚✚✢✚✚
✕✖✗ ✏✤✙✚ ✺✚✑✚ ✔✶ ✏✺✜✖ ❘❆❇❙❚❯❈❱ (statistics) ✤✔✚ ✺✚✑✚ ✔✶✷

✴✖✜✚ ✐✎✑✱✑ ✔✚✖✑✚ ✔✶ ✏✤ ✜✚✗✏✢✙✤✱ ✭✖✫ ✥✗✪✎✖✺✱ ❣✚✽✒ “statistics” ✤✱ ❲✙❞✣✐✏❳✚ ★✶✏✹✓ ❣✚✽✒
“status”, ✏✺✜✤✚ ✥✘✚❁ ✴✤ ✩✦✚✺✓✶✏✑✤✬ ✦✚❨✙ ✔✶✛ ✜✖ ✔❞❄❁ ✔✶✷ ✥✐✓✖ ✕✲★ ✮✐ ✕✖✗ ✜✚✗✏✢✙✤✱
★✚✖✪✚✖✗ ✭✖✫ ✺✱✭✓ ✭✖✫ ✏✭✏✯✚✰✓ ✐✔★❞✥✚✖✗ ✜✖ ✜✗❝✗✏✻✑ ✼✓ ✥✚✗✤■❏✚✖✗ ✤✚ ✔✱ ✜✗✪✎✔ ✔✚✖✑✚ ✘✚✚ ✺✚✖ ✦✚❨✙
✭✖✫ ✏★✴ ✼✐✙✚✖✪✱ ✔✚✖✑✖ ✘✚✖✷ ✜✕✙ ✭✖✫ ✜✚✘✚◆✜✚✘✚ ❄✜✤✚ ✤✚✙❁ ❢✚✖✸✚ ❝▼❏✑✚ ✳★✚ ✪✙✚ ✥✚✶✦
✜✚✗✏✢✙✤✱ ✤✚ ✜✗❝✗✻ ✭✖✫✭★ ✥✚✗✤■❏✚✖✗ ✭✖✫ ✜✗✪✎✔ ✥✚✶✦ ✐✎❩✑❞✏✑✤✦✧✚ ✜✖ ✔✱ ✓✔✱✗ ✦✔ ✪✙✚ ✔✶✛ ✥✏✐✑❞
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❜☎✆✝ ☎✞✟✞✠ ✡✝✞✆☛☞✝✌✞ ☎✌ ✡✍✎✏✑✏✒ (inference) ✏✍✆✝❢✍✌ ✡✝✓✔ ✕✍✆✝ ✏✍✖✗✘✍ (interpretation)

✆✔✍✌ ☎✌ ❍✝❤ ❣✝✌ ❦✙✝✚ ☎✝✞✏✛✙✆❤ ✑✌✞ ✡✝✞✆☛☞✝✌✞ ✖✌✜ ☎✞❦✢❣ ✆✔✍✌✣ ✤✙✖✏✥✦✝✒ ✆✔✍✌✣ ✏✖✧❢✌★✝✩✝ ✆✔✍✌ ✡✝✓✔

✏✍✖✗✘✍ ✆✔✍✌ ✖✌✜ ✟✝✔✌ ✑✌✞ ✡✪✙✙✍ ✏✆✙✝ ✫✝✒✝ ❣✓✚ ✏❍✝✬✍✭✏❍✝✬✍ ☎✞✮❍✝✝✌✯ ✑✌✞ ✧✝✰✮ ‘statistics’ ✆✝ ✡✦✝✗

✏❍✝✬✍✭✏❍✝✬✍ ❣✝✌✒✝ ❣✓✚ ✡✝❜✱ ❣✑ ❜☎ ☎✞✟✞✠ ✑✌✞ ✏✍✲✍✏❢✏✛✝✒ ✖✝✳✙✝✌✞ ✴✔ ✪✙✝✍ ✮✌✞ ✵

1. ✳✙✝ ✑✎❉✌ ✶❍✝✝✔✒ ✖✌✜ ✧✝✓✏✷✝✆ ✡✝✞✆☛☞✝✌✞✸ ✆❤ ✱✆ ✍✖❤✍✒✑ ☎✞✥✆✔✩✝ ✆❤ ✴✢✏✒ ✏✑❢

☎✆✒❤ ❣✓✚

2. ✑✓✞ ✶☎✝✞✏✛✙✆❤✸ ✆✝ ✡✪✙✙✍ ✆✔✍✝ ✘✝❣✒✝ ❣❡✹✣ ✳✙✝✌✞✏✆ ❜☎✆✝ ✴✢✙✝✌❦ ✮✓✏✍✆ ✫❤✖✍ ✑✌✞

✤✙✝✴✆ ❖✴ ☎✌ ❣✝✌✒✝ ✔❣✒✝ ❣✓✚

➴✴✔ ✏✮✱ ❦✱ ✴❣❢✌ ✖✝✳✙ ✑✌✞ ✡✝✞✆☛☞✝✌✞ (statistics)  ✆✝ ✴✢✙✝✌❦ ✟❣✎✖✘✍ ✑✌✞ ✏✆✙✝ ❦✙✝ ❣✓✣

✏✫☎✆✝ ✡✦✝✗ ❣✓ ☎✞✛✙✝✺✑✆ ✡✝✞✆☛✌☞✚ ❜☎✖✌✜ ✡✞✒❦✗✒ ❍✝✝✔✒ ✆❤ ✏✖✏❍✝✬✍ ✧✝✓✏✷✝✆ ☎✞✥✦✝✝✱❡✣

✏✖✏❍✝✬✍ ✔✝✻✙✝✌✞ ✆❤ ☎✝✷✝✔✒✝✭✮✔✣ ✡✝✏✮ ❣✝✌ ☎✆✒❤ ❣✓✞✚ ✮✹☎✔✌ ✖✝✳✙ ✑✌✞✣ ✧✝✰✮ ☎✝✞✏✛✙✆❤

(statistics) ✆✝ ✴✢✙✝✌❦ ✱✆✖✘✍ ✑✌✞ ✏✆✙✝ ❦✙✝ ❣✓✣ ✏✫☎✆✝ ✡✦✝✗ ✖❣ ✏✖★✝✙ ❣✓ ✏✫☎✑✌✞ ✡✝✞✆☛☞✝✌✞

✖✌✜ ☎✞❦✢❣✣ ✴✢✥✒✎✏✒✆✔✩✝✣ ✏✖✧❢✌★✝✩✝ ✆✝ ✡✪✙✙✍ ✆✔✍✌ ✖✌✜ ☎✝✦✝✭☎✝✦✝ ✡✝✞✆☛☞✝✌✞ ☎✌ ✡✦✝✗✴✹✩✝✗

✏✍★✆★✝✗ ✏✍✆✝❢✍✌ ✖✌✜ ✟✝✔✌ ✑✌✞ ❍✝❤ ✡✪✙✙✍ ✏✆✙✝ ✫✝✒✝ ❣✓✚

❜☎ ✡✪✙✝✙ ✑✌✞ ❣✑ ✡✝✞✆☛☞✝✌✞ ☎✌ ☎✞✟✞✏✠✒ ❜✍ ☎❍✝❤ ✴❣❢✎✡✝✌✞ ✴✔ ☎✞✷✝✌✴ ✑✌✞ ✘✘✝✗ ✆✔✌✞❦✌✚

14.2 ✈✼✽✾✿❀✼❁✽ ✾✼ ❂✽❃❄❅

✡✝❜✱ ❣✑ ✏✍✲✍✏❢✏✛✝✒ ✏❆✙✝✆❢✝✴ ✆✔✖✌✜ ✡✝✞✆☛☞✝✌✞ ✆✝✌ ✱✆✏❇✝✒ ✆✔✍✌ ✆✝ ✆✝✙✗ ✴✢✝✔✲❍✝ ✆✔✌✞✚

❈❊❋✼✾●✼■ 1 : ✡✴✍❤ ✆✷✝✝ ✖✌✜ ✏✖❏✝❑✦✝✙✝✌✞ ✆✝✌ ✘✝✔ ☎✑✹❣✝✌✞ ✑✌✞ ✟✝❡▲ ✮❤✏✫✱✚ ✴✢✺✙✌✆ ☎✑✹❣ ✆✝✌

✏✍✲✍ ✴✢✆✝✔ ✖✌✜ ✡✝✞✆☛☞✝✌✞ ✑✌✞ ☎✌ ✱✆ ✴✢✆✝✔ ✖✌✜ ✡✝✞✆☛☞✝✌✞ ✆✝✌ ☎✞❦✢❣ ✆✔✍✌ ✆✝ ✆✝✑ ✮✌ ✮❤✏✫✱✚

(i) ✡✴✍❤ ✆✷✝✝ ✖✌✜ ▼◆ ✏✖❏✝❑✦✝✙✝✌✞ ✆❤ ❢✞✟✝❜✗✚

(ii) ✡✴✍❤ ✆✷✝✝ ✑✌✞ ✏✆☎❤ ✱✆ ✑❣❤✍✌ ✖✌✜ ✴✢✺✙✌✆ ✏✮✍ ✡✍✎✴✏✥✦✝✒ ✔❣✌ ✏✖❏✝❑✦✝✙✝✞✌ ✆❤ ☎✞✛✙✝✚

(iii) ✡✝✴✖✌✜ ✆✷✝✝ ✏✑❇✝✝✌✞ ✖✌✜ ✴✏✔✖✝✔✝✌✞ ✖✌✜ ☎✮✥✙✝✌✞ ✆❤ ☎✞✛✙✝✚

(iv) ✡✝✴✖✌✜ ✏✖❏✝❢✙ ✑✌✞ ✙✝ ✕☎✖✌✜ ✡✝☎✭✴✝☎ ✖✌✜ P◗ ✴✝✓✠✝✌✞ ✆❤ ❢✞✟✝❜✙✝❡✚

✡✝❜✱ ✡✟ ❣✑ ✏✖❏✝❑✦✝✙✝✌✞ ❘✝✔✝ ✱✆✏❇✝✒ ✏✆✱ ❦✱ ✴✏✔✩✝✝✑✝✌✞ ✆✝✌ ✮✌✛✝✌✞✚ ✴✢✺✙✌✆ ☎✑✹❣ ✍✌

✡✝✞✆☛☞✝✌✞ ✆✝ ☎✞❦✢❣ ✏✆☎ ✴✢✆✝✔ ✏✆✙✝ ❣✓❙

(i) ✳✙✝ ☎✹✘✍✝✱❡ ✱✆✏❇✝✒ ✆✔✍✌ ✖✌✜ ✏❢✱ ✕✬❣✝✌✞✍✌ ☎✞✟✞✏✠✒ ✴✢✺✙✌✆ ✏✖❏✝✦✝❤✗✣ ✑✆✝✍ ✙✝

✤✙✏✳✒ ☎✌ ☎✹✘✍✝✱❡ ✱✆✏❇✝✒ ✆❤ ❣✓✞❙

(ii) ✳✙✝ ✕✬❣✝✌✞✍✌ ✏✖❏✝❢✙ ✑✌✞ ✕✴❢✰✠ ✏✔✆✝☛✗ ✫✓☎✌ ✖✎✜❚ ☎✢✝✌✒✝✌✞ ☎✌ ☎✹✘✍✝✱❡ ✱✆✏❇✝✒ ✆❤ ❣✓✞❙
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✐✞✟✠ ✡☛☞✌✡✍ ✎✏✑ ☛✒✓✑ ✔✑✒✏✕✌✖ ✗✏ ✔✐✗✏ ✡✘✎✌✙ ✎✏✑ ✚✖ ✡✗✡✛✜✍ ✢✣✏✛✓ ✤✥✌✖✤ ✦✧✜✗✌✔✌✏✑

✖✌✏ ✚✖✡❞✌✍ ✡✖✓✌ ✞★✩ ✪✦ ✐✫✖✌✤ ✚✖✡❞✌✍ ✡✖✚ ✙✚ ✔✌✑✖✬✭✌✏✑ ✖✌✏ ✮✯✰✱✰✲✳✴ ✵✰✶✴✷✸✹ (primary

data) ✖✞✌ ✺✌✍✌ ✞★✩

✘✧✦✤✠ ✡☛☞✌✡✍ ✎✏✑♥ ✺✞✌✻ ✡✖✦✠ ✦✫✌✏✍ ✦✏♥ ✡✺✦✎✏✑ ✦✧✜✗✌✚✻ ✐✞✟✏ ✦✏ ✞✠ ✚✖✡❞✌✍ ✞★✑♥ ✔✌✑✖✬✭✏

✐✫✌✼✍ ✡✖✚ ✙✚ ✞✌✏✑ ✢✗ ✔✌✑✖✬✭✌✏✑ ✖✌✏ ①✰✽✾✰ ✵✰✶✴✷✸✹ (secondary data) ✖✞✌ ✺✌✍✌ ✞★✩ ✪✦ ✐✫✖✌✤

✒✏♦ ✔✌✑✖✬✭✌✏✑ ✖✌ ✐✫✓✌✏✙♥ ✡✺✦✏ ✡✖✦✠ ✔✌★✤ ✗✏ ✪✿✞✏✑ ✔✿✓ ✦✑✘❀✌❁ ✎✏✑ ✚✖✡❞✌✍ ✡✖✓✌ ✞★♥ ✓✞

✦❂✡✗✡✛✜✍ ✖✤✗✏ ✒✏♦ ❃✌✘ ✞✠ ✡✖ ✓✏ ✦✫✌✏✍ ✡✒✛✒✦✗✠✓ ✞✑★♥ ✖✌✐♦✠ ✦✌✒❄✌✗✠ ✒✏♦ ✦✌☞✌ ✖✤✗✌

✜✌✡✞✚✩

✔❀✌✠ ✍✖ ✔✌✐ ✓✞ ✔✒✛✓ ✦✎✈ ✙✚ ✞✌✏✑✙✏ ✡✖ ✔✌✑✖✬✭✏ ✡✖✦ ✐✫✖✌✤ ✚✖✡❞✌✍ ✡✖✚ ✺✌✍✏

✞★✑ ✔✌★✤ ✐✫✌☞✌✡✎✖ ✔✌✑✖✬✭✌✏✑ ✔✌★✤ ✙✌★❣✌ ✔✌✑✖✬✭✌✏✑ ✎✏✑ ❅✓✌ ✔✑✍✤ ✞★✩

❆❇❈❉❊❋●❍ 14.1

1. ♠■ ❏�✁✆❑▲�▼✁ ◆▼❖ P�◗❘ ♠❙�❚❯❱� ❙✝✂❲❳ ✂❲❨❚▼✁ ❏�P ❏P■▼ ❙❩✂■✆ ❲✝◆■ ❧▼ ❳✆✂❬�❭ ✆❯ ❧✆❭▼ ❚❩✁❪

2. ➴P❯ ✂❙❳ ❫❳ P❴❵■ ❛ ◆▼❖ ❏�✁✆❑▲�▼✁ ✆�▼ P❴�❜�✂❝✆ ❏�✁✆❑▲�▼✁ ☎� ❫�❩❱� ❏�✁✆❑▲�▼✁ ❝▼✁ ◆❫✝❡◆❢❖❭ ✆✝✂❲❳❪

14.3 ❤❥❦♣qr❥s❦ ♣❥ t✉✇②③④②♣⑤⑥❥

✔✌✑✖✬✭✌✏✑ ✖✌✏ ✚✖✡❞✌✍ ✖✤✗✏ ✖✌ ✖✌✎ ✦✎✌✼✍ ✞✌✏✗✏ ✒✏♦ ✢✐✤✌✑✍ ✞✠ ✔✑✒✏✕✌✖ ✖✌✏ ✪✗ ✔✌✑✖✬✭✌✏✑ ✖✌✏

✚✏✦✏ ⑦✐ ✎✏✑ ✐✫☛✍❂✍ ✖✤✗✏ ✖✠ ✡✒✡❄✓✌✏✑ ✖✌✏ ⑧✌✍ ✖✤✗✌ ✞✌✏✍✌ ✞★ ✺✌✏ ✔☞✌❁✐✧❣✌❁ ✞✌✏♥ ✦✤✟✍✌ ✦✏ ✦✎✈✠

✺✌ ✦✖✍✠ ✞✌✏✑ ✔✌★✤ ✚✖ ✞✠ ✈✟✖ ✎✏✑ ✢✦✒✏♦ ✎❂✥✓ ✟⑨✌❣✌✌✏✑ ✖✌✏ ✺✌✗✌ ✺✌ ✦✖✍✌ ✞✌✏✩ ✔✌✪✚ ✔❃

✞✎ ✒❂♦⑩ ✢✘✌✞✤❣✌ ✟✏✖✤ ✔✌✑✖✬✭✌✏✑ ✖✌✏ ✐✫☛✍❂✍ ✖✤✗✏ ✖✠ ✡✒✡❀✌✿✗ ✡✒✡❄✓✌✏✑ ✐✤ ✐❂✗❶ ✡✒✜✌✤ ✖✤✏✑✩

❷❸❥❹⑤⑥❥ 1 : ✙✡❣✌✍ ✖✠ ✐✤✠⑨✌✌ ✎✏✑ ❺❻ ✡✒❼✌❽☞✌✓✌✏✑ ❾✌✤✌ ✐✫✌✼✍ ✡✖✚ ✙✚ ✔✑✖ ✟✠✡✺✚ ❶

55 36 95 73 60 42 25 78 75 62

✪✦ ⑦✐ ✎✑✏ ✐✫☛✍❂✍ ✡✖✚ ✙✚ ✔✌✑✖✬✭✌✏✑ ✖✌✏ ❿✱✰✰✮✯✰➀➁ ✵✰✶✴✷✸✹ (raw data) ✖✞✌ ✺✌✍✌ ✞★✩

❅✓✌ ✪✦ ⑦✐ ✎✏✑ ✪✦✏ ✘✏✥✌✖✤ ✔✌✐ ✔✡❄✖✍✎ ✔✌★✤ ✿✓✧✗✍✎ ✔✑✖ ⑧✌✍ ✖✤ ✦✖✍✏ ✞★✑➂

❅✓✌ ✔✡❄✖✍✎ ✐✫✌✼✍✌✑✖ ✔✌★✤ ✿✓✧✗✍✎ ✐✫✌✼✍✌✑✖ ⑧✌✍ ✖✤✗✏ ✎✏✑ ✔✌✐✖✌✏ ✒❂♦⑩ ✦✎✓ ✟✙✌ ✞★➂ ✓✡✘

✪✗ ✐✫✌✼✍✌✑✖✌✏✑ ✖✌✏ ✔✌✤✌✏✞✠ (ascending) ✓✌ ✔✒✤✌✏✞✠ (descending) Ø✎ ✎✏✑ ✤✥✌✌ ✺✌✚♥ ✍✌✏

✔✡❄✖✍✎ ✔✑✖ ✔✌★✤ ✿✓✧✗✍✎ ✔✑✖ ⑧✌✍ ✖✤✗✏ ✎✏✑ ✖✌✐♦✠ ✖✎ ✦✎✓ ✟✙✏✙✌➂ ✔✍❶ ✔✌✪✚ ✞✎

✐✫✌✼✍✌✑✖✌✏✑ ✖✌✏ ✔✌✤✌✏✞✠ Ø✎ ✎✏✑ ✪✦ ✐✫✖✌✤ ✤✥✌✏✑❶

25 36 42 55 60 62 73 75 78 95
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❜❧ ✥☎✆✝✞ ✟✠ ✡✥☛☞✌✍✝ ✎✏✑✝ ❧✆✌✏ ✟✒✓ ✔✆ ✕✍✖✗✌✠ ✥☎✝✘✌✝✓✆ ✙✚ ✛✝✒✞ ✛✔✜✆✌✠ ✥☎✝✘✌✝✓✆ ✢✚ ✟✒✓✣

✛✝✓✆✈✤✝✏✓ ✦✏✧ ✛✔✜✆✌✠ ✛✝✒✞ ✕✍✖✗✌✠ ✠✝✗✝✏✓ ✦✏✧ ✛✓✌✞ ✆✝✏ ✛✝✓✆✈✤✝✏✓ ✆✝ ✐★✩✪✩ (range) ✆✟✝
t✝✌✝ ✟✒✣ ✛✌✫ ✍✟✝✬ ✥✞ ✥✔✞❧✞  95 – 25 = 70 ✟✒✣

✛✝✓✆✈✤✝✏✓ ✆✝✏ ✛✝✞✝✏✟✭ ✮✠ ✍✝ ✛✦✞✝✏✟✭ ✮✠ ✠✏✓ ✔✯✑✝✗✏ ✥✞ ✆✝✥✧✭ ❧✠✍ ✯✰ ❧✆✌✝ ✟✒✱

✔✦❢✝✏☛✝ ✲✥ ❧✏ ✌✳✱ t✳✔✆ ✥☎✍✝✏✰ ✠✓✏ ✥☎✏✴✝✵✝✝✏✓ ✆✭ ❧✓✑✍✝ ✛✔✜✆ ✟✝✏✱ t✒❧✝ ✔✆ ✛✰✯✏ ❣✎✝✟✞✵✝
✠✏✓ ✛✝✥ ✎✏✑✝ ❧✆✌✏ ✟✒✓✣

♠✶✷✸✹✺✷ 2 : ✻✆ ✔✦✼✝✯✍ ✆✭ ✗✦✭✓ ✆✴✝✝ ✦✏✧ ✽✾ ✔✦✼✝✿❀✝✍✝✏✓ ❁✝✞✝ ❂❃✾✾ ✛✓✆✝✏✓ ✠✏✓ ❧✏❄ ✥☎✝✘✌

✔✆✻ ✰✻ ✛✓✆ ✯✭✔t✻✫

10 20 36 92 95 40 50 56 60 70

92 88 80 70 72 70 36 40 36 40

92 40 50 50 56 60 70 60 60 88

✛✝✥✆✝✏ ✍✝✎ ✟✝✏✰✝ ✔✆ ✻✆ ✔✗✔❢❅✌ ✛✓✆ ✥☎✝✘✌ ✆✞✗✏ ✦✝✯✏ ✔✦✼✝✿❀✝✍✝✏✓ ✆✭ ❧✓✑✍✝ ✆✝✏ ❜❧ ✛✓✆
✆✭ ❝❆✩❇❝❆✩❈❆ (frequency) ✆✟✝ t✝✌✝ ✟✒✣ ❣✎✝✟✞✵✝ ✦✏✧ ✔✯✻✱ ✍✟✝✬ ❞ ✔✦✼✝✿❀✝✍✝✏✓ ✗✏ ❉✾ ✛✓✆

✥☎✝✘✌ ✔✆✻ ✟✒✓✣ ✛✌✫ ❉✾ ✛✓✆ ✆✭ ✳✝✞✓✳✝✞✌✝ ❞ ✟✒✣ ✛✝✓✆✈✤✝✏✓ ✆✝✏ ✛✝✒✞ ✛✔✜✆ ❧✞✯ ✲✥ ✠✏✓

❧✠❊✗✏ ✦✏✧ ✔✯✻ ❜✕✟✏✓ ✟✠ ✻✆ ❧✝✞✵✝✭ ✦✏✧ ✲✥ ✠✏✓ ✔✯✑✝✌✏ ✟✒✓✱ t✒❧✝ ✔✆ ✗✭❅✏ ✔✎✍✝ ✰✍✝ ✟✒✫

❋✷✹✺✷● 14.1

❍❛■ ❏❑▲✷▼◆✷❖✷P❛ ■● ❋❛◗❖✷

❘❍◆✷✷❙❚❯ ❱✷✹❛❱✷✹❚✷❲

10 1

20 1

36 3

40 4

50 3

56 2

60 4

70 4

72 1

80 1

88 2

92 3

95 1

❑♦❳❨ ❖✷P❩ 30
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File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-14\Chap-14 PM65

✞✟✠✡✟☛ ☞✌✍☞ ✎✟✏ ✈✑✒✓✔✑✕✖✗ ✘✙✚✛✘✙✚✗✙ ✘✛✜✢ ✣✙✚✤✙✓ (ungrouped frequency distribution

table) ❀✟ ✥✏✦✥✧ ✘✙✚✛✘✙✚✗✙ ✘✛✜✢ ✣✙✚✤✙✓ (frequency distribution table) ✎❞✟ ★✟✩✟ ❞✪✫

è❀✟✬ ✭☛✮★✯ ✮✎ ✰✬ ✞✟✠✮✡✟❀✟✏✱ ✎✟✏ ✲✬✟✬✏ ✳✏✱ ✴✟✵ ❢✶✷✙✢ ❢✸✹✙✺✛ (tally marks) ✎✟ ✵✻❀✟✏✼ ✎✠

✞✎✩✏ ❞✪✱✽ ★✪✞✟ ✮✎ ✴✼✧✏ ✾✭✟❞✠✡✟ ✳✏✱ ✮✭✿✟✟❀✟ ✼❀✟ ❞✪✫

♠❁❂❃❄❅❂ 3 : ✥✬ ✳❞✟✏♦✞✥ ✥✏✦ ✭✟✪✠✟✬ ☞❆❆ ✮✥❇✟✧❀✟✏✱ ✳✏ ✱ ✞✏ ✵✻♦❀✏✎ ✮✥❇✟✧❀ ✳✏✱ ☞❆❆ ✵✟✪❈✏

✧✼✟✯ ✼✯✫ ✯✎ ✳❞☛✬✏ ✲✟✭ ✧✼✟✯ ✼✯ ✵✟✪❈✟✏✱ ✳✏✱ ✞✏ ✲② ✼✯ ✵✟✪❈✟✏✱ ✎☛ ✞✱✿❀✟✯❉ ✮✬❊✬ ❋✟☛✱●

95 67 28 32 65 65 69 33 98 96

76 42 32 38 42 40 40 69 95 92

75 83 76 83 85 62 37 65 63 42

89 65 73 81 49 52 64 76 83 92

93 68 52 79 81 83 59 82 75 82

86 90 44 62 31 36 38 42 39 83

87 56 58 23 35 76 83 85 30 68

69 83 86 43 45 39 83 75 66 83

92 75 89 66 91 27 88 89 93 42

53 69 90 55 66 49 52 83 34 36

✰✩✬☛ ✲❜❍☛ ✞✱✿❀✟ ✳✏✱ ✴✟✱✎❜❍✟✏✱ ✎✟✏ ✰✞ ✵✻✎✟✠ ✵✻■✩❏✩ ✎✠✬✏ ✥✏✦ ✮✧✯ ✮✎ ✵✟❑✎ ✰✞✎✟ ✞✠✧✩✟

✞✏ ✴❋✟▲ ✮✬✎✟✧ ✞✥✏✦✱✽ ❞✳ ✰✬ ✴✟✱✎❜❍✟✏✱ ✎✟✏  20-29, 30-39, . . ., 90-99 ★✪✞✏ ✞✳t❞✟✏✱ ✳✏✱ ✠✿✟✎✠

✰▼❞✏✱ ◆✟✏❖✟ ✎✠ ✧✏✩✏ ❞✪✱ P◗❀✟✏ ✱✮✎ ❞✳✟✠✏ ✴✟✱✎❜❍✏ ❘❙ ✞✏ ❚❯ ✥✏✦ ✲☛② ❞✪✱❱✫ ✰✬ ✞✳t❞✟✏✱ ✎✟✏ ❲✑✒✔❳

(classes) ❀✟ ❲✑✒✔ ✈✛✗✚✙✷❨ (class intervals) ✎❞✟ ★✟✩✟ ❞✪ ✴✟✪✠ ✰✬✥✏✦ ✳✟✵ (size) ✎✟✏

✑✒✔❩✶✙❬ (class size) ❀✟ ✑✒✔ ✸✙❭❪❫✙❴✔ (class width) ✎❞✟ ★✟✩✟ ❞✪✽ ★✟✏ ✮✎ ❀❞✟❉ ☞❆ ❞✪✫

✵✻♦❀✏✎ ✥✼▲ ✎☛ ✮✬❊✬✩✳ ✞✱✿❀✟ ✎✟✏ ❢✢❵✢ ✑✒✔ ✣✓✶✙ (lower class limit) ✴✟✪✠ ✴✮❈✎✩✳

✞✱✿❀✟ ✥✦✟✏ ❛❬❢✚ ✑✒✔ ✣✓✶✙ (upper class limit) ✎❞✟ ★✟✩✟ ❞✪✫ ★✪✞✏✽ ✥✼▲ ❘❆❝❘❚ ✳✏✱ ❘❆ ✮✬❊✬

✥✼▲ ✞☛✳✟ ❞✪ ✴✟✪✠ ❘❚ ✾✵✮✠ ✥✼▲ ✞☛✳✟ ❞✪✫

✞✟❋✟ ❞☛✽ ✴✟✵ ❀❞ ❡✟☛ ★✟✬✩✏ ❞✪✱ ✮✎ ✮✳✧✟✬ ✮②❣✟✏✱ ✎✟ ✵✻❀✟✏✼ ✎✠✥✏✦ ❤✵✠ ✮✭✯ ✼✯ ✴✟✱✎❜❍✟✏✱

✎✟✏ ✞✟✠✡✟☛ ✐✵ ✳✏✱ ✵✻■✩❏✩ ✮✎❀✟ ★✟ ✞✎✩✟ ❞✪✽ ★✪✞✟ ✮✎ ✞✟✮✠✡✟☛ ☞✌✍❘ ✳✏✱ ✮✭✿✟✟❀✟ ✼❀✟ ❞✪✫
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❧☎✆✝☎✞ 14.2

❝✟✠ ✡☛☞ ✌☎✍✎☎✠✏ ✑✞ ❢✒✓☎✔ ❢✟✕ ❢♦✖☎✓✗☎✠✏ ✑✞ ❧✏✘✗☎

❧✏✘✗☎ ✭❝☎✆✏❝☎✆✙☎✚

20 - 29 ||| 3

30 - 39 |||| |||| |||| 14

40 - 49 |||| |||| || 12

50 - 59 |||| ||| 8

60 - 69 |||| |||| |||| ||| 18

70 - 79 |||| |||| 10

80 - 89 |||| |||| |||| |||| ||| 23

90 - 99 |||| |||| || 12

♦☛✛✓ ✗☎✠✜ 100

✈✢✣✤✥✦✢✧✣ ✤✢✧ ★✩ ✪✫ ✬✧✣ ✫✮✯✰✱✰ ✤✲✳✧ ✩✧ ✈✢✣✤✥✦✧ ✩✲✴ ✈✢✵✲ ✶✢✧✷✧ ✪✫ ✬✧✣ ✸✢✧ ✹✢✰✧ ✸✵✣ ✈✢✵✲

✸✬ ❣✤ ✸✺ ✻✼✽✾✷ ✬✧✣ ✿✳❀✧❁ ✬✱❂❃ ✴❄✢❅✢✢✧✣ ✤✢✧ ✻✧❂✢ ✩✤✰✧ ✸✵✣❆ ★✩ ✫✮✤✢✲ ✤✺ ✩✢✲❅✢✺ ✤✢✧

❇❈❉❊❇❋●❍ ■❏❑▲■❏❑❍❏ ■▲▼◆ ❖❏❑P❏❉ (grouped frequency distribution table) ✤✸✢ ✹✢✰✢ ✸✵❆

❃✸✢◗ ✸✬ ❃✸ ✩✲✴✰✢ ✩✧ ✻✧❂✢ ✩✤✰✧ ✸✵✣ ✽✤  8 + 18 + 10 + 23 + 12 = 71 ✽❀❘✢✴❃✢✧✣ ✬✧✣ 50%

❃✢ ★✩✩✧ ✈✽❙✤ ✫✢✵❙✧ ❚❯ ❱❣ ✸✵✣❆

❃✸✢◗ ✸✬ ❃✸ ✻✧❂✢✰✧ ✸✵✣ ✽✤ ❲✫✲ ✤✺ ✩✢✲❅✢✺ ✬✧✣ ❀❱❳ ✈✳✽✰❨❃✢✫✺ (non-overlapping) ✸✵✣❆

è❃✢✳ ✻✺✽✹❣ ✽✤ ❃✸✢◗ ✸✬ ✶✢✧✷✧ ✬✢✫ ✴✧✤✲ ✈✽❙✤ ✩✣❂❃✢ ✬✧✣ ❀❱❳ ✴✧ ✩✤✰✧ ❩✢✧ ❃✢ ❚✥✦✧ ✬✢✫

✴✧✤✲ ✤✬ ✩✣❂❃✢ ✬✧✣ ❀❱❳ ✴✧ ✩✤✰✧ ❩✢✧❆ ✿✻✢✸✲❅✢ ❀✧❁ ✽✴❣② ✈✣✰✲✢✴  22-26, 27-31, ✈✢✽✻ ✸✢✧

✩✤✰✧ ❩✢✧❆ ★✩ ✤✢❃❳ ❀✧❁ ✽✴❣ ✤✢✧★❳ ✽❀❬✢✧✾✢ ✽✳❃✬ ✳✸✺✣ ✸✵❆ ✽✳❃✬ ❀✧❁❀✴ ❃✸✺ ✸✵ ✽✤ ❀❱❳

✈✽✰❨❃✢✫✺ (overlapping) ✳✸✺✣ ✸✢✧✳✧ ❯✢✽✸❣❆

♠❭☎✡✆✝☎ 4 : ✈✢★❣ ✈❚ ✸✬ ✽✳❪✳✽✴✽❂✢✰ ❚✢✲✣❚✢✲✰✢ ❚✣✷✳ ✩✢✲❅✢✺ ✴✧✣② ✽✹✩✬✧✣ ❣✤ ✤❄✢✢ ❀✧❁

❫❴ ✽❀❘✢✽❩✢❳❃✢✧✣ ❀✧❁ ❵✢✢✲ ✽✻❣ ❱❣ ✸✵✣❛
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✞✟✠✡✟☛ 14.3

❍✟✟✠ ☞kg ❡✌✍✎ ❢✏✑✟✒✓✟✔✟✌✍ ✕☛ ✞✍✖✔✟

31 - 35 9

36 - 40 5

41 - 45 14

46 - 50 3

51 - 55 1

56 - 60 2

61 - 65 2

66 - 70 1

71 - 75 1

✏♦✗✘ ✔✟✌① 38

✈✙✚ ✛✜✢ ✣✤✥✤ kg ✈✦✧★ ✩✪✥✤ kg ✫✬✭ ✮✦✦★ ✫✦✯✬ ✢✦✬ ✈✦✧★ ✜✫✰✦✱✦✲✳ ✴✵ ✶✷✦✦ ✸✬✹ ✈✦ ✺✦✻✼✚

r✦✬ ✽✾✿✬✹ ✜✶✵ ✫❀✳ ✈✹r★✦✯ ✸✬✹ ★❁✦✦ ✺✦✻❀✦❂ ✽✾✿✬✹ ❃ r✦✬ ✿✸ ✽❃ ✈✹r★✦✯✦✬✹ ✸✬✹ ★❁✦ ✵✶r✬ ✿✧✹

✜✺❃✶✲ ✈✹✜r✸ ✵✹❁✛✦ ✣✤ ✛✦ ✩✪ ✿✧✹ ✈✦✧★ ❃ ✿✲ ✴✾✿✬✹ ✿✸ ✽❃ ✈✹r★✦✯✦✬✹ ✸✬✹ ★❁✦ ✵✶r✬ ✿✧✹ ✺✦✬

✴❃✶✬ ✙✦✢ ✈✦r✬ ✿✧✹❜ ✻✬✵✦ ✴✵✜✯✻ ✿✧✚ ❄✛✦✬✹✜✶ ✢✦✬ ❅✸✦❀r ✫❀✦✬❆ (consecutive classes) ✶✲

✽♠✜★ ✈✦✧★ ✜❃❇❃ ✵✲✸✦✈✦✬✹ ✫✬✭ ✙✲❈ ✜★❄r ❉✱✦✦❃ ✿✧❜ ✈r❊ ✴✵ ✜❉✱✦✜r ✸✬✹ ✿✸✬✹ ✈✹r★✦✯✦✬✹ ✶✦✬

✜✫✮✦❄r ✶★❃✦ ✿✦✬r✦ ✿✧✚ ✜✺✵✵✬ ✜✶ ❅✸✦❀r ✈✹r★✦✯✦✬✹ ✶✲ ✽♠✜★ ✈✦✧★ ✜❃❇❃ ✵✲✸✦✻✼ ✵✸✦❃ ✿✦✬

✺✦✻✼❜ ✴✵✫✬✭ ✜✯✻ ✿✸✬✹ ✻✶ ✫❀✳ ✶✲ ✽♠✜★ ✵✲✸✦ ✈✦✧★ ✽✵✫✬✭ ✙✦✢ ✫✬✭ ✫❀✳ ✶✲ ✜❃❇❃ ✵✲✸✦ ✫✬✭

✙✲❈ ✶✦ ✈✹r★ ❝✦r ✶★❃✦ ✿✦✬r✦ ✿✧❜ r✙ ✿✸ ✴✵ ✈✹r★ ✫✬✭ ✈✦❋✬ ✮✦✦❀ ✶✦✬ ♠●■✛✬✶ ✽♠✜★ ✵✲✸✦

✸✬✹ ✺✦✬❏❑ ✢✬r✬ ✿✧✹ ✈✦✧★ ✴✵✲ ★✦✜▲✦ ✶✦✬ ♠●■✛✬✶ ✜❃❇❃ ✵✲✸✦ ✸✬✹ ✵✬ ▼✦◆✦ ✢✬r✬ ✿✧✹❜

✽✢✦✿★❖✦ ✫✬✭ ✜✯✻✚ ✫❀✳  31 - 35 ✈✦✧★  36 - 40 ✯✲✜✺✻❜

36 - 40 ✶✲ ✜❃❇❃ ✵✲✸✦ = 36

31 - 35  ✶✲ ✽♠✜★ ✵✲✸✦  = 35

✈✹r★ = 36 – 35 = 1

✈r❊✚ ✈✹r★ ✶✦ ✈✦❋✦ = 
1

2
 = 0.5

✴✵ ♠●✶✦★✚ ✫❀✳  31 – 35  ✵✬ ✙❃✦ ❃✛✦ ✫❀✳ ✈✹r★✦✯ (31 – 0.5) – (35 + 0.5) = 30.5 – 35.5 ✿✧❜

✴✵✲ ♠●✶✦★✚ 36 – 40 ✵✬ ✙❃✦ ❃✛✦ ✫❀✳ ✈✹r★✦✯
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= (36 – 0.5) - (40 + 0.5)

= 35.5 - 40.5

❜☎ ✆✝✞✟✠✡ ☛✡☞ ✌✡✍☞ ✎✏✑✡✒☞ ✆✓ ✞✒✔✒✞✕✞✖✡✗ ☎✘✗✗ ✙✍✚ (continuous classes) ✆✝✡✥✗ ✛✡☞✗☞ ✛✜✘✢

30.5-35 .5 , 35 .5-40 .5 , 40 .5-45 .5 , 45 .5-50 .5 , 50 .5-55 .5 , 55 .5-60 .5 ,

60.5 - 65.5, 65.5 - 70.5, 70.5 - 75.5

✌✎ ✛✈ ❜✒ ✙✍✡☞✣ ✈☞✘ ✒✤ ✞✙✦✡✞✧✡✚✠✡☞✘ ✙☞★ ✩✡✡✓ ☎✞✔✈✞✕✗ ☛✓ ☎☛✗☞ ✛✜✘✪ ✆✓✫✗✬✭ ✤☞☎✡ ☛✓✒☞ ☎☞ ✤☛

✌✡✜✓ ☎✈✮✠✡ ✌✡✗✯ ✛✜✪ ✙✛ ✠✛ ✛✜ ✞☛ ✰✱✲✱ ✳✡☞✒✡☞✘ ✛✯ ✙✍✡☞✣ ✰✴✲✱✵✰✱✲✱ ✌✡✜✓ ✰✱✲✱✵✶✴✲✱

✈☞✘ ✛✜✪ ✙✛ ✠✛ ✛✜ ✞☛ ✌✡✆✙☞★ ✞✙❡✡✓ ☎☞ ❜☎ ✩✡✡✓ ☛✡☞ ✞☛☎ ✙✍✚ ✈☞✘ ✓✖✡✒✡ ❡✡✞✛✤✷

✠✞✳ ❜☎☞ ✳✡☞✒✡☞✘ ✙✍✡☞✣ ✈☞✘ ✓✖✡✡ ❀✡✤✭ ✗✡☞ ❜☎☛✯ ✞✍✒✗✯ ✳✡☞ ✎✡✓ ☛✓✒✯ ✛✡☞✍✯✪

✌✗✢ ✆✓✘✆✓✡ ✙☞★ ✌✒✬☎✡✓✭ ✛✈  ✰✱✲✱ ☛✡☞ ✙✍✚ ✰✱✲✱✵✶✴✲✱ ✈☞✘ ✓✖✡✗☞ ✛✜✘ ✒ ✞☛ ✙✍✚ ✰✴✲✱✵✰✱✲✱

✈☞✘✪ ❜☎✯ ✆✝☛✡✓✭ ✶✴✲✱ ☛✡☞ ✙✍✚ ✶✴✲✱✵✶✱✲✱ ✈☞✘ ✓✖✡✡ ❀✡✗✡ ✛✜ ✒ ✞☛ ✙✍✚ ✰✱✲✱✵✶✴✲✱ ✈☞✘✪

✌✗✢✭ ✒✤ ✩✡✡✓ ✰✱✲✱ kg ✌✡✜✓ ✶✴✲✱ kg ☛✡☞ ✟✈✸✡✢ ✰✱✲✱✵✶✴✲✱ ✌✡✜✓ ✶✴✲✱✵✶✱✲✱ ✈☞✘

☎✞✔✈✞✕✗ ✞☛✠✡ ❀✡✤✍✡✪ ✌✎ ❜✒ ☛❧✆✒✡✌✡☞✘ ☛☞✡ ✹✠✡✒ ✈☞✘ ✓✖✡✒☞ ✆✓ ✤☛ ✒❜✚ ✎✡✓✘✎✡✓✗✡ ✎✘✺✒

☎✡✓✻✡✯ ✆✝✡✥✗ ✛✡☞✍✯✭ ❀✜☎✡ ✞☛ ✒✯❡☞ ✞✳✖✡✡❜✚ ✍❜✚ ✛✜ ✢

✼✽✾✿✽❁ 14.4

❍✽✽✾ ❂kg ❃❄❅❆ ❢❇❈✽❉❊✽❋✽❄❅ ●❁ ✼❅■❋✽

30.5-35.5 9

35.5-40.5 6

40.5-45.5 15

45.5-50.5 3

50.5-55.5 1

55.5-60.5 2

60.5-65.5 2

65.5-70.5 1

70.5-75.5 1

❇♦❏❑ ❋✽❄▲ 40
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✈✞✟✠ ✈✡ ☛☞ ✌✍✎✞✏✑✞✒ ✓ ☞✔✕ ✈✞✒✖✔✗ ✘✞✙✞ ✠✏✌✚✞✛ ✌✏✠ ✜✠ ✈✞✕✏✢✣✞✔✕ ✏✞✔ ✑✔✕✤ ✟✥ ✡✞✙

☛☞ ❣✞☛✔✕✜✔ ✌✏ ✈✞✒ ✟✦ ✈✞✕✏✢✣✞✔✕ ✏✞✔ ✠✏ ✡✞✙✕✡✞✙✛✞ ✡✕✧✦ ✥✞✙★✞✩ ✖✔✗ ✪✒ ☞✔✕ ✒✫✬✛✭✛ ✏✙✔✕✤

❢✮✯✰✱✲✰✳ 2 : ♠✴☛✩✕ ❣✞✙ ✥☞✵☛✞✔✕ ✏✞✔ ✑✔✏✙ ✈✞✒ ✈✒✦✔ ✈✞✕✏✢✣✞✔✕ ✏✞✔ ✡✞✙✕✡✞✙✛✞ ✡✕✧✦ ✥✞✙✌★✞✎✞✔✕

☞✔✕ ✒✌✙✖❡✛✛ ✏✙✔✕✤ ✈✞✕✏✢✣✞✔✕ ✖✔✗ ✒✌✙✥✙ ✈✞✶✙ ✈✞✕✏✢✣✞✔✕ ✖✔✗ ✒✫✏✞✙ ✏✞✔ ✷✎✞✦ ☞✔✕ ✙✸✞✏✙ ♠✒✎✭✹✛

✖✜♦✺☞✞✒ ✖✞✑✔ ✥✭✌✖✻✞✼✦✏ ✖✜♦ ✑✩✌✼✠✤

✐✽✾✿❀❁❂❃ 14.2

1. ❄�❅❆✝✁ ✆❇�� ❆❈❉ ❊❋ ✂❆●�❍■�☎�❈✁ ❆❈❉ ❏❑▲ ❧▼◆❖ ☎❈ ❖P✁◗

A, B, O, O, AB, O, A, O, B, A, O, B, A, O, O,

A, AB, O, A, A, O, O, AB, B, A, O, B, A, B, O

❜❘ ❄�✁✆❙❚�❈✁ ✆�❈ ❯✆ ❱�❏✁❱�❏▲� ❱✁❲❘ ❧�❏❳�✝ ❆❈❉ ❨❩ ▼❈✁ ❩❬❭▲❪▲ ✆✝✂❫❯❴ ❱▲�❜❯ ✂✆ ❜❘

✂❆●�❍■�☎�❈✁ ▼❈✁ ✆�P❘❵❧� ❏❑▲ ❧▼◆❖ ❄✂❛✆ ❧�▼�❝☎ ❖P ❄�P❏ ✆�P❘❵❧� ❏❑▲ ❧▼◆❖ ✂❆❏❞▲▼ ❏❑▲

❧▼◆❖ ❖P❴

2. ❤❋ ❜✁❫✝✂❘☎❏�❈✁ ✆✝ ❥❘❆❈❉ ❄�❆�❧ ❧❈ ✆�☎❦❵❭■�❞ ✆✝ ♥✂✆❞�❈▼✝❲❏ ▼❈✁♣ q◆✂❏☎�r ☎❈ ❖P✁◗

5 3 10 20 25 11 13 7 12 31

19 10 12 17 18 11 32 17 16 2

7 9 7 8 3 5 12 15 18 3

12 14 2 9 6 15 15 7 6 12

❋❵s ✆�❈ ♥✂❫❧▼❈✁ s ❧✂t▼✂❞▲ ❘❖✝✁ ❖P♣ ❩❖❞� ❄✁▲❏�❞ ❞❈✆❏ ✉❩❏ ✂q❯ ❖❪❯ ❄�✁✆❙❚�❈✁ ❧❈

❆✇❦❵▼�❩ s ❆�❞✝ ❯✆ ❆✇✝❦❆①❉▲ ❱�❏✁❱�❏▲� ❱✁❲❘ ❧�❏❳�✝ ❱❘�❜❯❴ ❜❧ ❧�❏❳�✝ ❱② ✂❘❨❩❳� ▼❈✁

❄�❩✆�❈ ✆�P❘❵❧❈ ▼❪✄☎ ❞❇�❳� q❈✄�❘❈ ✆�❈ ✂▼❞▲❈ ❖P✁③

3. ❊❋ ✂q❘ ❆�❞❈ ▼❖✝❘❈ ▼❈✁ ❯✆ ❘✇❏ ✆✝ ❧�❩❈❇� ❄�q❬❦▲� (%▼❈✁♣ ☎❖ ❏❖✝ ❖P◗

98.1 98.6 99.2 90.3 86.5 95.3 92.9 96.3 94.2 95.1

89.2 92.3 97.1 93.5 92.7 95.1 97.2 93.3 95.2 97.3

96.2 92.1 84.9 90.2 95.7 98.3 97.3 96.1 92.1 89

(i) ❆✇❦ ④❤❵④⑤⑥ ④⑤❵④④ ❄�✂q ❞❈✆❏ ❯✆ ❆✇✝❦❆①❉▲ ❱�❏✁❱�❏▲� ❱✁❲❘ ❱❘�❜❯❴

(ii) ❑☎� ❄�❩ ❱▲� ❧✆▲❈ ❖P✁ ✂✆ ☎❈ ❄�✁✆❙❚❈ ✂✆❧ ▼❖✝❘❈ ☎� ⑦▲❪ ❧❈ ❧✁❱✁✂❛▲ ❖P✁③

(iii) ❜❘ ❄�✁✆❙❚�❈✁ ✆� ❩✂❏❧❏ ❑☎� ❖P③
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4. �❢☎✆✄✝ ✞✟✠✆✡✝✡✆☛✂✟✠ ✝✟✠ ✝✂☞✡ ①✌✍ ✎✏ �✑✒✂✓✔✂✕✂✟✠ ☎✡ ✖✠✗✂✌✕✂✘ ✕✟ ✙✚✠✛

161 150 154 165 168 161 154 162 150 151

162 164 171 165 158 154 156 172 160 170

153 159 161 170 162 165 166 168 165 164

154 152 153 156 158 162 160 161 173 166

161 159 162 167 168 159 158 153 154 159

(i) ✶✜✏✢✶✜✎✣ ✶✜✎✢✶✤✏ ✥✂�✦ ☎✂ ✑①✍ ✥✠✄☛✂✖ ✖✟☎☛ ✧☞☛ �✦★ ①★ ✥✂✠☎✩✪✂✟✠ ☎✂✟ ★☎

✑①✡✍✑♦✫✄ ✗✂☛✠✗✂☛✄✂ ✗✠✆❢ ✞✂☛✁✂✡ ✑✟✫ ✬☞ ✝✠✟ �❢✬�☞✄ ☎✡�✭★✮

(ii) ✌✞ ✞✂☛✁✂✡ ☎✡ ✞✙✂✕✄✂ ✞✟ ✥✂☞ �✑✒✂✓✔✂✕✂✟✠ ☎✡ ✖✠✗✂✌✕✂✟✠ ✑✟✫ ✞✠✗✠❜ ✝✟✠ ✯✕✂ �❢✰☎✰✂✍

�❢☎✂✖ ✞☎✄✟ ✙✚✠✱

5. ★☎ ❢①☛ ✝✟✠ ✑✂✕✲ ✝✟✠ ✞✳☞✫☛ ✩✂✌✍✢✥✂✴✯✞✂✌✩ ☎✂ ✞✂✠✦✵✁✂ ✷✂✂① ☞✵�✄ �✝�✖✕❢ [parts per million

(ppm)] ✝✟✠ ✸✂✄ ☎☛❢✟ ✑✟✫ �✖★ ★☎ ✥✹✕✕❢ �☎✕✂ ①✕✂✮ ✺✏ �✦❢✂✟✠ ✑✟✫ ☞✵✂✻✄ �☎★ ①★ ✥✂✠☎✩✪✟

✕✟ ✙✚✠✛

0.03 0.08 0.08 0.09 0.04 0.17

0.16 0.05 0.02 0.06 0.18 0.20

0.11 0.08 0.12 0.13 0.22 0.07

0.08 0.01 0.10 0.06 0.09 0.18

0.11 0.07 0.05 0.07 0.01 0.04

(i) ✏✼✏✏✢✏✼✏✽✣ ✏✼✏✽✢✏✼✏✾ ✥✂�✦ ☎✂ ✑①✍ ✥✠✄☛✂✖ ✖✟☎☛ ✌❢ ✥✂✠☎✩✪✂✟✠ ☎✡ ★☎ ✑①✡✍✑♦✫✄

✗✂☛✠✗✂☛✄✂ ✗✠✆❢ ✞✂☛✁✂✡ ✗❢✂✌★✮

(ii) ✞✳☞✫☛ ✩✂✌✍✢✥✂✴✯✞✂✌✩ ☎✡ ✞✂✠❧✄✂ �☎✄❢✟ �✦❢ 0.11 ✷✂✂① ☞✵�✄ �✝�✖✕❢ ✞✟ ✥�❜☎ ☛✙✡✱

6. ✄✡❢ �✞✯☎✂✟✠ ☎✂✟ ★☎ ✞✂✔✂ ✺✏ ✗✂☛ r✿✂✖✂ ①✕✂✮ ☞✵❀✕✟☎ ✗✂☛ �❁✄ (Head) ✥✂❢✟ ☎✡ ✞✠❂✕✂

�❢❃❢ ✙✚ ✛

0 1 2 2 1 2 3 1 3 0

1 3 1 1 2 2 0 1 2 1

3 0 0 1 1 2 3 2 2 0

✧☞☛ �✦★ ①★ ✥✂✠☎✩✪✂✟✠ ☎✟ �✖★ ★☎ ✗✂☛✠✗✂☛✄✂ ✗✠✆❢ ✞✂☛✁✂✡ ✗❢✂✌★✮

7. ✎✏ ✦❄✂✝✖✑ ❅✔✂✂❢ ✄☎ ❄✂✲❆ ❇  ☎✂ ✝✂❢ ❢✡❁✟ �✦✕✂ ①✕✂ ✙✚ ✛

3.14159265358979323846264338327950288419716939937510
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(i) ♥✞� ✟✠ ✡ ✂☛✁♥☞ ✡✌✍ ☛�♥ ✎�✏ ✌ ✡�✠ ✌ ✑ ❧✌ ✒ ✓✆ ✡✌✍ ✎✁✆� ✌✁ ✆� ✔✆ ☛ �✕✁☛�✕✓� ☛ ✁✖✏ ☛✏�✗✔✘

(ii) ❧☛ ❧ ✌ ✎✂✙✆ ☛�✕ ✎�✚✕ ❧☛ ❧✌ ✆ ✟ ☛ �✕ ✎�✏ ✌ ✡�✠ ✌ ✎✁✆ ✆� ✚✏✛✆�✚✏ ❧✌ ✜✚✁ ✢

8. ✓ ✝❧ ☛r✣� ✌✁ ❧ ✌ ☎✜ ✤✥✦� ✧ ☎� ✂✆ ✂✤✦✠ ✌ ❧◆✓�✜ ★ ✩✜ � ✌✁✏ ✌ ✂✆✓✏✌ ✪�✁✖� ✌✁ ✓✆ ✖ ✝✫ ✡✝✫ ✡ ✌✍ ✤✬� ✌✧✬� ✟ ♥ ✌✄� ✌✘

✤✬�◆ ✓ ✤✂✕✐ �� ✟ ☎ ✌ ✕✜ ✌ ✜ ✚✁ ✭

1 6 2 3 5 12 5 8 4 8

10 3 4 12 2 8 15 1 17 6

3 2 8 5 9 6 8 7 14 12

(i) ✡✧ ♦✛ ✣�✚ ✮✯�✗ ♦ ✰ ✠ ✌✆✕ ✎�✚✕ ✔✆ ✡✧ ♦ ✎✁✓✕�✠ ✆ � ✌ ✰✛ ✱✑ ✠ ✌✆✕ ✗ ✏ ✎�✁✆ ✮✯� ✌✁ ✆ ✝ ✔✆

✡✧ ✝♦✡ ✲✍✓ ☛ �✕✁☛ �✕✓� ☛ ✁✖✏ ❧�✕✐ � ✝ ☛ ✏�✗ ✔✘

(ii) ✂✆ ✓✏ ✌ ☛ r✣� ✌✁ ✏ ✌ ❧◆✓�✜ ✟✌✁ ✱✰ ☎� ✎✂✙✆ ✪�✁✖ � ✌✁ ✓✆ ✖ ✌✠ ✝✂✡ ❢✏ ♥ ✌✄�� ✢

9. ✔✆ ✡✁ ✍✤✏ ✝ ✔✆ ✂✡✞� ✌✳� ✤✬✆ �✕ ✆ ✝ ✆�✕✛ ☛✚✖ ✴ ✝ ☛ ✏�✓ ✝ ✜ ✚✘ ✗ ❧ ✤✬✆�✕ ✆ ✝ ✵✑ ☛✚ ✂✖✴ ☎� ✌✁ ✡ ✌✍

❢✝✡✏✛✆ �✠ t ✡ ✳�� ✌✶ ✟✌✁ ✷ ☎ ✌ ✕✜ ✌ ✜ ✚✁ ✭

2.6 3.0 3.7 3.2 2.2 4.1 3.5 45

3.5 2.3 3.2 3.4 3.8 3.2 4.6 3.7

2.5 4.4 3.4 3.3 2.9 3.0 4.3 2.8

3.5 3.2 3.9 3.2 3.2 3.1 3.7 3.4

4.6 3.8 3.2 2.6 3.5 4.2 2.9 3.6

✑✫ ✰ ✟� ✤ ✡ ✌✍ ✡✧ ♦ ✎✁✓✕�✠ ✠ ✌✆✕ ✓ ✸� � ✎✁✓✕�✠ ✹✛ ✹✫ ✰ ❧ ✌ ✤✬�✕ ✁✺� ✆✕ ✡✌✍ ✗✏ ✎�✁✆ ✮✯� ✌✁ ✆ ✝ ✔✆

✡✧ ✝♦✡ ✲✍✓ ☛�✕ ✁☛�✕ ✓� ☛✁✖ ✏ ❧�✕✐ � ✝ ☛✏� ✗✔✘

14.4 ✈✻ ✼✽✾ ✿✻ ❀✼ ✽✻ ✈✻ ❁ ❀❂✻ ❃ ❄ ❅❆❇❈ ❉✻

❊ ❋●❍■❋❏ ❋❑▲ ❊❑ ▼ ❋▲ ❖P◗❋❑▲ ❖❋ ❍ ❘❙ ❚■❋ ❖● ❘❑ ❯❑❱ ❲❋●❑ ❳❑▲ ❨❳ ❩❩ ❋❬ ❖● ❩ ❭ ❯❑❱ ❨❪▲ ❫ ▼❋❴❵ ▼❲ ❨❳

▼❋▲ ❖P◗❋❑▲ ❯❑❱ ▼❛❏ ❍ ❘❙ ❚■❋❜ ▼❝ ❋❋❬❞ ❡ ▼❋❣❑ ❤❋❥❏ ❍ ❘❙ ❚■❋ (graphical representation) ❖❥ ▼❋❑ ●

▼❚❘ ❋ ❦❏ ❋❘ ❯❑▲❱❍♠♣❞ ❖●❑▲ ❫ ❴❊ ❊ ▲ ❲▲q ❳❑▲ ❵ ❖ ❖❨❋❯❞ ❏ ❨ ●❨❥ ❨❪ ❍ ❖ ❵ ❖ ❍❩ s ❋ ❨✉ ❋● ✇❋①♠

❊❑ ② ❋❥ ③ ④ ❋❳ ❨ ❋❑ ❞ ❋ ❨❪❫ ❚♣❋❏ ⑤ ▼ ❣⑥⑦▼ ❣⑥ ❳♠ ❋❑▲ ❖❥ ❞ ❭ ❣❘❋▼❋❑▲ ❖❋❑ ▼❋❣❑ ❤❋❋❑▲ (graphs) ❖❥

❊ ❨ ❋❏❞ ❋ ❊❑ ▼⑧⑨❥ ❞ ● ❨ ❊❑ ♠✇ ❋❋❬❏ ❋ ✉❋❞ ❋ ❨❪❫ ❞ ❲ ❯❋⑩❞❍❯❖ ▼❋▲❖P◗❋❑▲ ❖❥ ❞❭❣❘❋ ❳❑▲ ❴❊ ❍❘❙❚■❋

❖❋❑ ❊❳❶❘❋ ▼❍q❖ ❊●❣ ❨❋❑ ✉❋❞❋ ❨❪❫ ❴❊ ▼❘❭ ⑧⑨❑♠ ❳❑▲❜ ❨❳ ❍ ❘❷ ❘❍ ❣❍ ❤ ❋❞ ▼❋❣❑ ❤ ❋❥❏ ❍❘❙ ❚■❋❋❑▲

❖❋ ▼❦❏❏ ❘ ❖●❑ ▲ ⑥❑ ❫

(A) ♠▲ P ▼ ❋❣❑ ❤ ❋ (Bar Graph)

(B) ❵ ❖❊ ❳❋❘ ❩ ❋❪P ◗❋❴❬ ▼❋❪● ❚❍ ●❯❞ ❥❬ ❩ ❋❪P ◗❋❴❏ ❋❑▲ ❯❋❣❑ ▼ ❋❏❞ ❍❩s ❋ (Histograms)

(C) ❲❋●▲ ❲❋●❞ ❋ ❲❨❭② ❋❭ ✉ (Frequency Polygons)
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(A) ♥☎✆ ✝✞✟✠✡✞

❢☛☞✌✍ ✎✏✑✑✒✑✓✔ ✕✓✔✖ ✒✑☛ ✗✔✘ ✒✑✌✓✙✑ ✎✑ ✒✚✛✛✜ ✎✢ ✣✤✥✓✦ ✧★✔ ✒✑★✢ ✩✪✧✓✔ ✫✜✑ ✬✑✍ ✣✤✥✓✦

✧★✔❣ ✛✧✑✭ ✧✕ ✥✤✦☞ ✒❢✮✎ ✒✑★☛✣✑❢✢✎ ✗✯❢✰✱✎✑✓✲✑ ✳✓ ✴✜ ☛✢ ✣✣✑✵ ✎✢✓✔✶✓❣ ✒✑☛✎✑✓ ✛✑✗ ✧✑✓✶✑

❢✎ ✗✔✘ ✒✑✌✓✙✑ ✒✑✔✎✘✷✑✓✔ ✎✑ ✸✎ ❢✣✹✑✍✛ ❢✜✺☛✲✑ ✧✑✓✻✑ ✧★ ❢✼✳✕✓✔ ☛✽✑✛✾ ✸✎ ✒✏✑ ✿✕✑✜

✌✍❢✼✸ x-✒✏✑✈ ☛✢ ✸✎ ✣✢ ✎✑✓ ☛✽✎✱ ✎✢✜✓ ✥✑✌✓ ✸✎ ✳✕✑✜ ✣✑★✘✷✑✴✵ ✎✓ ✗✔✘ ✙✑✍✔✣✓ ✼✑✻✓

✧★✔ ❢✼✜✥✓✦ ✫✍✣ ✕✓✔ ✫✢✑✫✢❀✫✢✑✫✢ ✗❁❢✢✛✑✭ ☞✑✓✘✷✍ ✼✑✻✍ ✧★✔❣ ✣✢ ✥✓✦ ✕✑✜ ✗❁✳✢✓ ✒✏✑ ✿✕✑✜ ✌✍❢✼✸

y-✒✏✑✈ ☛✢ ❢✗✙✑✑✸ ✼✑✻✓ ✧★✔ ✒✑★✢ ✗✔✘✑✓✔ ✎✍ ❂✭✣✑✴✛✑✭ ✣✢ ✥✓✦ ✕✑✜✑✓✔ ☛✢ ❢✜✬✑✵✢ ✎✢✻✍ ✧★✔❣

♠♥✞❃❄❅✞ 5 : ✜✥✍✔ ✎✏✑✑ ✥✓✦ ✉❆ ❢✥❇✑❈❉✑✛✑✓✔ ✳✓ ✩✜✥✓✦ ✼✪✕ ✎✑ ✕✧✍✜✑ ✫✻✑✜✓ ✥✓✦ ❢✌✸ ✎✧✑

✶✛✑❣ ✴✳ ☛✽✎✑✢ ☛✽✑❊✻ ✒✑✔✎✘✷✑✓✔ ✳✓ ❢✜❋✜❢✌❢✙✑✻ ✒✑✌✓✙✑ ✫✜✑✛✑ ✶✛✑✾

●❍■❏❑▲▼ 14.1

❂☛✢ ❢✗✸ ✶✸ ✒✑✌✓✙✑ ✎✑✓ ✗✓✙✑✎✢ ❢✜❋✜❢✌❢✙✑✻ ☛✽◆✜✑✓✔ ✥✓✦ ✩❖✑✢ ✗✍❢✼✸ ✾

(i) ✜✥✔✫✢ ✥✓✦ ✕✧✍✜✓ ✕✓✔ ❢✎✻✜✓ ❢✥❇✑❈❉✑✛✑✓✔ ✎✑ ✼✪✕ ✧✤✒✑P

(ii) ❢✎✳ ✕✧✍✜✓ ✕✓✔ ✳✫✳✓ ✒❢✮✎ ❢✥❇✑❈❉✑✛✑✓✔ ✎✑ ✼✪✕ ✧✤✒✑P

❃✟ : ✚✛✑✜ ✗✍❢✼✸ ❢✎ ✛✧✑✭ ✣✢ è✼✪✕ ❢✗✜ ✎✑ ✕✧✍✜✑◗ ✧★ ✒✑★✢ ✣✢ ✎✑ ✕✑✜ è✼✪✕ ✌✓✜✓ ✥✑✌✓

❢✥❇✑❈❉✑✛✑✓✔ ✎✍ ✳✔✙✛✑◗ ✧★❣

(i) ✜✥✔✫✢ ✥✓✦ ✕✧✍✜✓ ✕✓✔ ✉ ❢✥❇✑❈❉✑✛✑✓✔ ✎✑ ✼✪✕ ✧✤✒✑❣

(ii) ✒✶❘✻ ✥✓✦ ✕✧✍✜✓ ✕✓✔ ✳✫✳✓ ✒❢✮✎ ❢✥❇✑❈❉✑✛✑✓✔ ✎✑ ✼✪✕ ✧✤✒✑❣

✒✑✴✸ ✒✫ ✧✕ ❢✜❋✜❢✌❢✙✑✻ ✩✗✑✧✢✲✑ ✌✓✎✢ ✴✜✎✑ ☛✤✜❢✥✵✌✑✓✎✜ ✎✢✓✔ ❢✎ ✸✎ ✗✔✘ ✒✑✌✓✙✑

❢✎✳ ☛✽✎✑✢ ✫✜✑✛✑ ✼✑✻✑ ✧★❣
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♠✞✟✠✡☛✟ 6 : ✱☞ ✌✍✎✏✑✎ ✒✓ ✍✔✕☞✖ ✗✑✍✕☞ ✘✑✙ 20000 ★ ❣✚✛ ✍✏✍✜✑✢✒ ✗✣✑✓✤ ✏✓✥ ✘✤✦✧✩✦ ❣✎

✗❣✖✒✓ ❣✑✓✒✓ ✏✑❡✓ ✪✑✫✩ ☞✖ ✙✑✓✔✒✑ ✬✒✑✭✩ ✮✑✖✯

✰✟✡☛✟✲ 14.5

✳✞ ❬✟✴✵

✶✠✷✟✡ ✸✹✺✟✻✼ ✳✻✼✽

✧①✑✾✕✎✖ ✿✌✎✫❀✒ ☞✑ ✕✑✗✑✒❁ 4

✍☞✎✑✙✑ 5

✬❝✫✑✓✤ ☞✖ ✍❂✑❃✑✑ 5

✣✏✑✭✙✑♥ 2

✭❜❄✒ 2

✗✒✑✓✎✤✔✒ 1

✍✏✍✏❄ 1

➴✌✎ ✍✣✱ ✧✱ ✘✑✤☞❅❆✑✓✤ ☞✑ ✱☞ ✣✤❅ ✘✑❡✓✪✑ ✬✒✑✭✱❇

✠❈ : ❣✗ ✭✒ ✘✑✤☞❅❆✑✓✤ ☞✑ ✣✤❅ ✘✑❡✓✪✑ ✍✒❉✒✍❡✍✪✑✦ ✫✎❊✑✑✓✤ ✗✓✤ ✬✒✑✦✓ ❣✚✤❇ ❋✙✑✒ ✣✖✍✔✱ ✍☞

✣❀✕✎✓ ●✦✤✜✑ ✗✓✤ ✍✣✙✑ ✧✙✑ ✗✑❍✑☞ (unit) ■❣✔✑✎ ★✌✙✑✓✤ ✗✓✤❏ ❣✚❇ ✘✦✯✛ ✧①✑✾✕✎✖ ✿✌✎✫❀✒ ☞✑ ✕✑✗✑✒❁

✏✓✥ ✕✑✗✒✓ ✍❡✪✑✑ ✘✤☞ ♦ ☞✑ ✘✮✑✩ 4000 ★ ❣✚❇

1. ☞✑✓✭✩ ✜✑✖ ✌✚✗✑✒✑ (scale) ❡✓☞✎ ❣✗ ❃✑✚✍✦✔ ✘❃✑ ✌✎ ✗✣✑✓✤ ✿✫✎❁ ☞✑✓ ✍✒❑✍✌✦ ☞✎✦✓ ❣✚✤✛

▲✙✑✓✤✍☞ ✙❣✑♥ ✣✤❅ ☞✖ ✫✑✚❅❆✑✭✩ ☞✑ ☞✑✓✭✩ ✗❣▼✏ ✒❣✖✤ ❣✑✓✦✑❇ ✌✎✢✦◆ ●✌❖P✦✑ ✏✓✥ ✍❡✱ ❣✗ ✕✜✑✖

✣✤❅ ✕✗✑✒ ✫✑✚❅❆✑✭✩ ✏✓✥ ❡✓✦✓ ❣✚✤ ✘✑✚✎ ◗✒✏✓✥ ✬✖✫ ✕✗✑✒ ✣❀✎✖ ✬✒✑✱ ✎✪✑✦✓ ❣✚✤❇ ✗✑✒ ❡✖✍✔✱

✱☞ ✗✣ ☞✑✓ ✱☞ ✕✓✤P✖✗✖P✎ ✕✓ ✍✒❑✍✌✦ ✍☞✙✑ ✧✙✑ ❣✚❇

2. ❣✗ ✪✑✫✩ ✿✗❀❘✙❁ ☞✑✓ ➴❋✏✑✩❄✎ ✘❃✑ ✌✎ ✍✒❑✍✌✦ ☞✎✦✓ ❣✚✤❇ ▲✙✑✓✤✍☞ ✘✍❄☞✦✗ ✪✑✫✩

5000 ★ ❣✚✛ ✭✕✍❡✱ ❣✗ ✌✚✗✑✒✑ ❙ ✗✑❍✑☞ = 1000 ★ ❡✓ ✕☞✦✓ ❣✚✤❇

3. ✘✌✒✓ ✌❣❡✓ ✗✣ ✘✮✑✑✩✦✈ ✧①✑✾✕✎✖ ☞✑✓ ✍✒❑✍✌✦ ☞✎✒✓ ✏✓✥ ✍❡✱✛ ❣✗ ❙ ✗✑❍✑☞ ☞✖ ✫✑✚❅❆✑✭✩

♦ ✗✑❍✑☞ ☞✖ ➴♥✫✑✭✩ ✏✑❡✑ ✱☞ ✘✑✙✦✑☞✑✎ ✣✤❅ ✬✒✑✦✓ ❣✚✤❇

4. ✭✕✖ ✌①☞✑✎✛ ✣✑✓ ❚✗✑✧✦ ✣✤❅✑✓✤ ✏✓✥ ✬✖✫ ❙ ✗✑❍✑☞ ☞✑ ✪✑✑❡✖ ●✮✑✑✒ ❯✑✓❅❆☞✎ ✘✢✙ ✗✣✑✓✤ ☞✑✓

✍✒❑✍✌✦ ✍☞✙✑ ✔✑✦✑ ❣✚ ✿✣✓✍✪✑✙✓ ✘✑❢✍✦ ❙♦❱❲❁❇
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✈☎✆✝✞✟✠  14.2

❀✡☛☞ ✌☛✍ ✎✏ ✑✒✓✔✕ ✖✗✘ ✡✙ ✌☛✘✏✚✛☛✗✘ ✜✗✢ ✣☛✍✗④☛ ✌✓✤☛✥④☛✦☛☛✗✘ ✏☛✗ ✣✧✥★☛ ✣✗ ✑✗✩☛ ✣✏★✗ ✡✪✘✫

♠✑☛✡✧✦☛ ✜✗✢ ✓✥✎✬ ✌☛✍ ❀✡ ✣✧✥★☛ ✣✗ ✑✗✩☛ ✣✏★✗ ✡✪✘ ✓✏ ✭✮☛✯✣✧✙ ✍✧ ✓✏❀☛ ✭❀☛ ✩☛✰✱ ✑✜☛✲❀☛✗✘

✍✧ ✓✏✎ ✭✎ ✩☛✰✱ ✏☛ ✑☛✗ ✭✐✳☛ ✡✪✫ ✌★✴✬ ✜✐✢✵ ✌✶☛☛✗✷ ✖✗✘ ✣☛✧✦☛✙ ✸✍ ✏✙ ✌✍✗④☛☛ ❀✡ ✌☛✘✏✚✛☛✗✘

✏☛ ✎✏ ♠❞☛✖ ✓✳✸✍✦☛ ✡✪✫

❢✹✺✻✼✽✻✾ 3 : ✓✿❀☛✏✥☛✍ ❁ ✜✗✢ ✰☛✧ ✣✖❂✡☛✗✘ ❃☛✧☛ ✍✮☛❄★ ✌☛✘✏✚✛☛✗✘ ✏☛✗ ♠✍❀✐❅★ ✑✘✚ ✌☛✥✗✩☛☛✗✘

✣✗ ✓✳✸✓✍★ ✏✙✓❧✎✫

✌☛✲✎ ✌❆ ✡✖ ✑✗✩☛✗✘ ✓✏ ✓✏✣ ✍✮✏☛✧ ✣✘★★ ✜✭✱ ✌✘★✧☛✥☛✗✘ ✏✙ ❆☛✧✘❆☛✧★☛ ❆✘✕✳ ✣☛✧✦☛✙ ✏☛✗

✌☛✥✗✩☛✙❀ ✸✍ ✖✗✘ ✓✳✸✓✍★ ✓✏❀☛ ❧☛★☛ ✡✪✫

(B) ❇✻✺❈❢❉❊✻

❀✡ ✣✘★★ ✜✭✱ ✌✘★✧☛✥☛✗✘ ✜✗✢ ✓✥✎ ✍✮❀✐❅★ ✑✘✚ ✌☛✥✗✩☛ ✏✙ ✤☛☛☞✓★ ✓✳✸✍✦☛ ✏☛ ✎✏ ✸✍ ✡✪✫

♠✑☛✡✧✦☛ ✜✗✢ ✓✥✎✬ ❆☛✧✘❆☛✧★☛ ❆✘✕✳ ✣☛✧✦☛✙ ❁❋●❍ ✥✙✓❧✎✬ ✓❧✣✖✗✘ ✎✏ ✏④☛☛ ✜✗✢ ■❍ ✓✜❏☛❑✶☛❀☛✗✘

✜✗✢ ✤☛☛✧ ✓✑✎ ✭✎ ✡✪✘✴

▲✻▼◆✻❖ 14.6

P✻✻▼ ◗kg ❘s❛❙ ❢❚❯✻❱❲✻✺✻s❛ ✼❖ ▲❛❳✺✻

30.5 - 35.5 9

35.5 - 40.5 6

40.5 - 45.5 15

45.5 - 50.5 3

50.5 - 55.5 1

55.5 - 60.5 2

❚♦❨✽ ✺✻s❩ 36

✌☛✲✎ ✡✖ ❬✍✧ ✓✑✎ ✭✎ ✌☛✘✏✚✛☛✗✘ ✏☛✗ ✌☛✥✗✩☛✙❀ ✸✍ ✖✗✘ ✲✣ ✍✮✏☛✧ ✓✳✸✓✍★ ✏✧✗✘✴
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(i) ❣✞ ✟✠ ✡☛☞✌✍✎ ☛✏✞✑✒✑ ✓✔✠✕ ✖✑✑✕ ✠✑✔ ✗✑✏✘✎✙ ✚✗✑ ☛✕ ✘✒✛✘☛✎ ✠✕✔✜✢ ❣✞ ☛✏✞✑✒✑

1 ✣✔✜✤✥✞✥✤✕  = 5 kg ✓✔ ✣✠✎✔ ❣✏✜✢ ✣✑②✑ ❣✥✦ ✍☞✑✔✜✘✠ ☛❣✓✑ ✧★✩ ✚✜✎✕✑✓ ✪✫✬✭ ✣✔ ☛✮✑✕✜✖✑ ❣✑✔

✕❣✑ ❣✏ ✒ ✘✠ ❥✑✯✰☞ ✣✔✦ ✱✣✘✓✟ ✟✠ ✘✒✧✌✜✲✳ (kink) ✠✑ ✘✳❞ ✴✒✑✠✕ ☞✑ ✚✗✑ ✞✔✜ ✟✠

✘✧❢✵✔✶ ✘✶✷✑✑ ✠✕✦ ✱✣✔ ❣✞ ✚✑✓✔✷✑ ☛✕ ✶❥✑✑✩ ✣✠✎✔ ❣✏✜✢

(ii) ❣✞ ✟✠ ✡☛☞✌✍✎ ☛✏✞✑✒✔ ✠✔ ✚✒✌✣✑✕ ✘✧✸✑✹②✑☞✑✔✜ ✠✥ ✣✜✷☞✑ ✺✴✑✕✜✴✑✕✎✑✻ ✠✑✔ ✼✽✧✑✩✾✕ ✚✗✑

☛✕ ✘✒✛✘☛✎ ✠✕✎✔ ❣✏✜✢ ✣✑②✑ ❣✥✦ ✍☞✑✔✜✘✠ ✚✘✾✠✎✞ ✴✑✕✜✴✑✕✎✑ ✐✭ ❣✏✦ ✱✣✘✓✟ ❣✞✔✜ ✟✠

✟✔✣✔ ☛✏✞✑✒✔ ✠✑ ✳☞✒ ✠✕✒✑ ❣✑✔✎✑ ❣✏ ✘✙✣✣✔ ✘✠ ✡✣✞✔✜ ☞❣ ✚✘✾✠✎✞ ✴✑✕✜✴✑✕✎✑ ✚✑ ✣✧✔✲✢

(iii) ✚✴ ❣✞ ✧★✩ ✚✜✎✕✑✓ ✧✔✲ ✚✒✌✣✑✕ ✣✞✑✒ ✳✑✏✈✿✑✱✩ ✚✑✏✕ ✣✜★✎ ✧★✩ ✚✜✎✕✑✓✑✔✜ ✠✥ ✴✑✕✜✴✑✕✎✑✚✑✔✜

✠✑✔ ✓✜✴✑✱☞✑❀ ✞✑✒✠✕ ✚✑☞✎ ✺☞✑ ✚✑☞✎✑✠✑✕ ✶✜✈✻ ✴✒✑✎✔ ❣✏✜✜✢ ✡✶✑❣✕❁✑ ✧✔✲ ✘✓✟✦ ✧★✩

✚✜✎✕✑✓ ✪✫✬✭❂✪✭✬✭ ✠✑ ✚✑☞✎ ✐ ✣✔✜✤✥✞✥✤✕ ✠✥ ✳✑✏✈✿✑✱✩ ✚✑✏✕ ❃✬✭ ✣✔✜✤✥✞✥✤✕ ✠✥ ✓✜✴✑✱✩

✧✑✓✑ ✚✑☞✎ ❣✑✔★✑✢

(iv) ✱✣ ☛✮✠✑✕ ❣✞✔✜ ✙✑✔ ✚✑✓✔✷✑ ☛✮✑❜✎ ❣✑✔✎✑ ❣✏✦ ✡✣✔ ✚✑✧❄✲✘✎ ✐❃✬✪ ✞✔✜ ✘✶✷✑✑☞✑ ★☞✑ ❣✏✢

❅❆❇❈❉❊❋  14.3

✽☞✑✒ ✶✥✘✙✟ ✘✠ ✍☞✑✔✜✘✠ è✞✑★✎ ✚✑☞✎✑✔✜ ✧✔✲ ✴✥✳ ✠✑✔✱✩ ✘✕✍✎ ●②✑✑✒ ✒❣✥✜ ❣✏✦ ✱✣✘✓✟
☛✘✕❁✑✑✞✥ ✚✑✓✔✷✑ ✟✠ ❍✑✔✣ ✚✑■✘✎ ✧✔✲ ✣✞✑✒ ✘✶✷✑✑✱✩ ☛✈✿✔★✑✢ ✱✣ ✚✑✓✔✷✑ ✠✑✔ ❏❑▲▼◆❖P❑
(histogram) ✠❣✑ ✙✑✎✑ ❣✏✦ ✙✑✔ ✘✠ ✣✜✎✎ ✧★✑✔◗ ✧✑✓✔ ✧★✥✩✧❄✲✎ ✴✑✕✜✴✑✕✎✑ ✴✜✤✒ ✠✑ ✟✠
✚✑✓✔✷✑✥☞ ✘✒✛☛❁✑ ❣✑✔✎✑ ❣✏✢ ✣✑②✑ ❣✥✦ ✶✜✈ ✚✑✓✔✷✑ ✧✔✲ ✘✧☛✕✥✎✦ ✱✣✠✥ ✕✳✒✑ ✞✔✜ ✶✜✈ ✠✥
✳✑✏✈✿✑✱✩ ✠✥ ✟✠ ✞❣♣✧☛✯❁✑✩ ✖✑✯✘✞✠✑ ❣✑✔✎✥ ❣✏✢

✧✑●✎✧ ✞✔✜✦ ☞❣✑❀ ✷✑✈✿✔ ✘✠✟ ★✟ ✚✑☞✎✑✔✜ ✧✔✲ ✗✑✔♦✑☛✲✓ ✣✜★✎ ✴✑✕✜✴✑✕✎✑✚✑✔✜ ✧✔✲ ✣✞✑✒✌☛✑✎✥ ❣✑✔✎✔

❣✏✜✢ ✘☛✲✕ ✖✑✥✦ ✍☞✑✔✜✘✠ ✣✖✑✥ ✚✑☞✎✑✔✜ ✠✥ ✳✑✏✈✿✑✱✩☞✑❀ ✣✞✑✒ ❣✏✜✦ ✱✣✘✓✟ ✚✑☞✎✑✔✜ ✠✥ ✓✜✴✑✱☞✑❀ ✴✑✕✜✴✑✕✎✑✚✑✔✜

✧✔✲ ✣✞✑✒✌☛✑✎✥ ❣✑✔✎✥ ❣✏✜✢ ☞❣✥ ✠✑✕❁✑ ❣✏ ✘✠ ❣✞ ✓✜✴✑✱☞✑❀ ✼☛✕ (iii) ✧✔✲ ✚✒✌✣✑✕ ❣✥ ✓✔✎✔ ❣✏✜✢
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✈☎✆ ✝✞ ✟✠✡☛ ☞✌✍✎✎✏✑ ✒✏✑ ☞✓✔✎☞✕ ✖☛ ✈✗✒ ✘✙ ☞✓✔✎☞✕ ✗☛✕☛ ✝✚✛✜

♠✢✣✤✥✦✣ 7 : ✘✙ ✈✱✧✎☞✟✙✎ ✌✎☛ ✖☛★✩✎✪✎☛✛ ✫☛✬ ☞✫✭✎✮✔✎✧✎☛✛ ✫☛✬ ✟✯✌✩✎✑✪✎☛✛ ✙✎ ☞✫✩✗☛✰✎✲✎ ✳✴✴ ✈✛✙
✙✠ ✒☞✲✎✕ ✙✠ ✟❞✠✵✎✎ ✗☛✙❞ ✙❞✪✎ ✶✎✝✕✠ ✝✚✜ ✷✪✫☛✬ ✟✯✌✩✎✑✪✎☛✛ ✙✎☛ ✌☛✍✎✪☛ ✟❞ ✫✝ ✧✝ ✟✎✕✠ ✝✚

☞✙ ✫☛✬✫✗ ✫❢✬✡ ✝✠ ☞✫✭✎✮✔✎✧✎☛✛ ✫☛✬ ✟✯✎✸✕✎✛✙ ✹✴ ✖☛ ✙✞ ✝✚ ✈✎✚❞ ✫❢✬✡ ☞✫✭✎✮✔✎✧✎☛✛ ✫☛✬ ✟✯✎✸✕✎✛✙
✼✴ ✧✎ ✷✖✖☛ ✈☞✺✙ ✝✚✛✜ ✈✕✻✆ ✷✖✪☛ ☞✫✭✎✮✔✎✧✎☛✛ ✙✎☛ 0 - 20, 20 - 30, . . ., 60 - 70, 70 - 100

t✚✖☛ ☞✫☞✽✎✾✪ ✞✎✟ ✫✎✗☛ ✈✛✕❞✎✗✎☛✛ ✞☛✛ ✫✒✠✑✫✿✬✕ ✙❞✪☛ ✙✎ ☞✪✲✎✑✧ ☞✗✧✎✜ ✕☎ ✷✖✪☛ ☞✪❀✪☞✗☞✍✎✕

✖✎❞✲✎✠ ☎✪✎✏✑✜

❧✣✥✦✣❁ 14.7

❂❛❃ ❄❅❆✣❇❈✣❉✣❊❛ ❃❁ ❧❛❋❉✣
  0 - 20 7

20 - 30 10
30 - 40 10
40 - 50 20
50 - 60 20
60 - 70 15

     70 - ✈✎✚❞ ✷✖✖☛ ✈☞✺✙ 8

❅♦●❍ ❉✣❊■ 90

☞✙✖✠ ☞✫✭✎✔✎✠✑ ✪☛ ✏✖ ✖✎❞✲✎✠ ✙✎ ✘✙ ✈✎✧✕☞✶❏✎ ☎✪✎✧✎✆ ☞t✖☛ ✈✎✫✿✬☞✕ ✳❑▲❑ ✞☛✛ ☞✌✍✎✎✧✎

✒✧✎ ✝✚✜

▼◆❖P◗❘❙  14.4

✏✖ ✈✎✗☛✍✎✠✧ ☞✪❜✟✲✎ ✙✠ t✎❚✶ ✖✎✫✺✎✪✠ ✖☛ ✙✠☞t✘✜ ★✧✎ ✈✎✟ ✖✞❯✕☛ ✝✚✛ ☞✙ ✧✝ ✈✎✗☛✍✎

✈✎✛✙❱❲✎☛✛ ✙✎ ✖✝✠❳✖✝✠ ☞✪❜✟✲✎ ✙❞✕✎ ✝✚❨ ✏✖✙✎ ✷❩✎❞ ✝✚✻ ✪✝✠✛✜ ✧✝ ✈✎✗☛✍✎ ✈✎✛✙❱❲✎☛✛ ✙✎
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✱✞ ①✟✠ ❢✡☛☞ ✐✌✍✠✎✠ ✞❞ ❞❥☞ ❥❣✏ t❣✑☞ ❢✞ ❥❡ ✐❥✟s ✥✠☞ ✡✎♦s◗ ❥❣❛ ✒☞❀✠☞s❛ ♦s◗ ✓☞s☛☞✐◗✟

✒☞❀✠❢✡☛☞ ✞✈ ✥☞❞❛✥☞❞✠☞✒☞s❛ ♦s◗ ✑❡☞✔✎✐☞✠✈ ❥☞s✠s ❥❣❛✏ ✐❥✟s ✕✑ ✐✌✞☞❞ ♦s◗ ✐✌✖✔ ❥❡☞❞s ✑☞❡✔s ✔❥✈❛ ✗✘s

❋☞s✙ ✚❀☞s❛❢✞ ✑✛☞✈ ✒☞❀✠☞s❛ ✞✈ ✡☞❣✜✢☞✕❀☞✣ ✑❡☞✔ ❋☞✈❛✏ ✐❞✤✠✎✙ ✚❀☞s❛❢✞ ❀❥☞✣ ✒☞❀✠☞s❛ ✞✈ ✡☞❣✜✢☞✕❀☞✣ ✥✦✟

❞❥✈ ❥❣❛✙ ✕✑❢✟✱ ✧✐❞ ❢✦❀☞ ①❀☞ ✒☞❀✠❢✡☛☞ ✒☞❛✞✜✢☞s❛ ✞☞ ✱✞ ✑❥✈★✑❥✈ ❢✡☛☞ ✐✌✍✠✎✠ ✔❥✈❛ ✞❞✠☞✏

✗✦☞❥❞♠☞ ♦s◗ ❢✟✱✙ ❀❥☞✣ ✒❛✠❞☞✟ ✻✩★✪✩ ✞✈ ✠✎✟✔☞ ❡s❛ ✒❛✠❞☞✟ ✪✩★✫✩✩ ✞✈ ✥☞❞❛✥☞❞✠☞ ✒❢✬☞✞

❥❣✏

✒✠✭✙ ✒☞❀✠☞s❛ ✞✈ ✟❛✥☞✕❀☞s❛ ❡s❛ ♦✎◗✮ ✐❢❞♦✠✯✔ (modifications) ✞❞✔s ✞✈ ✒☞♦✖❀✞✠☞

❥☞s✠✈ ❥❣✙ ❢t✑✑s ❢✞ ✓☞s☛☞✐◗✟ ✐✎✔✭ ✥☞❞❛✥☞❞✠☞✒☞s❛ ♦s◗ ✑❡☞✔✎✐☞✠✈ ❥☞s t☞✱✏

✕✑♦s◗ ❢✟✱ ❢✔❜✔❢✟❢✰☞✠ ✡❞♠☞ ✟☞①✲ ✞❞✔s ❥☞s✠s ❥❣❛ ✭

1. ✤❀✲✔✠❡ ♦①✯ ✡☞❣✜✢☞✕✯ ♦☞✟☞ ✱✞ ♦①✯ ✒❛✠❞☞✟ ✟✈❢t✱✏ ✧✐❞ ♦s◗ ✗✦☞❥❞♠☞ ❡s❛✙ ✤❀✲✔✠❡

♦①✯ ✡☞❣✜✢☞✕✯ ✫✩ ❥❣✏

2. ✠✥ ✒☞❀✠☞s❛ ✞✈ ✟❛✥☞✕❀☞s❛ ❡s❛ ✕✑ ✐✌✞☞❞ ✐❢❞♦✠✯✔ ✞✈❢t✱ ❢t✑✑s ❢✞ ♦❥ ♦①✯ ✡☞❣✜✢☞✕✯

✫✩ ♦s◗ ✑❡☞✔✎✐☞✠✈ ❥☞s t☞✱✏

✗✦☞❥❞♠☞ ♦s◗ ❢✟✱✙ t✥ ♦①✯ ✡☞❣✜✢☞✕✯ ✳✩ ❥☞s✠✈ ❥❣✙ ✠✥ ✒☞❀✠ ✞✈ ✟❛✥☞✕✯ ✪ ❥☞s✠✈ ❥❣✏ ✒✠✭

t✥ ♦①✯ ✡☞❣✜✢☞✕✯ ✫✩ ❥☞s✙ ✠☞s ✒☞❀✠ ✞✈ ✟❛✥☞✕✯  
7

10
20

✴  = 3.5  ❥☞s①✈✏

✕✑ ✐✌❢✵❀☞ ✞☞s ✟☞①✲ ✞❞✠s ❞❥✔s ✐❞✙ ❥❡s❛ ❢✔❜✔❢✟❢✰☞✠ ✑☞❞♠☞✈ ✐✌☞✶✠ ❥☞s✠✈ ❥❣ ✭

✷✸✹✺✸✼ 14.8

✽✾✿ ❝✸✹✾❝✸✹r✸ ❁❂❃ ✿✼ ❄✸❅❆❇✸❈❃ ✽✸❉r ✿✼ ②✾❝✸❈❃

0 - 20 7 20
7

10
20

❊  = 3.5

20 - 30 10 10
10

10
10

✴  = 10

30 - 40 10 10
10

10
10

❊  = 10

40 - 50 20 10
20

10
10

✴  = 20

50 - 60 20 10
20

10
10

✴  = 20

60 - 70 15 10
15

10
10

✴  = 15

70 -100 8 30   
8

10
30

✴  = 2.67
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❉☎✆✝✞✟✠ ✡☛☞✝ ✌✍✎☎✝✠ ✟✏✑✆✟✒ ☛✝✞ ✓✔ ✕✞✠✆✝✞ ✖✝✗ ✕✞✒✘✆✙ ✌✘ ☎✝ ✙✞✚✆✛☎✆✜ ✌✟✘✠✟✙✒ ✠✢ ✡✣✞✤

✛❜✟✙✥ ✕✆✌ ☎✡ ✦✝✧✆ ❜✠✒✝ ✡✣✞ ✟✠ ✡☛ ✛☞ ✙✞✚✆✛☎✆✝✞ ✠✆✝ ★✌✍✟✒ ✓✔ ✕✞✠ ✕✞✒✘✆✙ ✌✘

✟✖❢✆✩✑✆☎✆✝✞ ✖✝✗ ❜☛✆☞✪✌✆✒✢ ☛✆☞✫ ❜✠✒✝ ✡✣✞✬

✌✟✘✖✒✢✐ ✭✆✣✮✯✆✛✐ ✖✆✙✆ ❜✡✢ ✕✆☎✒✟✭✰✆ ✕✆✖✱✗✟✒ ✓✲✳✴ ☛✝✞ ✟✦✧✆✆☎✆ ✵☎✆ ✡✣✬

✈✶✷✸✹✺✻ 14.5

(C) ❝✼✽✾❝✼✽✿✼ ❝❀❁❂✼❁❃

☛✆✰✆✆✎☛✠ ✕✆✞✠✮✯✆✝✞ (quantitative data) ✕✆✣✘ ❄☞✠✢ ✚✆✘✞✚✆✘✒✆✕✆✝✞ ✠✆✝ ✟☞❅✟✌✒ ✠✘☞✝ ✠✢ ✥✠

✕❆☎ ✟✖✟❇ ❈✆✢ ✡✣✬ ✖✡ ✡✣ ✥✠ ✚✡✪❈✆✪❊ (polygon)✬ ✚✡✪❈✆✪❊ ✠✆ ✕✑✆✐ ❜☛❋☞✝ ✖✝✗ ✟✙✥✤ ✕✆✛✥

✡☛ ✕✆✖✱✗✟✒ ✓✲✳❣ ☛✝✞ ✟☞❅✟✌✒ ✕✆☎✒✟✭✰✆ ✙✝✞✬ ✕✆✛✥ ✡☛ ✛❜ ✕✆☎✒✟✭✰✆ ✠✝ ❜✞✵✒ ✕✆☎✒✆✝✞

✠✢ ❞✌✘✢ ❈✆✪❊✆✕✆✝✞ ✖✝✗ ☛●☎❍✟✚✞✦✪✕✆✝✞ ✠✆✝ ✘✝✧✆✆✧✆✞✮✆✝✞ ❜✝ ❊✆✝✮✯ ✦✝✞✬ ✕✆✛✥ ✡☛ ✛☞ ☛●☎❍✟✚✞✦✪✕✆✝✞

✠✆✝ B, C, D, E, F ✕✆✣✘ G ❜✝ ✌✍✠❧ ✠✘✝✞✬ ❊✚ ✛☞ ☛●☎❍✟✚✞✦✪✕✆✝✞ ✠✆✝ ✡☛ ✘✝✧✆✆✧✆✞✮✆✝✞ ❜✝ ❊✆✝✮✯ ✦✝✒✝

✡✣✞✤ ✒✆✝ ✡☛✝✞ ✕✆✖✱✗✟✒ BCDEFG ■✦✝✟✧✆✥ ✕✆✖✱✗✟✒ ✓✲✳❏❑ ✌✍✆▲✒ ✡✆✝✒✢ ✡✣✬ ✚✡✪❈✆✪❊ ✠✆✝ ✌▼✘✆ ✠✘☞✝

✖✝✗ ✟✙✥ ☎✡✆✜ ✡☛ ☎✡ ☛✆☞ ✙✝✒✝ ✡✣✞ ✟✠ ❣✔✳✴❍❣✴✳✴ ✖✝✗ ✌✡✙✝ ✕✆✣✘ ✴✴✳✴❍❏✔✳✴ ✖✝✗ ✚✆✦ ♦✆▼❆☎
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❝✞✟✠❝✞✟✡✞ ☛✞☞✌ ✍✎ ✍✎ ☛✏✑ ✒✠✡✟✞☞ ✓✔✠ ✒✞✔✟ ✕✖☛✌✗ ✘✙✚✛✜❝✠✢✣ ✤✘✥✞✦  A  ✒✞✔✟ H ✓✔✠❣

✒✞☛✈✗✜✡ ✧★✩✪ ✘✌✠ ✢✥✞✞✑✍ ✏✍ ✒✞✠✎✫✬✞✌✠ ✎✞ ✭✠✏✡ ❝✞✟✠❝✞✟✡✞ ❝✓✣✮✞✣✯ ABCDEFGH (frequency

polygon) ✓✔❣ ✕✭✌ ✓✘✖✌ ✒✞☛✈✗✜✡ ✧★✩✰ ✘✌✠ ✢✥✞✞✑✚✞ ✓✔❣

✱✲✳✴✵✶✷ 14.6

✚❀✜✸ ✹✚✺✖✡✘ ☛✏✑ ☛✌✗ ✸✓☞✌ ✒✞✔✟ ✻✼✽✡✘ ☛✏✑ ☛✌✗ ❝✞✢ ✎✞✌✕✑ ☛✏✑ ✖✓✾✠ ✓✔✿ ✜✸✗✟ ✮✞✾ ✥✞✺✹✚

❝✞✟✠❝✞✟✡✞ ☛✞☞✌ ✢✞✌ ☛✏✑ ✒✠✡✟✞☞✞✌✠ ✎✞✌ ❝❁✬✞ ✢✌✖✌ ✭✌ ❝✞✟✠❝✞✟✡✞ ❝✓✣✮✞✣✯ ✎✞ ❂✞✌❃✞✸✗☞ ☛✓✾ ✟✓✡✞ ✓✔✿

✯✞✌ ✒✞✚✡✜✽❃✞ ✎✞ ❂✞✌❃✞✸✗☞ ✓✔❣ t✚✞ ✒✞✸ ❝✡✞ ✭✎✡✌ ✓✔✠ ✜✎ t✚✞✌✠ ❝✞✠✟❝✞✟✡✞ ❝✓✣✮✞✣✯ ✎✞

❂✞✌❃✞✸✗☞ ☛✓✾ ✟✓✡✞ ✓✔ ✯✞✌ ✜✎ ✒✞✚✡✜✽❃✞ ✎✞ ❂✞✌❃✞✸✗☞ ✓✔④ ❄❅❆❇❈❉❊ ❋ ✭☛✞●✏✭✘ ✜❃✞✮✞✣✯✞✌✠ ☛✞☞✌

✏✣①✞✞✌✠ ✎✞ ✸❍✚✞✌✏ ✎✾✜✯✍❣■

✒❝ ✸❍✥✖ ✚✓ ✻❏✡✞ ✓✔ ✜✎ ✯❝ ✸❍❑✞✘ ☛✏✑ ✒✠✡✟✞☞ ☛✌✗ ✸✓☞✌ ✎✞✌✕✑ ☛✏✑ ✒✠✡✟✞☞ ✖✓✾✠

✓✞✌✡✞✿ ✡❝ ❝✓✣✮✞✣✯ ✎✞✌ ✓✘ ☛✔✗✭✌ ✸✺✟✞ ✎✟✌✠✏✌④ ✒✞✕✍ ✓✘ ✍✌✭✾ ✓✾ ✍✎ ✜▲❑✞✜✡ ☞✌✠ ✒✞✔✟ ✢✌▼✞✌✠ ✜✎

✜✎✭ ✸❍✎✞✟ ✓✘ ❝✞✟✠❝✞✟✡✞ ❝✓✣✮✞✣✯ ❝✖✞✡✌ ✓✔✠❣
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♠☎✆✝✞✟✆  8 : ✱✠ ✡☛☞✌✍✍ ✎✏✑ ✱✠ ✠✌✍✍ ✒✏✓ ✔✕ ✖✒✗✍✘✙✍✚✍✏✑ ✛✍☛✍ ✕✜✜ ✎✏✑ ✢✏ ✡✣✍✤✥ ✖✠✱ ✦✑✠

✢✍☛❧✍☞ ✕✧★✩ ✎✏✑ ✖✪✱ ✫✱ ✬✭✑ ✮

✯✆✞✟✆✰ 14.9

✈❛❞ ❢✲✳✆✴✵✆✶✆✷❛ ❞✰ ✯❛✸✶✆

0 - 10 5

10 - 20 10

20 - 30 4

30 - 40 6

40 - 50 7

50 - 60 3

60 - 70 2

70 - 80 2

80 - 90 3

90 - 100 9

✲♦✹✺ ✶✆✷✻ 51

❜✢ ✼✍☛✑✼✍☛✥✍ ✼✑✽✾ ✢✍☛❧✍☞ ✒✏✓ ✢✑✫✥ ✼✍☛✑✼✍☛✥✍ ✼✬✿❀✍✿❁ ✼✾✍❜✱❂

✝✺ : ✦✍❜✱ ✡✬❃✏ ✬✎ ❜✾ ✦✍✑✠❄❅✍✏✑ ✢✏ ✱✠ ✦✍✚✥✖❆❇✍ ✼✾✍✱❈ ✦✍✭☛ ✦✍✚✥✍✏✑ ✠☞ ❉✡☛☞ ❀✍✿❁✍✦✍✏✑

✒✏✓ ✎❊✚❋✖✼●✪✿✦✍✏✑ ✠✍✏ ❍✎■✍✮  B, C, D, E, F, G, H, I, J, K  ✢✏ ✡✣✠✽ ✠☛✏✑❂ ✚✬✍❈ ✡✬❃✍ ✒✫❏

0–10 ✬✭❂ ✦✥✮ ✜❋✕✜ ✢✏ ❣☞✠ ✡✬❃✏ ✠✍ ✒✫❏ ❑✍✥ ✠☛✾✏ ✒✏✓ ✖❃✱▲ ✬✎ ✌✍✭✖✥❁ ✦✌✍ ✠✍✏

➼❧✍✍▼✎✠ ✖✪■✍✍ ✎✏✑ ✼◆❅✍✥✏ ✬✭✑ ✦✍✭☛ ✠✍❖✡✖✾✠ ✒✫❏ ✦✑✥☛✍❃ P❋✕✜◗❋✜ ✠✍ ✎❊✚❋✖✼✑✪✿ ❑✍✥ ✠☛✥✏

✬✭✑❂ ✡✣✙✍✎ ✦✑✥ ✖✼✑✪✿ (end point), ✦✙✍✍❏✥❘  B  ✠✍✏ ✌✍✭✖✥❁ ✦✌✍ ✠☞ ➼❧✍✍▼✎✠ ✖✪■✍✍ ✎✏✑ ■✍❙●✚

✼✍☛✑✼✍☛✥✍ ✒✍❃✏ ❜✢ ✎❊✚❋✖✼✑✪✿ ✢✏ ✖✎❃✍ ✖✪✚✍ ❁✍✥✍ ✬✭❂ ✒✬ ✖✼✑✪✿ ❁✬✍❈ ✚✬ ☛✏❝✍✍❝✍✑❄ ❉❊✒✍❏❚☛ ✦✌✍

✢✏ ✖✎❃✥✍ ✬✭▲ ❯✢✏  A ✢✏ ✡✣✠✽ ✠☛✥✏ ✬✭✑❂ ✎✍✾ ❃☞✖❁✱ ✖✪✱ ✬✿✱ ✦✍✑✠❄❅✍✏✑ ✒✏✓ ✦✑✖✥✎ ✒✫❏ ✒✏✓ ❣☞✠

✼✍✪ ✒✍❃✏ ✒✫❏ ✠✍ ✎❊✚❋✖✼✑✪✿  L ✬✭❂ ✥✼  OABCDEFGHIJKL  ✒✍❈✖❱✥ ✼✍☛✑✼✍☛✥✍ ✼✬✿❀✍✿❁ ✬✭▲

✖❁✢✏ ✦✍✒❲✓✖✥ ✕✧★❳ ✎✏✑ ✖✪❝✍✍✚✍ ✫✚✍ ✬✭❂
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✈✞✟✠✡☛☞ 14.7

✌✍✎✏✑✒✓✍ ✔✕✍✖ ✑✔✕✍ ✗✘ ✔✍✙✚✔✍✙✏✍ ✔✗✛✜✍✛✢✍✣✚ ✤✍✣ ✥✦✏✚✓✍ ✧★ ✩✣ ✜✍✘ ✔✕✍✎✍ ✢✍ ✩✤✏✍

✗❣✪ ❜✫✬✭✮ ✯✰✱ ✲✳✭✴ ✵✶✴✷✸✹✶✭✴ ✳✭✴ ✺✻✼✽✾✿ ✬❀❁ ✵✴✿❂✶✰✶✭✴ ✬✭✮ ✳❃✼❄✯❅❆❇✽✵✶✭✴ ✷❈ ✵✶✬❉✼✷✿✶

✲✶✭✿❈ ✲❊❋ ✬❀❁ ✵✴✿❂✶✰✶✭ ✴ ✬✭✮ ❜● ✳❃✼❄✯❅✴❇✽✵✶✭✴ ✷✶✭ ♦❍■❏❑▲▼ (class-marks) ✷✲✶

t✶✿✶ ✲❊❋

✯✷✫❈ ✬❀❁ ✵✴✿❂✶✰ ✷✶ ✬❀❁❄✯❢◆ ❖✶✿ ✷❂●✭ ✬✭✮ ✯✰✱P ✲✳ ◗✫ ✬❀❁ ✵✴✿❂✶✰ ✷❈ ◗✺✯❂

✫❈✳✶ (upper limit) ✵✶❊❂ ✯●❘● ✫❈✳✶ (lower limit) ✷✶ ✼✶✭❀ ❖✶✿ ✷❂✿✭ ✲❊✴ ✵✶❊❂ ❜✫ ✼✶✭❀ ✷✶✭

❙ ✫✭ ❚✶✶❀ ❇✭ ❇✭✿✭ ✲❊✴❋ ❜✫ ✿❂✲P

♦❍■❏❑▲▼ = 
+

2

♠✐❯❥ ❱❲❡❦ ❯❳❨❳ ❱❲❡❦

✵✶❜✱ ✵❅ ✲✳ ✱✷ ◗❇✶✲❂❩✶ ✰✭✴❋
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♠☎✆✝✞✟✆  9 : ✱✠ ✡☛☞ ✌✍✎ ✏✡✑✒✓✔ ✕✒✖✓ ✗✘✖✠✒✎✠ (cost of living index) ✠✒ ❞✙✚✚✡ ✠☞✡✍

✑✍♦ ✏✛✱ ✏✡✜✡✏✛✏✕✒✢ ✗✒✣✢✒✏✔✠ ✐✤✍✥✒✦✒ ✏✠✱ ☛✱ ✧

❧✆✞✟✆★ 14.10

❢✩✪✆✫✝ ✬✆✭✫ ❧✮✭✯✆✰✯ ❧✲✳✆✝✆✴✰ ✯★ ❧✰✬✵✆

140 - 150 5

150 - 160 10

160 - 170 20

170 - 180 9

180 - 190 6

190 - 200 2

✪✶✷✸ ✵✆✴✹ 52

➴✐☞ ✏✺✱ ☛✱ ❞✒✎✠✻✼✒✍✎ ✠✒ ✱✠ ✽✒☞✎✽✒☞✢✒ ✽✔✾✿✒✾❀ ❁❞✒✚✢✏✖❂✒ ✽✡✒✱ ✏✽✡✒❃ ✕✒❄✎✖✱❅

✝✸ :  ❉✚✒✍✎✏✠ ❞✒✚✢✏✖❂✒ ✽✡✒✱ ✏✽✡✒ ✔✌ ✱✠ ✽✒☞✎✽✒☞✢✒ ✽✔✾✿✒✾❀ ✕✒❄✎✖✡✒ ✖✒✔✢✍ ✔❦✎❆ ❇✗✏✛✱ ❞✒❇✱

✔✌ ➴✐☞ ✏✺✱ ✔✾✱ ✑☛✓ ❞✎✢☞✒✛✒✍✎❆ ❞❣✒✒✓✢❈  140 - 150, 150 - 160,....  ✑✍♦ ✑☛✓❊✏✖❋ ●✒✢ ✠☞✍✎❅

✑☛✓ ❞✎✢☞✒✛ 140 - 150  ✠❄ ❍✐✏☞ ✗❄✌✒ = 150 ❞✒❦☞ ✏✡✜✡ ✗❄✌✒  = 140 ✔❦❅

❞✢✧❆ ✑☛✓❊✏✖❋ = 
150 + 140

2
 = 

290

2
 = 145

❇✗❄ ✐✤✠✒☞❆ ✔✌ ❞❜✚ ✑☛✓ ❞✎✢☞✒✛✒✍✎ ✑✍♦ ✑☛✓❊✏✖❋ ●✒✢ ✠☞ ✗✠✢✍ ✔❦✎❅ ❇✗ ✐✤✠✒☞ ✐✤✒✣✢ ✡❇✓

✗✒☞✦✒❄ ✡❄✖✍ ✏✺✕✒✒❇✓ ☛❇✓ ✔❦✧

❧✆✞✟✆★ 14.11

✪✹✫ ✪✹✫■❢✭❏ ❝✆✞✰❝✆✞✳✆

140 - 150 145 5

150 - 160 155 10

160 - 170 165 20

170 - 180 175 9

180 - 190 185 6

190 - 200 195 2

❑▲▼◆ ❖P◗❘ 52
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✈✞ ✟ ✠✡☛☞ ✌ ✈✟ ✠ ✍✎ ✏✑✒✓✔ ✕✖ ✈✠✗✘☛✙ ✠☞ ✚✎ ✏✘✛✜ ✢ ✣✏✠✒ ✤✎ ✈✟ ✠ ✍✎ ✞✠✎ ✥ ✞✠✎☞ ✠✦✧ ✈ ✠✗✘☛✙ ✠☞

✚✎ ✏✘✛ ✈✠✡✎ ☛✍✛✎ ☛ ✞❞★✩✈ ✠✘✥ B(145, 5), C(155, 10), D(165, 20), E(175, 9), F(185, 6) ✈✠✡✎

G(195, 2) ✚ ✠✘ ✈✠✗✘☛✙ ✠☞ ✚✎ ✏✘✛ ✈✠✡✎ ✪❞✔ ✘✥ ✎ ✘✙ ✠✠✙ ✠✥✫ ✠✘✥ ✬ ✘ ☛✭✗✠✚✎ ✔ ✭ ✞✠✎✥ ✞✠✎ ☞ ✠ ✞✔ ✩✮ ✠✩✌ ✙ ✠✯✥ ✕

✬✚☞ ✘ ✔✡✥ ✰ ✔ ✭✘✥ ✱ ✠✲❞✳ ✞✠✎✥ ✞✠✎☞ ✠ ✚ ✘ ✬ ✠✴ ✠ ✏✑✒ ✵✶✷✓ ✵✸✷ ✹ ✌✠✘ ☛ ✺✻ ✺☞ ✭ ✏✑✒ 140–150 ✚✘ ✼✯✚

✍✔ ✗✘ ✔✡✐ ✚✘ ✏✑✒ ☛ ✕✖ ✚ ✘ ✬✥✑☞ ☛ ✞✥★✩ A(135, 0) ✚✠✘ ✈✠✡✎ G(195, 2) ✏ ✘✛ ☞ ✩✎ ❞☞ ✞✠★ ✭✘✥ ✈✠✺ ✘

✏ ✠✗✘ ☛ ✞✥★ ✩ H(205, 0) ✚ ✠✘ ✈✠✗✘☛✙ ✠☞ ✚✎ ✺✠ ✮ ✠✲ ✗✺✠ ✺✔✯✥ ✕ ✠☛✔ ✦✰ ✽✬ ☛✗✦ ✍☛✎✾ ✠✠✭✯ ✞✠✎✥ ✞✠✎ ☞ ✠

✞✔ ✩✮ ✠✩✌  ABCDEFGH ✔ ✠✘✑ ✠ ✹★ ✘☛✙ ✠✦ ✈✠✏✿✛☛☞ ✵✸❀❁✐ ✰

❂❃ ❄❅❆❇❈ 14.8

✞✠✎ ✥ ✞✠✎☞ ✠ ✞✔ ✩✮ ✠✩✌ ✚ ✠ ✍❝✳ ✠✘✑ ☞ ✞ ☛✚✳ ✠ ✌✠☞ ✠ ✔ ✡ ✌✞☛✚ ✈✠✥✚✫❉ ✘✥ ✬ ✥☞☞ ✈✠✡✎ ✞✔ ✩☞

✈☛ ✤✚ ✔ ✠✘☞ ✘ ✔ ✡✥ ✰ ✳✔ ✬ ✭✠✺ ✍❝✏✿✛☛☞ ✏✘✛ ★ ✠✘ ✈✗✑✓ ✈✗✑ ✈✠✥✚✫ ❉ ✠✘✥ ✚✯ ☞ ✩✗✺ ✠ ✚✎ ✺✘ ✭✘✥ ✜ ✈✴ ✠✠✒☞ ❊

✦✚ ✔ ✯ ✚✟ ✠✠ ✏✘✛ ★ ✠✘ ✈✗✑✓ ✈✗✑ ✬ ✘❋✱ ✠✺ ✠✘✥ ✏✘✛ ✍ ❝★✱ ✠✒ ✺✠✘✥ ✚✯ ☞ ✩✗✺✠ ✚✎ ✺ ✘ ✭✘✥ ✈☛✤✚ ✪ ✍✳ ✠✘✑✯

✔ ✠✘☞ ✠ ✔✡ ✰

●❍■❏❑▲▼◆ 14.3

1. ❖✆ ❧✁ P ◗ ❘ ❘ ❙ ❚ ❯ ❱ ❙ ✂❲ ❳❲ ❨ ❙✁ ❩ ❬ ❭ ❪ ❪ ❫ ❲ ❴� � ❙ ❵ ❨ ❙✁ ❛ ✆ ✝ ❜ � ☎❡ ❲ � ❢ ✝ ❨ ✂❣ ❢ � ❜ � ❙✁ ❨ ❙✁ ❤ ✝❨ � ❱ ✝ ❜� ❥ ❱

❨ ❦ ♠ ☎❡ ❲ ❙ ♥ ✆ � ❱ ♦ � � ❙✁ ✆ � ❚ ♣ � ❢ P� ❘ ❙ ❲ ❙ ♥ ✂ ❢ ❖ ✂✆ ❖ P ❖ ❧❲ ❙q r � ♦ � ❧ ❙  ✂ ❘ s ❘ ✂ ❢ ✂ ✄� ♣ ❜ � ✁ ✆ t ✉ ❙

( % ❨ ❙ ✁) ❚ ✇� ① ♣ ✂✆ ❖②
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Ø✲ ✥❛✲ ❞☎✆✝☎ ❡✞✟✠☎ ❡✡☛☞✌ ✍✆ (%)

1. t✎✎ ✏✑✂✏✒✓ ✔✑✏✒✂✂ 31.8

2. ✄r�✕✂✖✂ ✗✎✂✘�✑✖✂✙✚ ✔✑✏✒✂✂ 25.4

3. ④✂�✄ 12.4

4. â✛✓ ✑✂�✜✖✂ ✔✑✏✒✂✂ 4.3

5. ✬✑✢✎ ✔✑✏✒✂✂ 4.1

6. ✔✈✓ ✖✂✙✁✂ 22.0

(i) ➴✣✙ ✛✚ ①✤✦ ✢✧★✎✂✔✂✘r ✖✂✘ ✔✂✩✘✪✂✚✓ ✫✣ ✗✘r �✎✫�✣✄ ✖✚�t✭✮

(ii) ✖✂✯✎✰✢✚ ✔✑✏✒✂✂ ✣✧✙✘ �✑✬✑ ✖✚ ✗�✜✩✂✔✂✘r ✑✘✱ ✪✂✙✂✳ ✏✑✂✏✒✓ ✔✂✯✙ ✗✴✵✓✶ ✖✂ ✳✷✸✂

✖✂✙✁✂ ✜✯✹

(iii) ✔✣✎✚ ✔✺✓✂�✣✖✂ ✖✚ ✢✜✂✓✄✂ ✢✘ ✭✘✢✘ ✛✂✘ ✖✂✙✁✂✂✘r ✖✂ ✣✄✂ ✩①✂✎✘ ✖✂ ✣✻✓✂✢ ✖✚�t✭

�t✎✑✱✚ ➴✣✙  (ii) ✗✘r ✗✶✪✓ ✼✂✧�✗✖✂ ✙✜✚ ✜✂✘✮

2. ✼✂✂✙✄✚✓ ✢✗✂t ✑✘✱ �✑�✼✂✈✎ ④✂✘✕✂✂✘r ✗✘r ✣✻�✄ ✜t✂✙ ✩✷✸✖✂✘r ✣✙ ✩✷✸�✖✓✂✘r ✖✚ ❍�✎✖✽✄✗ ✛✢ ✄✖

✖✚✾ ✢r✪✓✂ ✑✘✱ ✔✂r✖✷✸✘ ✎✚★✘ �✛✭ ①✭ ✜✯r✿

❀☎❁❂☎ ✐❃✞❄ ✟❅☎✆ ✠❆❇❞☎❁❛ ✐✆ ✠❆❇✞❞☞☎❁❛ ❞❈ ✥❛❉☞☎

✔✎✶✢✧�★✄ t✂�✄ 940

✔✎✶✢✧�★✄ t✎t✂�✄ 970

①✯✙ ✔✎✶✢✧�★✄ t✂�✄❊t✎t✂�✄ 920

�✣❢✷✸✘ �t✩✘ 950

①✯✙ �✣❢✷✸✘ �t✩✘ 920

①✻✂✗✚✁✂ 930

✬✂✜✙✚ 910

(i) ➴✣✙ ✛✚ ①✤✦ ✢✧★✎✂✔✂✘r ✖✂✘ ✭✖ ✛r✷ ✔✂✩✘✪✂ ❋✂✙✂ �✎✫�✣✄ ✖✚�t✭✮

(ii) ✖④✂✂ ✗✘r ★★✂✦ ✖✙✑✘✱● ✳✄✂✤✭ �✖ ✔✂✣ ✤✢ ✔✂✩✘✪✂ ✢✘ ✖✂✯✎✰✖✂✯✎ ✢✘ �✎■✖■✂✦ �✎✖✂✩

✢✖✄✘ ✜✯r✮
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3. ✱✆ ✞�✟☎ ✠✡☛ ✂✠☞�✌ ❧✍�� ✠✡☛ ✎✏✌�✠ ✑✡✁ ✂✠✂✍�✒✌ ✞�✓✌✔✂✕✆ ✖�✗✘☎�✡✁ ✙�✞� ✓✝✕✝ ✚✛✜ ❧✝✘�✡✁ ✠✡☛

✖✂✞✐��✑ ✌✝✎✡ ✂✢✱ ✚✱ ✣✔✁ ✪

❥✤✥✦✧★✩✫ ✬✤✭✮✯ A B C D E F

✥✮✩✮ t✰✯ ✲✮✭✳✴ 75 55 37 29 10 37

(i) ✑✕✢�✌ ✠✡☛ ✖✂✞✐��✑�✡✁ ✆�✡ ✂✌❡✂✖✕ ✆✞✌✡ ✠�✵� ✱✆ ✢✁✶ ✷�✵✡✄� ✄�✝✁✂✎✱✸

(ii) ✂✆❧ ✞�✓✌✔✂✕✆ ✖�✘✝✜ ✌✡ ✷✂☞✆✕✑ ❧✝✘✡✁ ✓✝✕✝ ✣✔✁❢

4. ✱✆ ✖�✔☞✡ ✆✝ ✹✺ ✖✂✻�☎�✡✁ ✆✝ ✵✁✼�✛☎�✽ ✱✆ ✂✑✵✝✑✝✘✞ ✕✆ ✾�✏✿ ✑�✖✝ ✚✛✜ ✣✔✁ ✷�✔✞ ✖❀�❁✕ ✷�✁✆✶❂�✡✁

✆�✡ ✂✌❞✌✂✵✂✄�✕ ❧�✞✐�✝ ✑✡✁ ✂✌❡✂✖✕ ✂✆☎� ✚☎� ✣✔ ✪

②✴❃✤✰✯ ❄★❅②✮❅✮✭❥ ❅✳✴❆ ✬★❇✤❈✤✳✴ ✫✮ ✲✴❉❈✤

118 - 126 3

127 - 135 5

136 - 144 9

145 - 153 12

154 - 162 5

163 - 171 4

172 - 180 2

(i) ✂✢✱ ✣✏✱ ✷�✁✆✶❂�✡✁ ✆�✡ ✂✌❡✂✖✕ ✆✞✌✡ ✠�✵� ✱✆ ✷�☎✕✂✎s� ✄�✝✁✂✎✱✸

(ii) ❊☎� ✛✒✣✝✁ ✷�✁✆✶❂�✡✁ ✆�✡ ✂✌❡✂✖✕ ✆✞✌✡ ✠�✵� ✆�✡✛✜ ✷✒☎ ❋✖☎✏❊✕ ✷�✵✡✄� ✣✔❢

(iii) ❊☎� ☎✣ ❧✣✝ ✂✌●✆●�✜ ✣✔ ✂✆ ❍■❏ ✂✑✵✝✑✝✘✞ ✵❞✼�✛✜ ✠�✵✝ ✖✂✻�☎�✡✁ ✆✝ ❧✁✄☎� ❧✼❧✡

✷✂☞✆ ✣✔❢ ❊☎�✡✁❢

5. ✌✝✎✡ ✆✝ ❧�✞✐�✝ ✑✡✁ ✹✺✺ ✂✌☎�✉✌ ✵✔❞✖�✡✁ ✠✡☛ ✓✝✠✌ ✆�✵ ✂✢✱ ✚✱ ✣✔✁ ✪

✥✮❑✦ ✫✤② ❄▲✤✴✭✤✳✴ ❅✳✴❆ ②✧▼✬✤✳✴ ✫✮ ✲✴❉❈✤

300 - 400 14

400 - 500 56

500 - 600 60

600 - 700 86

700 - 800 74

800 - 900 62

900 - 1000 48
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(i) ✱☎ ✆✂✝✄�✞✟✂ ☎✠ ✡☛✂✝✄✂ ✡☞ ✌✠ ☛✍✎✏ ✡✑✞✒✂✆✂☞✓ ☎✂☞ �✒✔�✕✄ ☎✠�✖✱✗

(ii) �☎✄✒☞ ❢✘✙✕✂☞✓ ✚☞✛ ✖✠✚✒ ☎✂❢ ✜✢✢ ✣✂✓✤✂☞✓ ✡☞ ✆�✥☎ ☛✘✓✦

6. ✒✠✞☞ ☎✠ ✌✂☞ ✡✂✉�✁✂✝✂☞✓ ✧☞✓ ✕★✂✩✄ �☎✱ ①✱ ✆✓☎✂☞✓ ✚☞✛ ✆✒✍✡✂✉ ✌✂☞ ✡☞✪✫✂✒✂☞✓ ✚☞✛ �✚✬✂✭✮✂✝✂☞✓ ☎✂ ✯✓✤✒

�✌✝✂ ①✝✂ ☛✘ ✰

                     ❧✲✳✴✵✶  A                                                    ❧✲✳✴✵✶  B

✈❛❞ ❝✵✷❛❝✵✷✸✵ ✈❛❞ ❝✵✷❛❝✵✷✸✵

  0 - 10 3   0 - 10 5

10 - 20 9 10 - 20 19

20 - 30 17 20 - 30 15

30 - 40 12 30 - 40 10

40 - 50 9 40 - 50 1

✌✂☞ ✯✂✉✓✯✂✉✄✂ ✯☛✍♥✂✍✖✂☞✓ ☎✠ ✡☛✂✝✄✂ ✡☞ ✱☎ ☛✠ ✆✂❢☞❦✂ ✕✉ ✌✂☞✒✂☞✓ ✡☞✪✫✂✒✂☞✓ ✚☞✛ �✚✬✂✭✮✂✝✂☞✓ ✚☞✛ ✕★✂✩✄✂✓☎

�✒✔�✕✄ ☎✠�✖✱✗ ✌✂☞✒✂☞✓ ✯☛✍♥✂✍✖✂☞✓ ☎✂ ✆✹✝✝✒ ☎✉✚☞✛ ✌✂☞✒✂☞✓ ✡☞✪✫✂✒✂☞✓ ✚☞✛ �✒✺✕✂✌✒✂☞✓ ☎✠ ✄✍❢✒✂ ☎✠�✖✱✗

7. ✱☎ �✻✚☞✛✤ ✧✘✞ ✧☞✓ ✌✂☞ ✤✠✧✂☞✓  A  ✆✂✘✉  B  ⑥✂✉✂ ✕★✮✂✧ ✼✢ ①☞✓✌✂☞✓ ✧☞ ✯✒✂✱ ①✱ ✉✒ ✒✠✞☞ �✌✱ ①✱ ☛✘✓✰

✽✲✾✵✲❛ ❞✿ ❧❛❀❁✵ ❱✿❡ A ❱✿❡ B

1 - 6 2 5

7 - 12 1 6

13 - 18 8 2

19 - 24 9 10

25 - 30 4 5

31 - 36 5 6

37 - 42 6 3

43 - 48 10 4

49 - 54 6 8

55 - 60 2 10

✯✂✉✓✯✂✉✄✂ ✯☛✍♥✂✍✖✂☞✓ ☎✠ ✡☛✂✝✄✂ ✡☞ ✱☎ ☛✠ ✆✂❢☞❦✂ ✕✉ ✌✂☞✒✂☞✓ ✤✠✧✂☞✓ ✚☞✛ ✆✂✓☎❂❃☞ �✒✔�✕✄ ☎✠�✖✱✗

❄❧❛❅✲❆✸ ❇ ✕☛❢☞ ✚①✏ ✆✓✄✉✂❢✂☞✓ ☎✂☞ ✡✓✄✄ ✯✒✂✎✱✐
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8. ✱✆ ✞�✟✠✡ ☛☞✁ ✄�☞✌ ✍✎☞ ✂✟✂✏�✑✒ ✓�☎✔ ✟✕�☞✖ ✟☞✡ ✗✘✙�☞✁ ✆✝ ❧✁✄☎� ✆� ✱✆ ☎�✚✛✂✘✜✆ ❧✟☞✠✢�✣�

(random survey) ✆✍✒☞ ✞✍ ✂✒❞✒✂✌✂✄�✤ ✓�✁✆✥✦☞ ✞✧�★✤ ✎✔✱ ✪

✈✩✫✬ ✭✮✯✩✩✰✲ ✳✰✴✵ ❝✶✷✩✰✴ ✸✹ ✺✴✻✫✩

1 - 2 5

2 - 3 3

3 - 5 6

5 - 7 12

7 - 10 9

10 - 15 10

15 - 17 4

➴✞✍ ✂✚✱ ✓�✁✆✥✦�☞✁ ✆�☞ ✂✒✼✂✞✤ ✆✍✒☞ ✟�✌� ✱✆ ✓�☎✤✂✙✽� ✄�✝✁✂✙✱✾

9. ✱✆ ✿❀��✒✝☎ ❁☞✌✝✞✡�☞✒ ✂✒✚☞✠✂❂�✆� ❧☞ ❃❄❄ ✟✔✡✌✒�☛ (surname) ☎✚✛✘✜☎� ✂✌✱ ✕✱ ✓�❅✍ ❆✒❧☞✁

✓✁✕✧☞❇✝ ✟✣�✠☛�✌� ✟☞✡ ✓✢�✍�☞✁ ✆✝ ❧✁✄☎� ✆� ✂✒❞✒ ✗�✍✁✗�✍✤� ✗✁❁✒ ✞✧�★✤ ✂✆☎� ✕☎� ✪

✮♦✩❈✳✩❉✩ ✮✰❊ ✈❋✩●✩✰✴ ✸✹ ✺✴✻✫✩ ✮✬❊❉❍✩✳✩✰✴ ✸✹ ✺✴✻✫✩

1 -4 6

4 -6 30

6 -8 44

8 -12 16

12 -20 4

(i) ✚✝ ✎✔♥✠ ❧■✙✒�✓�☞✁ ✆�☞ ✂✒✼✂✞✤ ✆✍✒☞ ✟�✌� ✱✆ ✓�☎✤✂✙✽� ✄�✝✁✂✙✱✾

(ii) ✟✎ ✟✕✠ ✓✁✤✍�✌ ✗✤�♥✱ ✂❇❧☛☞✁ ✓✂❏✆✤☛ ❧✁✄☎� ☛☞✁ ✟✔✡✌✒�☛ ✎❅✁✾

14.5 ❑▲▼◆❖P◗❘ ❙P❑❚❯❱❲ ❑▲▼ ❳❲❙

❨❩❬❭ ❪❫ ❴❵ ❨❛❜❬❜ ❡❢❣❤ ✐❡❥❢ ❦❬♠❣❦❬♠❪❬ ❦❣♣❥ ❵❬♠qr❬❜❬❢❣❤ s❣t✉❨❬✇❢①❬❬❢❣❤ ❨❬❜❪q②③❬❬❢❣ ❨❬④♠

❦❬♠❣❦❬♠❪❬ ❦✐⑤❩❬⑤⑥❬❢❣ ❫❭ ❵✐❬❜❪❬ ❵❢ ❨❬❣❫t⑦❬❢❣ ❫❬❢ q⑧q❩❬⑨❥ ⑩❶❬❢❣ ❡❢❣ ❶❷❸❪⑤❪ q❫❜❬ ✐④❹ ❨❦ ❶❷❺❥

❜✐ ❻❼❪❬ ✐④ q❫ ❽❜❬ ❨❬❣❫t⑦❬❢❣ ❫❬❢ ❨❾❬❿❶➀r❬❿ ❦❥❬❥❢ ⑧❢➁ q✇➂ ✐❡❢❣ ❵s④⑧ ✐❭ ❵❩❬❭ ❨❬❣❫t⑦❬❢❣ ❫❬

❨❛❜❜❥ ❫♠❥❢ ❫❭ ❨❬⑧❺❜❫❪❬ ✐❬❢❪❭ ✐④ ❜❬ ❽❜❬ ✐❡ ❴❥ ❨❬❣❫t⑦❬❢❣ ⑧❢➁ ⑧❢➁⑧✇ ⑧⑤➁➃ ❶❷q❪q❥q➄

✇❢❫♠ ❴❥⑧❢➁ ⑧⑤➁➃ ❡✐➅⑧❶➀r❬❿ ❨q❩❬✇➆❬r❬❬❢❣ ❫❬ ❶❪❬ ✇➇❬ ❵❫❪❢ ✐④❣❹ ⑧❢➁⑨s❷❭❜ ❶❷⑧➈q➉❬ ⑧❢➁ ❡❬❶❬❢❣

(measures of central tendency) ❜❬ ❨❬④❵❪❬❢❣ ❫❭ ❵✐❬❜❪❬ ❵❢ ➂❢❵❬ q❫❜❬ ⑥❬ ❵❫❪❬ ✐④❹
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✱☎ ✱✆✝✞ ✟✠✡☛✟☞ ✌✞✟✍✱ ✍✎☛✏ ✑☛✆ ✟✒✓☛✔✡☛✕☛✆✖ ✗✘✙✞ ✚☛✘✙ ✎✟✙ ☎☛✆ ✛✜☎✞ ✢✙✞✣☛☛ ☎☛✟✢✕☛✏ ✑✞

✤✥✦ ✎✘✖✧ ✢✙✞✣☛☛ ✗✆✖ ★✩✪★✩ ✚✖☎☛✆✖ ✒✆✫ ✢☛✏✬ ✢✭✮✜ ✡☛✆✧ ✥✝ ✢✙✞✣☛☛ ✗✆ ✖ ✛✜✒✆✫ ✢✭☛✯☞☛✖☎ ✕✆ ✡☛✆✰

✐✲✳✴ ✵✶ ✷✸ ✹✺✻✼✽ 1 2 3 4 5

✸❡✾✶ ✿❀❁ ✐✲✽❂❃✽✺✵ 10 8 9 8 7

❣❄✾ ✿❀❁ ✐✲✽❂❃✽✺✵ 4 7 10 10 10

✢✙✞✣☛☛ ☎✞ ☎☛✟✢✕☛✏ ✢✭☛✯☞ ✎☛✆✜✆ ✢✙ ✑☛✆✜☛✆✖ ✒✆✫ ✚☛✘✝☞ ✢✭☛✯☞☛✖☎ ✕✆ ✡☛✆ ✰

✗✘✙✞ ☎☛ ✚☛✘✝☞ ✢✭☛✯☞☛✖☎ = 
42

5
 = 8.4

✎✟✙ ☎☛ ✚☛✘✝☞ ✢✭☛✯☞☛✖☎ = 
41

5
 = 8.2

❉✕☛✆✖✟☎ ✗✘✙✞ ☎☛ ✚☛✘✝☞ ✢✭☛✯☞☛✖☎ ✎✟✙ ✒✆✫ ✚☛✘✝☞ ✢✭☛✯☞☛✖☎ ✝✆ ✚✟❅☎ ✡☛☛❆ ✥✝✟✌✱ ✗✘✙✞ ☎☛

☎✎✜☛ ✡☛☛ ✟☎ ✢✙✞✣☛☛ ✗✆✖ ✎✟✙ ☎✞ ☞❞✌✜☛ ✗✆✖ ✛✝☎☛ ✢✭✑✮☛✦✜ ✚❇❈☛ ✙✎☛ ✎✘✧ ✢✙❊☞❞ ✎✟✙ ✥✝✝✆

✝✎✗☞ ✜✎✞✖ ✡☛☛✧ ✛✝✜✆ ✑☛✆✜☛✆✖ ✒✆✫ ✢✭☛✯☞☛✖☎☛✆✖ ☎☛✆ ✚☛✙☛✆✎✞ ❧✗ ✗✆✖ ✙❋☛☛ ✚☛✘✙ ✗●✕ ✢✭☛✯☞☛✖☎ ✥✝

✢✭☎☛✙ ✢✭☛✯☞ ✟☎✕☛✰

✸❡✾✶ ✵✽ ✐✲✽❂❃✽✺✵ 7 8 8 9 10

❣❄✾ ✵✽ ✐✲✽❂❃✽✺✵ 4 7 10 10 10

✎✟✙ ☎☛ ☎✎✜☛ ✡☛☛ ✟☎ ✛✝☎☛ ✝❍✝✆ ✗●✕ ☎☛ ✢✭☛✯☞☛✖☎ ★✩ ✡☛☛❆ ✍☛✆ ✟☎ ✗✘✙✞ ✒✆✫ ✝❍✝✆ ✗●✕

✒✆✫ ✢✭☛✯☞☛✖☎ ✚✡☛☛✦☞♦ ■ ✝✆ ✚✟❅☎ ✡☛☛✧ ✥✝✟✌✱ ✢✙✞✣☛☛ ✗✆✖ ✛✝✒✆✫ ✢✭✑✮☛✦✜ ☎☛✆ ✛❥☛✗ ✗☛✜☛ ✍☛✜☛ ✬☛✟✎✱✧

✢✙❊☞❞ ✗✘✙✞ ✛✝✒✆✫ ☞✒✦✫ ✝✆ ✝✎✗☞ ✜✎✞✖ ✡☛✞✧ ✗✘✙✞ ☎☛✆ ✚✢✜✆ ☎✡☛✜ ✝✆ ✝✎✗☞ ☎✙☛✜✆ ✒✆✫

✟✌✱ ✎✟✙ ✜✆ ✱☎ ✚❊✕ ✕❞✟❉☞ ✚✢✜☛✥✦✧ ✛✝✜✆ ❍☞☛✕☛ ✟☎ ✛✝✜✆ ★✩ ✚✖☎ ✚✟❅☎ ❍☛✙

❏❑ ❍☛✙▲ ✢✭☛✯☞ ✟☎✱ ✎✘✖ ✍❍✟☎ ✗✘✙✞ ✜✆ ★✩ ✚✖☎ ✒✆✫✒✌ ✱☎ ❍☛✙ ✢✭☛✯☞ ✟☎✱ ✎✘✖✧ ✚☞✰❆ ✢✙✞✣☛☛

✗✆✖ ✛✝☎☛ ✢✭✑✮☛✦✜ ✛❥☛✗ ✙✎☛ ✎✘✧

✎✟✙ ✚☛✘✙ ✗✘✙✞ ✒✆✫ ✥✝ ✟✒✒☛✑ ☎☛✆ ✝❞✌▼☛✜✆ ✒✆✫ ✟✌✱ ✛✜✒✆✫ ◆☛✙☛ ✚✢✜☛✱ ✤✱ ☞✞✜ ✗☛✢☛✆✖ ☎☛✆

✑✆❋☛✆✖ ✚☛✘✙ ✕✎ ✢☞☛ ✌✤☛✱✏ ✟☎ ✥✜ ☞✞✜☛✆✖ ✗☛✢☛✆✖ ✗✆✖ ✝✆ ☎☛✘✜✪✝☛ ✗☛✢ ✟✜❖☛☛✦✕☎ ✟✝P ✎☛✆☞☛ ✎✘✧

✢✎✌✞ ✟✠✡☛✟☞ ✗✆✖ ✗✘✙✞ ✜✆ ✍☛✆ ✚☛✘✝☞ ✢✭☛✯☞☛✖☎ ✢✭☛✯☞ ✟☎✕☛ ✡☛☛ ✒✎ ◗❘❙❚ (mean) ✎✘✧ ✗●✕

✢✭☛✯☞☛✖☎ ✟✍✝☎☛✆ ✎✟✙ ✜✆ ✚✢✜✆ ☞✒✦✫ ✗✆✖ ✢✭✕☛✆✤ ✟☎✕☛ ✡☛☛ ✒✎ ◗❘❙❚❯ (median) ✎✘✧ ✚✢✜✞ ✑♥✝✙✞

✕❞✟❉☞ ✗✆✖ ✎✟✙ ✜✆ ✚✟❅☎ ❍☛✙ ✚✟❅☎ ✚✖☎ ✢✭☛✯☞ ☎✙✜✆ ☎✞ ❍☛☞ ☎✎✞ ✡☛✞ ✒✎ ❝❱❲❳❯ (mode)

✎✘✧
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✈✞✟✠ ✡☛☞✌ ☛✍ ✍✞✎✏ ✡✑ ✒✓✔✕✞✑ ✖✌ ✗✗✞✘ ✙✑✌✚✛

✈✜✌✙ ✡✢✌✣✞✤✞✞✌✚ ✙✞ ❡✥✦✧ ★✏✞ ✩✥✪✫✬✮ ✖✭✞✯ ✡✢✌✣✞✤✞✞✌✚ ✓✌✰ ✍✞✜✞✌✚ ✓✌✰ ✏✞✌✱ ✙✞✌ ✡✢✌✣✞✤✞✞✌✚ ✙✯ ✓✲✰☞
✖✚✳✏✞ ✖✌ ✭✞✞✱ ✴✌✜✌ ✡✑ ✡✢✞✵✕ ☛✞✌✕✞ ☛✶✛

✟✖✌ ✡✢✕✯✙ x  ✖✌✷ ✒✸✖✌   x  ✴✚♥ (x bar) ✡✹✺✞ ✸✞✕✞ ☛✶✷ ✡✢✙✻ ✒✙✏✞ ✸✞✕✞ ☛✶✛

✈✞✟✠ ☛✍ ✠✙ ✼✴✞☛✑✤✞ ☞✌✚✽

♠✾✥✿❀❁✥ 10 : ❂ ❃✏✒❄✕✏✞✌✚ ✖✌ ✏☛ ✡❅❆✞ ✱✏✞ ✒✙ ✈✡✜✌ ✖✍✲✴✞✏ ✓✌✰ ✖✞✍✞✒✸✙ ✙✞✏✘ ✙✑✜✌ ✍✌✚
✓✌ ✠✙ ✖✵✕✞☛ ✍✌✚ ✒✙✕✜✞ ✖✍✏ ✴✌✕✌ ☛✶✚✛ ✼✜✙✞ ✙☛✜✞ ♦✞✞✽ ❇✍❈✞✽ 10, 7, 13, 20 ✈✞✶✑ 15 ❉✞✚✻✌✛

✠✙ ✖✵✕✞☛ ✍✌✚ ✼✜✓✌✰ ❊✞✑✞ ✖✞✍✞✒✸✙ ✙✞✏✘ ✍✌✚ ☞✱✞✠ ✖✍✏✞✌✚ ✙✞ ✍✞✎✏ ★✏✞ ✈✞✶✖✕✮ ❋✞✕ ✙✯✒✸✠✛

✿❣ : ☛✍ ✈✡✜✯ ✒✡❆☞✯ ✙✣✞✞✈✞✌✚ ✍✌✚ ✏☛ ✡✹✺ ✗✲✓✌✰ ☛✶✚ ✒✙ ✡✢✌✣✞✤✞✞✌✚ ✙✞ ✍✞✎✏

=
●❍❦❤ ■s④③ ❦❏❦❦❛s ❑❦ ▲❦①s

■s④③ ❦❏❦❦❛s ❑❤ ▼◗q ② ●❬❛ ▲❦
 ✛

✍✞✎✏ ❋✞✕ ✙✑✜✌ ✙✯ ✒✓✒◆ ✙✞✌ ✖✑☞ ❖✜✞✜✌ ✓✌✰ ✒☞✠ ✈✞✟✠ ☛✍ ✠✙ ✗✑  x
i
  ☞✌✚✷ ✸✞✌ i  ✓✌✚ ✡✌✢✣✞✤✞

✙✞✌ ✡✢✙✻ ✙✑✕✞ ☛✶✛ ✏☛✞❱ ✡✑  i,  P ✖✌ ❂ ✕✙ ✙✞✌✟✘ ✭✞✯ ✍✞✜ ☞✌ ✖✙✕✞ ☛✶✛ ✈✕✽ ☛✍✞✑✞ ✡☛☞✞ ✡✢✌✣✞✤✞
x

1  ☛✶✷ ✴❅✖✑✞ ✡✢✌✣✞✤✞  x2  ☛✶ ✈✞✶✑ ✟✖ ✡✢✙✞✑ ✡✞❱✗✓✞ ✡✢✌✣✞✤✞ x5  ☛✶✛

✖✞♦✞ ☛✯✷  x
1
 = 10  ✙✞ ✈♦✞✘ ✏☛ ☛✶ ✒✙ ✡☛☞✌ ✡✢✌✣✞✤✞ ✙✞ ✍✞✜✷ ✒✸✖✌  x

1  
✖✌ ✡✢✙✻ ✒✙✏✞

✱✏✞ ☛✶✷ 10  ☛✶✛  ✟✖✯ ✡✢✙✞✑✷  x
2
 = 7, x

3
 = 13, x

4
 = 20 ✈✞✶✑ x

5
 = 15 ☛✶✛

✈✕✽✷ ✍✞✎✏ x  =
●❍❦❤ ■s④③ ❦❏❦❦❛s ❑❦ ▲❦①s

■s④③ ❦❏❦❦❛s ❑❤ ▼◗q ② ●❬❛ ▲❦

=
1 2 3 4 5

5

x x x x x❘ ❘ ❘ ❘

=
10 7 13 20 15

5

❘ ❘ ❘ ❘
 = 

65

5
 = 13

✈✕✽✷ ❂ ❃✏✒❄✕✏✞✌✚ ❊✞✑✞ ✠✙ ✖✞✍✞✒✸✙ ✙✞✏✘ ✙✑✜✌ ✍✌✚ ✠✙ ✖✵✕✞☛ ✍✌✚ ☞✱✞✏✞ ✱✏✞ ✍✞✎✏ ✖✍✏
P❙ ❉✞✚✻✌ ♦✞✞✛

✈❖ ❙❚ ❃✏✒❄✕✏✞✌✚ ❊✞✑✞ ✖✞✍✞✒✸✙ ✙✞✏✘ ✙✑✜✌ ✍✌✚ ☞✱✞✏✞ ✱✏✞ ✍✞✎✏ ✖✍✏ ❋✞✕ ✙✑✜✌ ✓✌✰
✒☞✠✷ ☛✍✌✚  x

1
 + x

2
 + x

3
 + . . . + x

30
  ✒☞✳✞✜✞ ☛✞✌✱✞✷ ✸✞✌ ✠✙ ✙✒❢✜ ✙✞✏✘ ☛✶✛ ☛✍ ✖✚✙☞✜

(summation) ✓✌✰ ✒☞✠ ✱✢✯✙ ✡✢✕✯✙ ❯   ★✈✣✞✑ ✒✖❲✍✞ ✓✌✰ ✒☞✠✮ ✙✞ ✡✢✏✞✌✱ ✙✑✕✌ ☛✶✚✛ ✈✕✽

x
1
 + x

2
 + x

3
 + . . . + x

30   
✓✌✰ ✔♦✞✞✜ ✡✑✷ ☛✍  

30

1

i

i

x
❳

❨   ✒☞✳✞✕✌ ☛✶✚✷ ✒✸✖✌  x
i
  ✙✞ ✏✞✌✱ ✡✹✺✞ ✸✞✕✞

☛✶✷ ✸❖✒✙  i  ✙✞ ✍✞✜  1 ✖✌ 30 ✕✙ ✒✓✗✑✤✞ ✙✑✕✞ ☛✶✛
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✈☎✆✝ x  =

30

1

30

i

i

x
✞
✟

❜✠✡ ☛☞✌✍✎✝ ✏✑✒ ☛✓☞✔✍✕✍✍✓✖ ✌✡ ✠✖✗✏✍  n  ❣✍✓✝ ☎✍✓

x  =
1

n

i

i

x

n

✞
✟

♠✘✙✚✛✜✙ 11 : ✱✌ ✑✢✣✍✤✏ ✌✡ ✥✢✡✖ ✌✔✍✍ ✢✓✦ ✧★ ✑✢✣✍✩✪✍✏✍✓✖ ✫✍✎✍ ☛☞✍✬☎ ✑✌✱ ✭✱ ✈✖✌✍✓✖✝
t✍✓ ✮✒✍❣✎✕✍ ✯ ✰✓✖ ✑✒✱ ✭✱ ❣✲✖✝ ✌✍ ✰✍✳✏ ✴✍☎ ✌✡✑t✱✵

✚✶ : x  =
1 2 30

30

x x x✷ ✷ ✷✸
  ✌✍ ☛☞✏✍✓✭ ✌✎✥✓ ☛✎✝ ✰✍✳✏ ❜✠ ☛☞✌✍✎ ✴✍☎

✑✌✏✍ t✍✱✭✍✆

 

30

1

i

i

x
✞
✟  = 10 + 20 + 36 + 92 + 95 + 40 + 50 + 56 + 60 + 70 + 92 + 88 +

80 + 70 + 72 + 70 + 36 + 40 + 36 + 40 + 92 + 40 + 50 + 50 +

56 + 60 + 70 + 60 + 60 + 88 = 1779

✈☎✆✝ x  =
1779

30
 = 59.3

❉✏✍ ❜✠ ☛☞✑✹✏✍ ✌✍✓ ✤✍✭✺ ✌✎✥✓ ✰✓✖ ✌✍☛✦✡ ✠✰✏ ✥❣✡✖ ✤✭☎✍ ❣✲✻ ❉✏✍ ❣✰ ❜✠ ☛☞✑✹✏✍
✌✍✓ ✠✎✤ ❞✥✍ ✠✌☎✓ ❣✲✖✻ ✳✏✍✥ ✒✡✑t✱ ✑✌ ❣✰ ❜✥ ✈✍✖✌✼✽✍✓✖ ✌✡ ✱✌ ❞✍✎✖❞✍✎☎✍ ✠✍✎✕✍✡ ☛❣✤✓
❣✡ ❞✥✍ ✾✿✢✓✦ ❣✲✖ ❀✒✓✑✗✍✱ ✠✍✎✕✍✡ ❁❂❃❁❄✵
❜✠ ✠✍✎✕✍✡ ✌✍✓ ✒✓✗✍✥✓ ✠✓ ✏❣ ☛☎✍ ✾✤☎✍ ❣✲ ✑✌ ❁ ✑✢✣✍✪✍✡❅ ✥✓ ❁★ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝
❁ ✑✢✣✍✪✍✡❅ ✥✓ ✯★ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ✧ ✑✢✣✍✩✪✍✏✍✓✖ ✥✓ ✧❆ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ❂ ✑✢✣✍✩✪✍✏✍✓✖
✥✓ ❂★ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ✧ ✑✢✣✍✩✪✍✏✍✓✖ ✥✓ ✉★ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ✯ ✑✢✣✍✩✪✍✏✍✓✖ ✥✓ ✉❆ ✈✖✌
☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ❂ ✑✢✣✍✩✪✍✏✍✓✖ ✥✓ ❆★ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ❂ ✑✢✣✍✩✪✍✏✍✓✖ ✥✓ ✐★ ✈✖✌ ☛☞✍✬☎ ✑✌✱
✪✍✓✝ ❁ ✑✢✣✍✪✍✡❅ ✥✓ ✐✯ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ❁ ✑✢✣✍✪✍✡❅ ✥✓ ❋★ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ✯ ✑✢✣✍✩✪✍✏✍✓✖
✥✓ ❋❋ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✝ ✧ ✑✢✣✍✩✪✍✏✍✓✖ ✥✓ ❇✯ ✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓ ✈✍✲✎ ❁ ✑✢✣✍✪✍✡❅ ✥✓ ❇✉
✈✖✌ ☛☞✍✬☎ ✑✌✱ ✪✍✓✵
✈☎✆ ☛☞✍✬☎ ✑✌✱ ✭✱ ✢✿✦✤ ✈✖✌ = (1 × 10) + (1 × 20) + (3 × 36) + (4 × 40) + (3 × 50)

+ (2 × 56) + (4 × 60) + (4 × 70) + (1 × 72) + (1 × 80)

+ (2 × 88) + (3 × 92) + (1 × 95)

= f
1 

x
1
 + ... + f

13  
x

13
, t❞✑✌ f

i
✠✍✎✕✍✡ ❁❂❃❁ ✰✓✖ i ✢✡✖

☛☞✑✢✑❈❊ ✌✡ ❞✍✎✖❞✍✎☎✍ ❣✲✵
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✞✟✠✡☛☞ ✌☛✟✍ ✎✌ ✏✞☛
13

1

i i

i

f x
✑

✒ ✥✓✔✡ ✞✕✖☛ ✎✗✟✘

✏✞✥✓❜✍ ☞✙✡✚✖ ✥✕❜ ✛❜ ✕✜✓ ✢✟✕ =

13

1

i i

i

f x
✑

✒ = f
1
x

1
 + . . . + f

13
x

13

= 10 + 20 + 108 + 160 + 150 + 112 + 240 + 280 + 72 + 80

+ 176 + 276 + 95 = 1779

✢✈✍ ☞✙☛✠✡✣✡✡☛✟ ✕✤ ✦✜✧✓ ✞✟✔★✡ =  f
1
 + f

2
 + . . . + f

13
  (= 

13

1

i

i

f )

= 1 + 1 + 3 + 4 + 3 + 2 + 4 + 4 + 1 + 1 + 2 + 3 + 1 = 30

✢✖✩✍ ✌✡è★ x  =
✞✪✡✤ ☞☛✠✙ ✡✣✡✡✟☛ ✕✡ ★✡✛☛

☞☛✠✙ ✡✣✡✡✟☛ ✕✤ ✦✧✜ ✓ ✞✔✟ ★✡
 = 

13

1

1 3

1

i i
i

i
i

f x

f

✫

✫

✬ ✭
✮ ✯
✮ ✯
✮ ✯
✮ ✯
✰ ✱

✲

✲

=
1779

30

✏✞ ☞✙✳✌ ✕✡☛ ✞✡✴✣✡✤ ✦☛✧ ✵☞ ✌☛✟ ✏✞ ☞✙✕✡✴ ☞✙✶✷✸✡✖ ✥✕★✡ ✹✡ ✞✕✖✡ ✎✗✍ ✹✡☛ ✥✕ ✞✡✴✣✡✤

✺✻✼✺ ✕✡ ☞✥✴✦✷✖✖ ✵☞ ✎✗✩

✽✾✿❀✾❁ 14.12

❂❛❞ ❢❃❄✾❅❆✾❇✾❈❛ ❞❁ ✽❛❉❇✾ f
i
x

i

(x
i
) ( f

i
)

10 1 10

20 1 20
36 3 108
40 4 160
50 3 150
56 2 112
60 4 240
70 4 280
72 1 72
80 1 80
88 2 176
92 3 276

95 1 95

13

1

30
i

i

f
✫

❊✲
13

1

1779
i i

i

f x
✫

❊✲



316 ①�✁✂✄

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-14\Chap-14 PM65

✈☎✆✝ ✈✞✟✠✡✞☛☞☎ ✌✍✎✏✌✍✎☎✍ ✌✏✑✒ ✓✔✏ ✓✍✕✖ ✗✘✎✙✘✚☎ ✙✎✒✔ ✞✔☞ ✘✚✛✝ ✈✍✗ ✜✢✣✍

x  =
1

1

n

i i
i

n

i
i

f x

f

✤

✤

✥

✥

✙✍ ✗❞✖✍✔✟ ✙✎ ✜✙☎✔ ✦✧✏★

✈✍✩✛ ✈✌ ✦✓ ✦✘✎ ✈✍✧✎ ✓✧✎✠ ✞✔☞ ✌✠✪ ✦✫✛ ✘✞✞✍✬ ✞✍✚✠ ✘✭✮✍✘☎ ✗✎ ✗✫✒✆ ✚✍✧✑ ✈✍✛✯ ✈✍✧✎

♠✜ ✬✢✜✎✠ ✘✭✮✍✘☎ ✗✎ ✘✞✪✍✎ ✙✎✔✏ ✘✰✜✓✔✏ ✈✘✱✙☎✓ ✓✕✖ ✈✏✙ ✗❞✍✲☎ ✙✎✞✔☞ ✦✘✎ ✒✔ ✈✗✒✍

✗❞✬✐✍✡✒ ♠Ù✍✓ ✌☎✍✖✍ ✮✍✍★ ✰✧✜✍ ✘✙ ✗✦✚✔ ✌☎✍✖✍ ✰✍ ✪✫✙✍ ✦✧✝ ✞✔☞✳✬❞✠✖ ✗❞✞☛✘Ù✍ (central

tendency) ✞✔☞ ✩✜ ✓✍✗ ✙✍✔ ❡✴✵✶✷ (median) ✙✦✍ ✰✍☎✍ ✦✧✧★

✸✹✺✻✼ ✘✬✛ ✦✫✛ ✗❞✔❢✍✽✍✍✔✏ ✓✔✏ ✞✦ ✓✍✒ ✦✍✔☎✍ ✦✧✏ ✰✍✔ ✩✜✔ ✾✠✙✿✾✠✙ ✬✍✔ ❀✍✍✟✍✔✏ ✓✔✏ ✘✞❀✍❁☎ ✙✎

✬✔☎✍ ✦✧★ ✈☎✆ ✰✌ ✈✍✏✙♥❂✍✔✏ ✙✍✔ ✈✍✎✍✔✦✠ ❃✖✍ ✈✞✎✍✔✦✠❄ ❅✓ ✓✔✏ ✘✚❆✍☎✔ ✦✧✏✝ ☎✌ ✈✞✟✠✡✞☛☞☎

✈✍✏✙♥❂✍✔✏ ✞✔☞ ✓✍✕✖✙ ✙✍ ✗✘✎✙✚✒ ✩✜ ✗❞✙✍✎ ✘✙✖✍ ✰✍☎✍ ✦✧ ✆

(i) ✰✌ ✗❞✔❢✍✽✍✍✔✏ ✙✠ ✜✏❆✖✍  (n)  ✘✞❇✍✓ ✦✍✔☎✠ ✦✧✝ ☎✌ ✓✍✕✖✙  
1

2

n ❈❉ ❊
❋ ●
❍ ■

✞✔✏   ✗❞✔❢✍✽✍ ✙✍ ✓✍✒ ✦✍✔☎✍

✦✧★ ♠✬✍✦✎✽✍ ✞✔☞ ✘✚✛✝ ✖✘✬ n ✦✧✝ = 13, ☎✍✔ 
13 1

2

❏❑ ▲
▼ ◆
❖ P

✞✔✏✝
 
✈✮✍✍✡☎◗ ❘✞✔✏ ✗❞✔❢✍✽✍ ✙✍ ✓✍✒

✓✍✕✖✙ ✦✍✔✟✍ [✬✔✘❆✍✛ ✈✍✞☛☞✘☎  14.9 (i)]★

(ii) ✰✌ ✗❞✔❢✍✽✍✍✔✏ ✙✠ ✜✏❆✖✍ (n) ✜✓ ✦✍✔☎✠ ✦✧✝ ☎✌ ✓✍✕✖✙   
2

n❉ ❊
❋ ●
❍ ■
✞✔✏ ✈✍✧✎  1

2

n❉ ❊❈❋ ●
❍ ■

✞✔✏ ✗✔❞❢✍✽✍✍✔✏

✙✍ ✓✍✕✖ ✦✍✔☎✍ ✦✧★ ♠✬✍✦✎✽✍ ✞✔☞ ✘✚✛✝ ✖✘✬  n = 16 ✦✧, ☎✍✔ 
16

2

❉ ❊
❋ ●
❍ ■

✞✔✏ ✈✍✧✎  
16

1
2

❉ ❊❈❋ ●
❍ ■

✞✔✏

✗❞✔❢✍✽✍✍✔✏ ✞✔☞ ✓✍✒✍✔✏ ✙✍ ✓✍✕✖✝ ✈✮✍✍✡☎◗ ❙✞✔✏ ✈✍✧✎ ❚✞✔✔✏ ✗❞✔❢✍✽✍✍✔✏ ✞✔☞ ✓✍✒✍✔✏ ✙✍ ✓✍✕✖ ✦✠ ✓✍✕✖✙

✦✍✔✟✍  [✬✔✘❆✍✛ ✈✍✞☛☞✘☎  14.9 (ii)]★
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✈✞✟✠✡☛☞  14.9

✌✍✎✏ ✌✑ ✒✓ ✔✕✖✗ ✘✙✍✒✚✛✍✍✜✢ ✣✤ ✥✒✍✦✧✍ ✥✜ ✎✥✜ ✌✍★✚ ✌✩✗✤ ✧✚✒ ✥✜ ✥✓✪✫✜ ✣✍ ✬✭✦✍✥

✣✚✜✢❞

♠✮✯✰✱✲✯ 12 : ✏✣ ✣✳✍✍ ✔✜✖ ✴ ✵✔✶✍✷✸✍✦✍✜✢ ✣✤ ✹✥✜✢✺✤✓✤✺✚✍✜✢ ✓✜✢✻ ✼✢✑✍✎✦✍✽ ✦✜ ✒★✢✾

155 160 145 149 150 147 152 144 148

✎✫ ✌✍✢✣❜✿✍✜✢ ✣✍ ✓✍❀✦✣ ❁✍✧ ✣✤✵❂✏❞

✰❣ : ✥✑✥✜ ✬✒✼✜ ✒✓ ✎✫ ✌✍✢✣❜✿✍✜✢ ✣✍✜ ✌✍✚✍✜✒✤ ❃✓ ✓✜✢ ✎✥ ✬✭✣✍✚ ✵✼❄✍✧✜ ✒★✢✾

144 145 147 148 149 150 152 155 160

❉✦✍✜✢✵✣ ✵✔✶✍✷✸✍✦✍✜✢ ✣✤ ✥✢❄✦✍ ✴ ✒★❅ ✌✸✍✍❆✧❇ ✵✔❈✍✓ ✒★❅ ✎✥✵✼✏ ✒✓  
1 9 1

2 2

n
♦❊❛ ✔✜✢

= 5 ✔✜✢ ✵✔✶✍✸✍✤❆ ✣✤ ✼✢✑✍✎❆❅ ❂✍✜ ✵✣ ❋●✴ ✥✜✢✺✤✓✤✺✚ ✒★❅ ❁✍✧ ✣✚✔✜✖ ✓✍❀✦✣ ✬✭✍❍✧ ✣✚ ✼✜✧✜ ✒★✢❞

✌✧✾ ✓✍❀✦✣ ✼✢✑✍✎❆ ❋●✴ ✥✜✢✺✤✓✤✺✚ ✒★❞

♠✮✯✰✱✲✯ 13 : ✣✑❜❇❜✤ ✔✖✤ ✏✣ ✺✤✓ ■✍✚✍ ✌✫✜✣ ✓★❏✍✜✢ ✓✜✢ ✬✭✍❍✧ ✵✣✏ ❑✏ ✌✢✣ ✦✜ ✒★✢✾

17, 2, 7, 27, 15, 5, 14, 8, 10, 24, 48, 10, 8, 7, 18, 28

✺✤✓ ■✍✚✍ ✬✭✍❍✧ ✵✣✏ ❑✏ ✌✢✣✍✜✢ ✣✍ ✓✍❀✦✣ ❁✍✧ ✣✤✵❂✏❞
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❣☎ : ❱✆✝ ✞✟✠✟ ✡☛✟☞✌ ✍✎✏ ✑✏ ✒✓✎✟✔✓ ✎✟✔ ✒✟✠✟✔✕✆ ✖✝ ✝✔✓ ✍✗✘✟✙✔ ✡✠✚ ✕✝✔✓ ✛✕ ✡☛✟☞✌ ✕✟✔✌✟ ✕✜ ✪

2, 5, 7, 7, 8, 8, 10, 10, 14, 15, 17, 18, 24, 27, 28, 48.

✛✕✟❀ ✢✣ ✡✤ ✕✜✓✥ ✦✧✍✗✏ ✛✕✟❀ ✤✟✔ ✝★✛ ✡✤ ✕✜✓✥ ✛✔ 
16

2
 ♦✔✓ ✒✟✜✠

16
1

2

✩ ✫
✬✭ ✮

✯ ✰
♦✔✓ ✒✱✟✟✲✌✳ ✴ ♦✔✓ ✒✟✜✠

✾ ♦✔✓ ✡✤ ✕✜✓✥

✒✌✪✚ ✴♦✔✓ ✒✟✜✠ ✾♦✔✓ ✡✤✟✔✓ ♦✔✈ ✝✟✙✟✔✓ ✎✟ ✝✟★✛ ✕✆ ✝✟★✛✎ ✕✟✔✑✟ ✕✜✥

✦✧✍✗✏✚ ✝✟★✛✎ = 
10 14

2

✬
 = 12

✒✌✪✚ ✎✵✶✳✶✆ ❱✆✝ ✞✟✠✟ ✡☛✟☞✌ ✍✎✏ ✑✏ ✝✟★✛✎ ✒✓✎ ✢✷ ✕✜✓✥

✒✟✦✏ ✒✵ ✕✝ ✡✸✙✪ ✕✔✍✠ ✒✟✜✠ ✝✜✠✆ ♦✔✈ ✵✆✹ ✕✸✏ ✍♦♦✟✤✟✔✓ ♦✟✗✆ ✍✺✱✟✍✌ ✎✟✔ ✗✔✓✥

✒✟✜✧✌ ✻✟✌ ✎✠✙✔ ♦✔✈ ✍✗✏ ✕✍✠ ✞✟✠✟ ✒✡✙✟✛✟ ✑✛✟ ✌✆✧✠✟ ✝✟✡ ❝✼✽✿❁ (mode) ✱✟✟✥

❂❣❃☎❄ ✡☛✔✐✟❅✟ ✎✟ ♦✕ ✝✟✙ ✕✟✔✌✟ ✕✜ ❆✟✔ ✵✟✠❇✵✟✠ ❈✟✍❱✌ ✕✟✔✌✟ ✠✕✌✟ ✕✜✚ ✒✱✟✟✲✌✳ ✒✍❉✎✌✝

✵✟✠✓✵✟✠✌✟ ♦✟✗✔ ✡☛✔✐✟❅✟ ✎✟✔ ✵✕✸✗✎ ✎✕✟ ❆✟✌✟ ✕✜✥

✠✔✶✆✝✔✶ ✑✟✝✔✲❥❱ ❊✍✧✗✔ ✍✧✗✟✏ ♦✺❋✟● ❍■✟✔✑ ✒✟✜✠ ❆❏✌✟ ❍■✟✔✑ ♦✔✈❥✤☛✆✛ ✡☛♦❑✍▲✟ ♦✔✈ ✦✧ ✝✟✡

✎✟ ✡☛✛✟✔✑ ✎✟✡✈✆ ✎✠✌✔ ✕✜✓✥ ✵✕✸✗✎ ✎✆ ✧✕✟✛✌✟ ✧✔ ✛✔ ❍■✟✔✑ ✛✕ ✍✙❅✟✲✛ ✗✔ ✗✔✌✔ ✕✜✓ ✍✎ ✍✎✧

✧✟✦❆ ✛✟ ✝✟✡ ✎✟ ❍❧✡✟✤✙ ✒✍❉✎ ♦❑✕✌✳ ✧✓✘✛✟ ✝✔✓ ✎✠✙✆ ✹✟✍✕✏✥

✦✧✔ ✒✟✜✠ ✒❜▼✆ ✌✠✕ ✧✔ ✧✝◆✙✔ ♦✔✈ ✍✗✏ ✒✟✦✏ ✕✝ ✏✎ ❍✤✟✕✠❅✟ ✗✔✓✥

♠❖P❣◗❘P 14 : ✷❙ ✍♦■✟❚✱✟✛✟✔✓ ✞✟✠✟ ❊✢❙ ✝✔✓ ✧✔● ✡☛✟☞✌ ✍✎✏ ✑✏ ✍✙❯✙✍✗✍✘✟✌ ✒✓✎✟✔✓ ♦✈✟

✵✕✸✗✎ ✻✟✌ ✎✆✍❆✏

4, 6, 5, 9, 3, 2, 7, 7, 6, 5, 4, 9, 10, 10, 3, 4, 7, 6, 9, 9

❲❳ : ✕✝ ✦✙ ✒✟✓✎✶❨✟✔✓ ✎✟✔ ✍✙❯✙ ❩✡ ✝✔✓ ✍✗✘✟✌✔ ✕✜✓ ✪

2, 3, 3, 4, 4, 4, 5, 5, 6, 6, 6, 7, 7, 7, 9, 9, 9, 9, 10, 10

✛✕✟❀ ✾ ✧✵✧✔ ✒✍❉✎ ✵✟✠✚ ✒✱✟✟✲✌✳ ✹✟✠ ✵✟✠ ✒✟✛✟ ✕✜✥ ✒✌✪✚ ✵✕✸✗✎ ✾ ✕✜✥

♠❖P❣◗❘P 15 : ✏✎ ✡✜✈❬❱✠✆ ✎✆ ✏✎ ▼✟✔❱✆ ✦✎✟✦✲ ✗✆✍❆✏ ❆✕✟❀ ❭ ❪✛✍❬✌ ✎✟✝ ✎✠✌✔ ✕✜✓✚ ✍❆✙✝✔✓

✏✎ ✧✸✡✠♦✟✦❆✠ ✕✜ ✒✟✜✠ ✹✟✠ ✝❆✤❏✠ ✕✜✓✥ ✡☛❧✛✔✎ ✝❆✤❏✠ ✎✟✔ ✡☛✍✌ ✝✟✕ 5000 ❫ ♦✔✌✙ ✍✝✗✌✟

✕✜✚ ❆✵✍✎ ✧✸✡✠♦✟✦❆✠ ✎✟✔ ✡☛✍✌ ✝✟✕ 15000 ❫  ♦✔✌✙ ✍✝✗✌✟ ✕✜✥ ✡✜✈❬❱✠✆ ✎✆ ✦✧ ✦✎✟✦✲ ♦✔✈

♦✔✌✙✟✔✓ ♦✔✈ ✝✟★✛✚ ✝✟★✛✎ ✒✟✜✠ ✵✕✸✗✎ ✡✍✠✎✍✗✌ ✎✆✍❆✏✥
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❣✞ : ❡✟✠✡ = 
5000 5000 5000 5000 15000

5

☛ ☛ ☛ ☛
 = 

35000

5
 = 7000

✈☞✌✍ ❡✟✠✡ ✎✏☞✑ 7000 ★ ✐✒✓☞ ❡✟✔ ✔✕✖

❡✟✠✡✗ ✘✟☞ ✗✙✑✏ ✎✏✚ ✓✛✜✍ ✔❡ ✎✏☞✑✟✏✢ ✗✟✏ ✣✤ ✐✒✗✟✙ ✈✟✙✟✏✔✥ ✦❡ ❡✏✢ ✣✤ ✐✒✗✟✙ ✙✧✟☞✏ ✔✕✢✌

5000, 5000, 5000, 5000, 15000

❉✡✟✏✏✢✓✗ ✐✕✚❉✩✙✥ ✗✥ ✣✗✟✣✪ ❡✏✢ ✗✟❡ ✗✙✑✏ ✎✟✛✏ ✛✟✏✫✟✏✢ ✗✥ ✤✢✧✡✟ ✬ ✔✕✍ ✣✤✓✛✜ ❡✟✠✡✗ ✐✏✒✏✭✟✮✟

5 1 6

2 2
✎✟ ❦ ✎✟❦  = ☞✥✤✙✟ ✐✒✏✭✟✮✟ ✔✟✏✫✟✖ ✈☞✌✍ ❡✟✠✡✗ ☞✥✤✙✏ ✐✒ ✏✭✟✮✟ ✗✟ ❡✟✑✍ ✈r✟✟✪☞✯

5000 ★ ✐✒✓☞ ❡✟✔ ✔✟✏✫✟✖

✎✏☞✑✟✏✢ ✗✟ ♦✔✰✛✗✍ ✈r✟✟✪☞✯ ♦✔✰✛✗ ✎✏☞✑ ✘✟☞ ✗✙✑✏ ✎✏✚ ✓✛✜✍ ✡✔✟❦ ✔❡ ✡✔ ✐✟☞✏ ✔✕✢ ✓✗

✈✟✢✗✱✲✟✏✢ 5000, 5000, 5000, 5000, 15000  ❡✏✢  5000  ✈✓✳✗☞❡ ♦✟✙ ✈✟☞✟ ✔✕✖ ✣✤✓✛✜✍ ♦✔✰✛✗

✎✏☞✑ 5000 ★ ✐✒✓☞ ❡✟✔ ✔✕✖

✈♦ ✴✐✙ ✎✏✚ ✵✶✟✔✙✮✟ ❡✏✢ ✓✶✜ ✫✜ ✈✟✢✗✱✲✟✏✢ ✎✏✚ ✎✏✚✷✶✒✥✡ ✐✒✎✸✓✹✟ ✎✏✚ ☞✥✑✟✏✢ ❡✟✐✟✏✢ ✗✥ ☞✰✛✑✟

✗✥✓❞✜✖ ✡✔✟❦ ✈✟✐ ✡✔ ✶✏✧✟ ✤✗☞✏ ✔✕✢ ✓✗ 7000 ★ ✎✏✚ ❡✟✠✡ ✎✏☞✑ ✤✏ ❡❞✶✺✙✟✏✢ ✗✥ ❡❞✶✺✓✙✡✟✏✢

✗✟ ✗✟✏✣✪ ✻✟✥ ✤✓✷✑✗✩ ✈✟✗✛✑ (approximate estimate) ✐✒✟✼☞ ✑✔✥✢ ✔✟ ✏☞✟✖ ❞♦✓✗

5000 ★  ✎✏✚ ❡✟✠✡✗ ✈✟✕✙ ♦✔✰✛✗ ✎✏☞✑✟✏✢ ✤✏ ✈✟✢✗✱✲✟✏✢ ✗✟ ✜✗ ✓✑✽✐✮✟ ✈✓✳✗ ✐✒✻✟✟✎✾✟✟✛✥

❁✢✫ ✤✏ ✐✒✟✼☞ ✔✟✏ ❞✟☞✟ ✔✕✖

✈✟✢✗✱✲✟✏✢ ✎✏✚ ✿✙❡ ❡✟✑✟✏✢ ✤✏ ❡✟✠✡ ✐✒✻✟✟✓✎☞ ✔✟✏☞✟ ✔✕✖ ✡✔ ❡✟✠✡ ✗✥ ✜✗ ✶✰♦✪✛☞✟ ✔✕✖ ✡✓✶

✈✟✢✗✱✲✟✏✢ ✎✏✚ ✎✰✚❀ ✈✢✗✟✏✢ ❡✏✢ ✈✢☞✙ ♦✔✰☞ ✈✓✳✗ ✔✟✏ ❂❞✕✤✏ 1, 7, 8, 9, 9❃✍ ☞✟✏ ✣✤ ✓❄r✟✓☞ ❡✏✢ ❡✟✠✡

✣✑ ✈✟✢✗✱✲✟✏✢ ✗✟ ✵✹✟❡ ✐✒✓☞✓✑✓✳❜✎ ✑✔✥✢ ✗✙☞✟✖ ❉✡✟✏✢✓✗ ✈✟✢✗✱✲✟✏✢ ❡✏✢✢ ✵✐✓❄r✟☞ ✿✙❡ ❡✟✑✟✏✢ ✤✏

❡✟✠✡✗ ✈✟✕✙ ♦✔✰✛✗ ✐✒✻✟✟✓✎☞ ✑✔✥✢ ✔✟✏☞✏ ✔✕✢✍ ✣✤✓✛✜ ✣✤ ✓❄r✟✓☞ ❡✏✢ ✣✑✤✏✓✶✜ ✔✰✜ ✈✟✢✗✱✲✟✏✢ ✗✟

✜✗ ✵✹✟❡ ✐✒✓☞✓✑✓✳❜✎ ✔✟✏☞✟ ✔✕✖

✈✟✣✜ ✈♦ ✔❡ ✐✰✑✌ ✔✓✙ ✈✟✕✙ ❡✕✙✥ ✎✟✛✥ ✓❄r✟✓☞ ✛✏✢ ✈✟✕✙ ✎✏✚✷✶✒✥✡ ✐✒✎✸✓✹✟ ✎✏✚ ☞✥✑ ❡✟✐✟✏✢

✗✥ ☞✰✛✑✟ ✗✙✏✢✖

❅❆❇❈❊❋ ●❍■❏❑▲▼ ❅❆ ❣❑❥ ◆❙❥❊

◆▼●❅

❡✟✠✡ 8.2 8.4

❡✟✠✡✗ 10 8

♦✔✰✛✗ 10 8
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❜☎ ✆✝ ✞✟ ☎✆✠✡☛✠ ☎☞ ✌☞✍✎✏✑✟✡ ✒✑✌✓✔✕✠ ✌☞✍ ✌☞✍✌✝ ❜✖ ☛✟✖ ✗✠✒✠☞✘ ✌☞✍ ✙✠✖ ☎☞ ✡✆ ✖✆✟✘ ✚☛✠✡✠

t✠ ☎✞☛✠ ✆✛ ✔✞ ✆✔✜ ✢✠✛✜ ✗✛✜✟ ✗☞✘ ✔✞☎✞✠ ✒✑✏✣✠✤✖ ✢✔✥✞ ✦✕✠✗ ✆✛✧ ❜☎✌☞✍ ✔✝★ ✌✩✍✪ ✢✠✛✜

✢✔✥✞ t✠✖✞✠✜✟ ✞✠ ✆✠☞✖✠ ✢✠✌✣✡✞ ✆✛✈ ✔t✖✞✠ ✢✫✡✡✖ ✢✠✒ ✦✬✭ ✞✮✠✠✢✠☞✘ ✗☞✘ ✞✜☞✘✯☞✧

✐✰✱✲✳✴✵✶ 14.4

1. ✷✸ ✹✺✻ ✼✽ ✾✿❀✹❁✂❂ ✸✽ ❃❄ ✻❅❆✂✽❇ ✻✽❇ �✼❈✼�❂�❉✂✄ ①✂✽❂ �✸✷ ❊

2, 3, 4, 5, 0, 1, 3, 3, 4, 3

❋✼ ①✂✽❂✂✽❇ ●✽❀ ✻✂❍■❏ ✻✂❍■✸ ❑✂❅▲ ❁▼✿❂✸ ◆✂✄ ✸✺�❖✷P

2. ①�✁✂✄ ✸✺ ✾▲✺◗✂✂ ✻✽❇ ❃❘ �●❙✂❚❯✂■✂✽❇ ✼✽ ❱❃❄❄ ✻✽❇ ❲✽❳ �✼❈✼�❂�❉✂✄ ❑❇✸ ✾❨✂❩✄ �✸✷ ❊

41, 39, 48, 52, 46, 62, 54, 40, 96, 52, 98, 40, 42, 52, 60

❋✼ ❑✂❇✸❬❭✂✽❇ ●✽❀ ✻✂❍■❏ ✻✂❍■✸ ❑✂❅▲ ❁▼✿❂✸ ◆✂✄ ✸✺�❖✷P

3. �✼❈✼�❂�❉✂✄ ✾❨✽◗✂✁✂✂✽❇ ✸✂✽ ❑✂▲✂✽▼✺ ❢✻ ✻✽❇ ❪■●�❫❯✂✄ �✸■✂ ①■✂ ▼❅P ■�❴ ❑✂❇✸❬❭✂✽❇ ✸✂ ✻✂❍■✸

❵❛ ▼✂✽❏ ✄✂✽ x  ✸✂ ✻✂✼ ◆✂✄ ✸✺�❖✷ ❊

29, 32, 48, 50, x, x + 2, 72, 78, 84, 95

4. ❑✂❇✸❬❭✂✽❇ 14, 25, 14, 28, 18, 17, 18, 14, 23, 22, 14, 18 ✸✂ ❁▼✿❂✸ ◆✂✄ ✸✺�❖✷P

5. �✼❈✼ ❲✂▲✁✂✺ ❲✽ ✷✸ ✾❅❀❝✹▲✺ ✻✽❇ ✸✂✻ ✸▲ ▲▼✽ ❵❄ ✸✻❞❆✂�▲■✂✽❇ ✸✂ ✻✂❍■ ●✽✄✼ ◆✂✄ ✸✺�❖✷❊

♦❡❣❤ ❥❦❧♠♥❡♣ q❡♣r sq✉✇♥②③♠♥❡♣ s④ ⑤♣⑥♠♥

3000 16

4000 12

5000 10

6000 8

7000 6

8000 4

9000 3

10000 1

♦⑦⑧⑨ ♠♥❡⑩ 60
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6. ✂❢✞❢ ✂✟✠�✂✡ ☛☞ ✌�✍�✂☞✡ ✎✆ ✏✑�✒☞✓� ✑✝✂✔✎

(i) ❡�✕☎ ✒✝ ✖✗✘✙✑✚✝☎ ☛✚✖✛✂✜� ✆� ✏☛☎✢✣✡ ❡�☛ ✒✤✥

(ii) ❡�✕☎ ✖✗✘✙✑✚✝☎ ☛✚✖✛✂✜� ✆� ✏☛☎✢✣✡ ❡�☛ ❢✒✝✁ ✒✤✦ ✔✧✂✆ ❡�✕☎✆ ✎✆ ✏☛☎✢✣✡ ❡�☛ ✒✤✥

14.6 ★✩✪✩✫✬✩

❜❧ ✌✕☎�☎ ❡✗✁✦ ✌�☛❢✗ ✂❢✞❢✂✭✂✄�✡ ✂✧✁✑✢✌�✗✁ ✆� ✌✕☎☎❢ ✂✆☎� ✒✤✮

1. ✎✆ ✂❢✂✱✯✡ ✏✰✗✱☎ ❧✗ ✎✆✂✲�✡ ✂✆✎ ✳✎ ✡✠☎�✗✁ ☎� ✌✁✆�✗✁ ✆�✗ ✌�✁✆✴✵✗ ✆✒� ✔�✡� ✒✤✥

2. ❧�✁✂✄☎✆✝ ✌✕☎☎❢ ✆� ✖✒ ✶�✗✲� ✒✤ ✂✔❧❡✗✁ ✌�✁✆✴✵�✗✁ ✖✗✘ ☛✚✂✡ ☛✚✟✡✢✂✡✆☞✓�✦ ✂✖✱✭✗✷�✓� ✡✠�� ✂❢✖✸✯❢
☛☞ ✂✖✯�☞ ✂✆☎� ✔�✡� ✒✤✥

3. ✂✆❧ ☛✚✆�☞ ✌�✁✆✴✵�✗✁ ✆�✗ ✌�✭✗✄��✗✁✦ ✌�☎✡✂✯✲��✗✁ ✡✠�� ✧�☞✁✧�☞✡� ✧✒✢✹�✢✔�✗✁ ✺�☞� ✌�✭✗✄�✝☎ ✻☛ ❡✗✁ ☛✚✟✡✢✡
✂✆☎� ✔� ❧✆✡� ✒✤✥

4. ✌✖✳✝✸✖✛✘✡ ✌�✁✆✴✵�✗✁ ✆✝ ✖✗✘✙✑✚✝☎ ☛✚✖✛✂✜� ✖✗✘ ✡✝❢ ❡�☛ ✒✤✁ ✮

(i) ❡�✕☎✮ ☛✚✗✶�✓��✗✁ ✖✗✘ ❧✹�✝ ❡�❢�✗✁ ✖✗✘ ☎�✗✳ ✆�✗ ☛✚✗✶�✓��✗✁ ✆✝ ✖✢✘✭ ❧✁✄☎� ❧✗ ✹��✳ ✑✗❢✗ ☛☞ ☎✒ ☛✚�✼✡
✒�✗ ✔�✡� ✒✤✥ ❜❧✗ x  ❧✗ ☛✚✆✽ ✂✆☎� ✔�✡� ✒✤✥

✌✡✮✦ x  = 
1

n

i

i

x

n

✾
✿

 ✒✤✥ ✌✖✳✝✸✖✛✘✡ ✧�☞✁✧�☞✡� ✧✁✽❢ ✖✗✘ ✂✭✎ ☎✒  x  = 
1

1

n

i i

i

n

i

i

f x

f

❀

❀

❁

❁
 ✒�✗✡� ✒✤✥

(ii) ❡�✕☎✆ ✮ ☎✒ ❧✧❧✗ ❡✕☎ ✖�✭✗ ☛✚✗✶�✓�  ✆� ❡�❢ ✒�✗✡� ✒✤✥

☎✂✑  n  ✂✖✷�❡ ❧✁✄☎� ✒✤✦ ✡�✗ ❡�✕☎✆  =  
1

2

n ❂❃ ❄
❅ ❆
❇ ❈

✖✗✁ ☛✚✗✶�✓� ✆� ❡�❢

☎✂✑  n  ❧❡ ❧✁✄☎� ✒✤✦ ✡�✗ ❡�✕☎✆ = 
2

n❃ ❄
❅ ❆
❇ ❈

✖✗✁ ✌�✤☞  1
2

n❉ ❊❋● ❍
■ ❏

✖✗✁ ☛✚✗✶�✓��✗✁ ✖✗✘ ❡�❢�✗✁ ✆� ❡�✕☎✥

(iii) ✧✒✢✭✆ ✮ ✧✒✢✭✆ ❧✧❧✗ ✌✂✍✆ ✧�☞ ✌�❢✗ ✖�✭� ☛✗✚✶�✓� ✆� ❡�❢ ✒�✗✡� ✒✤✥
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✈�✁✂✁ 15

✐✄☎✆✝✞✟☎

It is remarkable that a science, which began with the consideration of

games of chance, should be elevated to the rank of the most important

subject of human knowledge.

✭♠✠✡☛☞✌✍✎✏ ✑✒ ✓✔ ✕✑ ✓✕✖✌✍ ✓✗✘✔✎ ✙✏✚✛✜✓✢✌ ✘✣✏✌☛✤ ✕☛✥ ☞✌☛✡ ✘☛ ✑✚✦✧ ✑✒★ ✕✑
❡✌✍✕ ✖✌✍ ✕☛✥ ✩✓✪ ❡✑✛✕✜✫✬✌✧ ✓✕✮✌✏ ✔✎ ✯✰✱✌✦✏✌☛ ✣ ✪✔ ✜✑✚✰✱ ✗✌✪✎ ✑✒✲✳

—Pierre Simon Laplace

15.1 ❍✴✵✶✷✸✴

❣✹✺✻ ✼✽✾✺ ✿❀❁✾❂ ❃❄❅✾ ✹✺✻ ❆❇ ✽❈❂❉❊ ❅✺❋ ❂●❉✾ ❇■✾✾✺ ❂❉✺ ❁✹❏❑✺ ❊❣❑✺ ❣❀✻ ▲

(1) ❧▼◆❖P◗❘ ✼❉❃ ❅❙❉❉❚ ❣❉✺❯❄❱
(2) ✹■❲✺ ❧▼❳❨❩ ❣❀ ❁❂ ❅❣ ❆❇ ✽❊❄❬❉❉ ✹✺✻ ❭❪❉❄❫❉❚ ❣❉✺❯❉❱
(3) ❅❉♦❙❉❂ ✽❊❄❬❉❉ ✹✻✺ ❂❁❅❑❉ ❅✺❋ ✽❈●❉✹ ✼❉✾✺ ❂❄ ❧▼◆❖❖P❴❖ ❧❵❧❨ ❛❜❝❞ ❣❀❱
(4) ❢❄❃❏ ❂❄ ❂❄✹❑ ❤❥❦✾✺ ❂❉ ❧▼♥❖❨♣ ❂❉✽❋❄ ✼❁q❂ ❣❀❱
(5) ✼❉❃ ❅✺❋ ✹❀r ✹✺✻ s❉❉❊❑ ❅✺❋ t❉✉❇ ❃❄❑✾✺ ❂❉ ❧▼♥❖❨♣ ✇①②✇① ❣❀❱

③❣❉④ ⑤✽❊ ❅✺❋ ❂●❉✾❉✺✻ ✹✺✻ ✽❈③■⑥❑ ⑦❇✻s❉❅❑▲⑧⑨ ⑦❇✻✿✺❣⑧⑨ ⑦❇✻③❉✺❯⑧ ✼❉❁✿ ⑩❉❶✿❉✺✻ ✹✺✻ ✼❁✾❁⑩r❑❑❉ ❂❄
s❉❉❅✾❉ ❤✾❄ ❊❣❑❄ ❣❀❱ ❭✿❉❣❊❫❉ ❅✺❋ ❁❏❷⑨ ❸❹❺ ✹✺✻ ⑦❇✻s❉❅❑▲ ❅❙❉❉❚ ❣❉✺❯❄⑧ ❂❉ ✼●❉❚ ③❣ ❣❉✺❯❉ ❁❂
❅❙❉❉❚ ❣❉✺ s❉❄ ❇❂❑❄ ❣❀ ✼❉❀❊ ✾❣❄✻ s❉❄ ❣❉✺ ❇❂❑❄ ❣❀❱ ❅❙❉❉❚ ❣❉✺✾✺ ❂❄ ✽❈❉❯■❁⑥❑ (prediction) ❣✹ ✼✽✾✺
❭✾ ❁✽❻❏✺ ✼✾■s❉❅❉✺✻ ❇✺ ❂❊❑✺ ❣❀✻ ❃❤❁❂ ❆❇❄ ✽❈❂❉❊ ❂❄ ✼❅❼●❉❉✼❉✺✻ ❅✺❋ ❣❉✺✾✺ ✽❊ ❅❙❉❉❚ ❣■❆❚ ●❉❄❱
❆❇❄ ✽❈❂❉❊ ❂❄ ✽❈❉❯■❁⑥❑③❉④ ❸❽❺ ❇✺ ❸✇❺ ❑❂ ❂❄ ❁❼●❉❁❑③❉✺✻ ❅✺❋ ❇✻❤✻q ✹✺✻ s❉❄ ❂❄ ❃❉❑❄ ❣❀❱

✼✾✺❂ ❁❼●❉❁❑③❉✺✻ ✹✺✻ ⑦✽❈❉❁③❂❑❉⑧ (probability) ❂❄ ❇❣❉③❑❉ ❇✺ ⑦❇✻s❉❅❑▲⑧ ✼❉❁✿ ❃❀❇❄
✼❁✾❁⑩r❑❑❉ ❂❉ ❇✻❾③❉❿✹❂ ➀✽ ❇✺ ✹❉✽✾ ❁❂③❉ ❃❉ ❇❂❑❉ ❣❀❱
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❀✝✞✟ ✟✠✡✞❀☛☞✡ ☛✌ ✍❀✎✏✟✞✑✡ ✒✎✓ ✔✕✖ ✗✡✕✘ ✙✕ ✚✎✛✜ ✢✡✌✣ ✞✟✖✤ ✥✡✌ ✛✙☛✡ ✍❀✡✟☛ ✟✠❀✡✕✦

✥✡✡❍✞☞☛ ✞✔✧✡★✣ ✔✡✞✩✡✪❀✣ ✒❍✞✔☛ ✞✔✧✡★✣ ✫✡❀✎✬✔✧✡★✣ ✭✡❍✙✭ ☛✡ ✟✮✔✡✜★✎✭✡★ ✫✡✞✯ ✰✡✕✱✡✡✕✲ ✭✕✲ ✚✡✕

✤✚✡ ✚❍❥

15.2 ✳✴✵✶✷✸✹✵ ✺ ✻✸ ✳✴✵✷✵✼✶✽✸ ✾✿✶❁❂✸✵✼❃✵

✐�✁✂✄☎✆✁ (probability) ☎❞ ❄❅☎❆✐❇✁ ☎✁ ✂❈☎✁❄

❉☎ ❊✁❋●✄■❏❇☎ ❑❅▲ ❄▼ ◆❖❊✁ P✁✁◗ ❘❙❚❯ ❱▼❅

❋✁▼❈▼✂❲✄❳ ✂❨ ❱▼❳▼ ❇✁❱☎ ❏❖❊✁❳❞ ✐✁❄✁ ❄❅❩❅❬❞ ❈❖❭❪

❄❱❧✄✁❊✁▼❅ ☎✁▼ ❲▼☎❳ ❄❫✁◆❈❞❅ ❋✁✆✁❴❵❞ ❈▼❭ ❉☎

❄❖✐�✂❄❛ ✐�❭✁❅❄❞❄❞ ❵✁❋✁■✂❇☎ ❊✁❜❳ ▲✂❝✁✆❡ ❴❲▼❏

✐✁❧☎❲ ❈▼❭ ✐✁❄ ✐◆❖❢●✁◗ ✐✁❧☎❲ ☎✁▼ ❣❇ ❄❱❧✄✁❊✁▼❅

☎✁▼ ◆❲ ☎❳❇▼ ❱▼❅ ☎✁✐❭❞ ❤✂● ❊✁❇▼ ❲▲❞❦ ❈◆ ❣❇

❄❱❧✄✁❊✁▼❅ ✐❳ ❊♠✄✄❇ ☎❳❇▼ ❲▲✁ ❊✁❜❳ ❉☎ ❊♥✄

✐�❭✁❅❄❞❄❞ ▲✂❝✁✆❡ ✂✐✄❳▼ ✂❵ ✐❭❱✁■ ❈▼❭ ❄✁P✁ ●●✁■ ♦✁❞

☎❞◗ ✐✁❧☎❲ ❊✁❜❳ ✐❭❱✁■ ❇▼ ❣❇ ❄❱❧✄✁❊✁▼❅ ☎✁▼ ❧❈✆❅❫✁

❤✐ ❄▼ ❊❲▲♣❊❲▲ ◆❲ ✂☎✄✁◗ ✄◆ ☎✁✄■ ◆❞

✐�✁✂✄☎✆✁ ✂❄❛✁❅✆ (probability theory) ☎✁ ✐�✁❳❅♦✁ P✁✁◗

❣❄ ✂❈q✁✄ ✐❳ ✐◆❲❞ ✐❖❧✆☎ ❣✆✁❲❈❞ ▲✂❝✁✆❡ ❏▼r ☎✁❨■❇ s❘❚t❘♣❘❚✉❙✈ ❇▼ ✂❲✇✁❞ P✁❞◗

❣❄ ✐❖❧✆☎ ☎✁ ❋✁❞q✁■☎ 'Book on Games of Chance' (Liber de Ludo Aleae) P✁✁

❏✁▼✂☎ ❘❙❙① ❱▼❅ ✐�☎✁✂❋✁✆ ◆❖❣■ P✁❞◗ ❣❄ ✂❈q✁✄ ✐❳ ▲✂❝✁✆❡✁▼❅ ❏▼r ❩❇■②❲❞ s❘❙❚❯♣❘✉t❚✈❦

✐❞r ❲✁③❲✁❄ s❘✉❯④♣❘⑤⑥✉✈❦ ❉r❉r ❱✁☎✁▼■❈ s❘⑤❚❙♣❘④⑥⑥✈ ❊✁❜❳ ❉r❉❇r ☎✁▼❆❱✁▼▲✁▼❳✁ ▼❈

s❏♥❱ ❘④t①✈ ☎✁ ♦✁❞ ❱◆⑦❈✐②❝✁■ ✄✁▼▲❵✁❇ ❳◆✁ ◆❜◗

✞✟⑧✘✌ ☛✰✡✡✫✡✕✲ ✭✕✲ ✫✡✟ ✟✠✡✞❀☛☞✡ ☛✡ ✫✡✥✡✡✙ ✔✎✖⑧ ✟✠❀✡✕✦ ✒❍✙✕ ✞✙⑨✔✕✖ ⑩⑧✡✘★✡✣ ✟✡✙✡

✟✕✲✖☛★✡ ✫✡✞✯ ✭✕✲ ☛✤ ❶✎✔✕✖ ✚❍✲ ✫✡❍✤ ⑩★✔✕✖ ❷❸❹❺❻❻❼ (outcome) ✯✕✗✡ ❶✎✔✕✖ ✚❍✲❥ ✫❽ ✫✡✟ ✯✕✗✡✕✲✦✕

✞☛ ✓☛ ✟✠❀✡✕✦ ✭✕✲ ✓☛ ✞✔❾✡✕❿✡ ✟✞✤✩✡✡✭ ✔✕✖ ➀✡➁★✕ ☛✡ ✙✲❀✡✕✦ (chance) ✞☛✙ ✟✠☛✡✤ ✭✡✟✡

✒✡☞✡ ✚❍❥

✶➂✷✵✸➃✵✳ 1 : (i) ✓☛ ✞✙⑨☛✡ ✘✌✞✒✓✣ ⑩✙✕ ✯✙ ❽✡✤ ⑩⑧✡✞✘✓ ✫✡❍✤ ✯✕✞✗✡✓ ✞☛ ✞☛☞★✌ ❽✡✤

✞❶☞ ✫✡☞✡ ✚❍ ✫✡❍✤ ✞☛☞★✌ ❽✡✤ ✟➁ ✫✡☞✡ ✚❍❥ ✫✡✟ ✫✟★✕ ✟✠✕✰✡✩✡✡✕✲ ☛✡✕ ✫✡✦✕ ✫✡★✕ ✔✡✘✌ ✙✡✤✩✡✌

✔✕✖ ➄✟ ✭✕✲ ✞✘✞✗✡✓❥

➅➆➇➈ ➉➊➋➌➆
(1623–1662)

➍➎➏➐➑➒➓ 15.1

➔➉→➣➇ ➔↔ ➉↕➙➊➛
(1601–1665)

➍➎➏➐➑➒➓  15.2
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❧☎✆✝☎✞ 15.1

❢❧✟✠☎ ♠✡☎☛☞✌ ❢✍✎ ✏☎☞✌ ✠✞ ✐✑ ✏☎☞✌ ✠✞

✠✞ ❧❞✒✓☎ ❧❞✒✓☎ ❧❞✒✓☎

10 — —

✉✔✕✖ ✗✔ ✘✙✚ ✛✜✢✣✉✢✖✤ ✥✖✦ ✧✢✉ ✛★✛✩✢✪ ✫

✛✕r ✬✢✉✖ s✔ ✭✩✤ ❛✢

✛✭✮s✢ ✯◆✢★✉✖ s✔ ✥✦q ★ ✭✩✤ ❛✢

✬✢✈✰
✱✲ ✬✢✉✖ s✔ ✭✩✤ ❛✢

✛✭✮s✢ ✯◆✢★✉✖ s✔ ✥✦q ★ ✭✩✤ ❛✢

(ii) ✛✭✮✥✖✦ s✢✖ ✳✔✭ ✳✢✰ ✯◆✢✛★✪ ✬✢✈✰ ✴✱✰ s✔ ✜✢✢✵✛r ✬✢✱ ✬✱✉✖ ✱✶✖✷✢✸✢ ✛★✩✢ ★✔✛✹✪✺

✱✶✖✷✢✸✢✢✖✤ ✥✖✦ ✙✭ ✭✤✘✶✻ ✥✖✦ ✛★✪ ✴✱✰ ✛✗✪ ✘✪ ✛✜✢✣✉✢✖✤ ✥✖✦ ✧✢✉ ✱q✉✫ ✼✢r s✔✛✹✪✺

(iii) ✛✭✮✥✖✦ s✢✖ ✬✢✈✰ ✬✛✽s ✳✢✰ ✯◆✢★s✰ ✙✭ ✱✶❛✢✖✘ s✢✖ ✱q✉✫ s✔✛✹✪ ✬✢✈✰ ✛✕r ✬✢✈✰

✱✲ ✬✢✉✖ s✔ ✭✤✩❛✢ ✛★✩✢ ★✔✛✹✪✺ ✙✭s✖ ✳✢✗ ✭✤✘r ✛✜✢✣✉✢✖✤ ✥✖✦ ✧✢✉ ✼✢r s✔✛✹✪✺

✬✢✱ ✗✖✩✢✖✤✘✖ ✛s ✬✢✱ ✹✈✭✖✾✹✈✭✖ ✛✭✮s✢ ✯◆✢★✉✖ s✔ ✭✤✩❛✢ ✳✿❀✢r✖ ✹✢✪✵✘✖❁ ✯r✉✢ ✻✔ ✛✜✢✣✉✢✖✤

s✢ ✧✢✉ ❂❃❄ ✥✖✦ ✛✉s✲ ✻✢✖r✢ ✹✢✪✘✢✺ ❛✻ ✗✖✩✢✉✖ ✥✖✦ ✛★✪ ✛s ✛✭✮✥✖✦ s✢✖ ✬✛✽s ✭✖ ✬✛❅✢s

✯◆✢★✉✖ ✱✰ ✮❛✢ ✻✢✖r✢ ✻✈❁ ✛✉❆✉✛★✛✩✢r ✭✢✧❇✛✻s ✛❈❛✢s★✢✱ ✜✢✔ ✛s❛✢ ✹✢ ✭sr✢ ✻✈✺

❢❉✓☎✠☛☎✐ 2 : ✬✢✱ s✷✢✢ s✢✖ ❊ ❛✢ ❋ ✛✥●✢❍■✢❛✢✖✤ ✥✖✦ ✥✘✢✖❏ ✧✤✖ ✳✢✵✲ ✗✔✛✹✪✺ ✧✢✉ ★✔✛✹✪

✱✶❑❛✖s ✥✘✚ s✢ ✪s ✛✥●✢■✢✔✚ ✛✭✮✥✖✦ s✢✖ ▲❄ ✳✢✰ ✯◆✢★r✢ ✻✈✺ ✱✶❑❛✖s ✥✘✚ ✥✖✦ ✬✣❛ ✛✥●✢■✢✔✚

s✢✖ ✕✢✛✻✪ ✛s ✥✻ ✛✕r ✬✢✈✰ ✱✲ ✬✢✉✖ ✥✖✦ ✱✶✖✷✢✸✢✢✖✤ s✢✖ ✛★✩✢r✢ ✹✢✪ ▼❅❛✢✉ ✗✔✛✹✪ ✛s ✭✜✢✔

✥✘✢✖❏ s✢✖ ✭✧✢✉ ✧❇♦❛ ✥✖✦ ✛✭✮s✢✖✤ s✢ ✻✔ ✱✶❛✢✖✘ s✰✉✢ ✕✢✛✻✪✺ ✛✭✮s✢✖✤ s✢✖ ✯◆✢★r✖ ✭✧❛ ✪✖✭✢

✱✶r✔r ✻✢✖✉✢ ✕✢✛✻✪ ✛s ✭✜✢✔ ✥✘✢✖ ❏ ❖✢✰✢ ✥✖✦✥★ ✪s ✻✔ ✛✭✮s✢ ✯◆✢★✢ ✹✢ ✰✻✢ ✻✈✺P

✬✳ ◗❛✢✧✱✲❘✲ ✱✰ ✭✢✰✸✢✔ ▲❄❃❊ s✔ ✜✢✢✵✛r ✪s ✭✢✰✸✢✔ ✳✉✢✙✪✺ ✱✻★✖ ✥✘✚ ▲ ✬✱✉✢

✱✶✖✷✢✸✢ ✛★✩✢ ✭sr✢ ✻✈ ✬✢✈✰ ✱✛✰✸✢✢✧✔ ✛✜✢✣✉✢✖✤ s✢ ✱✛✰s★✉ s✰ ✭sr✢ ✻✈✺ ✙✭✥✖✦ ✳✢✗ ✥✘✚ ❊

✬✱✉✢ ✱✶✖✷✢✸✢ ✛★✩✢ ✭sr✢ ✻✈❁ ✱✰✣rq ✯✭✖ ✛✜✢✣✉✢✖✤ s✢ ✱✛✰s★✉ ✥✘✚ ▲ ✬✢✈✰ ✥✘✚ ❊ ✥✖✦ ✭✤❛✢✖✛✹r
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✈✝✞✟✠✡✝☛✞ ☞☛✌ ✍✎✏ ✟✑✒✝ ✓✝☛✔✝✕ ✈✝✖✑ ✗✘✙ ✚✛✟✝✑ ✗✘ ✚✛✍✜✢✝ ✟✝☛ ✈✝✔☛ ✣✤✡✝✥☛ ✦✝✗✏✧ ★✓✩ ✗✒

✍❢✝✪✒✝☛✞ ✟✝☛ ❧✫✬✭✮ ✯✰✱✲✳ (cumulative fractions) ✟✓ ✘✟✥☛ ✓✖✞✧❞ ✓✩✒☛ ✏✟ ✟✴✝✝ ☞☛✌

✍☞✵✝✍✶✝✷✢✝☛ ✞ ✸✝✑✝ ✍✟✏ ✔✏ ✚✛☛✴✝✹✝✝☛✞ ☞☛✌ ✈✝✺✝✑ ✚✑ ✘✝✑✹✝✙ ✩☛✞ ✚✛✶✝✩ ✥✙✒ ✚✞✍✻✥✢✝✼ ✍✎✽✝✙ ✓✖✞✞✧

✾✿❀❁✿❂ 15.2

♦❃❄ ❅❆❇❈❉❊ ❋●❈❉❊ ❅❆❇❈❉❊ ❍■ ❏❊❆❑■ ❏❊▲❑❈ ❋●❈❉❊ ❍■ ❏❊❆❑■ ❏❊▲❑❈

❍■ ❍■ ❅❏▼❍❈ ◆❖❈P◗❉ ❅❏▼❍❈ ◆❖❈P◗❉

❏❊▲❑❈ ❏❊▲❑❈ ❍■ ♦❘❙P ❏❊▲❑❈ ❍■ ♦❘❙P ❏❊▲❑❈
(1) (2) (3) (4) (5)

1 3 12
3

15

12

15

2 7 8
7 3 10

15 15 30

❚
❯

❚
8 12 20

15 15 30

❚
❯

❚

3 7 8
7 10 17

15 30 45

❚
❯

❚
8 20 28

15 30 45

❚
❯

❚
4 ❱ ❱ ❱ ❱

✗✘ ✘✝✑✹✝✙ ✩☛✞ ✈✝✚ ✻✢✝ ❜☛✽✝✥☛ ✓✖✞❲ ✈✝✚ ❜☛✽✝✥☛ ✓✖✞ ✍✟ ✍✘✻☞☛✌ ☞☛✌ ❳❨✝✎✒☛ ✟✙ ✘✞✽✢✝

✩☛✞ ☞❡✍❩ ✓✝☛✒☛ ✚✑ ❬✥✞❢✝ ❭❪❫ ✈✝✖✑ ❭❴❫ ☞☛✌ ✍❢✝✪✒✝☛✞ ☞☛✌ ✩✝✒ ❵❛❴ ☞☛✌ ✈✝✖✑ ✍✒✟❝ ✓✝☛✥☛ ✦✝✥☛ ✓✖✞✧

❣❤❥✿❦♠✿♥ 3 : (i) ✏✟ ✚✝✘☛* ✟✝☛ ♣❵ ✣✝✑ ✚☛✞✌✍✟✏ ✈✝✖✑ ✚✝✘☛ ✚✑ ✦✝☛ ✘✞✽✢✝ ✦✖✘☛ q✕ ♣✕ r✕

❪✕ ❴✕ s ✍✦✥✒✙ ✣✝✑ ✈✝✥✙ ✓✖ ❳✘☛ ✍✎✽✝✥☛ ✦✝✗✏✧ ✈✚✒☛ ✚✛☛✴✝✹✝✝☛✞ ✟✝☛ ✘✝✑✹✝✙ ✩☛✞ ✍✎✍✽✝✏ ✦✖✘✝✕

✍✟ ✘✝✑✹✝✙ q❴❛r ✩☛✞ ✍❜✢✝ ✓✖✧

✾✿❀❁✿❂ 15.3

❋❈❏❈ ❋❉❊❙❍◗❉ ❍■ ❏❊▲❑❈ ❋❈❏❉ ❋t ✉◗ ✇❊❍❈❉❊ ♦❉❙ ✇❈◗❉ ❍■ ❏❊▲❑❈

1 2 3 4 5 6

20

*①②③② ④⑤ ③⑥⑦⑧⑨⑩⑦ ❶②❷ ❸②❹⑦② ❸❺ ⑨❻③❼❹⑥ ❽❾ ①❿⑩⑤ ❸②❹⑦❹ ❸❺⑥➀ ⑨❻❷ ①➁ ➂ ③❹ ➃ ⑦⑤ ⑤➄ ③⑥➅➆② ➇⑥⑨⑤⑦ ❸②❹⑦➄ ❸❺➈
④⑤ ①❿⑩⑤ ①➁ ➉❹❿➉⑩ ④⑤ ③⑥➅➆② ➇⑥⑨⑤⑦ ❸②❹⑦➄ ❸❺➈ ⑤➊②➄➋⑤➊②➄ ①❿⑩⑤②❹⑥ ①➁ ③⑥➅➆② ➉❹❿ ➌➍②②❷ ①➁ ➎⑦❷❹ ❸➄ ⑨➏➐➑⑧
➏❷❹ ❸②❹⑦❹ ❸❺⑥➈
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❢☎✆☎❢✝❢✞✟✠ ❢✡✟☛☎✟☞✌ ✍☞✎ ✏✟☎ ✑✟✠ ✒✓❢✔✕ ✪

✐✖❧s ✐❥ ✥ ♦◗s ✈✖✉s ✗❤ ❧❬❛ ✘✖

✐✖❧✖ ✐s❛◗✗✉s ✗❤ ♦◗q ② ❧❬❛ ✘✖

✐✖❧s ✐❥ ✙ ♦◗s ✈✖✉s ✗❤ ❧❬❛ ✘✖

✐✖❧✖ ✐s❛◗✗✉s ✗❤ ♦◗q ② ❧❬❛ ✘✖

✚

✚

✐✖❧s ✐❥ ✛ ♦◗s ✈✖✉s ✗❤ ❧❬❛ ✘✖

✐✖❧✖ ✐s❛◗✗✉s ✗❤ ♦◗q ② ❧❬❛ ✘✖

(ii) ✜✢ ✣✟✤☞ ✒✟☞ ✦✧ ✢✟★ ✣☞✌✎❢✒✕✩ ✣☞✫✬✟✭✟✟☞✌ ✒✟☞ ❢✝✞✟ ✝✓❢✔✕ ✜✟✮★  (i)  ✒✓ ✡✟✟✌❢✠ ❢✡✟☛☎✟☞✌

✒✟☞ ✣❢★✒❢✝✠ ✒✓❢✔✕❞

✜✟✣ ✯☞✞✟☞✌✰☞ ❢✒ ✣✟✤☞ ✍☞✎ ✣☞✌✎✒☎☞ ✒✓ ✤✌✞✱✟ ✏☞✌ ✍✲❢✳ ✴✟☞☎☞ ✍☞✎ ✤✟✵✟✶✤✟✵✟  (i) ✜✟✮★

(ii) ✏☞✌ ✣❢★✒❢✝✠ ❢✒✕ ✰✕ ✣✫❡✱☞✒ ❢✡✟☛☎ ✒✟ ✏✟☎  
1

6
  ✍☞✎ ✜✟✮★ ❢☎✒✷ ✜✟✠✟ ✔✟✠✟ ✴✮❞

❜✤☞ ✯☞✞✟☎☞ ✍☞✎ ❢✝✕ ✜✟✣ ✕✒ ✤✟✏✸❢✴✒ ❢✹✱✟✒✝✟✣ ✺✤✓ ✣✫✒✟★ ✒★ ✤✒✠☞ ✴✮✌ ❢✔✤

✣✫✒✟★ ✜✟✣☎☞ ❢✹✱✟✒✝✟✣ ✻ ✏☞✌ ❢✒✱✟ ✴✮❞ ✜✟✣ ✜✣☎✓ ✒✬✟✟ ✍☞✎ ❢✍✼✟❢✵✟✽✱✟☞✌ ✒✟☞ ✾✟☞✷☞✶✾✟☞✷☞ ✍✰✟☞✿

✏☞✌ ✢✟❀✷ ✯✓❢✔✕❞ ✣✫❡✱☞✒ ✍✰✽ ✍☞✎ ✕✒ ❢✍✼✟✵✟✓✽ ✒✟☞ ✕✒ ✣✟✤✟ ✯✤ ✢✟★ ✣☞✌✎✒☎☞ ✍☞✎ ❢✝✕ ✒❢✴✕❞

✣✫☞✬✟✭✟✟☞✌ ✒✟☞ ❢✝✞✟ ✝✓❢✔✕ ✜✟✮★ ✤✌❁✱✓ ❢✡✟☛☎ ✣❢★✒❢✝✠ ✒★ ✝✓❢✔✕❞

✤✌✞✱✟ ❂ ✍☞✎ ❢✝✕ ❢✡✟☛☎✟☞✌ ✍☞✎ ✏✟☎ ✤✟★✭✟✓ ❂❃❄✦ ✏☞✌ ❢✝✞✟☞ ✔✟ ✤✒✠☞ ✴✮✌❞ ❜✤ ✤✟★✭✟✓ ✏☞✌

✴✓ ✯✸✤★✓ ✤✌✞✱✟✜✟☞✌ ✤☞ ✤✌✢✌❢❣✠ ❢✡✟☛☎✟☞✌ ✒✟☞ ✡✟✓ ❢✝✞✟✟ ✔✟ ✤✒✠✟ ✴✮ ✱✟ ✜☛✱ ✤✌✞✱✟✜✟☞✌ ✍☞✎ ❢✝✕

❜✤✓ ✣✫✒✟★ ✒✓ ✜☛✱ ✤✟★❢✭✟✱✟❀ ✡✟✓ ✢☎✟❜✽ ✔✟ ✤✒✠✓ ✴✮✌❞

❅❆❇❈❆❉ 15.4

❊❋● ❍■ ❊❋● ❏❑▲ ❍■ ▼◆❖❑ ❊❑P ❘ ❊❑P ❙◆❚❑ ■❯ ❖▲❱❲❯ ❖▲❳❲◆

▼❑▲P❊❑P ❨◆❚❑ ■❯ ❊❩P❭ ❖▲❳❲◆ ▼◆❖❑ ❊❑P ▼❑▲P❊❑P ❨◆❚❑ ■❯ ❊❩P❭ ❖▲❳❲◆
(1) (2) (3)

1 — —

2 — —

3 — —

4 — —
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❧✝✞✟ ✠✡✞☛☞ ✌☛✍ ✎✏✑✒✓✔ ✎✞❧☛ ✕✡✝✞✡ ❧✌✞✖ ✗✎ ✘✞✙✚ ❧✌✞✖ ❧✞✛✜ ✠☛✢ ✣✞☛✖✞ ✤✞✥✣✦✧ ✔★ ✦☛❧✞

✌✞✖ ✥✕✑✞ ✜✞✦✡✞ ✥❡ ✎☛✍✢✠☛✢ ✡✦ ❧✝✞✟ ✎✞❧☛ ✦❡ ✣✟ ✎✞❧☛ ✩✞✚✞ ✎☛✍✢✠☛✢ ✡✦ ✣✙✍✧

✛✖ ❧✞✚✥❜✞✑✞☛✍ ✌☛✍ ✘✞✎ ✓✑✞ ✪☛✫✞✔☛ ✣✙✍✬

✘✞✎ ✪☛✫✞☛✍✡☛ ✥❡ ✜✙❧☛✈✜✙❧☛ ✎✞❧✞ ✎☛✍✢✠☛✢ ✜✞✖☛ ❡✟ ❧✍✫✑✞ ★✭✮✔✟ ✜✞✦✡✟✯ ✠✙❧☛✈✠✙❧☛ ✰✔✍✝✞  (3)

✠✢✟ ✥✝✞♦✖☛✍
1

6
 ✠☛✢ ✥✖❡✱ ✣✞☛✔✟ ✜✞✦✲✡✟✧

❢✳✴✵✶✷✵✸ 4 : (i) ✪✞☛ ✥❧✓❡✞☛✍ ❡✞☛ ✦❡ ❧✞♥✞ ✪❧ ★✞✚ ✹✺✞✥✕✦ ✘✞✙✚ ✘✎✖☛ ✎✏☛✻✞❜✞✞☛✍ ❡✞☛ ✖✟✤☛

✪✟ ✡✛✼ ❧✞✚❜✞✟ ✠☛✢ ✗✎ ✌☛✍ ✥✕✥✫✞✦✽

✾✵✿❀✵❁ 15.5

❂❃❄ ❅❆❇❈❃❄❉ ❈❃❄ ♠❊❃❋●❄ ❅❍■ ● ❏❃●❄ ❈❑ ▲❈ ❅❍■ ❏❃●❄ ❂❃❄ ❅❍■ ❏❃●❄

❈❑ ❆❉❞▼❃ ❆❉❞▼❃ ❈❑ ❆❉❞▼❃ ❈❑ ❆❉❞▼❃

10 — — —

✥✝✞♦✖✞☛✍ ✠☛✢ ✌✞✖ ✥✕✥✫✞✦ ✽

A =
✥✤✔ ✖ ✘✞✖☛ ❡✟ ❧✫✍ ✑✞

✪✞☛ ✥❧✓❡✞✍☛ ❡✞☛ ✹✺✞✕✖☛ ❡✟ ✠✢✒ ✕ ❧✫✍ ✑✞

B =
✦❡ ✥✤✔ ✘✞✖☛ ❡✟ ❧✫✍ ✑✞

✪✞☛ ✥❧✓❡✞✍☛ ❡✞☛ ✹✺✞✕✖☛ ❡✟ ✠✢✒ ✕ ❧✫✍ ✑✞

C =
✪✞ ☛ ✥✤✔ ✘✞✖☛ ❡✟ ❧✫✍ ✑✞

✪✞☛ ✥❧✓❡✞✍☛ ❡✞☛ ✹✺✞✕✖☛ ❡✟ ✠✢✒ ✕ ❧✫✍ ✑✞

✛✖ ✥✝✞♦✖✞☛✍ ✠☛✢ ✌✞✖ ✎✥✚❡✥✕✔ ❡✟✥✜✦✧

✘★ ◆✥❖✑✞❡✕✞✎ P ❡✟ ✝✞✞✲✥✔◗ ✥❧✓❡✞ ✹✺✞✕✖☛ ❡✟ ❧✍✫✑✞ ★✭✮✞✛✦✧ ✘✞✎ ✪☛✫✞☛✍✡☛ ✥❡

✹✺✞✕✖☛ ❡✟ ❧✍✫✑✞ ✥✜✔✖✟ ★✭✮✔✟ ✜✞✦✡✟✯ ✹✔✖☛ ✣✟  A, B ✘✞✙✚ C ✠☛✢ ✌✞✖ ❖✌❘✞✽  0.25, 0.5

✘✞✙✚ 0.25  ✠☛✢ ✥✖❡✱ ✣✞☛✔☛ ✜✞✦✲✡☛✧

✥❖✑✞❡✕✞✎ ❙ ✌☛✍✯ ✥❧✓✠☛✢ ✠✢✟ ✎✏❚✑☛❡ ✹✺✞✕ ❡✞☛ ✦❡ ❯❱❲❳❨❩❬❳❭❪ (trial) ❡✣✞ ✜✞✔✞ ✣✙✧

✛❧✟ ✎✏❡✞✚✯ ✥❖✑✞❡✕✞✎ ❫ ✌☛✍ ✎✞❧☛ ❡✟ ✎✏❚✑☛❡ ✎☛✍✢❡ ❡✞☛ ✦❡ ❯❱❲❳❨❩❬❳❭❪ ❡✣✞ ✜✞✔✞ ✣✙ ✔♥✞✞

✥❖✑✞❡✕✞✎ ❴ ✌☛✍ ✪✞☛ ✥❧✓❡✞☛✍ ❡✞☛ ✦❡ ❧✞♥✞ ✹✺✞✕✖☛ ❡✟ ✎✏❚✑☛❡ ✹✺✞✕ ❡✞☛ ✝✞✟ ✦❡ ✘✥✝✞✎✏✑✞☛✡

❡✣✞ ✜✞✔✞ ✣✙✧
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✈☎✆✝ ✞✟✠✡☛☞✌✡✍✎ ✏✑ ✟✒✌✡ ✓✔ ✟✕✖✖✍ ✏✑ ✌✡ ✞✟✗✑ ☛✟✘✙✡✡✚ ☛☞✡✛✜ ✓✡✍✜✍ ✓✔✢❆

❢✣✤✥✦✧✥★ ✩ ✪✫✬ ✭✬✮✥✯ ★❢✰✱✥✥✪ ❢✲☎ ✈✥✳✰ ★✴ ✵✥✫✝ ✶✷❢✦ ❢✣✤✥✦✧✥★ ✸ ✪✫✬ ✭✬✮✥✯ ★❢✰✱✥✥✪

1, 2, 3, 4, 5 ✈✥✳✰ 6 ✵✥✫❆

❢✣✤✥✦✧✥★ ✩ ✪✫✬✝ ✹✦ ❢✯✺✥✫✻✥ ✼✽✥✧ ★✰ ✹✦ ❢✲☎ ✦✥ ✈✥✾✥ ☛✟✘✙✡✡✚ ✟✐✜ ✿✡❀❁ ✏✑

❄✡❂❃✡ (event) ❣✳❆ ❅✭❇ ★❈✦✥✰✝ ✏✑ ☛❂ ✑✡ ✞✡❃✡ ☛✟✘✙✡✡✚ ☛❂ ✿✡❀❁ ✏✑ ❄✡❂❃✡ ✓✔❉

❢✣✤✥✦✧✥★ ❊ ✪✫✬✝ ✹✦ ❢✯✺✥✫✻✥ ✭✬❋✤✥✝ ✪✥✾ ✧❇❢✶✹ ✩✝ ✦✥ ✈✥✾✥ ★❢✰✱✥✥✪ ✩ ✯✥✧❇ ✹✦

●✥✴✾✥ ❣✳❆

✤❢❍ ❣✪✥✰✥ ★❈✤✥✫■ ★✥✭✥ ★✫✬❏✦✾✫ ★✰ ✹✦ ✭✪ ✭✬❋✤✥ ★❈✥❑☎ ✦✰✾✥ ❣✥✫✝ ☎✥✫ ●✥✴✾✥ ✪✫✬ ☎❇✾

★❢✰✱✥✥✪ ❊✝ ▲ ✈✥✳✰ ▼ ❣✥✫✬■✫❆

✈☎✆✝ ✏✑ ☛☞✌✡✍✎ ✚✍✢ ❄✡❂❃✡ ☛☞✌✡✍✎ ✿✍◆ ✿❖◆P ☛✟✘✙✡✡✚✡✍✢ ✑✡ ✖✢✎☞✓ ✓✡✍✜❁ ✓✔❆ ✼◗✲ ✦❘✥✥✈✥✫✬ ✪✫✬✝

✈✥★ ●✥✴✾✥ ✦❇ ✈✥✳★✲✥❢✰✦ ★❢✰✮✥✥✻✥✥ ✦✥ ✈❙✤✤✾ ✦✰✫✬✬■✫❆

✈☎✆✝ ❚✤✥ ✈✷ ✈✥★ ✤❣ ✷☎✥ ✭✦☎✫ ❣✳✬ ❢✦ ❢✣✤✥✦✧✥★ ▲ ✪✫✬ ●✥✴✾✥✹❯ ✦✥✳✾❱✦✥✳✾ ✭❇ ❣✳✬❲

❅✭ ★❜✻❳✮✥❨❢✪ ✯✫❏ ✭✥✵✥✝ ✈✥❅✹ ✈✷ ❣✪ ❍✫❋✥✫✬ ❢✦ ★❈✥❢✤✦☎✥ ❚✤✥ ❣✥✫☎❇ ❣✳❆ ✈★✾✫ ✈❢✮✥★❈✤✥✫■✥✫✬

✯✫❏ ★❢✰✱✥✥✪✥✫✬ ✦✥✫ ✭❇♦✫ ❍✫❋✥✾✫ ★✰ ❣✪ ☛☞✡✌✡✍✟✎✑ (experimental) ✤✥ ✞✡❃❖✠✡✟✿✑ (empirical)

★❈✥❢✤✦☎✥ ★❈✥❑☎ ✦✰☎✫ ❣✳✬❆

✪✥✾ ✧❇❢✶✹ ✈❢✮✥★❈✤✥✫■✥✫✬ ✦❇ ✯❡❡❏✧ ✭✬❋✤✥  n  ❣✳❆ ●✥✴✾✥ E ✯✫❏ ●✥✴✾✫ ✦❇ ✞✡❃❖✠✡✟✿✑

☛☞✡✟✌✑✜✡ (empirical probability) ❢✾❩✾ ✭✫ ★❢✰✮✥✥❢✻✥☎ ❣✳ ✆

P(E) =
✈❢✮✥★✤❈ ✥✫■✥ ✬✫ ✦❇ ✭❋✬ ✤✥ ❢✶✾✪✬✫ ●✥✴✾✥ ●✥✴❇ ❣✳

✈❢✮✥★✤❈ ✥■✫ ✥ ✬✫ ✦❇ ✯❡❏✧ ✭❋✬ ✤✥

❅✭ ✈❙✤✥✤ ✪✫✬✝ ❣✪ ✈✥✾❡✮✥❢✯✦ ★❈✥❢✤✦☎✥ ❬✥☎ ✦✰✫✬■✫❆ ☎✵✥✥ ✭❡❢✯♦✥ ✯✫❏ ❢✧✹ ✈✥✾❡✮✥❢✯✦

★❈✥❢✤✦☎✥ ✯✫❏ ❭✵✥✥✾ ★✰ ✯✫❏✯✧ ❪★❈✥❢✤✦☎✥❫ ✦✥ ★❈✤✥✫■ ✦✰✫✬■✫❆

✈✥❅✹ ❣✪ ✯❡❏✽ ✼❍✥❣✰✱✥ ✧✫✬❆

✈✥❅✹ ✭✷✭✫ ★❣✧✫ ❣✪ ❢✣✤✥✦✧✥★ ❊ ★✰ ✯✥❢★✭ ✈✥ ✶✥✹❯ ✈✥✳✰ ✭✥✰✱✥❇ ✩❴❵❊ ✧✫✬❆ ❅✭

✭✥✰✱✥❇ ✯✫❏ ❭☎✬✮✥ ❧▲❛ ✪✫✬ ✯❣ ❢✮✥❝✾ ❚✤✥ ❣✳ ❢✶✭✫ ✈✥★✾✫ ★❢✰✦❢✧☎ ❢✦✤✥ ❣✳❲ ✶✥✫ ★❢✰✦❢✧☎

❢✦✤✥ ❣✳ ✯❣ ✈✥✳✰ ✯❡❏✽ ✾❣❇✬ ❣✳✝ ✈❢★☎❡ ❢✲☎ ★❈✥❑☎ ✦✰✾✫ ✦❇ ✈✥✾❡✮✥❢✯✦ ★❈✥❢✤✦☎✥ ❣✳❆ ❙✤✥✾

❍❇❢✶✹ ❢✦ ✈❢✮✥★❈✤✥✫■✥✫✬ ✦❇ ✭✬❋✤✥ ✈✥✳✰ ❅✾ ✈❢✮✥★❈✤✥✫■✥✫✬ ✪✫✬ ❢✲☎ ✈✥✾✫ ✦❇ ✭✬❋✤✥ ✯✫❏ ✈✾❡✭✥✰

★❈✥❢✤✦☎✥ ✪✫✬ ★❢✰✯☎❞✾ ❣✥✫☎✥ ✰❣☎✥ ❣✳❆ ❅✭❇ ★❈✦✥✰✝ ★✴ ✈✥✾✫ ✦❇ ✈✥✾❡✮✥❢✯✦ ★❈✥❢✤✦☎✥ ✭✥✰✱✥❇

✩❴❵❊ ✯✫❏ ❭☎✬✮✥ ❧❴❛ ✪✫✬ ★❈✥❑☎ ✦❇ ■❅❞ ❣✳❆ ★❈✥✰✬✮✥ ✪✫✬ ✤❣ 
12

15
 ❣✳✝ ❅✭✦✫ ✷✥❍  

2

3
  ❣✳ ✈✥✳✰ ❢★❏✰

28

45
 ❣✳✝ ✈✥❢❍❱✈✥❢❍❆
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✈✝ ✞✟ ✈ ✠✡☛☞ ✠✌✍ ✎ ✏✑ ✠✌✒✎✝ ✠ ✌✎✓ ✔ ✓ ✈ ✌☞ ✠✏✑ ✒✠✕✔ ✠✕✖ ✎✗ ✘✖ ✙ ✒✠ ✈ ✠✚✛ ✜ ✡ ✈ ✌☞ ✠✏✑ ✒✠✕✔ ✠✕✕✖ ✢✕✖ ✏✑ ✠✣✝

❣☛ ✓ ✏✌✛✤ ✠✠✢ ✠✕✖ ✎✗ ✘✖ ✙ ✒✠ ✏ ✛ ✌✡☞ ✠✥ ✛ ✎✛✝ ✗ ❣✚✦

❢✧★✩ ✪✫✩ ✬ 5 : ✈ ✠✔✕ ✈ ✭ ✒✒ ✡ ✎✛ ✡✕ ✘ ✕ ✏ ❣✮✕ ✟ ✯ ✡ ✘ ✠✛ ✌✤ ✠✒ ✠✕✖ ✎✠✕ ✰✕ ✙ ✠✕✖ ✌✱ ✲ ❣✕✖ ✈ ✠✏ ✡✕

✌✳ ✒✠✎✮✠✏ ✴ ✎✛✝✕ ✘ ✢✒ ✵ ✡✠✒✠ ✶ ✠✠✦ ✓✎ ✏ ✠✘✕ ✎✠✕ ✈ ✡✕ ✎ ✵ ✠✛ ✏✕✖ ✷✎✡✕ ✏✛ ✴ ✍✕ ✷ ✈ ✠✡✕ ✎✗

✏✑ ✠✌✒✎✝ ✠✓✸ ✹✠✝ ✎✗✌✱ ✓✦ ✘ ✠✶ ✠ ❣✗✟ ✒❣ ☞ ✠✗ ✌✰ ✙✠✠✜ ✓ ✌✎ ✈ ✌☞ ✠✏✑ ✒✠✕✔✠✕✖ ✎✗ ✘✖ ✙ ✒✠ ✵✺✻ ✠✡✕ ✏ ✛

✜✘✢✕✖ ✌✎✘ ✏✑ ✎✠✛ ✏ ✌✛✍✝ ✥ ✡ ❣ ✠✕ ✝ ✠ ❣✚✦

✈ ✠✜✓ ✈✵ ❣✢ ✍ ☛ ✷✼ ✈ ✲✒ ✯ ✰✠❣✛✤ ✠ ✮✕✖ ✦

♠✽✩ ✾✿❀✩ 1 : ✓✎ ✌✘ ❁✍✕ ✷ ✎✠✕ ❂❃❃❃ ✵ ✠✛ ✯✼ ✠✮✡✕ ✏✛ ✌✡❄ ✡✌✮✌✙ ✠✝ ✵ ✠✛✖✵ ✠✛✝ ✠✓✸ ✏✑ ✠✣✝ ❣✠✕✝ ✗ ❣ ✚✖ ✞

✌❅✝ : 455, ✏ ❆ : 545

✏✑❇ ✒✕ ✎ ❈✠❆✡ ✠ ✎✗ ✏✑ ✠✌✒✎✝ ✠ ✈ ✌☞ ✠✎✌✮✝ ✎✗✌✱ ✓ ✦

✾ ✫ : ❁✒ ✠✕✖ ✌✎ ✌✘ ❁✍✕ ✷ ✎✠✕ ❂❃❃❃ ✵ ✠✛ ✯ ✼ ✠✮✠ ✔ ✒✠ ❣✚✟ ✜✘ ✌✮✓ ✈ ✌☞ ✠✏✑ ✒✠✕✔ ✠✖✕ ✎✗ ✍ ☛ ✷✮ ✘ ✖ ✙✒✠

❂❃❃❃ ❣✚✦ ✢ ✠✡ ✮✗✌✱ ✓ ❣✢ ✓ ✎ ✌❅✝ ✍ ✕ ✷ ✈ ✠✡✕ ✎✗ ❈ ✠❆✡ ✠ ✎✠✕  E ✘ ✕ ✈ ✠✚✛ ✓✎ ✏ ❆ ✍ ✕ ✷ ✈ ✠✡✕

✎✗ ❈✠❆✡ ✠ ✎✠✕  F  ✘ ✕ ✏✑ ✎❆ ✎✛✝ ✕ ❣✚✖ ✦ ✝✵  E  ✍ ✕ ✷ ❈ ✠❆✡✕ ✎✗ ✘ ✖ ✙✒ ✠✟ ✈ ✶ ✠✠✥✝ ♦ ✌❅✝ ✍✕ ✷ ✈ ✠✡✕ ✎✗

✘✖ ✙ ✒✠ ❧❉❉ ❣✚✦

✜ ✘ ✌✮ ✓ ✟  E  ✎✗ ✏✑ ✠✌✒ ✎✝ ✠ =
❊ ♣r ❦ ❛❋ ● ◗❋ ❍❦ ✉ ❋ s ❤ ■❬❛ ❏ ❦

❍ ❊❑ ❦ ▲❏③ ❦ ❋①❦❛❋ s ❤ ●◗q ② ■❬❛ ❏ ❦

✈✶ ✠✠✥✝ ♦ P (E) =
455

1000
 = 0.455

✜✘ ✗ ✏✑ ✎✠✛✟ ✓ ✎ ✏ ❆ ✍ ✕ ✷ ✈ ✠✡✕ ✎✗ ❈ ✠❆✡✠ ✎✗ ✏✑ ✠✌✒ ✎✝ ✠ =
▼ ◆❖ P❘ ❙❚❘ ❯ ❖❱ ❘ ❲ ❳ ❨ P❩ ❭ ❖

❯ ❪ ❫ ❖ ▼❭❴ ❖ ❘❵❖P❘ ❲ ❳ ❙❚❜ ❝ ❨❩P ❭ ❖

✈✶ ✠✠✥✝ ♦ P(F) = 
545

1000
 = 0.545

✭✒✠✡ ✰ ✗✌✱ ✓ ✌✎  P(E) + P(F) = 0.455 + 0.545 = 1 ❣✚✟ ✝✶ ✠✠ ✏✑❇ ✒✕ ✎ ✈ ✌☞ ✠✏✑ ✒✠✕✔ ✢✕✖

E  ✈ ✠✚✛ F ❣✗ ✍ ✕ ✷✍ ✮ ✰✠✕ ✘ ✖☞ ✠✍ ✏ ✌✛✤ ✠✠✢ ❣✚✖ ✦

♠✽✩ ✾✿❀✩ 2 : ✰✠✕ ✌✘ ❁✎✠✕ ✖ ✎✠✕ ✓ ✎ ✘ ✠✶ ✠ ❉❃❃ ✵ ✠✛ ✯✼ ✠✮✡✕ ✏✛ ✟ ❣✢✕✖ ✒❣ ✏✑ ✠✣✝ ❣ ✠✕✝ ✠ ❣✚

✰ ✠✕ ✌❅✝ : 105 ✵ ✠✛

✓ ✎ ✌❅✝ : 275 ✵ ✠✛

✎✠✕✜✥ ☞ ✠✗ ✌❅✝ ✡ ❣✗✖ : 120 ✵ ✠✛

✜ ✡✢✕✖ ✘✕ ✏✑❇ ✒✕ ✎ ❈✠❆✡✠ ✍✕ ✷ ❈✠❆✡✕ ✎✗ ✏✑ ✠✌✒✎✝ ✠ ✹✠✝ ✎✗✌✱ ✓ ✦
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❣☎ : ✈✆✝✞ ✟✠ ✡✆☛ ☞✌✍✆☛✎ ✏☛✑ ✈✆✒☛ ✓✔ ✕✆✖✒✆ ✓✆☛  E
1  
❧☛✗ ✞✓ ☞✌✍ ✏☛✑ ✈✆✒☛ ✓✔ ✕✆✖✒✆ ✓✆☛

E
2
 ❧☛ ✈✆✘✙ ✓✆☛✝✚ ✛✆✔ ☞✌✍ ✒ ✈✆✒☛ ✓✔ ✕✆✖✒✆ ✓✆☛ E

3  
❧☛ ✜✢✓✖ ✓✙☛✎✣

✈✍✤✗ P(E
1
) =

105

500
 = 0.21

P(E
2
) =

275

500
 = 0.55

P(E
3
) =

120

500
 = 0.24

❀❣✥✦ ✧✥★ ❀❣ ✩✪✫✥ ✬✭✮✪ ❣✯✰ ✱✭  P(E
1
) + P(E

2
) + P(E

3
) = 1 ❣✯✲ ✬✥✳✥ ❣✴✵  E

1
, E

2

✧✥✯✶ E
3
 ❡✪✰ ✷✭ ✧✱✸✥★✹❀✥✪✺ ✻✪✼ ✬✸✥✴ ★✱✶✽✥✥❡ ✧✥ ✾✥✮✪ ❣✯✰✲

♠✩✥❣✶✽✥ 3 : ✞✓ ✜✆❧☛ ✓✆☛ ✿❁❁❁ ❂✆✙ ✜☛✎✑✓✒☛ ✜✙ ✜✢✆❃✍ ✜☞✙❄✆✆✠✆☛✎ ✿✗ ❅✗ ❆✗ ❇✗ ❈ ✈✆✘✙ ❉ ✓✔

❂✆✙✎❂✆✙✍✆✞❝ ❧✆✙❄✆✔ ✿❈❊❉ ✠☛✎ ✡✔ ❋✝✚ ✟✘✎ ✤

✬✥✶✽✥✴ 15.6

★✱✶✽✥✥❡ 1 2 3 4 5 6

●✥✶✰●✥✶✮✥ 179 150 157 149 175 190

✜✢✐❍☛✓ ✜☞✙❄✆✆✠ ✏☛✑ ✜✢✆❃✍ ✟✆☛✒☛ ✓✔ ✜✢✆☞❍✓✍✆ ■✆✍ ✓✔☞❏✞✣

❣☎ : ✠✆✒ ❑✔☞❏✞  E
i
  ✜☞✙❄✆✆✠  i  ✏☛✑ ✜✢✆❃✍ ✟✆☛✒☛ ✓✔ ✕✆✖✒✆ ✓✆☛ ✜✢✓✖ ✓✙✍✆ ✟✘✗ ❏✟✆❝  i = 1,

2, 3, 4, 5, 6 ✟✘✣ ✍❂✗

✜☞✙❄✆✆✠ 1 ✓✔ ✜✢✆☞❍✓✍✆ = P(E
1
) =

▲ ▼❤ ◆❦❥◆❛ ❦❥r❦

❖❦P❦ ❖◗❛❘▼✉◗ ▼❤ ❙q❘② P❬❛ ❚❦

=
179

1000
 = 0.179

✝❧✔ ✜✢✓✆✙✗ P(E
2
) =

150

1000
 = 0.15, P(E

3
) = 

157

1000
 = 0.157, P(E

4
) = 

149

1000
 = 0.149,

P(E
5
) = 

175

1000
 = 0.175 ✈✆✘✙ P(E

6
) = 

190

1000
 = 0.19 ✟✘✣

è❀✥❯ ✩✴✱✾✷ ✱✭ P(E
1
) + P(E

2
) + P(E

3
) + P(E

4
) + P(E

5
) + P(E

6
) = 1 ❣✯✲
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❧✝✞✝ ✟✠✡ ☛✟ ☞✝✠ ✌✍✎✏✝✑ ✎✒✓

(i) ✔✕✖☛✍✒ ✗✝✘✙✝ ✒✠ ✔✕✝✎☛✒✚✝ ✛ ✜✝✢✣ ✤ ✥✍✦ ✧✠★ ✟✝✍✚✠ ✟✢✩

(ii) ❧☞✝✠ ✔✕✝✎☛✒✚✝✜✝✍✪ ✒✝ ☛✝✍✫✔✦✬ ✤ ✟✝✍✚✝ ✟✢✩

(iii) E
1
, E

2
, . . ., E

6
 ❡✍✪ ✑✒ ✜✎☞✝✔✕☛✝✍✫ ✥✍✦ ❧☞✝✠ ❧✪☞✝✥ ✔✎✣✭✝✝❡ ✜✝ ✮✝✚✍ ✟✢✪✩

♠✯✰✱✲✳✰ 4 : ✑✒ ✘✍✬✠✔✦✝✍✙ ✎✙✌✍✴✎✵✝✒✝ ✥✍✦ ✑✒ ✔✶✷✸ ✔✣ ✹✛✛ ✘✍✬✠✔✦✝✍✙ ✙✪✧✣ ✟✢✪✩ ✺✙✥✍✦ ✻✒✝✻✴

▲✞✝✝✙ ✥✝✬✍ ✜✪✒ ✒✝ ✧✝✣✪✧✝✣✚✝ ✧✪✘✙ ✼✺✌✝✟✣✭✝ ✥✍✦ ✎✬✑ ❧✪✏☛✝  25828573 ❡✍✪ ✻✒✝✻✴ ✥✍✦ ▲✞✝✝✙

✔✣ ✜✪✒ ✽ ✟✢✾ ❧✝✣✭✝✠ ✤✿❀❁ ❡✍✪ ✎✌☛✝ ✫☛✝ ✟✢ ✓

❂✰✲✳✰❃ 15.7

✈❄❅ 0 1 2 3 4 5 6 7 8 9

❝✰✲❄❝✰✲❆✰ 22 26 22 22 20 10 14 28 16 20

✔✶✷✸ ✒✝✍ ✌✍✏✝✍ ✎✧✙✝✡ ✻✙ ❧✪✏☛✝✜✝✍✪ ❡✍✪ ❧✍ ✎✒❧✠ ✑✒ ❧✪✏☛✝ ✔✣ ✜✔✙✠ ✔✍✪✎❧✬ ✣✏✝ ✌✠✎✮✑✡ ✜✞✝✝✴✚❞

❧✪✏☛✝ ✒✝✍ ☛✝✌✶❇❈☛✝ ★❉✙✝ ✫☛✝ ✟✢✩ ✻✒✝✻✴ ✥✍✦ ▲✞✝✝✙ ✔✣ ✜✪✒ ❊ ✥✍✦ ✟✝✍✙✍ ✒✠ ✔✕✝✎☛✒✚✝ ❋☛✝ ✟✝✍✫✠●

✱❣ : ✻✒✝✻✴ ✥✍✦ ▲✞✝✝✙ ✔✣ ✜✪✒ ❊ ✥✍✦ ✟✝✍✙✍ ✒✠ ✔✕✝✎☛✒✚✝

=
❊ ✒✠ ✧✝✣✧✪ ✝✣✚✝

★✙❉ ✠ ✫✑ ✘✬✍ ✠✔✦✝✙✍ ✙✪✧✣✝✪✍ ✒✠ ✥✦❉ ✬ ❧✏✪ ☛✝

=
14

200
 = 0.07

✻❧✠ ✔✕✒✝✣✡ ✜✝✔ ✺✙ ❧✪✏☛✝✜✝✍✪ ✥✍✦ ✜✝✙✍ ✒✠ ✔✕✝✎☛✒✚✝ ✔✕✝❜✚ ✒✣ ❧✒✚✍ ✟✢✪ ✎✮✙❡✍✪ ✻✒✝✻✴

✥✍✦ ▲✞✝✝✙ ✔✣ ✒✝✍✻✴ ✜♦☛ ✜✪✒ ✟✝✍✩

♠✯✰✱✲✳✰ 5 : ✑✒ ❡✝✢❧❡ ✥✍✦✪✌✕ ✥✍✦ ✎✣✒✝❍✴ ✒✝✍ ✌✍✏✝✙✍ ❧✍ ✔✚✝ ★✬✚✝ ✟✢ ✎✒ ✎✔❈✬✍ ✹✿✛

Ø❡✝✫✚ ✎✌✙✝✍✪ ❡✍✪ ✎✒✑ ✫✑ ❡✝✢❧❡ ✔■✥✝✴✙❉❡✝✙✝✍✪ ❡✍✪ ❧✍ ✤❁✿ ✧✝✣ ✺❧✒✍ ✔■✥✝✴✙❉❡✝✙ ❧✟✠ ✣✟✍ ✟✢✪✩

(i) ✑✒ ✎✌✑ ✟❉✑ ✎✌✙ ✔✣ ✔■✥✝✴✙❉❡✝✙ ✥✍✦ ❧✟✠ ✟✝✍✙✍ ✒✠ ✔✕✝✎☛✒✚✝ ❋☛✝ ✟✝✍✫✠●

(ii) ✎✌✑ ✟❉✑ ✎✌✙ ✔✣ ✔■✥✝✴✙❉❡✝✙ ✥✍✦ ❧✟✠ ✙ ✟✝✍✙✍ ✒✠ ✔✕✝✎☛✒✚✝ ❋☛✝ ✟✝✍✫✠●

✱❣ : ✎✌✙✝✍✪ ✒✠ ✥❉✦✬ ❧✪✏☛✝ ✎✮✙✥✍✦ ✎✣✒✝❍✴ ✺✔✬❢❏ ✟✢✪ = 250
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(i) P✭☎✆✝ ✞✟✝ ☎✆✠ ✡☛ ✡☞✌✍✎✠✟✏✍✠ ✑✞✒ ✓✍✍✔

=
♠✠ ☎✆✠✍❛✕ ❞✒ ✑❬❛ ❀✍ ☎✥✑ ☎✆✠ ❞✍ ✡✌☞ ✍✎✠✏✟ ✍✠ ✑✞✒ ✓✍✍

♠✠ ☎✆✠✍❛✕ ❞✒ ✌◗✟ ② ✑❬❛ ❀✍ ☎✥✠✌◗✕ ☎☛❞✍▼✎ ♠✡②❈✴ ✞❛❙

=
175

250
 = 0.7

(ii) ♠✠ ☎✆✠✍✕❛ ❞✒ ✑❛❬❀✍ ☎✥✑ ☎✆✠ ❞✍ ✡☞✌✍✎✠✟✏✍✠ ✑✞✒ ✠✞✒❛ ✓✍✍ = 250 – 175 = 75

✈✖✗✘ P✭☎✆✝ ✞✟✝ ☎✆✠ ✡☛ ✡☞✌✍✎✠✟✏✍✠ ✑✞✒ ✠✞✒❛ ✓✍✍✔ =
75

250
 = 0.3

è✙✚✛ ✜✢✣✤✦ ✣✧ ✪

P★✣✜✦ ❢✩✦ ✣✜✛ ✧✚ ✫✬✮✚✯✛✩✰✚✛ ✱❢✢ ✲✚✚✳ + P★✣✜✦ ❢✩✦ ✣✜✛ ✧✚ ✫✬✮✚✯✛✩✰✚✛ ✱❢✢

✛❢✢✉ ✲✚✚✳

= 0.7 + 0.3 = 1

✵✜✚❢✶✷✚ 6 : ❱✍❀☛ ✸✠✍✠✕ ✌✍②✒ ✝❞ ✌❛◗✡✠✒ ✖❀ ❞✒ ✹✺✎ ♠✠ ✆☞☎☛❀✍✕❛ ❞✍ ✝❞ ☎☛❞✍▼✎ ☛❬✍✖✒

✓✍✒✘ ☎✥✑✌✕◗ ✡✞②✕ ❱✍❀☛ ❞✍✕ ✸✆② ✆✕✠✕ ❞✒ ✈✍✌❋❀❞✖✍ ✡▼✻✒✼ ✑✍☛✽✍✒ ✏✕❛ ✾✿✿✿ ☎❁✓✍☎✖❀✍✕❛ ✌✕◗

✡☎☛✽✍✍✏ ☎✆❬✍✍✝ ✹✝ ✞❙❛✼

✱✚✶✷✚✢ 15.8

✜✬✶✢ ★km ✰❂✉✳ 4000 ✑✕ ❞✏ 4000 ✑✕ 9000 9001 ✑✕  14000 14000 ✑✕ ✈☎✴❞

✖❞ ✖❞

❝✚✶✉❝✚✶❃✚ 20 210 325 445

❀☎✆ ✈✍✡ ✺✑ ✌❛◗✡✠✒ ✑✕ ✝❞ ❱✍❀☛ ❬✍☛✒✆✖✕ ✞❙❛✘ ✖✍✕ ✺✑ ✸✍✖ ❞✒ ✡❄✍☎❀❞✖✍ ❅❀✍ ✞✍✕✹✒ ☎❞

(i) ❆✿✿✿ km ❞✒ ✆☞☛✒ ✖❀ ❞☛✠✕ ✑✕ ✡✞②✕ ✞✒ ✺✑✕ ✸✆②✠✍ ✈✍✌❋❀❞ ✞✍✕✹✍❇

(ii) ❀✞ ❉✿✿✿ km ✑✕ ❊✍✒ ✈☎✴❞ ✆☞☛✒ ✖❞ ●②✕✹✍❇

(iii) ❆✿✿✿ km ✈✍❙☛ ✾❆✿✿✿ km ✌✕◗ ✸✒● ❞✒ ❞✍✕✺✎ ✆☞☛✒ ✖❀ ❞☛✠✕ ✌✕◗ ✸✍✆ ✺✑✕ ✸✆②✠✍

✈✍✌❋❀❞ ✞✍✕✹✍❇

❢❣ : ✈☎❊✍✡❄❀✍✕✹✍✕❛ ❞✒ ✌✟◗② ✑❛❬❀✍ = 1000

(i) ♠✑ ❱✍❀☛ ❞✒ ✸✍☛❛✸✍☛✖✍✘ ☎✥✑✕ ❆✿✿✿ km ❞✒ ✆☞☛✒ ✖❀ ❞☛✠✕ ✑✕ ✡✞②✕ ✸✆②✠✍

✈✍✌❋❀❞ ✞✍✕✘ ❍✿ ✞❙✼
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✈✝✞✟ P✭✠✡✡✡ km ✥☛ ☞✌✍☛ ✝✎ ✥✍✏✑ ✒✑ ✓✔✕✑ ✖✗✎✍ ✘☞✕✏✗ ✈✗✙✚✎✥ ✔✗✑✛

= 
20

1000
 = 0.02

(ii) ♠✒ ✖✗✎✍ ✥☛ ✘✗✍✜✘✗✍✝✗ ✢✗✑ ✣✡✡✡ km ✒✑ ✤✗☛ ✈✦✧✥ ☞✌✍☛ ✝✎ ✥✍✑★✗

= 325 + 445 = 770

✈✝✞✟  P✭✖✗✎✍ ✣✡✡✡ km ✒✑ ✤✗☛ ✈✦✧✥ ☞✌✍☛ ✝✥ ✩✕✑★✗✛ = 
770

1000
 = 0.77

(iii) ♠✒ ✖✗✎✍ ✥☛ ✘✗✍✜✘✗✍✝✗ ✦✢✒✑ ✠✡✡✡ km ✈✗✪✍ ✫✠✡✡✡ km ✙✑✬ ✘☛✩ ✥☛ ✥✗✑✮✯ ☞✌✍☛ ✝✎

✥✍ ✕✑✏✑ ✙✑✬ ✘✗☞ ✘☞✕✏✗ ✈✗✙✚✎✥ ✔✗✑★✗  = 210 + 325 = 535

✈✝✞✟ P✭✠✡✡✡ km ✈✗✪✍ ✫✠✡✡✡ km ✙✑✬ ✘☛✩ ✥☛ ✥✗✑✮✯ ☞✌✍☛ ✝✎ ✥✍✏✑ ✙✑✬ ✘✗☞ ✖✗✎✍

✥✗✑ ✘☞✕✏✗ ✈✗✙✚✎✥ ✔✗✑✛ = 
535

1000
 = 0.535

✰✱✲✳✴✵✲ 7 : ✶✥ ✦✙✷✗✸✗☛✯ ✹✗✍✗ ✺✗✦✒✥ ✎✌✦✏✖ ✓✍☛✻✗✗ ✺✑✜ ✓✼✗✽✝ ✦✥✶ ★✶ ✈✜✥✗✑✜ ✥✗ ✓✼✦✝✚✗✝

✏☛✩✑ ✦☞✎✗ ★✎✗ ✔✪✞

❧✲✴✵✲✾ 15.9

❀✿❁❂❃ ❄✴✾❅✲✲ I II III IV V

❄❆✲❇❈ ❉❊❋✲●❊ ❋✲ 69 71 73 68 74

❄❆❁❈❍✲❈

✮✏ ✈✗✜✥❜■✗✑✜ ✙✑✬ ✈✗✧✗✍ ✓✍ ✮✒ ✘✗✝ ✥☛ ✓✼✗✦✎✥✝✗ ❏✗✝ ✥☛✦✢✶ ✦✥ ✶✥ ✎✌✦✏✖ ✓✍☛✻✗✗ ✺✑✜ ✙✔

✦✙✷✗✸✗☛✯ 70% ✒✑ ✈✦✧✥ ✈✜✥ ✓✼✗✽✝ ✥✍✝✗ ✔✪❑

✳❣ : ✕☛ ★✮✯ ✎✌✦✏✖ ✓✍☛✻✗✗✈✗✑✜ ✥☛ ✙②✬✕ ✒✜▲✎✗ ▼ ✔✪❑

♠✏ ✎✌✦✏✖ ✓✍☛✻✗✗✈✗✑✜ ✥☛ ✒✜▲✎✗✟ ✦✢✏✺✑✜ ✦✙✷✗✸✗☛✯  70%  ✒✑ ✈✦✧✥ ✈✜✥ ✓✼✗✽✝ ✥✍✝✗ ✔✪✟ ◆ ✔✪❑

✈✝✞✟ P✭70% ✒✑ ✈✦✧✥ ✈✜✥ ✓✼✗✽✝ ✥✍✏✗✛ = 
3

5
 = 0.6
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♠☎✆✝✞✟✆ 8 : ✱✠ ✡☛☞✌ ✍✎✏✑✒☛ ✒✓ ✔✌✕✖ ✔✌✗✘ ✙✖✚✌✛✜✒✌✔✌✓✎ ✍✓✏ ✡☛✢ ✍✓✏ ✣✎✡✎✤ ✠✌✓ ✥✌✦ ✠✘✒✓

✍✓✏ ♦✧✱ ✱✠ ♦✍★✌✓✩✌ ✒✪✘ ✍✓✏ ✫✬✬✬ ✭✮✌✯✍✘✌✓✎ ✠✌ ✕✙✰✲✳✕✌ ✢✕✒ ♦✠✕✌ ✴♦✠✣☛ ✭✮✌✯✍✘ ✠✌✓

✠✌✓✯✛ ♦✍★✌✓✩✌ ✍✘☛✕✦✌ ♦✙✱ ♦✡✒✌❞✵ ✑✶✌✷✦ ♦✠✱ ✪✱ ✔✌✎✠✭✸✓ ✒☛✢✓ ✣✌✘✹✌☛ ☞✓✎ ♦✙✱ ✪✱ ✺✗✎ ✻

❧✆✞✟✆✼ 15.10

     ✽✾✆✿❀✞✆❁❂ ❃✼                          ❄❃ ❀❅✆❆ ❇❁❂ ❈✆❉✼ ☎❊❈✆❆❉❋✆❄●

✈✆❍❊ ■❀❅✆✆❁❏ ❇❁❂❑
0 1 2 3 3 ❧❁ ✈▲▼❃

18 - 29 440 160 110 61 35

30 - 50 505 125 60 22 18

50 ✣✓ ✔♦✤✠ 360 45 35 15 9

✒✪✘ ✣✓ ✕✙✰✲✳✕✌ ✢✖✒✓ ✪✱ ✱✠ ✭✮✌✯✍✘ ✍✓✏ ♦✧✱ ♦✒✉✒♦✧♦◆✌✦ ✚✌✜✒✌✔✌✓✎ ✠☛ ✑✶✌♦✕✠✦✌✱❖ ✥✌✦

✠☛♦P✱ ✻

(i) ◗❘❙✫❚ ✍✩✌✛ ✠☛ ✔✌✕✖ ✠✌ ♦P✣✍✓✏ ✣✌❯✌ ✱✠ ✍✩✌✛ ☞✓✎ ❱☛✠❙❱☛✠ ❲ ✙✖✚✌✛✜✒✌✱❖ ✚✌✜☛ ✺✗✎✵

(ii) ❲✬❙❳✬ ✍✩✌✛ ✠☛ ✔✌✕✖ ✠✌ ♦P✣✍✓✏ ✣✌❯✌ ✱✠ ✍✩✌✛ ☞✓✎ ✱✠ ✕✌ ✔♦✤✠ ✙✖✚✌✛✜✒✌✱❖

✚✌✜☛ ✺✗✎✵

(iii) ♦P✣✍✓✏ ✣✌❯✌ ✱✠ ✍✩✌✛ ☞✓✎ ✠✌✓✯✛ ✙✖✚✌✛✜✒✌ ✒✺☛✎ ✚✌✜☛✵

✝❣ : ✭✮✌✯✍✘✌✓✎ ✠☛ ✍✖✏✧ ✣✎◆✕✌ = 2000

(i) ❨✒ ✭✮✌✯✍✘✌✓✎ ✠☛ ✣✎◆✕✌❩ ♦P✒✠☛ ✔✌✕✖ ◗❘❙✫❚ ✍✩✌✛ ✺✗ ✔✌✗✘ ♦P✒✍✓✏ ✣✌❯✌ ✱✠ ✍✩✌✛ ☞✓✎

❱☛✠❙❱☛✠ ✦☛✒ ✙✖✚✌✛✜✒✌✱❖ ✚✌✜☛ ✺✗✎❩ ❬◗ ✺✗✵

✔✦✻❩ P ✴✭✮✌✯✍✘ ◗❘❙✫❚ ✍✩✌✛ ✠✌ ✺✌✓ ♦P✣✍✓✏ ✣✌❯✌ ❱☛✠❙❱☛✠ ✦☛✒ ✙✖✚✌✛✜✒✌✱❖ ✚✌✜☛❞

= 
61

2000

= 0.0305 ❭ 0.031

(ii) ❨✒ ✭✮✌✯✍✘✌✓✎ ✠☛ ✣✎◆✕✌❩ ♦P✒✠☛ ✔✌✕✖ ❲✬❙❳✬ ✍✩✌✛ ✺✗ ✔✌✗✘ ♦P✒✍✓✏ ✣✌❯✌ ✱✠ ✍✩✌✛ ☞✓✎

✱✠ ✕✌ ✔♦✤✠ ✙✖✚✌✛✜✒✌✱❖ ✚✌✜☛ ✺✗✎❩  125 + 60 + 22 + 18❩ ✔❯✌✌✛✦❪ 225 ✺✗✵



✐�✁✂✄☎✆✁ 335

File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-15\Chap-15 PM65

✈✝✞✟  P ✭✠✡☛☞✌✍ ✎✏✑✏✒ ✌✓☛✔ ✕☛ ✖☛✗ ✈☛✘✍ ✙✚✛✌✗✜ ✛☛✢☛ ✣✕ ✤☛ ✈✙✥✕ ✦✧★☛✔✩✪☛✣✫ ★☛✩✬ ✖✘✮✯

= 
225

2000
 = 0.1125 ✰ 0.113

(iii) ♠✪ ✠✡☛☞✌✍☛✗✮ ✕✬ ✛✮✱✤☛ ✙✚✪✌✗✜ ✛☛✢☛ ✣✕ ✌✓☛✔ ✲✗✮ ✕☛✗☞✔ ✦✧★☛ ✔✩✪☛ ✪✖✬✮ ★☛✩✬
= 440 + 505 + 360 = 1305

✈✝✞✟ P✭✠✡☛☞✌✍ ✙✚✪✌✗✜ ✛☛✢☛ ✕☛✗☞✔ ✦✧★☛✔✩✪☛ ✪✖✬✮ ★☛✩✬✯ = 
1305

2000
 = 0.653

✳✴✵✶✷✸✵ 9 : ❝☛✍✮❝☛✍✝☛ ❝✮✩✪ ✛☛✍✹☛✬ ✭✈✺✤☛✤ ✻✼ ✌✗✜ ♠✦☛✖✍✹☛ ✼ ✕✬ ✛☛✍✹☛✬ ✻✼✽✎✯ ✾✬✙✚✣

✙✚✛✲✗✮ ✣✕ ✕❢☛☛ ✌✗✜ ✎✿ ✙✌❀☛❁✢☛✤☛✗✮ ✌✗✜ ❂☛☛✍ ✙✦✣ ❃✣ ✖✘✮❄

(i) ☞✛ ❝☛✝ ✕✬ ❜❅☛✙✤✕✝☛ ❆☛✝ ✕✬✙✚✣ ✙✚✛✲✗✮ ✕❢☛☛ ✌✗✜ ✣✕ ✙✌❀☛✢☛✬✔ ✕☛ ❂☛☛✍ ✭kg ✲✗✮✯

✈✮✝✍☛✾ ✼❇✑✏✒ ✙❈✢☛✝ ✖☛✗❄

(ii) ☞✛ ✛✮✦❂☛✔ ✲✗✮ ✣✗✛✬ ✦☛✗ ★☛✩✪☛✣✫ ❝✝☛☞✣ ✙✚✪✲✗✮ ✣✕ ✕✬ ❜❅☛✙✤✕✝☛ ✒ ✖☛✗ ✈☛✘✍ ✦❉✛✍✬ ✕✬

❜❅☛✙✤✕✝☛ ✻ ✖☛✗❄

✶❣ : (i) ✙✌❀☛❁✢☛✤☛✗✮ ✕✬ ✌✧✜✾ ✛✮✱✤☛ ✎✿ ✖✘ ✈☛✘✍ ✼✒✑✏✒ kg ✌✗✜ ❂☛☛✍ ✌☛✾✗ ✙✌❀☛❁✢☛✤☛✗✮ ✕✬

✛✮✱✤☛ ✎ ✖✘❄

✈✝✞✟ P ✭✙✌❀☛✢☛✬✔ ✕☛ ❂☛☛✍ ✼❇✑✏✒ kg ✖✘✯ = 
3

38
 = 0.079

(ii) ♠✦☛✖✍✹☛ ✌✗✜ ✙✾✣ ✌✖ ★☛✩✪☛ ✾✬✙✚✣ ✙✚✛✲✗✮ ✙✌❀☛✢☛✬✔ ✕☛ ❂☛☛✍ ✎✒ kg ✖✘❄ ❊✤☛✗✮✙✕

✙✕✛✬ ❂☛✬ ✙✌❀☛✢☛✬✔ ✕☛ ❂☛☛✍ ✎✒ kg ✪✖✬✮ ✖✘✟ ☞✛✙✾✣ ☞✛ ★☛✩✪☛ ✌✗✜ ★☛✩✪✗ ✕✬

❜❅☛✙✤✕✝☛ ✒ ✖☛✗❃✬❄ ☞✛✬ ❜❅✕☛✍✟ ✣✕ ✙✌❀☛✢☛✬✔ ✕☛ ✎✒ kg ✛✗ ✈✙✥✕ ❂☛☛✍ ✖☛✗✪✗ ✕✬

❜❅☛✙✤✕✝☛ 
38

38
 = 1  ✖✘❄

✳✴✵✶✷✸✵ 10 : ❝✬✚☛✗✮ ✌✗✜ ✏ ✢☛✘✾☛✗✮ ✲✗✮ ✛✗ ❜❅❋✤✗✕ ✢☛✘✾✗ ✛✗ ❜●☛✛ ❝✬✚ ✤✦❍■❏✤☛ ●✧✪✕✍ ♠❑✖✗✮ ✣✗✛✬

✲☛✪✕✬✌❍✜✝ ✈✌❈✢☛☛✈☛✗✮ ✲✗✮ ✍✱☛☛ ❃✤☛ ✚☛✗ ✈✮✌✧✜✍✹☛ ✌✗✜ ✈✪✧✌❉✜✾ ✖✘✮❄ ❡✒ ✙✦✪ ❝☛✦ ❜❅❋✤✗✕ ✛✮❃❅✖

✲✗✮ ✈✮✌✧✜✙✍✝ ✖✧✣ ❝✬✚☛✗✮ ✕✬ ✛✮✱✤☛ ✙❃✪ ✕✍ ✪✬●✗ ✦▲☛☛✔✣ ✈✪✧✛☛✍ ✣✕ ✛☛✍✹☛✬ ✲✗✮ ✙✾✱☛✬ ❃☞✔❄

❧✵✷✸✵▼ 15.11

◆✵❖❣✵ 1 2 3 4 5

P◗❘❙❚❯✷❱ ❲▼❳✵❨◗ 40 48 42 39 41

❞▼ ❧◗❩❬✵
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❢☎✆☎❢✝❢✞✟✠ ✡☛☞✟✌✍ ✎✌✏ ✑✍✎✒✏✓✔✟ ✕☛ ✖✗✟❢✘✕✠✟ ✙✘✟ ✚✛✜

(i) ✱✕ ✢✟✛✝✌ ✣✌✍ ✤✥ ✦✌ ✑❢✧✕ ✡☛☞✜

(ii) ✱✕ ✢✟✛✝✌ ✣✌✍ ✤★ ✡☛☞

(iii) ✱✕ ✢✟✛✝✌ ✣✌✍ ✩✪ ✦✌ ✑❢✧✕ ✡☛☞

❣✫ : ✢✟✛✝✟✌✍ ✕☛ ✎✒✏✝ ✦✍✞✘✟ ✪ ✚✛❋

(i) ♠☎ ✢✟✛✝✟✌✍ ✕☛ ✦✍✞✘✟✬ ❢☞☎✣✌✍ ✪✥ ✡☛☞✟✌✍ ✣✌✍ ✦✌ ✤✥ ✦✌ ✑❢✧✕ ✡☛☞ ✑✍✎✒✏❢✓✠ ✚✒✱ ✚✛✬ ✩

✚✛✍❋

✑✠✈✬ P✭✱✕ ✢✟✛✝✌ ✣✌✍ ✤✥ ✦✌ ✑❢✧✕ ✡☛☞✟✌✍ ✕✟ ✑✍✎✒✏✓✔✟✮ = 
5

✯
 = 0.6

(ii) ♠☎ ✢✟✛✝✟✌✍ ✕☛ ✦✍✞✘✟ ❢☞☎✣✌✍ ✤★ ✡☛☞ ✑✍✎✒✏❢✓✠ ✚✒✱ ✚✛✍✬ ✥ ✚✛❋

✑✠✈✬   P✭✱✕ ✢✟✛✝✌ ✎✌✏ ✤★ ✡☛☞✟✌✍ ✕✟ ✑✍✎✒✏✓✔✟✮ = 
0

5
 = 0

(iii) ♠☎ ✢✟✛✝✟✌✍ ✕☛ ✦✍✞✘✟✬ ❢☞☎✣✌✍ ✩✪ ✦✌ ✑❢✧✕ ✡☛☞ ✑✍✎✒✏❢✓✠ ✚✒✱ ✚✛✍✬ 5 ✚✛❋

✑✠✈✬ ✑✖✌❢✰✟✠ ✖✗✟❢✘✕✠✟ = 
5

5
 = 1

✲✳✴✵✶✷✸ : ➴✖✓ ❢✹✱ ✺✱ ✦✻✟☛ ♠✹✟✚✓✔✟✟✌✍ ✣✍✌ ✼✦ ✡✟✠ ✕☛ ✑✟✌✓ ✑✟✖☎✌ ✑✎✽✘ ✾✘✟☎ ❢✹✘✟

✚✟✌✺✟ ❢✕ ❢✕✦☛ ✿✟❀☎✟ ✕☛ ✖✗✟❢✘✕✠✟ ✥ ✦✌ ❁ ✠✕ ✕☛ ✕✟✌✼❂ ✻✟☛ ❢✻✟❃☎ ✚✟✌

✦✕✠☛ ✚✛❋

✐❄❅❆❇❈❉❊ 15.1

1. ●❍ �■❏❑▲▼ ◆❖P ◆❑◗❘ ●❍ ◆�❙❚✂ ❯❱❚❑❯✂❲ ❳✂❑❚❨ ①❩❬ ❭❪ ①❑❫✂❑◗ ◆❑◗ ❴ ❯✂❵ P✂❖❍✂ ◆✂❵✄❨ ❙❖❛

P✂❖❍✂ ♣ ◆✂❵❑ ❲✂♣❑ ❍❨ ❜❝✂�❞❍✄✂ ❡✂✄ ❍❨�❲●❛

2. ❤ ❯❥P✂❑◗ ❏✂❚❑ ❦❧❪❪ ❜�❵❏✂❵✂❑◗ ❍✂ ❞❫♥❥♦❞✂ P❞♣ �❍❞✂ ①❞✂ ❙❖ q✂❖❵ �♣r♣�❚�❳✂✄ q✂◗❍st❑

�❚❳✂ �❚● ①● ❙❖◗ ✉

✇②③④⑤③ ⑥⑦⑧ ⑨⑩❶②❷❸⑤⑦⑧ ❷❹ ❺⑧❻❸⑤ 2 1 0

✇②③④⑤③⑤⑦ ⑧ ❷❹ ❺⑧❻❸⑤ 475 814 211
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✄❀✝✞✟✄✁ ✠✡☛☞ ✌✍ ✎✏ ✐✂✑✒✁✑ ☎✓ ✐�✁✂✄☎✆✁ ✔✁✆ ☎✓✂✕✍✖ ✂✕✏✗☞✘

(i) ❀✁☞ ♥✙✚✂☎✄✁✛ ✜✁☞✘ (ii) ✍☎ ♥✙✚☎✓ ✜✁☞ (iii) ☎✁☞❞✢ ♥✙✚☎✓ ☛ ✜✁☞

✏✁❧✁ ✜✓✖ ✄✜ ✣✁✓ ✕✁✛✠ ☎✓✂✕✍ ✂☎ ❞☛ ✐�✁✂✄☎✆✁✤✁☞✘ ☎✁ ✄✁☞✌✐✥♥ ✦ ✜✧ ✄✁ ☛✜✓✘★

3. ✤✈✄✁✄ ✦✩ ✒☞✥ ✤☛✡✞✟☞❀ ✦✩✪✩ ☎✁ ✎❀✁✜✑✫✁ ✬ ♥✓✂✕✍★ ☎✭✁✁ ✒☞✥ ✂☎✏✓ ✍☎ ✂✒✮✁❧✁✓✢ ☎✁

✕t✗ ✤✌✯✆ ✗☞✘ ✜✁☞☛☞ ☎✓ ✐�✁✂✄☎✆✁ ✔✁✆ ☎✓✂✕✍★

4. ✆✓☛ ✂✏r☎✁☞✘ ☎✁☞ ✍☎ ✏✁❧✁ ✰✱✱ ✲✁✑ ✎✟✁♥✁ ✌✄✁ ✜✧ ✆❧✁✁ ❞☛✗☞✘ ✂✒✂✣✁t☛ ✐✂✑✫✁✁✗✁☞✘ ☎✓

✲✁✑✘✲✁✑✆✁✍✛ ✄☞ ✜✧✘❝

✳✴✵✶✷✷✸ 3 ✂✠✆ 2 ✂✠✆ 1 ✂✠✆ ☎✁☞❞✢ ✣✁✓ ✂✠✆ ☛✜✓✘

✹✷✵✺✹✷✵✻✷ 23 72 77 28

✄✂❀ ✆✓☛✁☞✘ ✂✏r☎✁☞✘ ☎✁☞ ✐✡☛❝ ✍☎ ✏✁❧✁ ✎✟✁♥✁ ✕✁✍✖ ✆✁☞ ❀✁☞ ✂✠✆ ✒☞✥ ✤✁☛☞ ☎✓ ✐�✁✂✄☎✆✁ ✔✁✆

☎✓✂✕✍★

5. ✍☎ ✒✘✥✐☛✓ ☛☞ ✄❀✝✞✟✄✁ ✰✩✱✱ ✐✂✑✒✁✑ ✠✡☛☎✑ ✍☎ ✼✁✑ ☎✓ ✤✁✄ ✯✆✑ ✤✁✧✑ ✒✁✜☛✁☞✘ ☎✓ ✏✘✽✄✁

✒☞✥ ✲✓✠ ✏✘✲✘♦ ✯❧✁✁✂✐✆ ☎✑☛☞ ✒☞✥ ✂♥✍ ✎☛☎✁ ✏✒☞✢✭✁✫✁ ✂☎✄✁★ ✍☎✂✾✁✆ ✂☎✍ ✌✍ ✤✁✘☎✙✚☞ ☛✓✠☞

✏✁✑✫✁✓ ✗☞✘ ✂❀✍ ✌✍ ✜✧✘❝

✸✷✴❡✿ ❁✷❂                            ✳❃✴✻ ✳✴✵❄✷✵ ❄✷❅❆✷❇✺ ✿❈ ❡✺❉❂✷

❊❋ ✸❇✺●
0 1 2 2 ❡❇ ❁✴❍✿

7000 ✏☞ ☎✗ 10 160 25 0

   7000 – 10000 0 305 27 2

10000 – 13000 1 535 29 1

13000 – 16000 2 469 59 25

16000 ✄✁ ❞✏✏☞ ✤✂♦☎ 1 579 82 88

✗✁☛ ♥✓✂✕✍ ✍☎ ✐✂✑✒✁✑ ✠✡☛✁ ✌✄✁ ✜✧★ ✐�✁✂✄☎✆✁ ✔✁✆ ☎✓✂✕✍ ✂☎ ✠✡☛☞ ✌✍ ✐✂✑✒✁✑

(i) ☎✓ ✤✁✄ ✦✱✱✱✱■✦❏✱✱✱ ❑ ✐�✂✆ ✗✁✜ ✜✧ ✤✁✧✑ ✎✏✒☞✥ ✐✁✏ ▲✓☎■▲✓☎ ❀✁☞ ✒✁✜☛ ✜✧✘★

(ii) ☎✓ ✤✁✄ ✐�✂✆ ✗✁✜ ✦▼✱✱✱ ❑ ✄✁ ❞✏✏☞ ✤✂♦☎ ✜✧ ✤✁✧✑ ✎✏✒☞✥ ✐✁✏ ▲✓☎ ✦ ✒✁✜☛ ✜✧★

(iii) ☎✓ ✤✁✄ ◆✱✱✱ ❑ ✐�✂✆ ✗✁✜ ✏☞ ☎✗ ✜✧ ✤✁✧✑ ✎✏✒☞✥ ✐✁✏ ☎✁☞❞✢ ✒✁✜☛ ☛✜✓✘ ✜✧★
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(iv) ❞☎ ✆✂✝ ✞✟✠✠✠✡✞☛✠✠✠ ☞ ✌✍�✄ ✎✂✏ ✏✑ ✆✂✑✒ ✓✔✕✖✗ ✌✂✔ ✘ ✔✖ ✆�✙❞ ✕✂✏✚ ✏✑✛

(v) �❢✔✕✖✗ ✌✂✔ ✞ ✔✖ ✆�✙❞ ✕✂✏✚ ✚✏☎✜ ✏✑✛

6. ✆✈✝✂✝ ✞✢ ❞☎ ✔✂✒✁✂☎ ✞✢✣✤ ✥☎�❢✦✛

(i) ①�✁✂✄ ❞☎ ✌✒☎✧✂✂ ✎✖✜ ✦❞ �✕★✂✩✂☎✪ ✫✂✒✂  20%  ❞✎ ✆✜❞ ✌✍✂✬✄ ❞✒✚✖ ❞☎ ✌✍✂�✝❞✄✂ ✭✂✄

❞☎�❢✦✛

(ii) ✦❞ �✕★✂✩✂☎✪ ✫✂✒✂ ☛✠ ✝✂ ✱✔✔✖ ✆�✙❞ ✆✜❞ ✌✍✂✬✄ ❞✒✚✖ ❞☎ ✌✍✂�✝❞✄✂ ✭✂✄ ❞☎�❢✦✛

7. ❧✮✯✰✲✳✴✵ ✕✖✗ ♦✂✒✖ ✎✖✜ �✕★✂✶✩✂✝✂✖✜ ❞✂ ✎✄ ❢✂✚✚✖ ✕✖✗ �✥✦ ✘✠✠ �✕★✂�✩✂✪✝✂✖✜ ❞✂ ✔✕✖✪✧✂✁✂ �❞✝✂

①✝✂✛ ✌✍✂✬✄ ✆✂✜❞✷✸✂ ✖✜ ❞✂✖ ✚☎✹✖ ✺☎ ①✱✪ ✔✂✒✁✂☎ ✎✖✜ �✥✻✂ �✥✝✂ ①✝✂ ✏✑✼

❡r ✽✾✿❀✽❁❀❂❃❀❄❅ ❆❇ ❈❅❉❃❀

✌✔✜✺ ❞✒✄✖ ✏✑✜ 135

✌✔✜✺ ✚✏☎✜ ❞✒✄✖ ✏✑✜ 65

✌✍✂�✝❞✄✂ ✭✂✄ ❞☎�❢✦ �❞ ✝✺✐❊❋✝✂ ✹●✚✂ ①✝✂ �✕★✂✩✂☎✪✖

(i) ✔✂✜�✻✝❞☎ ✌✔✜✺ ❞✒✄✂ ✏✑ (ii) ✔✂✜�✻✝❞☎ ✌✔✜✺ ✚✏☎✜ ❞✒✄✂ ✏✑✛

8. ✌✍❍✚✂✕✥☎ ✞✢✣✘ ❞✂ ✌✍❍✚ ✘ ✺✖�✻✂✦✛ ✱✔❞☎ ✆✂✚●■✂�✕❞ ✌✍✂�✝❞✄✂ ❏✝✂ ✏✂✖①☎ �❞ ✱✜❢☎�✚✝✒

(i) ✆✌✚✖ ❞✂✝✪❑✩✂✥ ✔✖ ✤ km ✔✖ ❞✎ ✺▲✒☎ ✌✒ ✒✏✄☎ ✏✑▼

(ii) ✆✌✚✖ ❞✂✝✪❑✩✂✥ ✔✖ ✤ km ✝✂ ✱✔✔✖ ✆�✙❞ ✺▲✒☎ ✌✒ ✒✏✄☎ ✏✑▼

(iii) ✆✌✚✖ ❞✂✝✪❑✩✂✥ ✔✖   
1

2
  km ✝✂ ✱✔✔✖ ❞✎ ✺▲✒☎ ✌✒ ✒✏✄☎ ✏✑▼

9. ✽◆❃❀❆❖❀P : ✆✌✚✖ �✕★✂✥✝ ✕✖✗ ①✖◗ ✕✖✗ ✔✂✎✚✖ ✔✖ ✦❞ ✔✎✝✡✆✜✄✒✂✥ ✎✖✜ ①●❢✒✚✖ ✕✂✥✖ ✺✂✖

✌�✏✝✂❘ ✄☎✚ ✌�✏✝✂ ✆✂✑✒ ✹✂✒ ✌�✏✝✂ ✕✂✏✚✂✖✜ ❞☎ ♦✂✒✜♦✂✒✄✂ �✥✻✂ ✥☎�❢✦✛ ✆✂✌ ✫✂✒✂ ✺✖✻✂✖ ①✦

✕✂✏✚✂✖✜ ✎✖✜ ✔✖ �❞✔☎ ✦❞ ✕✂✏✚ ❞✂ ✺✂✖ ✌�✏✝✂ ✕✂✏✚ ✏✂✖✚✖ ❞☎ ✌✍✂�✝❞✄✂ ✭✂✄ ❞☎�❢✦✛

10. ✽◆❃❀❆❖❀P : ✆✂✌ ✆✌✚☎ ❞✧✂✂ ✕✖✗ �✕★✂✶✩✂✝✂✖✜ ✔✖ ✦❞ ✟ ✆✜❞ ✕✂✥☎ ✔✜✻✝✂ �✥✻✂✚✖ ❞✂✖

❞�✏✦✛ ✆✂✌ ❞✧✂✂ ✔✖ ✦❞ �✕★✂✩✂☎✪ ❞✂✖ ✝✺✐❊❋✝✂ ✹●✚ ✥☎�❢✦✛ ✱✔ ♦✂✄ ❞☎ ✌✍✂�✝❞✄✂ ❏✝✂

✏✂✖①☎ �❞ ✓✔✕✖✗ ✫✂✒✂ �✥✻✂☎ ①✱✪ ✔✜✻✝✂ ✟ ✔✖ ■✂✂❣✝ ✏✑▼ ✝✂✺ ✒�✻✂✦ �❞ ❞✂✖✱✪ ✔✜✻✝✂ ✟ ✔✖ ■✂✂❣✝

✏✂✖✄☎ ✏✑❘ ✝�✺ ✓✔❞✖ ✆✜❞✂✖✜ ❞✂ ✝✂✖① ✢ ✔✖ ■✂✂❣✝ ✏✂✖✛

11. ✆✂◗✖ ❞☎ ✓✚ ❙✝✂✒✏ ✩✂✑�✥✝✂✖✜ ✎✖✜❘ �❢✚ ✌✒ ❚ kg ✆✜�❞✄ ✏✑❘ ✕✂❑✄✕ ✎✖✜ ✆✂◗✖ ❞✖ �✚❯✚�✥�✻✂✄

■✂✂✒ ❱kg ✎✖✜❲ ✏✑✜✼
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File Name : C:\Computer Station\Math-IX (Hindi)\Chapter\Chap-15\Chap-15 PM65

4.97 5.05 5.08 5.03 5.00 5.06 5.08 4.98 5.04 5.07 5.00

✄❀✝✞✟✄✁ ✠✡☛☞ ✌✍✎ ✏☎ ✑✁✒✓☞ ✔✕✖ ✗ kg ✥✕ ✘✂✙☎ ✘✁✚✁ ✛✁✕☛✕ ☎☞ ✐�✁✂✄☎✆✁ ✜✄✁ ✛✁✕✌☞✢

12. ✐�✣☛✁✤✓☞ ✦✧★✩ ✤✕✪ ✐�✣☛ ✗ ✔✕✖ ✘✁✐✥✕ ✫✬ ✂❀☛✁✕✖ ✆☎ ✏☎ ☛✌✭ ✤✪☞ ✐�✂✆ ✤✁✄✡ ✔✕✖ ✥✮✐✪✭

▼✁✍✎✯✘✁✜✥✁✍▼ ☎☞ ✰✁✁✌ ✐�✂✆ ✂✔✂✓✄☛ ✔✕✖ ✥✁✖❀�✆✁ ✥✕ ✥✖✱✖✂✙✆ ✏☎ ✱✁✭✖✱✁✭✆✁ ✱✖✚☛ ✥✁✭✲✁☞ ✱☛✁☛✕

✤✕✪ ✂✓✏ ☎✛✁ ✌✄✁ ✑✁✁♦ ✍✥ ✥✁✭✲✁☞ ☎☞ ✥✛✁✄✆✁ ✥✕ ✍☛✔✕✖ ✥✕ ✂☎✥☞ ✏☎ ✂❀☛ ✘✖✆✭✁✓

✳✬★✦✩✯✬★✦✴✵ ✔✕✖ ✥✮✐✪✭ ▼✁✍✎✯✘✁✶✜✥✁✍▼ ✤✕✪ ✥✁✖❀�✲✁ ✛✁✕☛✕ ☎☞ ☎☞ ✐�✁✂✄☎✆✁ ✷✁✆ ☎☞✂✸✏♦

13. ✐�✣☛✁✤✓☞ ✦✧★✩ ✤✕✪ ✐�✣☛ ✦ ✔✕✖ ✘✁✐✥✕ ✏☎ ☎✹✁✁ ✤✕✪ ✫✬ ✂✤✺✁✻✑✁✄✁✕✖ ✤✕✪ ✭✜✆✯✥✔✼✛ ✥✕

✥✖✱✖✂✙✆ ✱✁✭✖✱✁✭✆✁ ✱✖✚☛ ✥✁✭✲✁☞ ✱☛✁☛✕ ✤✕✪ ✂✓✏ ☎✛✁ ✌✄✁ ✑✁✁♦ ✍✥ ✥✁✭✲✁☞ ☎☞ ✥✛✁✄✆✁ ✥✕ ✍✥

☎✹✁✁ ✥✕ ✄❀✝✞✟✄✁ ✠✡☛✕ ✌✏ ✏☎ ✂✤✺✁✑✁☞✎ ☎✁ ✭✜✆ ✥✔✼✛  AB  ✛✁✕☛✕ ☎☞ ✐�✁✂✄☎✆✁ ✷✁✆ ☎☞✂✸✏♦

15.3 ❧✽✾✽✿❁✽

✍✥ ✘❜✄✁✄ ✔✕✖❂ ✘✁✐☛✕ ✂☛❃☛✂✓✂❄✁✆ ✂✱✖❀✡✘✁✕✖ ☎✁ ✘❜✄✄☛ ✂☎✄✁ ✛✒❅

1. ✏☎ ✐�✄✁✕✌ ☎☞ ✏☎ ❆✁✚☛✁ ✐�✄✁✕✌ ✤✕✪ ✤✡✪✟ ✐✂✭✲✁✁✔✁✕✖ ☎✁ ✥✖✌�✛ ✛✁✕✆☞ ✛✒♦

2. ✏☎ ❆✁✚☛✁ E  ☎☞ ✘✁☛✡✰✁✂✤☎ ✳✄✁ ✐�✁✄✁✕✂✌☎✵ ✐�✁✂✄☎✆✁  P(E) ✛✒❅

P(E) = 
E✘✂✰✁✐✄� ✁✌✕ ✁ ✖✕ ☎☞ ✥✖❄✄✁ ✂✸☛✔✖✕ ❆✁✚☞ ✛✒

✘✂✰✁✐✄� ✁✌✕ ✁✕✖ ☎☞ ✤✪✡ ✓ ✥❄✖ ✄✁

3. ✂☎✥☞ ❆✁✚☛✁ ✤✕✪ ❆✁✚☛✕ ☎☞ ✐�✁✂✄☎✆✁ ✬ ✘✁✒✭ ✦ ✤✕✪ ✱☞✠ ✳✂✸✥✔✕✖ ✬ ✘✁✒✭ ✦ ✥✂❃✔✂✓✆ ✛✒✖✵

✛✁✕✆☞ ✛✒♦



✐�✁�✂✄☎✆ 1

①✝✞✟✠ ✡☛☞ ✌✍✍✝✎✟✏✟✑

A1.1 ❍✒✓✔✕✖✒

❡✗✘ ✙✚✛✜✢ ✣✗✤✥✦✧ ✤✛★✥✗★ ✥✦✧ ✤✗✩ ✢✪ ✫✗✬✭✗✮✯ ✰✱✲
✤★✳✴✵ ✶✩✥✦✧ ✷✗★✗✦✮ ✣✗✦★ ✪✗✦✸✹ ✺✗✯✻ (fence) ✘✰✚✮ ✺✘✚
✰✱❣ ✢✪ ✛✼✘ ✣✗✤✥✦✧ ✤✯✻✗✦✩✚ ✘✦ ✣✤✘✦ ✫✗✬✭✗✮✯ ✥✦✧ ✷✗★✗✦✮
✣✗✦★ ✺✗✯✻ (fence) ✺✘✗✘✦ ✪✗ ✛✘✽✗✹✾ ✛✙✾✗❣ ✜✺
✤✯✻✗✦✩✚ ✘✦ ✺✗✯✻ ✺✘✗ ✙✚✲ ✴✺ ✣✗✤✪✗✦ ✤✴✗ ✷✙✗ ✛✪
✺✗✯✻ ✥✦✧ ✣✮✼★ ✣✗✤✥✦✧ ✤✛★✥✗★ ✥✦✧ ✫✗✬✭✗✮✯ ✪✗ ✥✵✧❝
✫✗✗✿ ✷✙✗ ✿✾✗ ✰✱❣ ✣✗✤ ✣✤✘✦ ✤✯✻✗✦✩✚ ✪✗✦ ✥✱✧✩✦ ✛✩❀
✪★✦✮✿✦ ✛✪ ✶✩✘✦ ✣✗✤✥✦✧ ✫✗✬✭✗✮✯ ✥✦✧ ✥✵✧❝ ✫✗✗✿ ✤★
✪❞✜✗ ✪★✘✦ ✪✚ ✪✗✦✛❁✗❁✗ ✪✚ ✰✱❣ ✸✩ ✩✮✺✮❂ ❡✦✮ ✣✗✤✪✗ ✤✰✙✗ ✪✗❡ ✤✛★✩✚❡✗ ✥✗✙✦ ✛✥✥✗✼ ✪✗✦ ✩✵✙❃✗✘✦
✥✦✧ ✛✙✢ ✿✗♦✥ ✥✦✧ ✺✵✜✿✗✦❄ ✩✦ ✩✰✗✾✴✗ ✙✦✘✗ ✰✗✦ ✩✪✴✗ ✰✱❣ ✤★✳✴✵✲ ❡✗✘ ✙✚✛✜✢ ✛✪ ✸✩ ❡✗❡✙✦ ❡✦✮ ✺✵✜✵✿✗✦❄
✥✦✧ ✣✙✿❅✣✙✿ ❡✴ ✰✱✮❣ ✥✵✧❝ ✺✵✜✵✿✹ ✣✗✤✥✦✧ ✼✗✥✦ ✪✗✦ ✩✰✚ ❡✗✘✴✦ ✰✱ ✮ ✣✗✱★ ✥✵✧❝ ✣✗✤✥✦✧ ✤✯✻✗✦✩✚ ✥✦✧ ✼✗✥✦
✪✗✦ ✩✰✚ ❡✗✘✴✦ ✰✱✮❣ ✴✺✲ ✢✦✩✚ ✛❆❇✗✛✴ ❡✦✮ ✣✗✤ ❈✾✗ ✪★✦✮✿✦❉ ✸✩ ✩✮✺✮❂ ❡✦✮ ✣✗✤✥✦✧ ✩✗❡✘✦ ✥✦✧✥✙ ✾✰✚ ✛✥✪❊✤
★✰ ✜✗✴✗ ✰✱ ✛✪ ✣✤✘✦ ✫✗✬✭✗✮✯ ✪✚ ✤✛★✩✚❡✗✣✗✦✮ ✤★ ✣✤✘✦ ✼✗✥✦ ✪✗✦ ❆❇✗✗✛✤✴ ✪★✘✦ ✥✦✧ ✛✙✢ ✣✗✤ ✢✪ ✢✦✩✚
✛✥✛❂ ✛✘✪✗✙✦✮ ✜✗✦ ✛✪ ✩✫✗✚ ✪✗✦ ❆✥✚✪✗✾✹ ✰✗✦❣ ✶✼✗✰★✽✗ ✥✦✧ ✛✙✢✲ ✣✤✘✦ ✼✗✥✦ ✪✗✦ ✩✰✚ ✛✩❀ ✪★✘✦ ✣✗✱★
✣✤✘✦ ✤✯✻✗✦✩✚ ✥✦✧ ✼✗✥✦ ✪✗✦ ✿✙✴ ✛✩❀ ✪★✘✦ ✥✦✧ ✛✙✢✲ ✣✗✤ ✾✛✼ ✣✗✥❁✾✪ ✰✵✣✗ ✴✗✦ ✳✾✗✾✗✙✾ ❡✦✮✲ ✩★✪✗★
⑥✗★✗ ✣✘✵❡✗✦✛✼✴ ✣✤✘✦ ✿✗♦✥ ✥✦✧ ✩✥✦✹❋✗✽✗ ❡✗✘✛✷●✗ ✪✗ ✤■✾✗✦✿ ✪★ ✩✪✴✦ ✰✱ ✮❣

✣✗✸✢ ✣✺ ✰❡ ✢✪ ✣✳✾ ✛❆❇✗✛✴ ✤★ ✛✥✷✗★ ✪★✦✮❣ ❡✗✘ ✙✚✛✜✢ ✣✗✤✪✚ ❡✗♦ ✘✦ ✣✿❆✴ ❡✰✚✘✦✲ ✈❏❏❑
✥✧✗ ▲✗★ ✪✚ ✛✺✜✙✚ ✥✦✧ ✛✺✙ ✪✗ ✫✗✵✿✴✗✘ ✪★ ✛✼✾✗ ✰✱❣ ✤★✳✴✵ ✛✩✴✮✺★✲ ✈❏❏❑ ✥✦✧ ✛✺✙ ❡✦✮ ✾✰ ✼❁✗✗✹✾✗
✿✾✗ ✰✱ ✛✪ ✣✿❆✴ ✥✦✧ ✛✺✙ ✪✗ ✫✗✵✿✴✗✘ ✘✰✚✮ ✛✪✾✗ ✿✾✗ ✰✱❣ ✛✺✜✙✚ ✛✥✫✗✗✿ ⑥✗★✗ ✛✪✢ ✿✢ ✸✢ ✼✗✥✦
✪✗✦ ✣✗✤ ✛✪✩ ✤■✪✗★ ✿✙✴ ✛✩❀ ✪★✦ ✮✿✦❉ ✸✩✥✦✧ ✛✙✢ ✣✗✤✪✗✦ ✫✗✵✿✴✗✘ ✛✺✙ ★✩✚✼ ✤■❆✴✵✴ ✪★✘✚ ✰✗✦✿✚✲
✜✗✦ ✾✰ ✛✩❀ ✪★ ✼✦✿✚ ✛✪ ✣✿❆✴ ❡✰✚✘✦ ✥✦✧ ✛✺✙ ✪✗ ✫✗✵✿✴✗✘ ✛✪✾✗ ✜✗ ✷✵✪✗ ✰✱❣
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➴☎✆ ✝✞✟ ✠✡✂☛✆✁✂✂✞☞ ✌✞ ✍☛ ☎✄✂ ✎✏✄✂ ☛✑ �✒ ☛✓✞☞ ✔☎✕✞ ✡✑�✕✒ ✖✗✝✕ ✓✞☞ ☎✘✂✍✙ ✍☛ �✌✚ ✒✆✕✂

☛✂✞✄✂ ☛✑ �✒ ✔✓❣✒ ✒✛✂✕ ✍✂ ✡✂✝✂ ✌✜✍ ☛✑ ✍✂ ✔✌✜✍✢ �☎✟✆ ✣✂✗✤ ✥✞✌✞ ✔✕✞✒ ✒✛✂✕ ☛✂✞✄✞ ☛✑☞ �✖✦☛✞☞ �✌✚

�✒✥ �❢✕✂ ☛✗ ☛✓ ✧✝✗✒✂✆ ✒✆ ✏✞✄✞ ☛✑☞✢ ☎✆✦✄❣✤ ①�✁✂✄ ✓✞☞ ☛✓ �✒✌✗ ✒✛✂✕ ✒✂✞ ✌✜✍ ✍✂ ✔✌✜✍ ✝✞✟✝✏

✄✣✂✗ ✧✝✗✒✂✆ ✒✆✄✞ ☛✑☞ r✝❣✟★ ✔�✣✂①✩☛✗✄✂✞☞ ✒✂✞ ★✂✞✪✫✒✆✬ ✖❢ ①�✁✂✄ ✝✞✟ ✄✝✭✟ ✝✞✟ ✔✕❣✌✂✆ ✮✌ ✒✛✂✕ ✒✂✞

�✌✚ ✒✆ �✡✍✂ ①✍✂ ☛✂✞✢

✝✧✄❣✄✙✤ ①�✁✂✄ ✓✞☞ ✠☎☎�♦✂✍✂✞☞ ✒✂ ✔�✧✄✜✝ ☛✖✂✆✂✞☞ ✝✯✂✂✞✰ ✌✞ ✆☛✂ ☛✑ ✔✂✑✆ ✍✞ ①�✁✂✄ ✒✗ �✒✌✗ ✣✂✗ ✱✂✂✲✂✂

✝✞✟ ✝✞✟☞✡✘ ☛✂✞✄✗ ☛✑☞✢ ✥✞✌✂ �✝✱✝✂✌ �✒✍✂ ✖✂✄✂ ☛✑ �✒ ☎☛✏✗ ✳✂✄ ✠☎☎�♦✂ (proof) ✥✒ ✍✴✕✂✕✗ ✡✂✱✂✭�✕✒

✔✂✑✆ ①�✁✂✄✳ ✛✂✞✈✌ ✕✞ ☎✘✧✄❣✄ ✒✗ ✛✂✗✢ ✍✴✵ ✄✂✞ ✓✞✌✂✞☎✂✞✶✂�✓✍✂✤ �✓✌✘✤ ✎✗✕ ✔✂✑✆ ✣✂✂✆✄ ✖✑✌✗ ✔✕✞✒ ☎✘✂✎✗✕

✌✣✍✄✂✔✂✞☞ ✓✞☞ ①�✁✂✄ ✝☞✞✟�✡✘✄ ☛✑✤ �☎✟✆ ✣✂✗ ✮✌ ❢✂✄ ✒✂ ✒✂✞✮✭ ✧☎✯✶ ☎✘✓✂✁✂ ✕☛✗☞ �✓✏✄✂ ☛✑ �✒ ✠✦☛✂✞☞✕✞

✠☎☎�♦✂✍✂✞ ☞ ✒✂ ☎✘✍✂✞① ✠✌ ☎✘✒✂✆ �✒✍✂ ✛✂✂ �✖✌ ☎✘✒✂✆ ✔✂✖ ☛✓ ✒✆✄✞ ☛✑☞✢

✮✌ ✔❜✍✂✍ ✓✞☞✤ ☛✓ ✡✞✲✂✞ ☞①✞ �✒ ✒✛✂✕ ✷✍✂ ☛✂✞✄✞ ☛✑☞✤ ①�✁✂✄ ✓✞☞ �✒✌ ☎✘✒✂✆ ✄✝✭✟ �✡✍✂ ✖✂✄✂ ☛✑ ✔✂✑✆

✥✒ ①�✁✂✄✗✍ ✠☎☎�♦✂ ✓✞☞ ✷✍✂✸✷✍✂ ✔✝✍✝ �✕�☛✄ ☛✂✞✄✞ ☛✑☞✢

A1.2 ✹✺✻✼✽✾✿ ❀❁ ❂❃ ❄❅✾❆✼✿❇ ❆❈✼❉

✮✌ ✔✕❣❊★✞✡ ✓✞☞✤ ☛✓ ①�✁✂✄✗✍ ❋☎ ✌✞ ✧✝✗✒✂✍✭ ✒✛✂✕ (mathematically acceptable statement)

✝✞✟ ✔✛✂✭ ✒✗ ●✍✂✲✍✂ ✒✆✕✞ ✒✂ ☎✘✍✂✌ ✒✆✞☞①✞✢ ❍✒✛✂✕■ ✝☛ ✝✂✷✍ ☛✑ ✖✂✞ ✕ ✄✂✞ ✔✂✡✞✱✂ ✌✴✎✒ ✝✂✷✍ ☛✂✞✄✂

☛✑ ✔✂✑✆ ✕ ☛✗ �✝✧✓✍✂�✡ ❢✂✞❏✒ (exclamatry) ✝✂✷✍✢ �✕✙✌☞✡✞☛✤ ✒✛✂✕ ✥✒ ☎✘✱✕ ✣✂✗ ✕☛✗☞ ☛✑❑ ✠✡✂☛✆✁✂

✝✞✟ �✏✥✤

➯✔✂☎✝✞✟ ❢✂✏✂✞☞ ✒✂ ✆☞① ✷✍✂ ☛✑▲▼ ✍☛ ✥✒ ✒✛✂✕ ✕☛✗☞ ☛✑✢ ✍☛ ✥✒ ☎✘✱✕ ☛✑✢

➯✝✩✟☎✍✂ ✖✂✮✥ ✔✂✑✆ ✓✞✆✞ �✏✥ ☎✂✕✗ ✏✂✮✥▼ ✥✒ ✔✕❣✆✂✞❏ ✍✂ ✥✒ ✔✂✡✞✱✂ ☛✑✢ ✍☛ ✥✒ ✒✛✂✕ ✕☛✗☞ ☛✑✢

➯�✒✄✕✂ ✓✕✓✂✞☛✒ ✌✴✍✂✭✧✄ ☛✑ ❑▼ ✥✒ ◆❖P◗❘❙◆❚ ❯❙❱❲❳ �✶❨☎✁✂✗ ☛✑✢ ✍☛ ✥✒ ✒✛✂✕ ✕☛✗☞ ☛✑✢

�☎✟✆ ✣✂✗✤ ➯✔✂☎✝✞✟ ❢✂✏✂✞☞ ✒✂ ✆☞① ✒✂✏✂ ☛✑▼ ✥✒ ✒✛✂✕ ☛✑✢

✌✂✓✂✦✍✄✙✤ ✒✛✂✕ �✕❧✕�✏�✲✂✄ ☎✘✒✂✆✂✞ ☞ ✓✞☞ ✌✞ ✥✒ ☛✂✞ ✌✒✄✂ ☛✑✙

• ❩❚❬❖ ❩❭❘ ralways true)

• ❩❚❬❖ ❪❩❭❘ ralways false)

• ❩❫◆❚❴❲ (ambiguous)

✍☛✂✵ ✱✂❵✡ ➯✌☞�✡❛❏▼ ✒✗ ✝❣✟★ ●✍✂✲✍✂ ✒✆ ✡✞✕✂ ✔✂✝✱✍✒ ☛✑✢ ✥✞✌✗ ✡✂✞ �✧✛✂�✄✍✂✵ ☛✂✞✄✗ ☛✑☞ �✖✕✌✞

✒✛✂✕ ✌☞�✡❛❏ ❢✕ ✖✂✄✂ ☛✑✢ ☎☛✏✗ �✧✛✂�✄ ✄✂✞ ✝☛ ☛✂✞✄✗ ☛✑ ✖❢�✒ ☛✓ ✍☛ �✕✁✂✭✍ ✕☛✗☞ ✏✞ ☎✂✄✞ �✒ ✒✛✂✕

✌✡✑✝ ✌✜✍ ☛✑ ✍✂ ✌✡✑✝ ✔✌✜✍ ☛✑✢ ✠✡✂☛✆✁✂ ✝✞✟ �✏✥✤ ➯✒✏ ①❣❝✝✂✆ ☛✑▼ ✌☞�✡❛❏ ☛✑✤ ✷✍✂✞☞�✒ ✌☞✡✣✂✭ ✓✞☞

✮✄✕✂ ✝❣✟★ ✕☛✗☞ ❢✄✂✍✂ ①✍✂ ☛✑✤ �✖✌✌✞ ☛✓ ✍☛ �✕✁✂✭✍ ✏✞ ✌✝✞☞✟ �✒ ✒✛✂✕ ✌✜✍ ☛✑ ✍✂ ✔✌✜✍✢
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❧✝�☞✌✍✄✂ ✎✏ ☞✑❧✒✏ �✓✔✂�✄ ✄✕ ✞✖✟✗✘ ✙✂✆✄✏ ✙✚ ✛✕ ✎✔✂✘ ✜✡�✢✄✟✒✎ (subjective) ✙✂✆✄✂ ✙✚❣

✈✔✂✂✣✄✤ ✥✦✧★ ✜✡�✢✄✡✂✆✝ ✥✆✧ �✩✪ ✡✙ ❧✖✡ ✙✂✆✄✂ ✙✚ ✈✂✚✒ ✈✗✡ ✜✡�✢✄✡✂✆✝ ✥✆✧ �✩✪ ✈❧✖✡ ✙✂✆✄✂ ✙✚❣ ✞☞✂✙✒✁✂

✥✆✧ �✩✪♦ ✫✥✦✧✠✂✆ ✕✦�✬☎✂✘ ✙✂✆✄✆ ✙✚✝✭ ❧✝�☞✌✍ ✎✔✂✘ ✙✚♦ ✢✡✂✆✝�✎ ✥✦✧★ ✩✂✆① ✮❧✆ ❧✖✡ ☎✂✘✄✆ ✙✚✝ ✈✂✚✒ ✥✦✧★

✮❧✆ ❧✖✡ ✘✙✏✝ ☎✂✘✄✆ ✙✚✝❣

♠✯✰✱✲✳✰ 1 : ✕✄✂✮✪ �✎ �✘❝✘ ✎✔✂✘✂✆✝ ☎✆✝ ✎✂✚✘✴✎✂✚✘ ❧✆ ✎✔✂✘ ❧☞✚✥ ❧✖✡ ✙✚✝♦ ❧☞✚✥ ✈❧✖✡ ✙✚✝ ✡✂ ❧✝�☞✌✍

✙✚✝❣ ✈✟✘✆ ✞✠✂✒ ✎✏ ✎✂✒✁✂ ❧�✙✄ ✟✦�✵✶ ✎✏�✛✪❣

(i) ✪✎ ❧✷✄✂✙ ☎✆✝ ✈✂✸ �☞✘ ✙✂✆✄✆ ✙✚✝❣

(ii) ✡✙✂☛ ✥✵✂✂✣ ✙✂✆ ✒✙✏ ✙✚❣

(iii) ✟�✐✹☎ ☎✆✝ ❧✑✡✂✣✓✄ ✙✂✆✄✂ ✙✚❣

(iv) ①✂✚✒✏ ✪✎ ☞✡✂✩✦ ✩✺✻✎✏ ✙✚❣

(v) ☞✂✆ �✥✵✂☎ ✟✑✁✂✂♥✎✂✆✝ ✎✂ ①✦✁✂✘✟✧✩ ❧☎ ✙✂✆✄✂ ✙✚❣

(vi) ☞✂✆ ❧☎ ✟✼✂✥✽✧✄ ❧✝✾✡✂✈✂✆✝ ✎✂ ①✦✁✂✘✟✧✩ ❧☎ ✙✂✆✄✂ ✙✚❣

✱✿ :

(i) ✎✔✂✘ ❧☞✚✥ ✈❧✖✡ ✙✚♦ ✢✡✂✆✝�✎ ✪✎ ❧✷✄✂✙ ☎✆✝ ❞ �☞✘ ✙✂✆✄✆ ✙✚✝❣

(ii) ✡✙ ✎✔✂✘ ❧✝�☞✌✍ ✙✚♦ ✢✡✂✆✝�✎ ✡✙ ✓✟✵✶ ✘✙✏✝ ✙✚ �✎ ✡✙✂☛ ✎✙✂☛ ✙✚❣

(iii) ✎✔✂✘ ❧☞✚✥ ❧✖✡ ✙✚❣ ✙☎ ✎✙✏✝ ❀✂✏ ✒✙✄✆ ✙✂✆✝♦ ❧✑✡✂✣✓✄ ✟�✐✹☎ ☎✆✝ ✙✏ ✙✂✆✄✂ ✙✚❣

(iv) ✎✔✂✘ ❧✝�☞✌✍ ✙✚♦ ✢✡✂✆✝�✎ ✡✙ ✜✡�✢✄✟✒✎ ✙✚❣ ✥✦✧★ ✩✂✆①✂✆✝ ✥✆✧ �✩✪ ①✂✚✒✏ ☞✡✂✩✦ ✙✂✆ ❧✎✄✏ ✙✚ ✈✂✚✒

✈✗✡ ✩✂✆①✂✆✝ ✥✆✧ �✩✪ ✘✙✏✝❣

(v) ✎✔✂✘ ❧☞✚✥ ✈❧✖✡ ✙✚❣ ☞✂✆ �✥✵✂☎ ✟✑✁✂✂ ♥✎✂✆✝ ✎✂ ①✦✁✂✘✟✧✩ ❧☞✚✥ �✥✵✂☎ ✙✂✆✄✂ ✙✚❣

(vi) ✡✙ ✎✔✂✘ ❧☞✚✥ ❧✖✡ ✙✚❣ �✟✧✒ ❀✂✏ ✮❧ ✕✂✄ ✎✏ ✟✦�✵✶ ✎✒✘✆ ✥✆✧ �✩✪ �✎ ✡✙ ❧✖✡ ✙✚♦ ✙☎✆✝ ✥✦✧★

✈✂✚✒ ✎✒✘✆ ✎✏ ✈✂✥✐✡✎✄✂ ✙✂✆①✏❣ ✮❧✆ ❁❂❃❄❅❆❇ A1.4 ☎✆✝ �❧✬ �✎✡✂ ✛✂✪①✂❣

✛✚❧✂ �✎ ✟✙✩✆ ✕✄✂✡✂ ✛✂ ✹✦✎✂ ✙✚ �✎ ✈✟✘✆ ☞✚�✘✎ ✛✏✥✘ ☎✆✝ ✙☎ ✎✔✂✘✂✆✝ ✎✏ ☎✂✗✡✄✂ ✥✆✧ ✟✼�✄

✈�✍✎ ❧✂✥✍✂✘ ✘✙✏✝ ✒✙✄✆❣ ✞☞✂✙✒✁✂ ✥✆✧ �✩✪♦ ☎✂✘ ✩✏�✛✪ ✈✂✟✎✏ ❧✙✆✩✏ ✈✂✟✎✂✆ ✡✙ ✕✄✂✄✏ ✙✚ �✎

✥✆✧✒✩ ✥✆✧ ☎✘✝✄✂✥✺✻✏ ☎✆✝ ✛✦✩✂✮✣ ✥✆✧ ☎✙✏✘✆ ☎✆✝ ✟✼�✄�☞✘ ✥✵✂✂ ✣ ✙✂✆✄✏ ✙✚❣ ✟✑✁✂✣ �✥✐✥✂❧ ✥✆✧ ❧✂✔✂ ✈✂✟ ✞❧✥✆✧

✮❧ ✎✔✂✘ ✎✂✆ ❧✖✡ ☎✂✘ ✩✆✝①✏♦ ✡❜�✟ ✡✙ ❧✝❀✂✥ ✙✚ �✎ ✛✦✩✂✮✣ ✥✆✧ ☎✙✏✘✆ ☎✆✝ ✪✎ ✡✂ ☞✂✆ �☞✘ ✥✵✂✂ ✣ ✘

❀✂✏ ✙✦✮✣ ✙✂✆ ✈✂✚✒♦ ✡�☞ ✈✂✟ ✥✎✏✩ ✘✙✏✝ ✙✚✝♦ ✄✂✆ ✈✂✟ ✞❧❧✆ ✕✙❧ ✘✙✏✝ ✎✒✆✝①✏❣

✪✎ ✈✗✡ ✞☞✂✙✒✁✂ ✥✆✧ ❈✟ ☎✆✝ ✥✦✧★ ✪✆❧✆ ✎✔✂✘ ✩✏�✛✪♦

�✛✗✙✆✝ ✙☎ ✟✼✂✡❢ ✪✎ ☞✑❧✒✆ ❧✆ ✎✙✄✆ ✒✙✄✆ ✙✚✝ ✛✚❧✆ ✫✈✂✛ ✕✙✦✄ ①☎✏✣

✙✚❣✭ ✙☎ ✪✆❧✆ ✎✔✂✘✂✆✝ ✎✂✆ ❧✒✩✄✂ ❧✆ ✓✥✏✎✂✒ ✎✒ ✩✆✄✆ ✙✚✝♦ ✢✡✂✆✝�✎

✙☎ ❧✝☞❀✂✣ ✛✂✘✄✆ ✙✚✝♦ ✡❜�✟ ✡✆ ✎✔✂✘ ❧✝�☞✌✍ ✙✚✝❣ ✫✈✂✛ ✕✙✦✄ ①☎✏✣

✙✚✭ ✎✂ ✈✔✂✣ ✈✩①✴✈✩① ✩✂✆①✂✆✝ ✥✆✧ �✩✪ ✈✩①✴✈✩① ✙✂✆ ❧✎✄✂

✙✚♦ ✢✡✂✆✝�✎ ✥✦✧☎✂✡✑☛ ✥✆✧ ✜✡�✢✄ ✥✆✧ �✩✪ ✛✂✆ ☎✂✚❧☎ ✕✙✦✄ ①☎✣ ✙✂✆①✂♦

✥✙ ✹✚✗✘✮✣ ✥✆✧ ✜✡�✢✄ ✥✆✧ �✩✪ ①☎✣ ✘✙✏✝ ❀✂✏ ✙✂✆ ❧✎✄✂ ✙✚❣
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✐☎✆✄✝ ①�✁✂✄✞✟ ✠✡✂☛ ☞✌�✍✎✏ ☛✑✞✌ ✑✂✒ ☞✠✄✂ ✑✓✔ ✕✖✗✘✙ ✚✛✜ ✢✣✘✤ ✥✛✦✥✧ ★✥✩✢✘✪✫ ✪✘ ✚✘✬✪ (valid)

❣✘✛✙✘ ❣✭✮ ✯✰✖✢ ✥❣ ✪✘ ✙✘✛ ✱✲✪ ❣✘✛ ✪✘ ✳✱✲✪ ❣✘✛✴ t✵ ✟✑ ☞✍✓✶ ☞✷✟ ✑✂✒✄✂ ✑✓✸ ✄✵ ✑✹ ✠✑✄✒ ✑✓✌ �✠

✟✑ ❀✠ ✱✲✪ ✢✣✘✤ (true statement) ✑✓ ✈✆✟✡✂✂ ✠✡✂☛ ✈☞✷✟ ✑✂✒✄✂ ✑✓✔

♠✍✂✑☎✁✂ ✶✒✺ �✻❀✸  5 + 2 = 7  ☞✍✓✶ ☞✷✟ ✑✓✔ ✈✄❧  ‘5 + 2 = 7’ ❀✠ ☞✷✟ ✠✡✂☛ ✑✓✔

5 + 3 = 7  ✈☞✷✟ ✑✓✔ ✈✄❧ ‘5 + 3 = 7’ ❀✠ ✈☞✷✟ ✠✡✂☛ ✑✓✔

✼✽✾✿❁❂✾ 2 : ✵✄✂❝❀ �✠ ☛✞❃✒ �✍❀ ①❀ ✠✡✂☛ ☞✷✟ ✑✓✌ ✟✂ ✈☞✷✟ ❧

(i) ❀✠ �❄✂❅✂✝t ✶✒✺ ✈✌✄❧✠✂✒✁✂✂✒ ✌ ✠✂ ✟✂✒① 180°  ✑✂✒✄✂ ✑✓✔

(ii) ❆ ☞✒ ✵❇❈✞ ✐❉✷✟✒✠ �✶❊✂✹ ☞✌❋✟✂ ✈❅✂✂●✟ ✑✂✒✄✞ ✑✓✔

(iii) �✠☞✞ ❅✂✞ ✶✂❢✄�✶✠ ☞✌❋✟✂  x  ✶✒✺ �✻❀  4x + x = 5x ✑✂✒✄✂ ✑✓✔

(iv) ✐❉✷✟✒✠ ✶✂❢✄�✶✠ ☞✌❋✟✂   x  ✶✒✺ �✻❀  2x > x ✑✂✒①✂✔

(v) ✐❉✷✟✒✠ ✶✂❢✄�✶✠ ☞✌❋✟✂  x  ✶✒✺ �✻❀  x2 ≥ x ✑✂✒①✂✔

(vi) ✟�✍ ❀✠ ❃✄✝❅✂✝❍t ✠✞ ☞❅✂✞ ❅✂✝t✂❀■ ✵☎✂✵☎ ✑✂✒✌✸ ✄✂✒ ✶✑ ❀✠ ✶①❍ ✑✂✒✄✂ ✑✓✔

✿❏ :

(i) ✟✑ ✠✡✂☛ ☞✷✟ ✑✓✔ ✈✂✐ ❝☞✒ ✈❑✟✂✟ ▲ ✹✒ ✌ �☞▼ ✠☎ ❃✝✶✒✺ ✑✓✌✔

(ii) ✟✑ ✠✡✂☛ ✈☞✷✟ ✑✓✔ ♠✍✂✑☎✁✂ ✶✒✺ �✻❀ ◆ ❀✠ ✈❅✂✂●✟ ☞✌❋✟✂ ☛✑✞✌ ✑✓✔

(iii) ✟✑ ✠✡✂☛ ☞✷✟ ✑✓✔

(iv) ✟✑ ✠✡✂☛ ✈☞✷✟ ✑✓✔ ♠✍✂✑☎✁✂ ✶✒✺ �✻❀✸  2 × (–1) = –2, ✈✂✓☎ – 2, –1  ☞✒ ✵❇❈✂ ☛✑✞✌ ✑✓✔

(v) ✟✑ ✠✡✂☛ ✈☞✷✟ ✑✓✔ ♠✍✂✑☎✁✂ ✶✒✺ �✻❀✸  
❖

P







=
◗

❖

❘
, ✈✂✓☎ 

❖

❘
, 
❙

❚
  ☞✒ ✵❇❈✂ ☛✑✞✌ ✑✓✔

(vi) ✟✑ ✠✡✂☛ ✈☞✷✟ ✑✓❯ ❱✟✂✒✌�✠ ☞✹❃✄✝❅✂✝❍t ✠✞ ✵☎✂✵☎ ❅✂✝t✂❀■ ✄✂✒ ✑✂✒✄✞ ✑✓✌✸ ✐☎✆✄✝ ✟✑ ✈✂✶❲✟✠ ☛✑✞✌

✑✓ �✠ ✶✑ ❀✠ ✶①❍ ✑✓✔

❝☞ ✵✂✄ ✠✞ ✈✂✒☎ ✈✂✐☛✒ ✈✶❲✟ ❑✟✂☛ �✍✟✂ ✑✂✒①✂ �✠ ✟✑ ❢✡✂✂�✐✄ ✠☎☛✒ ✶✒✺ �✻❀ �✠ ①�✁✂✄ ✶✒✺

✈☛✝☞✂☎ ✠✡✂☛ ☞✷✟ ☛✑✞✌ ✑✓✸ ✑✹✒✌ ❀✠ ❀✒☞✂ ♠✍✂✑☎✁✂ ✟✂ ❀✒☞✞ �❢✡✂�✄ ✍✒☛✞ ✑✂✒①✞✸ t✑✂■ ✟✑ ✻✂①❳ ☛✑✞✌ ✑✂✒✄✂✔

✈✄❧  (ii)  ✹✒✌✸ ❱✟✂✒ ✌�✠ ◆ ✈❅✂✂●✟ ☞✌❋✟✂ ☛✑✞✌ ✑✓✸ ✟✑ ❀✠ ♠✍✂✑☎✁✂ ✑✓ t✂✒ ✟✑ ✍❲✂✂❍✄✂ ✑✓ �✠ ✠✡✂☛ ❡❆

☞✒ ✵❇❈✞ ✐❉✷✟✒✠ �✶❊✂✹ ☞✌❋✟✂ ✈❅✂✂●✟ ✑✂✒✄✞ ✑✓❨✸ ☞✷✟ ☛✑✞✌ ✑✓✔ ❝☞ ✐❉✠✂☎ ✠✂ ♠✍✂✑☎✁✂✸ t✂✒ ✠✡✂☛ ✶✒✺

✈☛✝✶❳✺✻ ☛ ✑✂✒✸ ❩❬✲✪❭❪✘❣❫✗✘ (counter example) ✠✑✻✂✄✂ ✑✓✔ ✑✹ ✈☛✝❞❴✒✍ A1.5 ✹✒✌ ✐❉✷✟✝✍✂✑☎✁✂✂✒✌ ✐☎

�✶❢✷✂✂☎ ☞✒ ❃❃✂❍ ✠☎✒✌①✒✔

❝☞ ✵✂✄ ✠✞ ✈✂✒☎ ❅✂✞ ✈✂✐☛✒ ✈✶❲✟ ❑✟✂☛ �✍✟✂ ✑✂✒①✂ �✠ ✟❜�✐ ✠✡✂☛  (iv), (v) ✈✂✓☎ (vi) ✈☞✷✟

✑✓✌✸ �✐✺☎ ❅✂✞ ❝☛ ✐☎ ✶✝✺❴ ✐❉�✄✵✌✏ ✻①✂✠☎ ✈✂✐ ❝✆✑✒✌ ☞✷✟ ✵☛✂ ☞✠✄✒ ✑✓✌✔
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♠☞✌✍✎✏✌ 3 :  ✞✟✡✑✒✄ ✟✓�✄✔✝✕ ✖①✂✗✘ �✙✚✙�✖�✛✂✄ ✗✜✂✙✂✆✝ ✗✂✆ ✟✑✙✢ ✣✤ ✟✓✗✂✘ �✖�✛✂✥ �✗ ✦✆ ✤✧✡

✗✜✂✙ ❞✂✆ ★✂✥☛✩

(i) ✟✓✧✡✆✗ ✦✂✐✄�✦✗ ✤✝✛✡✂  x  ✦✆♦ �✖✥  2x > x ❞✂✆①✂✩

(ii) ✟✓✧✡✆✗ ✦✂✐✄�✦✗ ✤✝✛✡✂ x  ✦✆♦ �✖✥  x2 ≥ x ❞✂✆①✂✩

(iii) ✡�❀ ✪✂✟ ✥✗ ✤✝✛✡✂ ✗✂✆ ✐✦✡✝ ✞✤✫ ✤✝✛✡✂ ✤✆ ✬✂✂① ❀✆✝✭ ✄✂✆ ✪✂✟✗✂✆ ✤❀✮✦ ❞✫ ✯ ✟✓✂✰✄ ❞✂✆①✂✩

(iv) ✦✱✠✂ ✦✆♦ ✥✗ �✔✝❀✑ ✟✘ ✞✤✗✫ ★✫✦✂ ✲✂✘✂ ✪✝✄�✘✄ ✗✂✆✁✂  90°  ✗✂ ❞✂✆✄✂ ❞✮✩

(v) ✡�❀ ✥✗ ✳✄✑✬✂✑✴★ ✗✫ ✤✬✂✫ ✬✂✑★✂✥☛ ✔✘✂✔✘ ❞✂✆✝✭ ✄✂✆ ✦❞ ✥✗ ✦①✴ ❞✂✆✄✂ ❞✮✩

✍❣ :

(i) ✡�❀  x > 0 ❞✂✆,  ✄✂✆  2x > x ❞✂✆①✂✩

(ii) ✡�❀  x ≤ 0 ❞✂✆  ✡✂  x ≥ 1 ❞✂✆, ✄✂✆ x2 ≥ x ❞✂✆①✂✩

(iii) ✡�❀ ✵✂✶✷✡ ✦✆♦ ✪�✄�✘✒✄ �✗✤✫ ✪✷✡ ✤✝✛✡✂ ✗✂✆ ✐✦✡✝ ✞✤✫ ✤✝✛✡✂ ✤✆ ✬✂✂① ❀✆✝✭ ✄✂✆ ✪✂✟✗✂✆ ✤❀✮✦

✯ ✟✓✂✰✄ ❞✂✆①✂✩

(iv) ✦✱✠✂ ✦✆♦ ✥✗ �✔✝❀✑ ✟✘ ✦✱✠✂ ✦✆♦ ✥✗ ✸✡✂✤ ✲✂✘✂ ✪✝✄�✘✄ ✗✂✆✁✂  90°  ✗✂ ❞✂✆✄✂ ❞✮✩

(v) ✡�❀ ✥✗ ✳✄✑✬✂✑✴★ ✗✫ ✤✬✂✫ ✬✂✑★✂✥☛ ✪✂✮✘ ✤✬✂✫ ✪✝✄✢✗✂✆✁✂ ✔✘✂✔✘ ❞✂✆✝✭ ✄✂✆ ✦❞ ✥✗ ✦①✴ ❞✂✆✄✂ ❞✮✩

✹✺✻✼✽✾✿❁ A 1.1

1. ✔✄✂✣✥ �✗ �✙✚✙�✖�✛✂✄ ✗✜✂✙ ✤❀✮✦ ✤✧✡ ❞✮✝✭ ✤❀✮✦ ✪✤✧✡ ❞✮✝ ✡✂ ✤✝�❀❝✕ ❞✮✝✩ ✗✂✘✁✂ ✤�❞✄

✪✟✙✆ ✞✠✂✘ ✗✫ ✟✑�✈❂ ✗✫�★✥✩

(i) ✥✗ ✦✈✂✴ ☎✆✝ ✯❃ ☎❞✫✙✆ ❞✂✆✄✆ ❞✮✝✩

(ii) ❀✫✦✂✖✫ ✵✂✑♥✦✂✘ ✗✂✆ ✟❄❅ ✘❞✫ ❞✮✩

(iii) ☎①✂❀✫ ☎✆✝ ✄✂✟☎✂✙  26º C ❞✮✩

(iv) ✟✱✜✦✫ ✗✂ ✥✗ ✳✷❀✓☎✂ ❞✮✩

(v) ✦✑♦✠✂✆ ✞❄❅ ✤✗✄✆ ❞✮✝✩

(vi) ✟♦✘✦✘✫ ☎✆✝ ✦✆♦✦✖ ❆❇ �❀✙ ❞✂✆✄✆ ❞✮✝✩

2. ✔✄✂✣✥ �✗ �✙✚✙�✖�✛✂✄ ✗✜✂✙ ✤✧✡ ❞✮✝ ✡✂ ✪✤✧✡✩ ✗✂✘✁✂ ✤�❞✄ ✞✠✂✘ ❀✫�★✥✩

(i) ✥✗ ✳✄✑✬✂✑✴★ ✦✆♦ ✪✝✄✢✗✂✆✁✂✂✆✝ ✗✂ ✡✂✆①  350° ❞✂✆✄✂ ❞✮✩

(ii) �✗✤✫ ✬✂✫ ✦✂✐✄�✦✗ ✤✝✛✡✂  x ✦✆♦ �✖✥   x2 ≥ 0 ❞✮✩

(iii) ✤☎✳✄✑✬✂✑✴★ ✥✗ ✤☎✂✝✄✘ ✳✄✑✬✂✑✴★ ❞✂✆✄✂ ❞✮✩

(iv) ❀✂✆ ✤☎ ✤✝✛✡✂✪✂✆✝ ✗✂ ✡✂✆① ✤☎ ❞✂✆✄✂ ❞✮✩

(v) ❀✂✆ �✦✈✂☎ ✤✝✛✡✂✪✂✆✝ ✗✂ ✡✂✆① �✦✈✂☎ ❞✂✆✄✂ ❞✮✩
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3. ♠☎✆✝✞✄ ☎✟�✄✠✡☛ ☞①✂✌✍✎ �✏✑✏�☞�✒✂✄ ✌✓✂✏✂✔✡ ✌✂ ✔ ✕✖ ☎✟✌✂✍ �☞�✒✂✗ �✌ ✘✔ ✖✙✆ ✌✓✂✏

✠✏ ❝✂✗✚✛

(i) ✖❧✂✜ ✢❧✂✂✣✆ ✖✡✒✆✂✗✚ �✘✤✂✥ ✦✂✔✄✜ ✦✧✡★

(ii) ✗✌ ✘✂✱✄�✘✌ ✖✡✒✆✂ ✌✂ ✩✝①✝✏✂ ✖✩✂ ✗✌ ✖✥ ✖✡✒✆✂ ✦✂✔✄✜ ✦✧★

(iii) �✌✖✜ ❧✂✜  x  ✘✔♦ �☞✗✎  3x +1 > 4 ✦✂✔✄✂ ✦✧★

(iv) �✌✖✜ ❧✂✜  x ✘✔♦ �☞✗✎  x3 ≥ 0 ✦✂✔✄✂ ✦✧★

(v) ☎✟✙✆✔✌ �✐✂❧✂✝❝ ✥✔✡ ✥✂�✪✆✌✂ ✗✌ ✌✂✔✁✂ ✖✥�✫❧✂✂❝✌ ❧✂✜ ✦✂✔✄✜ ✦✧★

A1.3  ❢✬✭✮❢✬✯ ✰✲✳✴✵✶

✗✌ ✈✷✸✹✺✻✼ (unambiguous) ✌✓✂✏ ✌✜ ✖✙✆✄✂ ✱✓✂✂�☎✄ ✌✍✏✔ ✥✔✡ ☎✟✆✝✞✄ ✥✝✒✆ ✄✘❞♦✖✡①✄ ✖✂☛✏

✽✾✿❀✽✾❁ ❂❃❄❅❆❇ (deductive reasoning) ✦✧★

�✏①✥�✏✌ ✄✘❞♦✁✂ ✌✂✔ ✖✥❈✏✔ ✘✔♦ �☞✗✎ ✢✂✕✗ ✦✥ ✗✌ ☎✦✔☞✜ ✖✔ ☎✟✂✍✡❧✂ ✌✍✔✡ �❝✖✔ ✢✂☎✌✂✔ ✦☞ ✌✍✏✂

✦✧★

✥✂✏ ☞✜�❝✗ ✢✂☎✌✂✔✔ ❡✂✍ ✌✂❉❞ �✩✗ ①✗ ✦✧✡★ ☎✟✙✆✔✌ ✌✂❉❞ ✌✜ ✗✌ ✢✂✔✍ ✗✌ ✖✡✒✆✂ ❊☎✜ ✦✧ ✢✂✧✍

✩♥✖✍✜ ✢✂✔✍ ✗✌ ✢❋✂✍ ❊☎✂ ✦✧★

✥✂✏ ☞✜�❝✗ ✢✂☎✌✂✔ ✆✦ ✠✄✂✆✂ ❝✂✄✂ ✦✧ �✌ ✆✔ ✌✂❉❞ �✏✑✏�☞�✒✂✄ �✏✆✥ ✌✂ ☎✂☞✏ ✌✍✄✔ ✦✧✡✛

➯✆�✩ ✌✂❉❞ ✌✜ ✗✌ ✢✂✔✍ ✗✌ ✖✥ ✖✡✒✆✂ ✦✂✔✎ ✄✂✔ ✩♥✖✍✜ ✢✂✔✍ ✗✌ ✱✘✍ (vowel)

✦✂✔✄✂ ✦✧★❣

�✏✆✥ ✌✜ ✖✙✆✄✂ ✌✜ ❝✂✚❡ ✌✍✏✔ ✘✔♦ �☞✗✎ ●❍ ✷■ ●❍ �✌✄✏✔ ✌✂❉✂✔❏ ✌✂✔ ♠☞❑✏✔ ✌✜ ✢✂✘▲✆✌✄✂

✦✂✔①✜★

✦✂✚✎ ✆✦ �✘✌▼☎ ✄✂✔ ✢✂☎✘✔♦ ☎✂✖ ✦✧ ✦✜ �✌ ✢✂☎ ✖❧✂✜ ✌✂❉✂✔❏ ✌✂✔ ♠☞❑ ✖✌✄✔ ✦✧✡ ✢✂✧✍ ❝✂✚❡ ✌✍

✖✌✄✔ ✦✧✡★ ☎✍◆✄✝ ✞✆✂ ✢✂☎ ✌✥ ✖✡✒✆✂ ✥✔✡ ✌✂❉✂✔❏ ✌✂✔ ♠☞❑ ✌✍✎ �✩✗ ✦✝✗ ✌✓✂✏ ✌✜ ❝✂✚❡ ✌✍ ✖✌✄✔

✦✧✡❖

✪✆✂✏ ✩✜�❝✗ �✌ ✌✓✂✏ ✥✔✡ ✆✦ ✠✄✂✆✂ ①✆✂ ✦✧ �✌ ✘✦ ✌✂❉❞ �❝✖✌✜ ✗✌ ✢✂✔✍ ✖✥ ✖✡✒✆✂ ✦✧ ♠✖✌✜

✩♥✖✍✜ ✢✂✔✍ ✗✌ ✱✘✍ ✦✂✔✄✂ ✦✧★ ✕✖ ✌✓✂✏ ✥✔✡ ✆✦ ✏✦✜✡ ✠✄✂✆✂ ①✆✂ ✦✧ �✌ �❝✖ ✌✂❉❞ ✌✜ ✗✌ ✢✂✔✍ ✱✘✍

✦✧ ♠✖✌✜ ✩♥✖✍✜ ✢✂✔✍ ✗✌ ✖✥ ✖✡✒✆✂ ✢✘▲✆ ✦✂✔✏✜ ❡✂�✦✗★ ✗✔✖✂ ✦✂✔ ❧✂✜ ✖✌✄✂ ✦✧ ✆✂ ✏✦✜✡ ❧✂✜ ✦✂✔ ✖✌✄✂

✦✧★ �✏✆✥ ✥✔✡ ✆✦ ❧✂✜ ✏✦✜✡ ✠✄✂✆✂ ①✆✂ ✦✧ �✌ ✘✦ ✌✂❉❞ �❝✖✘✔♦ ✗✌ ✢✂✔✍ ✗✌ �✘✤✂✥ ✖✡✒✆✂ ✦✧✎ ♠✖✘✔♦

✩♥✖✍✜ ✢✂✔✍ P✆✡❝✏ (consonant) ✦✂✔✏✂ ✦✜ ❡✂�✦✗★ ✆✦ ✦✂✔ ❧✂✜ ✖✌✄✂ ✦✧ ✆✂ ✏✦✜✡ ❧✂✜ ✦✂✔ ✖✌✄✂ ✦✧★

A V 6 5
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✈✄☞ ✌✡✂ ✍☎✆✝  ‘A’  ❞✂✆ ✞✎✏✑✆ ❞✒ ✈✂✓✔✡❞✄✂ ✍✂✆①✒✕ ✞✠✂✖ ✍✗☞ ✑✍✒✝✘ ✙✚✛✖✒ ✈✂✆✖ ✜✂✍✆✝ ✢❞ ✛☎

✛✝❧✡✂ ✍✂✆ ✡✂ ✢❞ �✓✣✂☎ ✛✝❧✡✂ ✍✂✆✤ �✑✡☎ ✄✥ ✦✂✒ ✎✂①✚ ✍✂✆✄✂ ✍✗✘

➯✧★ ✓✆✩ ✛✝✥✝✪ ☎✆✝ ✈✂✟ ✌✡✂ ❞✍✆✝①✆✕ ✡✍✂☛ ✦✂✒ ✍☎✆✝ ❞✂✫✬ ✞✎✏✑✆ ❞✒ ✈✂✓✔✡❞✄✂ ✑✍✒✝ ✍✗✤ ✌✡✂✆✝�❞

✙✚✛✖✒ ✈✂✆✖ ✜✂✍✆ ♥✓✖ ✍✂✆ ✡✂ ✭✡✝✮✑✤ �✑✡☎ ✄✥ ✦✂✒ ✎✂①✚ ✍✂✆✄✂ ✍✗✘

✟✖✐✄✯ V ✈✂✗✖ ✰ ✓✂✎✆ ❞✂✫✂✆✱ ❞✂✆ ✞✎✏✑✆ ❞✒ ✈✂✓✔✡❞✄✂ ✍✗✘ ✡�✙ V ❞✒ ✙✚✛✖✒ ✈✂✆✖ ✢❞ ✛☎

✛✝❧✡✂ ✍✂✆✤ ✄✂✆ �✑✡☎ ✦✂✝① ✍✂✆ ✮✂✄✂ ✍✗✘ ✲✛✒ ✟✳❞✂✖✤ ✡�✙ ✰ ❞✒ ✙✚✛✖✒ ✈✂✆✖ ✢❞ ✭✡✝✮✑ ✍✂✆✤ ✄✂✆ ✦✂✒ �✑✡☎

✦✂✝① ✍✂✆ ✮✂✄✂ ✍✗✘

✲✛ ✟✍✆✎✒ ❞✂✆ ✍✎ ❞✖✑✆ ✓✆✩ �✎✢ ✍☎✑✆ �✮✛ ✟✳❞✂✖ ✓✆✩ ✄✓✬✩✁✂ ❞✂ ✟✳✡✂✆① �❞✡✂ ✍✗✤ ✞✛✆ ❢✴✵✶❢✴✷

r✸✹✺✻✼ (deductive reasoning) ❞✍✂ ✮✂✄✂ ✍✗✘ ✲✛✆ ✽�✑①☎�✑❞✾ ✲✛�✎✢ ❞✍✂ ✮✂✄✂ ✍✗✤ ✌✡✂✆✝�❞

✄✓✬✩ ❞✂ ✟✳✡✂✆① ❞✖✓✆✩ ✟✍✎✆ ♥✿✂✂�✟✄ �❞✢ ①✢ ❞✿✂✑ ✛✆ ✍☎ ✢❞ ✟�✖✁✂✂☎ ✡✂ ❞✿✂✑ ✟✳✂❀✄ ❁✈✿✂✂✬✄❂

�✑①�☎✄❃ ❞✖ ✛❞✄✆ ✍✗✝✘ ✞✙✂✍✖✁✂ ✓✆✩ �✎✢ ❄✟✖ ❞✒ ✟✍✆✎✒ ☎✆✝✤ �✑①�☎✄ �❞✢ ①✢ ✈✑✆❞ ✄❞✂✆✱ ✛✆ ✍☎✑✆

✡✍ �✑①�☎✄ ❁✟✳✂❀✄❃ �❞✡✂ �❞ ✓✆✩✓✎  V ✈✂✗✖ 6 ❞✂✆ ✍✒ ✞✎✏✑✆ ❞✒ ✈✂✓✔✡❞✄✂ ✍✗✘

�✑①☎�✑❞ ✄✓✬✩✁✂ ❞✒ ✛✍✂✡✄✂ ✛✆✤ ✍☎ ✡✍ ✦✂✒ �✑✣❞✣✂✬ �✑❞✂✎ ✛❞✄✆ ✍✗✝ �❞ ✈☎✯❞ ❞✿✂✑ ✛❅✡

✍✗✤ ✌✡✂✆✝�❞ ✡✍ ✢❞ ✈�✄ ✭✡✂✟❞ ❞✿✂✑ ❞✒✤ �✮✛✆ ✛❅✡ ☎✂✑✂ ①✡✂ ✍✗✤ ✢❞ �✓�✔✂✣✏ �♥✿✂�✄ ✍✗✘ ✞✙✂✍✖✁✂

✓✆✩ �✎✢✤ ✢❞ ✥✂✖ ✮✥ ✍☎ ✡✍ �✛♦ ❞✖ ✎✆✄✆ ✍✗✝ �❞ ✙✂✆ �✓✣✂☎ ✛✝❧✡✂✈✂✆✝ ❞✂ ①✯✁✂✑✟✩✎ ✛✙✗✓ ✍✒ �✓✣✂☎

✍✂✆✄✂ ✍✗✤ ✄✥ ❁�✥✑✂ ✈�✦✂❞✎✑ ✓✆✩❃ ✍☎ ✄✯✖✝✄ ✡✍ �✑✣❞✣✂✬ �✑❞✂✎ ✛❞✄✆ ✍✗✝ �❞ 70001 × 134563

�✓✣✂☎ ✍✂✆①✂✤ ✌✡✂✆✝�❞  70001 ✈✂✗✖ 134563 ✙✂✆✑✂✆✝ ✛✝❧✡✂✢☛ ✍✒ �✓✣✂☎ ✍✗✝✘

✔✂✄✂�❆✙✡✂✆✝ ✛✆ �✑①☎�✑❞ ✄✓✬✩✁✂ ☎✂✑✓ ❇✜✄✑ ❞✂ ✢❞ ✈✝① ✖✍✂ ✍✗ ✈✂✗✖ ✲✛❞✂ ✟✳✡✂✆① ✍☎✂✖✆ ✙✗�✑❞

✮✒✓✑ ☎✆✝ ✛✙✂ ✍✂✆✄✂ ✖✍✄✂ ✍✗✘ ✞✙✂✍✖✁✂ ✓✆✩ �✎✢✤ ☎✂✑ ✎✒�✮✢ ✡✆ ❞✿✂✑ �❞ ➯✟✯✣✟ ✛✂✆✎✂�✖✛ ✓✆✩✓✎ ✄✥

�❧✂✎✄✂ ✍✗✤ ✮✥�❞ �✟❈✎✆ �✙✑ ❞✂ ✈�✪❞✄☎ ✄✂✟☎✂✑ 28°C  ✛✆ ✈�✪❞ ✍✂✆✄✂ ✍✗ ➯✈✂✗✖★ ❉✧ �✛✄✝✥✖✤

❊❋❋✧ ❞✂✆ ❞✂●✟�✑❞ ❍✂✂✏✒ (imaginary valley) ☎✆✝ ✛✂✆✎✂�✖✛ �❧✂✎✂ ✿✂✂✤ ✛❅✡ ✍✗✘ ✄✥ �✑①☎�✑❞

✄✓✬✩✁✂ ❞✂ ✟✳✡✂✆① ❞✖✓✆✩✤ ✍☎ ✡✍ �✑✣❞✣✂✬ �✑❞✂✎ ✛❞✄✆ ✍✗✝ �❞ ❞✂●✟�✑❞ ❍✂✂✏✒ ☎✆✝ ❉■ �✛✄✝✥✖✤ ❊❋❋✧

❞✂✆ ✈�✪❞✄☎ ✄✂✟☎✂✑  28° C ✛✆ ✈�✪❞ ✿✂✂✘

✍☎✂✖✂ ✙✯✦✂✂✬❣✡ ✡✍ ✍✗ �❞ ✍☎ ✈✟✑✆ ✙✗�✑❞ ✮✒✓✑ ☎✆✝ ✛✍✒ ✄✓✬✩✁✂ ❞✂ ✟✳✡✂✆① ✛✙✂ ✑✍✒✝ ❞✖✄✆✘ ✍☎

✟✳✂✡☞ ✛✙✂✆✣✂ ❁①✎✄❃ ✄✓✬✩✁✂ ✓✆✩ ✈✂✪✂✖ ✟✖ ✈✑✆❞ �✑✣❞✣✂✬ �✑❞✂✎ ✎✆✄✆ ✍✗✝✘ ✞✙✂✍✖✁✂ ✓✆✩ �✎✢✤ ✡�✙

✈✂✟❞✒ ✛✍✆✎✒ ✢❞ �✙✑ ✈✂✟❞✂✆ ✙✆❧✂❞✖ ☎✯♥❞✖✂✄✒ ✑✍✒✝ ✍✗✤ ✄✥ ✈✂✟ ✡✍ �✑✣❞✣✂✬ �✑❞✂✎ ✎✆✄✆ ✍✗✝ �❞

✓✍ ✈✂✟✛✆ ✑✂✖✂✮ ✍✗✘ ✡❏�✟ ✡✍ ✛❅✡ ✦✂✒ ✍✂✆ ✛❞✄✂ ✍✗ �❞ ➯✡�✙ ✓✍ ☎✯❑✛✆ ✑✂✖✂✮ ✍✗✤ ✄✂✆ ☎✯❑✆ ✙✆❧✂❞✖

✓✍ ✑✍✒✝ ☎✯♥❞✖✂✢①✒★▲ ✟✖✐✄✯ ✡✍ ✦✂✒ ✛❅✡ ✍✂✆ ✛❞✄✂ ✍✗ �❞ ➯✡�✙ ✞✛✓✆✩ �✛✖ ☎✆✝ ✥✍✯✄ ✙✙✬ ✍✂✆✤ ✄✂✆ ✓✍

☎✯❑✆ ✙✆❧✂❞✖ ✑✍✒✝ ☎✯♥❞✖✂✢①✒✾✾✘ ✈✂✟ ✓✯✩❈ �✑✣❞✣✂✂✆✱ ❞✒ ✮✂☛✜ ✌✡✂✆✝ ✑✍✒✝ ❞✖ ✎✆✄✆ ✮✂✆ �❞ ✈✂✟ ✟✳�✄�✙✑

�✑❞✂✎✄✆ ✖✍✄✆ ✍✗✝ ✈✂✗✖ ✙✆❧✂✆✝ �❞ ✡✆ �✑✣❞✣✂✬ ☎✂✐✡ ✄✓✬✩✁✂ ✟✖ ✈✂✪✂�✖✄ ✍✗✝ ✡✂ ✛✙✂✆✣✂ ✄✓✬✩✁✂ ✟✖ ✈✂✪✂�✖✄

✍✝✗✕
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✐☎✆✝✞✟✠✡ A 1.2

1. �❢①☛�❢☞ ✄✌✍✎✁✂ ✏✂✑✂ �❢✒❢�✓�✔✂✄ ✕✖✗❢✂✘✙ ✌✘✎ ✚✛✂✑ ✜✢�✣✤ ✪

(i) ☛✂❢✌ ❡✄❢✥✂✑✢ ✦✂✘✄✘ ✦✧✙★ ✩✫✂✢ ❡✄❢✥✂✑✢ ☞✗✂✘✬☞✂✘✙ (vertebrates) ✦✂✘✄✘ ✦✧✙★ ❣❢ ✜✂✘ ☞✭✂❢✂✘✙

✌✘✎ ♦✂✥✂✑ ✕✑ ♦✂✕ ☛✂❢✌ ✌✘✎ ✩✙✮✙✥ ☛✘✙ ✯✰✂ �❢✱☞✱✂✍ �❢☞✂✓ ✩☞✄✘ ✦✧✙✲

(ii) ✤✙✭✂❢✢ ✤☞ ❢✂❣✍ ✦✧★ �✜❢✘✗✂ ❢✘ ♦✕❢✘ ✮✂✓ ☞✳✌✂✤ ✦✧✙★ ✯✰✂ ♦✂✕ ✰✦ �❢✱☞✱✂✍ �❢☞✂✓ ✩☞✄✘

✦✧✙ �☞ ✤✙✭✂❢✢ ❢✘ �✜❢✘✗✂ ✌✘✎ ✮✂✓ ☞✂✳✘ ✦✧✙✲

(iii) ☛✂✴✳✰❢ (Martians) ☞✢ ✣✢✫✂ ✓✂✓ ✦✂✘✄✢ ✦✧✙★ ①❞✓① ✤☞ ☛✂✴✳✰❢ ✦✧★ ❣❢ ✜✂✘ ☞✭✂❢✂✘✙ ✌✘✎

♦✂✥✂✑ ✕✑ ♦✂✕ ①❞✓① ✌✘✎ ✮✂✑✘ ☛✘✙ ✯✰✂ �❢✱☞✱✂✍ �❢☞✂✓ ✩☞✄✘ ✦✧✙✲

(iv) ✰�✜ �☞✩✢ �✜❢ ❀✂✑ ✵✂✙✳✘ ✩✘ ♦�✥☞ ✩☛✰ ✄☞ ✌✱✂✂✍ ✦✂✘✄✢ ✦✧✶ ✄✂✘ ♦①✓✘ �✜❢ ①✳✑✂✘✙ ☞✢

✩✕✎✂❣✍ ☞✑❢✢ ✕❧✷✄✢ ✦✧★ ♦✂✣ ✸ ✵✂✙✳✘ ✄☞ ✌✱✂✂✍ ✦❞❣✍ ✦✧★ ☞✓ ①✳✑ ☞✢ ♦✌❡✭✂✂ ✯✰✂ ✦✂✘①✢✶

❣✩✌✘✎ ✮✂✑✘ ☛✘✙ ♦✂✕ ✯✰✂ �❢✱☞✱✂✍ �❢☞✂✓ ✩☞✄✘ ✦✧✙✲

(v) ❢✢❀✘ ✌✘✎ ☞✂✳✉✍❢ ☛✘✙ �✜✤ ①✤ ①✂✰ ✌✘✎ ✄✌✍✎ ☛✘✙ ✯✰✂ �✌✑✂✘✥✂✫✂✂✩ (fallacy) ✦✧✲

2. ♦✂✕☞✂✘ �✕✎✑ ✩✘ ❀✂✑ ☞✂❧✍ �✜✤ ①✤ ✦✧✙★ ✕✖✈✰✘☞ ☞✂❧✍ ✌✘✎ ✤☞ ♦✂✘✑ ✤☞ ✩✙✔✰✂ ♦✂✧✑ ✜✉✩✑✢ ♦✂✘✑

✤☞ ♦✹✂✑ ✺✕✂ ✦✧★ ❢✢❀✘ �✜✰✂ ①✰✂ �❢✰☛ ✓✂①✉ ✦✂✘✄✂ ✦✧ ✰✂ ❢✦✢✙✶ ❣✩☞✢ ✣✂✻❀ ☞✑❢✘ ✌✘✎ �✓✤✶

✌✘ ☞✂✧❢✼✩✘ ✜✂✘ ☞✂❧✍ ✦✂✘✙①✘ �✣✽✦✘✙ ✚✓✳❢✘ ☞✢ ♦✂✌✗✰☞✄✂ ✦✂✘①✢✲

➯✰�✜ ✤☞ ☞✂❧✍ ☞✢ ✤☞ ♦✂✘✑ ✤☞ ✾✰✙✣❢ ✦✂✘✶ ✄✂✘ ✚✩☞✢ ✜✉✩✑✢ ♦✂✘✑ ✤☞ �✌✱✂☛ ✩✙✔✰✂

✦✂✘✄✢ ✦✧★✿
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A1.4 ✐☞✌✍✎✏ ✑✒✓✍✔✕✖ ✗✘✙✖ ✗✚✛✘✜✢✣✤✥

✈✦✂✧ ✄★ ✩☎✪✆ ✫✬✭✮ ★✯✂✪✂✆✝ ✟✰ ✱✱✂✲ ★✧ ✩✳ ✈✂✳✰ ✴✆✵✂✂ ✩✳ �★ ✶✪ ★✯✂✪✂✆✝ ★✧ ☎✂✷✡✄✂ ★✧ ✸✂☛✱ �★✹

✟✺★✂✰ ★✧ ✸✂✄✧ ✩✳✻ ✶✹ ✈✪✬✼✮✆✴ ☎✆✝✽ ✈✂✟ ✞✪ ✄✧✪ ✈✾①✿✈✾① ✟✺★✂✰ ✫✆✭ ★✯✂✪✂✆✝ ☎✆✝ ✦✂✆✴ ★✰✪✆ ✫✆✭

❝✂✰✆ ☎✆✝ ✈❀✡✡✪ ★✰✝✆①✆ �✸✪✹✆ ①�✁✂✄ ★✂ �✪☎✂✲✁✂ ✩✬✈✂ ✩✳✻ ✡✆ ✩✳✝❁ ✟✺☎✆✡✽ ★✝✸✆❂✱✰ (conjecture) ✈✂✳✰

✈�✦✂①❃✩✧✄✻

✈✂✟ ✟✩✾✆ ✦✂✧ ✈✪✆★ ✟✺☎✆✡✂✆✝ ★✂✆ ✴✆✵✂ ✱✬✫✆✭ ✩✳✝✻ ✈✄❁ ✟✺☎✆✡ ❂✡✂ ✩✳q ✞✹ ①�✁✂✄✧✡ ★✯✂✪ ★✂✆ �✸✹★✧

✹❧✡✄✂ ❄✯✂✂�✟✄ ❅�✹❆❇ ★✰ ✴✧ ①✶✲ ✩✳✽ ❈❉❊❋● (theorem) ★✩✂ ✸✂✄✂ ✩✳✻ ✞✴✂✩✰✁✂ ✫✆✭ �✾❞✽ ✪✧✱✆ �✴❞

①❞ ★✯✂✪ ✟✺☎✆✡ ✩✳✝✽ ✸✳✹✂ �★ ✈✂✟ ✈✪✬✼✮✆✴ A❍■❏ ☎✆✝ ✴✆✵✂✆✝①✆✻

❑▲▼◆❖ A 1.1 : P◗ ❘❙❚❯❚❱❲ ❳❋❨ ❩❬❭❪◗❚❋❫❚ ◗❚ ●❚❋❴ 180º  ❣❚❋❭❚ ❣❵❛

❑▲▼◆❖ A 1.2 : ♥❚❋ ❈❉❚❳❜❨❭ ❡❬❢●❚❩❚❋❬ ◗❚ ❴❱❫❚❤❈❨❥ ❡❊ ❣❚❋❭❚ ❣❵❛

❑▲▼◆❖ A 1.3 : �★✷✩✧✝ ✦✂✧ ✄✧✪ ❦☎✂①✄ ✹☎ ✟✺✂✫❃✭✄ ✹✝✵✡✂✈✂✆✝ ★✂ ①✬✁✂✪✟✭✾ ❍♠ ✹✆ ✦✂✂♦✡

✩✂✆✄✂ ✩✳✻

◗❬❲❋♣rs ✫✩ ★✯✂✪ ✩✳✽ �✸✹✆ ✩☎ ✈✟✪✆ ①�✁✂✄✧✡ t✂✪ ✈✂✳✰ ✈✪✬✦✂✫ ✈✯✂✂✲✄✉ ①�✁✂✄✧✡ ❩❬❭✇②❚❤

(intuition) ✫✆✭ ✈✂③✂✰ ✟✰ ✹❧✡ ☎✂✪✄✆ ✩✳✝✻ ★✝✸✆❂✱✰ ✹❧✡ ✡✂ ✈✹❧✡ ✩✂✆ ✹★✄✂ ✩✳✻ ✹✂✯✂ ✩✧✽ ✡�✴ ✩☎

✶✹✆ �✹❆ ✦✂✧ ★✰ ✹✫✆✝✭✽ ✄✂✆ ✡✩ ❞★ ✟✺☎✆✡ ✩✂✆ ✸✂✄✂ ✩✳✻ ✟✺�✄④✟✂✆✝ ★✂✆ ✴✆✵✂✪✆ ✈✂✳✰ ❝✬�❆☎✄✂✟⑤✁✂✲ ①�✁✂✄✧✡

✈✪✬☎✂✪ ✾①✂✪✆ ✫✆✭ �✾❞✽ ①�✁✂✄t ✟✺✂✡❁ ★✝✸✆❂✱✰ ★✂ ✟✺✡✂✆① ★✰✄✆ ✩✳✝✻ ✈✂✶❞ ✩☎ ✫✬✭✮ ✟✺�✄④✟ ✾✆✝ ✈✂✳✰

✴✆✵✂✆✝ �★ ✩☎ �★✹ ✟✺★✂✰ ★✂ ❝✬�❆✄✂✟⑤✁✂✲ ✈✪✬☎✂✪ ✾①✂ ✹★✄✆ ✩✳✝✻

⑥⑦⑧⑨⑩❶⑧ 4 : ★✂✆✶✲ ✦✂✧ ✄✧✪ ❦☎✂①✄ ✹☎ ✹✝✵✡✂❞☛ ✾✧�✸❞ ✈✂✳✰ ✞✷✩✆✝ ✸✂✆�❷❸❞✽ ✸✳✹✆❹

2 + 4 + 6 = 12, 4 + 6 + 8 = 18, 6 + 8 + 10 = 24, 8 +10 + 12 = 30, 20 + 22 +  24 = 66

✈✂�✴✻ ❂✡✂ ✈✂✟ ✶✪ ✡✂✆①✟✭✾✂✆✝ ✹✆ �★✹✧ ✟✺�✄④✟ ★✂ ✈✪✬☎✂✪ ✾①✂ ✹★✄✆ ✩✳✝q ✶✪★✆ ❝✂✰✆ ☎✆✝ ✈✂✟ ❂✡✂

★✸✆❂✱✰ ✴✆ ✹★✄✆ ✩✳✝q

⑨❺ : ❞★ ★✝✸✆❂✱✰ ✡✩ ✩✂✆ ✹★✄✂ ✩✳❁

(i) ✄✧✪ ❦☎✂①✄ ✹☎ ✹✝✵✡✂✈✂✆✝ ★✂ ✡✂✆① ✹☎ ✩✂✆✄✂ ✩✳✻

✈✷✡ ★✝✸✆❂✱✰ ✡✩ ✩✂✆ ✹★✄✂ ✩✳❁

(ii) ✄✧✪ ❦☎✂①✄ ✹☎ ✹✝✵✡✂✈✂✆✝ ★✂ ✡✂✆① ♠ ✹✆ �✫✦✂✂♦✡ ✩✂✆✄✂ ✩✳✻
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♠☎✆✝✞✟✆ 5 : ❧✠✡☛✂☞✂✌✠ ✍✂ �✎✏✎ ✑✒�✄✓✑ ✔✕�✖✗ �✖❧✌ ✑✂✘✍✔✙�✚✂✛✂✜✖ ✍✢✂ ✖✂✄✂ ✢✣ ✪

✐✤✥✦✧     ★✤✩✫✆✬✆✭✤ ✮✆ ✫✆✭✯

1                                            1                                                    1

2 1 1             2

3      1      2       1             4

4 1 3 3 1             8

5       1       4         6          4        1           16

6 1 5        10 10 5 1           32

7 : :             :

8 : :             :

✑✠�✰✄☛✂✌✠ ✱ ☞✂✣✲ ✳ ✍✕ ❧✠✡☛✂☞✂✌ ✠ ✴✌✵ ☛✂✌①✑✵✔✂✌✠ ✴✌✵ �✔✗ ✍✠✖✌✰✶✲ ☞✂✑ ✰☛✂ ✷✌ ❧✍✄✌ ✢✣✠✸ ✑✠�✰✄ ✹✺

✍✕ ❧✠✡☛✂☞✂✌✠ ✴✌✵ ❞✂✲✌ ✻✌✠ ☞✂✑ ✰☛✂ ✍✢✌✠①✌✸ ✰☛✂ ☞✂✑ ✗✍ ✑✒�✄✓✑ ✷✌✡✂ ✲✢✌ ✢✣✠✸ ✑✠�✰✄  n  ✍✕ ❧✠✡☛✂☞✂✌✠

✴✌✵ ☛✂✌① ✴✌✵ ✗✍ ❧♦✚✂ ✴✌✵ ❞✂✲✌ ✻✌✠ ☞✎✜✻✂✎ ✔①✂✼✗✽

✝❣ : ✑✠�✰✄ ✱ ✍✕ ❧✠✡☛✂☞✂✌✠ ✍✂ ☛✂✌① = 2 × 32 = 64 = 26 ✢✣✽

✑✠�✰✄ ✳ ✍✕ ❧✠✡☛✂☞✂✌✠ ✍✂ ☛✂✌① = 2 × 64 = 128 = 27 ✢✣✽

✑✠�✰✄ ✹✺ ✍✕ ❧✠✡☛✂☞✂✌✠ ✍✂ ☛✂✌① = 220 ✢✣✽

✑✠�✰✄  n  ✍✕ ❧✠✡☛✂☞✂✌✠ ✍✂ ☛✂✌① = 2 n –1 ✢✣✽

♠☎✆✝✞✟✆ 6 : ✄r✂✂✍�r✂✄ �✚✂✛✂✜✖✕☛ ❧✠✡☛✂✗✾  T
n  

✔✕�✖✗✪

✈✿❀❁❂❃❄ A  1.1

�❞✠✷✜☞✂✌✠ ✍✂ �✴❢☛✂❧ ✼❧ ✑✒✍✂✲ �✍☛✂ ①☛✂ ✢✣ �✍ ✼✎❧✌ ✗✍ �✚✂✛✂✜✖ ❞✎✄✂ ✢✣✽ ☛✢✂✾  T
1
 = 1,

T
2
 = 3, T

3
 = 6, T

4
 = 10, ☞✂�✷✙☞✂�✷✽ ✰☛✂ ☞✂✑ ☞✎✜✻✂✎ ✔①✂ ❧✍✄✌ ✢✣✠ �✍  T

5 
 ✰☛✂ ✢✣✸

T
6  
✴✌✵ ❞✂✲✌ ✻✌✠ ☞✂✑ ✰☛✂ ✍✢ ❧✍✄✌ ✢✣✠✸  T

n  
✴✌✵ ❞✂✲✌ ✻✌ ✠ ☞✂✑ ✰☛✂ ✍✢ ❧✍✄✌ ✢✣✠✸

T
n  
✍✂ ✗✍ ✍✠✖✌✰✶✲ ✷✕�✖✗✽

T
1

T
2

T
3

T
4
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✡ �❀ ☞✂ ✟ ✌✍✎ ✆ ✝ ✏✑✒ ✆ ❀ ✑ ① ✌✓ �✔ �✕ ✖✆ ✟✗ ✏✘ ✙✂ ✑✝✒ ✝✆✚ ✄✂ ✆ ✌✖ ✖✆ ☞✂ ✟✛✂ ✆ ✖✎✂ ✡✄✂ �☎✜ ✖✛✄✑ ✎ ✢✘

✈✣ ✤✥ ✦ ✧★ A 1.2

❣ ✩ : T
5
 = 1 + 2 + 3 + 4 + 5 = 15 = 

✺ ✻

✷

×

T
6
 = 1 + 2 + 3 + 4 + 5 + 6 = 21 = 

✻ ✼

✷

×

T
n
 =

♥ ♥× +✭ ✮✶

✷

✛✝❞ ✆✪✒✫ ✛✂ ✬ ✛ ☞✏✗ ✔ ✯✰✜ ✞ ❀✂✎ ✫ ✁✂ ❞ ✂ ✆ �✛ ☞✱✂ ✑ ✱ ✂ ✑ ✙✂✗ ✜✂ ✎ ✗ ☞✂ ✎ ✢ ✲ ☞✳✂✂✓✄ ✴ ☞✱✂ ✑ ✄ ✛ �✖✵ ✏✎ ✑✝

�✛✡✂ ①✡✂ ✎ ✢ �✛ ✡✎ ✖❢✡ ✎✢ ✡✂ ☞✖❢✡ ✸✚ ① �✁✂✄ ✹ �✽�✾ ✒✡ ✏ ① ✂ ✆✿ ❁❂✂ ✛ ✲❃❄ ❅❆❇❃ ❈❄❉✸ ✔ ✆✰ ✏✂ ☎

✟✫ ✫ ✙✂✂ ①✡ ✂ ①✂ ✆✿ ❁❂✂ ✛ ✛✝❞ ✆✪✒✫ ✎✢ ✐ ✌✖ ✛✝❞ ✆✪✒✫ ✛✂ ✛✳ ✂ ✏ ✡✎ ✎ ✢✘ ❊❉ ❋● ❍■❏● ❑▲▼◆● ❖ ❋P ❑◗❘ ❙❙❚ ❖

❖❙● ❯ ❙● ❱❲ ❳❙P ❨❩ ❙❙❬◆ ❋❭❪◆ ❙❨❙●❭ ❲● ❫ ◆ ❙●❴ ❲● ❫ ❵❑ P●❭ ❛◆ ❜❝ ❱ ❖◆ ❙ ❡ ❙ ❋ ❖❝❙ ❤❥❦❧ ✡ �❀ ☞✂ ✟ ✡ ✎ �✖✵

✛✫ ✜ ✆✝① ✆ �✛ ✡ ✎ ✟�✫ ✁✂✂ ☎ ✖ ❢✡ ✎ ✢ ✡✂ ☞✖❢✡ ✄✂ ✆ ☞✂ ✟ ✟♠�✖ ✵ ✎ ✂ ✆ ❞✂✬ ☛① ✆ ✐

✡✎ ❀✆✙✂ ✛✫ ☞✂ ✟ ✛✂ ✆ ☞✔ ✾✡ ☞✂✾ ✒✡ ✓ ✎✗ ☞✂ ✎ ✂ ✆①✂ �✛ ① �✁✂✄ ☎✆✝ ✎ ☎✂✫ ✆ ✖✂ ☎✏✆ ❞✂ ✆ ✔✗ ✰♦ ✱ ✂ ✑ ☞✂ ✄✂ ✎✢✚

✪✡✂ ✞ ✖ ✆ �✖ ✵ ✛✫ ✏✂ ☞✂✔ ✾✡ ✛ ✎ ✢✚ ☞✂✢✫ ✡ �❀ ✏✎ ✑✝✚ ✄✂ ✆ ✪✡ ✂ ✆✝ ✏✎ ✑✝♣

✔✂ q✄ �✔ ✛✄✂ ✄✂ ✆ ✡ ✎ ✎✢ �✛ ① �✁✂✄ ✛✂ ✟♠❢✡ ✆✛ r✂ ✆s✂ ✔ ✗ ✰♦ ✛✳✂ ✏✂ ✆✝ ✟✫ ☞✂ ✕✂ �✫ ✄ ✎ ✂ ✆✄✂ ✎ ✢t �❞ ✍✎ ✆✝ ✎ ☎

✖❢✡ ☎✂ ✏ ✜ ✆✄ ✆ ✎ ✢ ✝ ☞✂✢✫ ✞✍✎ ✆✝ �✖ ✵ ✏✎ ✑✝ ✛✫ ✄ ✆✐ ✡ ✆ ❊q✔ ❇ ✟♠☎✂ �✁✂ ✄ ✖❢✡ ✉ ✎✢ ✝ �❞✍✎ ✆✝ ✎ ☎ �❂ ✏✂ ✞ ✟✟�✠ ✂ ✔ ✆✰

T
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T
2

T
3

T
4
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❧☎✆ ✝✂✞ ✟✠✄✠ ✡☛☞✌ ✍✞ ✎✏✂✞✂✠☞ ✎✂✠ ✈✑✒✓✔✕✖✗✘ (axioms) ✎✡✂ ❞✂✄✂ ✡☛✌ ✙✚✆✂✆ ✛ ✝✠☞ ✙✂✜ ✆✢�✣✟✤ ✥✠✦

✙�✧✂①★✡✩✄✂✠☞ ✙✂☛✪ ✙�✧✂✫✂✪✁✂✂✙✂✠☞ (postulates) ✎✂ ✙✚✆✆✞ ✎✪ ✬✭✥✠✦ ✡☛☞ ✮✙✂❞✎✟ ✙�✧✂①★✡✩✄✂✠☞ ✙✂☛✪

✙�✧✂✫✂✪✁✂✂✙✂✠☞ ✥✠✦ ✯✩✬ ✎✂✠✍✰ ✧✂✠✱ ✞✡✩☞ ✪✲✂✂ ❞✂✄✂ ✡☛✳✌

♠✱✂✡✪✁✂ ✥✠✦ �✟✴ ✆✭�✣✟✤ ✎✩ ✜✡✟✩ ✙�✧✂✫✂✪✁✂✂ ✡☛✵

✑❢✶✗ ✷❢ ✑✸✹✺✻ ✶✼ ✑❢✶✗ ✈✽✾ ✑✸✹✺✻ ✘❢ ✷❢ ✶✿❀ ✿✼❁✓✓ ❁✓✗✹❂✗ ❃✓ ✶❢✘✗ ✖❄❅

✙✂☛✪ ♠✞✎✩ ✄✩❧✪✩ ✙�✧✂✫✂✪✁✂✂ ✡☛✵

❢✓✼❆❇ ✒✓✗ ❈✼❉✹✺❊ ✈✓❄✿ ❢✓✼❆❇ ✒✓✗ ✑❋✓●✾✓ ❀✼❢✿ ✷❢ ❈✕❍✓ ❁✓✗✹❂✓ ❃✓ ✶❢✘✓ ✖❄❅

✆✠ ✎✏✂✞ ✜✢✁✂✰✄✵ ❧☎✆ �✱✲✂✂✍✰ ✜✤■✄✠ ✡☛☞ ✙✂☛✪ ✆✢�✣✟✤ ✞✠ ✍❏✡✠☞ ❧☎✆ ✝✂✞ �✟✆✂ ✏✂✂✌ ✣✆✂✠ ☞❑

♠❏✡✂✠☞✞✠ ✍❧✠ ❧☎✆ ✍❧�✟✴ ✝✂✞ �✟✆✂ ✏✂✂▲ ✣✆✂✠☞�✎ ✡✝ ✜▼☎✆✠✎ ✄✏✆ ✎✂✠ �❧◆ ✞✡✩☞ ✎✪ ❧✎✄✠ ✙✂☛✪

✡✝✠☞ ✎✡✩☞ ✞ ✎✡✩☞ ❧✠ ✜▼✂✪☞✧✂ ✄✂✠ ✎✪✞✂ ✡✩ ✜✤■✄✂ ✡☛✌ ✍❧✥✠✦ �✟✴▲ ✡✝✠☞ ✥✭✭✭✦❣ ✎✏✂✞✂✠☞ ✎✩ ✙✂✥❖✆✎✄✂ ✡✂✠✄✩

✡☛▲ �❞❏✡✠☞ ✡✝ ❧☎✆ ✝✂✞ ✟✠✄✠ ✡☛☞ ✙✂☛✪ �✜✦✪ ✍✞ ✙�✧✂①★✡✩✄✂✠☞ ✜✪ ✙✂✚✂✂�✪✄ ✄✥✰✦ ✥✠✦ �✞✆✝✂✠☞ ✎✂ ✜▼✆✂✠① ✎✪✥✠✦

✡✝ ✙✜✞✠ P✂✞ ✎✂ �✞✝✂✰✁✂ ✎✪ ❧✎✄✠ ✡☛☞✌

✙✂✜✎✂✠ ✆✡ ❞✂✞✎✪ ✙✂❖✬✆✰ ✡✂✠ ❧✎✄✂ ✡☛ �✎ ✄✯ ✡✝ ♠✞ ❧✧✂✩ ✎✏✂✞✂✠☞ ✎✂✠ ◗✥✩✎✂✪ ✣✆✂✠☞ ✞✡✩☞

✎✪ ✟✠✄✠ ❞✂✠ ◗✥❘✜▼✝✂�✁✂✄ ✜▼✄✩✄ ✡✂✠✄✠ ✡☛☞✌ ✍❧✥✠✦ ✙✞✠✎ ✎✂✪✁✂ ✡☛☞✌ ✜▼✂✆✵ ✡✝✂✪✂ ✙☞✄✰P✂✞ ①✟✄ �❧◆ ✡✂✠

❧✎✄✂ ✡☛❙ �✬❚✂ ✆✂ ✜▼�✄❯✜ ✡✝✠☞ ✫✂✠✲✂✂ ✱✠ ❧✎✄✠ ✡☛☞ ✙✂☛✪ �✜✦✪ ✡✝✂✪✠ ❧✂✝✞✠ ✥✠✦✥✟ ✴✎ ✡✩ �✥✎❱✜ ✯✬

❞✂✄✂ ✡☛ �✎ �✱✴ ✡✭✴ ✄✏✆ ✎✂✠ �❧◆ ✎✪✠☞✌ ♠✱✂✡✪✁✂ ✥✠✦ �✟✴▲ ✡✝✝☞✠ ❧✠ ✙✞✠✎ t✆�✣✄ ✆✡ �✥❖✥✂❧ ✎✪✄✠

✡☛☞ �✎ ✆�✱ ✴✎ ❧☞✲✆✂ ✎✂✠ ✴✎ ✙❏✆ ❧☞✲✆✂ ❧✠ ①✭✁✂✂ ✎✪✠☞▲ ✄✂✠ ✜▼✂❲✄ ✜�✪✁✂✂✝ ✱✂✠✞✂✠☞ ❧☞✲✆✂✙✂✠ ☞ ❧✠ ✯✤■✂

✡✂✠①✂✌ ✜✪❏✄✭ ✡✝ ✆✡ ❞✂✞✄✠ ✡☛☞ �✎ ✆✡ ❧✱☛✥ ❧☎✆ ✞✡✩☞ ✡✂✠✄✂ ✡☛✌ ♠✱✂✡✪✁✂ ✥✠✦ �✟✴▲  5 × 0.2 = 1 ✡☛▲

❞✂✠ �✎ ✛ ❧✠ ✎✝ ✡☛✌

✙✯ ✙✂✜ ✞✩✬✠ ✱✩ ①✍✰ ✙✂✥★✦�✄ ✱✠�✲✂✴✌ ✎✂☛✞ ❧✂ ✪✠✲✂✂✲✂☞✤ ✙�✫✎ ✟☞✯✂ ✡☛▲  AB ✆✂  CD?

❳❨❩❬❭❪❫ A 1.3

✱✂✠✞✂✠☞ ✡✩ ✪✠✲✂✂✲✂☞✤ ♥✩✎❘♥✩✎ ❧✝✂✞ ✟☞✯✂✍✰ ✥✠✦ ✡☛☞▲ ✆❴�✜  AB ❣✂✠❵✂ �✱✲✂✂✍✰ ✜✤■✄✂ ✡☛✌

✄✯ ✙✂✜ ✙�✧✂①★✡✩✄✂✠☞ ✎✩ ✝✂❏✆✄✂ ✥✠✦ ❧☞✯☞✫ ✝✠☞ ✙✂❖✬✆✰ ✎✪ ❧✎✄✠ ✡☛☞✌ ✙✂✜✞✠ ✙☞✄✰P✂✞ ✥✠✦ ✙✂✫✂✪

✜✪ ✥✠ ✙�✧✂①★✡✩✄ �✟✴ ①✴ ✡☛☞ ❞✂✠ ◗✥❘✜▼✝✂�✁✂✄ �✱✲✂✂✍✰ ✜✤■✄✠ ✡☛☞✌ �✜✦✪ ✧✂✩ ❧☞✧✂✥ ✡☛ �✎ ✯✂✱ ✝✠☞ ✬✟✎✪

✡✝✠☞ ✜✄✂ ✬✟ ❧✎✄✂ ✡☛ �✎ ✙✝✭✎ ✙�✧✂①★✡✩✄ ❧☎✆ ✞✡✩☞ ✡☛✌ ✍❧ ❧☞✧✂✂✥✞✂ ❧✠ �✎❧ ✜▼✎✂✪ ✯✬✂✥ �✎✆✂

❞✂✴❑ ✍❧✥✠✦ �✟✴ ✡✝ �✞❛✞�✟�✲✂✄ ✬✪✁✂ ✙✜✞✂✄✠ ✡☛☞❑

(i) ✙�✧✂①★✡✩✄✂✠☞ ✎✩ ❧☞✲✆✂ ✎✝ ❧✠ ✎✝ ✪�✲✂✴✌ ♠✱✂✡✪✁✂ ✥✠✦ �✟✴▲ ✆✢�✣✟✤ ✥✠✦ ✥✠✦✥✟ ✙�✧✂①★✡✩✄✂✠☞

✙✂☛✪ ✛ ✙�✧✂✫✂✪✁✂✂✙✂✠ ☞ ✥✠✦ ✙✂✫✂✪ ✜✪ ✡✝ ❧☛✎✤■✂✠ ☞ ✜�✪✁✂✂✝ t✆✭☎✜❏✞ ✎✪ ❧✎✄✠ ✡☛☞✌
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(ii) ❧☞ �✌ �✍✎✄ ✏✂ ✆ ✑✂ ✒ ✓ �✔ ✕ �✖✂① ✗✏✘✄ ❧ ✝①✄ ✙✕ �✚✛✂ ✆✜✘✢ (consistent) ✏✥ ✣

✏ ☎ ✕ �✖✂① ✗ ✏✘✄✂ ✆✝ ✚ ✆❣ ❧ ✝①✤ ✏ ✔✂ ✆ ✈✦ ✧★✩ (inconsistent) ✄r ✔ ✏✄ ✆ ✏✥ ✝ ✑r �✔ ✏ ☎ ✒✌✔ ✂ ✟✤✡ ✂ ✆①

✔✛ ✄✆ ✏☞ ✓❞ ✡ ✏ �❧✪ ✔✛ ✫ ✆✝ �✔ ✒ ✌ ☎✆ ✝ ❧ ✆ ✓✔ ✕ �✖✂① ✗✏✘✄ ❧✬✡ ✌ ✏✘ ✝ ✏✥ ✣ ✞ ✭✂ ✏✛ ✁✂ ✚ ✆❣ �✫✓❞

�✌ ❢✌ �✫ �✮✂✄ ✭✂ ✆ ✔ ✯✂✌ ✫✘ �✑✓✣ ✡ ✏✂ ☛ ✏ ☎ ✡ ✏ �✭✮✂✂ ✓☛① ✆ �✔ ✡ ✆ ✔ ✯✂✌ ✕ ❧✝①✄ ✏✥ ✝✣

✔ ✯✂✌ ✰ ✱ ✔✂ ✆✒ ✲ ✖✂✘ ✟✳✁✂ ✲ ❧✝✮✡✂ ✕ ✟✌✘ ✟✛ ✚✄✘ ✲ ❧✝✮✡✂ ✚ ✆❣ r✛✂r ✛ ✌ ✏✘ ✝ ✏✂ ✆✄✘ ✣

✔ ✯✂✌ ✴ ✱ ✓✔ ✟✳✁✂✲ ❧✝✮✡✂ ✔✂✆ ✍✂✳❦✡ ❧✆ ✖✂✂① ✭ ✆✌✆ ✟✛ ✓✔ ✟✳✁✂✲ ❧✝✮✡✂ ✟✤✂✵✄ ✏✂✆✄✘ ✏✥✣

✙ ✶ ☎✛ ✁✂ ✛ ✏ ✆ �✔ ✷✸ ✹✺✻ ✼✽ ✾ ✿✻✸ ❀✻✸ ❁✸✸ ❀ ❂✾❃ ❁✸✸ ✾ ❄✸ ❅ ❆❇❈ ❉ ❇❊❋✢ ✟✛ ❦✄☞ ❞ ✓✔ ●✂ ✁✂ ✚ ✆❣ �✫ ✓

✡ ✏ ☎✂ ✌ ✫✘ �✑✓ �✔ ✓✆❧✂ ❧✝✖✂ ✚ ✏✥ ✕✂✥✛ �✟❣✛ ✭ ✆✮✂✄ ✆ ✏✥ ✝ �✔ ❍✡ ✂ ✏✂ ✆✄✂ ✏✥ ✣✢

✔ ✯✂ ✌ ✴ ❧✆ ✏☎✆✝  
■

❏
 = a   ✟✤✂ ✵✄ ✏✂ ✆✄✂ ✏✥ ❞ ✑✏✂ ☛   a  ✓✔ ✟✳ ✁✂ ✲ ❧ ✝✮✡✂ ✏✥ ✣ ✒ ❧❧ ✆ ✡ ✏ ✟✄✂ ✎✫✄✂

✏✥ �✔  1 = 0 ✏✥ ✣ ✟✛ ❦✄☞ ✔ ✯✂✌ ✰ ✔✂ ✆❞ ✑✂ ✆ ✔ ✏✄✂ ✏✥ �✔ ✔✂ ✆✒ ✲ ✖✂✘ ✟✳✁✂ ✲ ❧ ✝✮✡✂ ✕ ✟✌✘ ✟✛ ✚✄✘✲

✟✳✁✂ ✲ ❧✝✮✡✂ ✚✆❣ r✛✂r✛ ✌ ✏✘✝ ✏✂ ✆✄✘ ❞ ✡ ✏ ✕ ❧✬✡ �❧ ✪ ✔✛ ✭ ✆✄✂ ✏✥ ✣

(iii) ✔✖ ✂✘ ✌ ✔✖ ✂✘ ✓✔ ✕❧✬✡ ✕ �✖ ✂① ✗✏✘✄ ✚ ✆❣ ✔✂✛ ✁✂ ✕✝✄❑✚✛✂ ✆ ✜ ✕ ✚ ✍✡ ✏✂ ✆①✂ ✣ ▲▼ ✈✧✩◆❖ P◗❘❙ ✩❚

▼ ◗❡✩ ❘ ▲❯✧ ❱❚ ❲❳ ▲▼❘ ✧ ❨❳ ❨❘✦ ◗ ❳❩ ◗❡ ❬❭ ◗❪✩ ▲◗ ❘✩ ◗ ▲ ❯❞ ❲❱✦ ✦ ❘ ❲❳ ❳❩ ◗❡ ✈◗❯P ❫ ✦ ❳◗ ❲❡❴ ◗❘❙

(negation) ♥◗❘ ❡◗❘✧ ▲❵ ✦ ❛❜ ▲ ◗❘ ❱ ◗❨❝❤ ✞ ✭✂ ✏✛ ✁✂ ✚ ✆❣ �✫ ✓❞ ♠ ✟✛ �✭ ✓ ① ✓ ✔ ✯✂✌ ✰ ✕✂✥✛ ✔ ✯✂✌

✴ ✔✂ ✆ ✟☞✌ ✱ ✫✘ �✑ ✓✣

✔ ✯✂✌ ✰ ❧ ✆ ✏☎ ✡ ✏ ✟�✛ ✁✂✂ ☎ ✐✡ ☞✬ ✟❦✌ ✔✛ ❧✔✄ ✆ ✏✥ ✝ �✔ 2 ≠ 1 ✏✥ ✣

✕r ✕✂ ✟  x2 – x2  ✫✘ �✑ ✓✣ ✒ ❧✔✂ ①☞ ✁✂✌✮✂ ✝②✌ ✏ ☎ ✭✂ ✆ �✚ �✜✡✂ ✆✝ ❧✆ ✔✛ ❧✔✄ ✆ ✏✥ ✝ ✱

(i) x2 – x2 = x(x – x) ✕✂✥✛

(ii) x2 – x2 = (x + x)(x – x)

✕✄ ✱❞  x(x – x) = (x + x)(x – x) ✏☞✕✂ ✣

✔ ✯✂ ✌ ✴ ✚ ✆❣ ✕✌☞ ❧✂✛ ❞ ✏ ☎ ✭✂ ✆✌✂ ✆✝ ✟●✂✂ ✆✝ ❧ ✆  (x – x) ✔✂ ❥ ❧✔✄ ✆ ✏✥✝✣

✄r ✏ ☎✆✝  x = 2x  ✟✤✂ ✵✄ ✏✂ ✆✄✂ ✏✥ ❞ �✑❧❧ ✆ ✡ ✏ ✟✄✂ ✎✫✄✂ ✏✥ �✔  2 = 1 ✏✥ ✣

✕✄ ✱ ✔ ✯✂✌ 2 ≠  1 ✕✂✥✛ ✒ ❧✔✂ �✌♦✂ ✆✜ 2 = 1 ✭✂ ✆✌✂ ✆✝ ✏✘ ❧✬✡ ✏✥ ✝✣ ✡ ✏ ✓✔ ✕ ✝✄❑ ✚✛✂ ✆✜ ✏✥ ✣ ✡ ✏ ✕ ✝✄❑✚✛✂ ✆✜

✕ ❧✬✡ ✕ �✖ ✂① ✗✏✘✄ ✚ ✆❣ ✔✂✛ ✁✂ ✏✥ ❞ ✑✂ ✆�✔ ✡ ✏ ✏✥ �✔ ✓✔ ✟✳✁✂ ✲ ❧✝✮✡ ✂ ✔✂ ✆ ♣ ❧ ✆ ✖✂✂① ✭ ✆✌✆ ✟✛ ✓✔ ✟✳✁✂ ✲ ❧ ✝✮✡✂

✟✤✂ ✵✄ ✏✂ ✆✄✘ ✏✥ ✣

✕✄ ✱❞ ✏☎ �✑✌ ✔ ✯✂✌✂ ✆✝ ✔✂ ✆ ✕ �✖ ✂① ✗✏✘✄ ☎✂ ✌✄✆ ✏✥ ✝ ❞ ✞ ❧✚ ✆❣ �✫✓ r ✏☞✄ ❧✂ ✆✎q �✚ ✎✂✛ ✕✂ ✥✛ ✕ ✝✄✭ ✗✲�♦❥ ✔ ✘

✕✂ ✚✍✡✔✄✂ ✏✂ ✆✄✘ ✏✥ ✣ ✒ ❧ ❧✝r ✝✜ ☎✆✝ ✏☎✆✝ ✡ ✏ ✕ ✚✍✡ ❧☞ �✌ �✍✎✄ ✔✛ ✫ ✆✌✂ ✎✂ �✏✓ �✔ ✒✌ ❧✆ ✔✂ ✆✒ ✲ ✕❧ ✝①✄✄✂

✡✂ ✄ ✚ ✲❣ ❧✝① ✄ ✕ ✝✄❑ ✚✛✂ ✆✜ ✌ ✏✂ ✆❞ �✟❣✛ ✖ ✂✘ ❞ ✔✖✂✘q ✔✖✂✘ ✕ �✖✂① ✗✏✘✄✂ ✆✝ ✡ ✂ ✕ �✖ ✂ ✜✂✛ ✁✂✂ ✆✝ ✚ ✆❣ ✎✡ ✌ ❧✆ ✚☞❣s ✌ ✓

✄ ✯✡✂ ✆✝ ✔✂ ✟✄✂ ✫①✄✂ ✏✥ ✣ ✕t✡✂ ✡ ✉ ❧✆ ✕✂ ✟ ✡ ✳�❍✫ ② ✚ ✆❣ ✟✂ ☛✎✚✘ ✝ ✕ �✖ ✂ ✜✂✛ ✁✂✂ ✕✂✥✛ ✕✡ ✳�❍✫ ②✘✡

✇✡✂ �☎�✄✡✂ ✆ ✝ ✚ ✆❣ ✕✂ �✚ ♦✔✂✛ ❧✆ ✕✂ ✟ ✟�✛ �✎✄ ✏✥ ✝✣ ✚ ✏✂ ☛ ✕✂ ✟✌ ✆ ✡ ✏ ✭ ✆✮✂✂ ✏✥ �✔ ① �✁✂✄ ③✂ ✆✝ ✔ ✂ ✡ ✏ �✚✍✚✂ ❧

✯✂✂ �✔ ✟✂ ☛✎✚✘ ✝ ✕ �✖ ✂ ✜✂✛ ✁✂✂ ✔ ✂ ✆ ✓✔ ✕ �✖✂ ✜✂✛ ✁✂✂ ✫ ✆✌ ✆ ✔✘ ✕✂ ✚ ✍✡✔✄✂ ✌ ✏✘ ✝ ✏✥ ✕✂ ✥✛ ✚✂ ✶✄ ✚ ☎✆✝ ✡ ✏ ✓✔

✟✤ ☎✆✡ ✏✥ ❞ �✑❧✆ ✟✏ ✫✘ ✎✂ ✛ ✕ �✖ ✂ ✜✂✛ ✁✂✂✕✂ ✆✝ ✔✘ ❧✏✂✡✄✂ ❧✆ �❧✪ �✔ ✡✂ ✑✂ ❧✔✄✂ ✏✥ ✣ ✕✂ ✍✎✡ ✲ ✏✥ �✔ ✒✌

✔✂✡ ✂ ✆④ ❧✆ ✕✡ ✳�❍✫②✘✡ ✇✡✂ �☎�✄✡✂ ✆ ✝ ✔ ✂ ✕✂ �✚♦✔✂ ✛ ✏✂ ✆ ①✡ ✂ ✣
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✈�☎✂①✆✝✞✄❪ ✟✠✡☛☞ ✈✂✌✍ ✎✏✑☛✒✓✍ ✔☛✕ ✖✞✓ ✔☛✕ ✈✏✄✍✂☛✏ ✎✂☛ ✖✄✂✄☛ ✝✗✘❪ ✝✡ ✙✚ ✈✛✗✜✢☛✣ ✎✂☛ ☞✝✞✏ ✚✡✂✤✄

✎✍✄☛ ✝✌✏❞ ✥✦✧★✩✪✫✬✭ ✘✎ ①�✁✂✄✞☞ ✎✱✂✛ ✝✌ �✑✚☛ �✖✛✂ ✮✟✟�✯✂ ✔☛✕ ✚✰☞ ✡✂✛ �✲☞✂ ✑✂✄✂ ✝✌❞ ✎✏✑☛✒✓✍

✘✎ ①�✁✂✄✞☞ ✎✱✂✛ ✝✌ �✑✚✎✞ ✚✰☞✄✂ ☞✂ ✈✚✰☞✄✂ ✎✂☛ ✈☎✂✞ ✳✱✂✂�✟✄ ✎✍✛✂ ✴✂☛✵✂ ✝✌❪ ✈✂✌✍ ✟✠✡☛☞ ✘✎

①�✁✂✄✞☞ ✎✱✂✛ ✝✌ �✑✚✎✞ ✚✰☞✄✂ ✄✂✶✎✎ ✷✟ ✚☛ ✳✱✂✂�✟✄ ✎✞ ①✙✸ ✝✌❞

✐✹✺✻✼✽✾✿ A 1.3

1. ✎✂☛✙✸ ☎✂✞ ✄✞✛ r✡✂①✄ ✚✡ ✚✏❀☞✂✘❁ ✲✞�✑✘ ✈✂✌✍ ✮✛✎✂ ①✗✁✂✛✟✕✲ ❂✂✄ ✎✞�✑✘ ❃ ✮✣✂✝✍✁✂ ✔☛✕
�✲✘❪   2 × 4 × 6 = 48, 4 × 6 ×  8 = 192,  ✈✂�✣ ✈✂�✣❞ ✙✛ ①✗✁✂✛✟✕✲✂☛✏ ✔☛✕ ✄✞✛ ✎✏✑☛✒✓✍ ✖✛✂✙✘❞

2. ✟✂✳✎✲❄�❅✂☎✂✗✑ ✟✍ ✈✂ ✑✂✙✘❞

✟✏�✒✄  1 : 1 = 110

✟✏�✒✄   2 :  1  1 = 111

✟✏�✒✄   3 : 1  2  1 = 112

✟✏�✒✄ ❆ ✈✂✌✍ ✟✏�✒✄ ❇ ✔☛✕ �✲✘ ✘✎❄✘✎ ✎✏✑☛✒✓✍ ✖✛✂✙✘❞ ✒☞✂ ✈✂✟✎✂ ✎✏✑☛✒✓✍ ✚✰☞ ✝✌❈
✒☞✂ ✈✂✟✎✂ ✎✏✑☛✒✓✍ ✟✏�✒✄ ❉ ✟✍ ☎✂✞ ✲✂①❊ ✝✂☛✄✂ ✝✌❈

3. ✈✂✙✘ ✝✡ �❅✂☎✂✗✑✞☞ ✚✏❀☞✂✈✂☛✏ ✎✂☛ ✟✗✛❃ ✣☛❀✂☛✏ ❋✈✂✔✆✕�✄ A●❍■❏ ✣✂☛ r✡✂①✄ ✚✏❀☞✂✈✂☛✏ ✎✂☛
✑✂☛�t❑✘❞ ✮✣✂✝✍✁✂ ✔☛✕ �✲✘❪  T

1
 + T

2
 = 4, T

2 
+ T

3 
= 9, T

3
+ T

4
 = 16 ✝✌❞

T
4
 + T

5
 ✔☛✕ ✖✂✍☛ ✡☛✏ ✈✂✟✎✂ ✒☞✂ ✎✝✛✂ ✝✌❈  T

n–1
 +T

n  
✎✂ ✘✎ ✎✏✑☛✒✓✍ ✖✛✂✙✘❞

4. �✛❢✛�✲�❀✂✄ ✟✠�✄✷✟ ✣☛�❀✂✘ ❃

12 = 1

112 = 121

1112 = 12321

11112 = 1234321

111112 = 123454321

�✛❢✛�✲�❀✂✄ ✡☛✏ ✚☛ ✟✠✰☞☛✎ ✎✂ ✘✎ ✎✏✑☛✒✓✍ ✖✛✂✙✘❃

1111112 =

11111112 =

✑✂❁✓ ✎✞�✑✘ �✎ ✈✂✟✎✂ ✎✏✑☛✒✓✍ ✚✰☞ ✝✌ ☞✂ ✛✝✞✏❞

5. ✙✚ ✟✗✳✄✎ ✡☛✏ ✟✠☞✗✒✄ ✟✂❁✓ ✈�☎✂①✆✝✞✄ ❋✈�☎✂❜✂✍✁✂✂✘❁❏ ✖✄✂✙✘❞

A1.5 ▲▼◆✼❖✿P ◗✐✐▼❘✼ ❙P✼ ❚❯❱

✈✂✙✘ ✝✡ ✮✟✟�✯✂☞✂☛✏ ✔☛✕ �✔�☎✂❲✛ ✟✝✲✗✈✂☛✏ ✟✍ �✔✓✂✍ ✎✍☛✏❞ ✚✖✚☛ ✟✝✲☛ ✝✡ ✚✰☞✂✟✛ (verification)

✈✂✌✍ ✮✟✟�✯✂ (proof) ✔☛✕ ✖✞✓ ✔☛✕ ✈✏✄✍ ✎✂☛ ✚✡♦☛✏①☛❞ ①�✁✂✄ ✡☛✏ ✮✟✟�✯✂☞✂☛✏ ✎✂ ✈❳☞☞✛ ✎✍✛☛ ✚☛ ✟✝✲☛❪

✈✂✟✚☛ ✎✱✂✛✂☛✏ ✎✂☛ ✚✰☞✂�✟✄ ✎✍✛☛ ✔☛✕ �✲✘ ✎✝✂ ✑✂✄✂ ✝✌❞
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✞♠✂☞✌✁✂ ✍ ✆✎ �✏✑✒ ✞♠✂ ☞✌ ✁✂✂ ✆✝ ✍ ✆✎ ✓✂✔✂ ✡ ☞ ✓✕✡✂�✟✄ ✖✌ ✗✆ ✍ ✆✎ �✏ ✑ ✖☞✂ ✘✂ ✓✖✄✂ ☞✙ �✖ ✚♠✂✆ ✓ ☎

✓ ✝❧✡✂✛✂ ✆✝ ✖✂ ①✜✁✂ ✗✟✎ ✏ ✓ ☎ ☞✂ ✆✄✂ ☞✙❦✢ ✛✄✣ ✤✓✍ ✆✎ �✏✑ ✛✂✟ ✡♠ ✥✦✧✡✂ ♠✂✆ ✓ ☎ ✓ ✝❧✡✂ ✏✆ ✓✖✄ ✆ ☞✙ ✝✢ ☎✂✗

✏②�✘✑ ✍ ✆ ✓ ✝❧✡✂✑☛ ★✩ ✛✂✙✌ ★✪✪✫ ✏② ✘✂ ✓✖✄② ☞✙✝ ✛✂✙✌ ✘✂☛✬ ✖② ✘✂ ✓✖✄② ☞✙ ✝ �✖ 24 × 2006 = 48144

✑✖ ✓ ☎ ✓ ✝❧✡✂ ☞✙✢ ✤✓ ✄✌ ☞ ✍ ✆✎ ✛✂✙✌ ✞♠✂ ☞✌ ✁✂ ✏✆✖✌ ✱✂② ✛✂ ✟ ✡ ☞ �✭✡✂ ✖✌ ✓ ✖✄ ✆ ☞✙✝✢

✛✂ ✟✖ ✂ ✆ ✖❞✂✂ ☎✆✝ ✛✗✆✖ �✮✂✱✂✜✘ ❧✂②✝✬✗✆ ✛✂✙✌ ✤ ✗✍ ✆✎ ✛✝✄✣✖✂✆✁✂✂✆✝ ✖✂ ✡✂✆① ✛�✱✂✖�✏✄ ✖✌✗✆ ✍ ✆✎ �✏✑ ✖☞✂

✘✂ ✓✖✄✂ ☞✙✢ ☎✂✟✗ ☎✆✝ ✮✂✜�t✡✂ ☛ ✗ ☞✂✆✗✆ ✟✌ �✮✂✱✂✜✘ ✍ ✆✎ ✛✝✄✣✖✂✆✁✂✂✆✝ ✖✂ ✡✂✆① 180°  ☞✂✆✄✂ ☞✙✢

✤✓ �✍ �❜ ☎✆ ✝ ✮✂ ✜ �t (flaw) ✯✡ ✂ ☞✙ ✰ ✑✆✓② ✛ ✗✆✖ ✓ ☎✲✡✂ ✑☛ ☞✙ ✝✒ �✘ ✗✖✂ ✓✕✡ ✂ ✟✗ ✖✌ ✗✂ ☞✙✢ ✤ ✓✖②

✓ ☞✂✡ ✄✂ ✓ ✆ ✛✂ ✟ ✡ ☞ ✄✂ ✆ ✖ ☞ ✓ ✖✄ ✆ ☞✙ ✝ �✖ �✘✓ ✖ ✔✂ ✗ ✖ ✂ ✆ ✛✂ ✟ ✓ ☞② ☎✂ ✗✄ ✆ ☞✙ ✝ ✍ ☞ ✓✕ ✡ ☞✙ ✒ ✟✌ ✳✄✜ ✛✂ ✟

✤ ✓ ✴✂✄ ✓ ✆ ✓ ✜ �✗�✵✬✄ ✗☞② ✝ ☞✂ ✆ ✓✖✄ ✆ �✖ ✡ ☞ ✓✱ ✂② �✲ ✔✂ �✄✡✂ ✆✝ ✍ ✆✎ �✏ ✑ ✓ ✕✡ ☞✙✢ ✞♠ ✂ ☞✌ ✁✂ ✍ ✆✎ �✏ ✑✒ ✓ ☎

✓ ✝❧✡ ✂✛✂ ✆✝ ✍ ✆✎ ✛ ✗✆✖ ✡ ✜✶ ☎✂ ✆✝ ✍ ✆✎ ①✜ ✁✂ ✗ ✓ ✆ ✛✂ ✟ ✡ ☞ ✛ ✗✜ ☎✂ ✗ ✄✂ ✆ ✏①✂ ✓ ✖✄ ✆ ☞✙ ✝ �✖ ♠✂ ✆ ✓ ☎ ✓ ✝❧✡ ✂✛✂ ✆✝ ✖✂

①✜ ✁✂ ✗✟✎ ✏ ✓ ☎ ☞✂ ✆✄✂ ☞✙ ✢ �✟✎✌ ✱✂② ✒ ✛✂ ✟ ✓✜ �✗�✵ ✬✄ ✗☞② ✝ ☞✂ ✆ ✟✂✄ ✆ �✖ ✓ ☎ ✓ ✝❧✡✂ ✛✂ ✆✝ ✍ ✆✎ ✓✱✂ ② ✡✜✶ ☎✂ ✆✝ ✖✂

①✜ ✁✂ ✗✟✎ ✏ ✓ ☎ ☞✙✢ ✛✂ ✟ ✷✡ �✯✄①✄ ✸ ✟ ✓ ✆ ✓ ☎ ✓ ✝❧✡ ✂✛✂ ✆✝ ✍ ✆✎ ✓ ✱✂② ✡✜ ✶☎✂ ✆ ✝ ✍ ✆✎ ①✜ ✁✂ ✗✟✎ ✏✂ ✆✝ ✖② ✘✂ ☛✬ ✗☞② ✝

✖✌ ✓ ✖✄ ✆✢ ✡ �♠ ✑✆✓✂ ✛✂ ✟ ✖ ✌ ✟✂✄ ✆ ✄✂ ✆ ✖✂ t ✹✺✗ ☎✆✝ �♠❧✂✂✤ ✺ ①✤ ✺ ✏✻✼✖② ✖② ✱✂✂ ☛ �✄ ✛ ✟✗ ✆ ✵✂ ✆✽✂ ✘ ②✍ ✗ ☎✆✝

✓ ☎ ✓ ✝❧✡✂ ✛✂ ✆✝ ✍ ✆✎ ①✜ ✁✂ ✗✟✎✏✂ ✆✝ ✖✂ ✟�✌✖ ✏ ✗ ✖✌ ✄ ✆ ☞② ✌ ☞✄ ✆✢ ✤ ✓② ✟✾✖✂✌ ✒ ✍ ✜✎ ✧ ✑✆✓ ✆ ✱✂② �✮✂✱✂ ✜✘ ☞✂ ✆ ✓✖✄ ✆

☞✙ ✝ �✘ ✳☞ ✆✝ ✛✱✂② ✄✖ ✛✂ ✟✗✆ ✗☞②✝ ✴✗✂✡ ✂ ☞✙ ✛✂✙✌ �✘ ✗✍ ✆✎ ✛ ✝✄✣✖✂ ✆✁✂✂ ✆✝ ✖✂ ✡✂ ✆① 180°  ✗☞② ✝ ☞✙✢ ☞☎ ✓ ✱✂② ✓ ✝✱✂✍

�✮✂ ✱✂✜✘ ✂ ✆✝ ✍ ✆✎ ✛ ✝✄✣✖ ✂ ✆✁✂✂ ✆✝ ✖✂ ✆ ✗☞② ✝ ☎✂ ✟ ✓ ✖✄ ✆✢

8 ♦✿❀ ❁ ❂❃ ❄❀ ❅❆ ❇❈ 16 ♦✿ ❀ ❁ ❂❃ ❄❀ ❅❆ ❇❈

36 ♦✿ ❀ ❁ ❂❃ ❄❀ ❅❆ ❇❈ 86 ♦✿ ❀ ❁ ❂❃ ❄❀ ❅❆ ❇❈

❪ ❉❊ ❪ ❉❊

❪ ❉❊ ❪ ❉❊
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✐☎✂✆ ✝ ✞ ✟✆✂✐ ✠ ✡✂ ☛ ✡✂☎✂ ☞✌ ✍✂ ✎ ✞ ✌✄ ✎ ✍✏✑✒ ✓ ✔✂ ✍✕✁ ✂ ✖ ✎✗ � ✘✙✚ ✐ ✍✘ ✎ � ✌✙ ①✙ ✞ ✟✆✂✐ ✠✂ ✎✑ ✖ ✎✗ ✛✂✜✂ ✕

✐ ✕ ✐✂✢ ✌✘✣� ✤✂✡✂ ✥✦ ✧✐ ☎★ ✠✂✖ ✘ ☛ A1.3 ✌✂ ✐☎★ ✠ 2✮ ✞ ✎ ✍ ☞ ✆ ✍ � ✠✩✌✩✂✪ � ✠✌✂ ✘ ✞ ✌✄ ✎ ✍✏✑ � ✌

115 = 15101051 ✍✏✒ ✐ ✕✫✄ ✥ ✖ ✂✢✄✖ ☞✎✑ 115 =161051 ✍✏✒

✛✄ ✝ ✛✂✐ ✌✂ ✎ ✙ ✌ ✛ ✫✆ �✖ �✜ ✞ ✎ ✞ ✂ ✎✈ ✠✂ ✍✂ ✎①✂ ✦✂ ✎ �✌ ✖ ✎✗✖ ✘ ✌ ✥✬ �✢ ✭✂�✄✆✂ ✎✑ ✌ ✎ ✞ ✟✆✂ ✐ ✠ ✐ ✕ ✍ ☛

� ✠✡✂✪ ✕ ✠ ✍✂ ✎✒ ✙ ✌ ✛ ✫✆ �✖ �✜ ✍✏ �✦ ✞ ☞✎✑ ✌✭ ✂ ✠ ✌✂ ✎ �✞ ❢ ✌✕✌✎ � ✔✯✂✂✆ ✂ ✦✂✄✂ ✍✏✒ ✖ ✍ ✐☎ ✰☞✚ ✦✂ ✎ ✖ ✎✗✖ ✘

✄✖ ✪✗✞✑①✄ ✄ ✌✂ ✎r ✖ ✎✗ ✛✂✜✂ ✕ ✐ ✕ ①�✁ ✂✄ ☛✆ ✌✭✂ ✠ ✌ ☛ ✞ ✟✆✄✂ ✢✭✂✂�✐ ✄ ✌✕ ✞ ✌✄✂ ✍✏ ✓ ✞ ✎ ✱✲✳✴✵✶✷ ✸✹✹✲✺✴

(mathematical proof ) ✌✍✂ ✦ ✂✄✂ ✍✏✒

✛✠✥✻✬✎✔ A1.2 ✖ ✎✗ ✓ ✔✂ ✍✕✁✂ 2 ☞✎✑✚ ✛✂✐ ✠✎ ✆ ✍ ✔✎✯✂✂ ✍✏ � ✌ ①�✁✂✄ ☛✆ ✌✭✂ ✠ ✌✂ ✎ ✛✞ ✟✆ ✢✭✂✂�✐✄ ✌✕✠✎

✖ ✎✗ � ✘✙ ✙ ✌ ✐☎ ✟✆ ✥✔✂ ✍✕✁ ✂ ✐☎✂♦✄ ✌✕ ✘✎✠✂ ✍☛ ✐✆✂✪♦✄ ✍✏✒ ✛✄ ✝✚ ✆ ✼�✐ ✍✦✂ ✕✂ ✎✑ �✢✭✂�✄✆✂ ✽ ✘ ✎✌✕ ✙✌ ①�✁ ✂✄☛✆

✌✭✂ ✠ ✌ ☛ ✦ ✂ ✽✈ ✌✕✖ ✎✗ ✛✭✂✖ ✂ ✞ ✟✆✂ ✐ ✠ ✌✕✖ ✎✗ ❞✞ ✌☛ ☞✂ ✫✆ ✄✂ ✢✭✂✂�✐✄ ✌✕✠✂ ✐ ✆✂✪♦ ✄ ✠✍ ☛✑ ✍✂ ✎✄✂ ✒ �✐✗ ✕

✡✂ ☛✚ ❞✞ ✖ ✎✗ � ✘✙ ✙ ✌ ✙ ✎✞✂ ✐☎ ✟✆ ✥✔✂ ✍✕✁✂ ✐☎✂♦ ✄ ✌✕ ✔✎✠✂ ✍☛ ✐✆✂✪ ♦✄ ✍✂ ✎✄✂ ✍✏ ✦✂ ✎ ✌✭✂ ✠ ✌✂ ✎ ✛✞ ✟✆ �✞ ❢ ✌✕

✔✎✄✂ ✍✏ ✧ ✛✭✂✂✪✄ ♥ ✆ ✍ � ✔✯✂✂ ✠✂ � ✌ ✖ ✥✗✬ ✛✞ ✟✆ ✍✏ ✮✒ ❞ ✞ ✾✂✄ ✐ ✕ �✖ ★✂ ✎✩✂ ✿✆ ✂ ✠ ✔✎ ✠✎ ✌ ☛ ✛✂✖ ★✆ ✌✄✂ ✍✏ ✒

✱✲ ✳✴✵✶ ✷ ❀❁✴❂ ❀✴ ❃ ❄❅❆ ✷ ❇❈✴✴ ❉❂ ❃ ❊ ❃❋ ✲● ❍ ❍❀ ✹ ■❆✷❏❇✴ ❑ ▲✳✴ ▼✴✵ ❀▲ ● ❃❂✴ ❑✶ ✹ ✷✴ ❉◆✵ ❑✴ ❃✵✴ ❑❖P

✛✄ ✝✚ 7 + 5 = 12 ✌✭✂ ✠ ✔✂ ✎ �✖ ✩✂ ☞ ✞✑ ✯✆ ✂✛✂ ✎✑ ✌✂ ✆✂ ✎① �✖ ✩✂ ☞ ✍✂ ✎✄✂ ✍✏✚ ✌✂ ✙ ✌ ✐☎ ✟✆ ✥✔✂ ✍ ✕✁ ✂ ✍✏✒

✛✂ ❞✙ ✛✾ ✍ ☞ ✙ ✌ ✓ ✐✐� ◗✂ ✖ ✎✗ ✛✂✜ ✂ ✕✡✂ ❘✄ ✛✖ ✆ ✖✂ ✎✑ ✌☛ ✞❘✈ ☛ ✔ ✎✯✂ ✎✑ ✝

(i) ✙ ✌ ✐ ☎ ☞✎✆ ✌✂ ✎ �✞ ❢ ✌✕ ✠✎ ✖ ✎✗ � ✘✙✚ ✍ ☞✎✑ ❞ ✞ ✾ ✂✄ ✌✂ ✙ ✌ ✢✭ ✂❘ ✘ �✖✈ ✂ ✕ (rough idea) ✍✂ ✎✠✂

✈✂� ✍✙ � ✌ ✆ ✍ ✐☎� ✰✆ ✂ �✌✞ ✐☎ ✌✂ ✕ ✌☛ ✦✂✄ ☛ ✍✏✒

(ii) ✐☎ ☞✎✆ ☞✎✑ ✐ ✍✘✎ ✞ ✎ ✔☛ ①❞✪ ✞ ❘✈ ✠✂✛✂✎✑ ✧✛✭✂✂✪✄♥ ✐�✕✌❙✐ ✠✂ ✮ ✌✂✎ ✛ ✻✬ ☛ ✄ ✕✍ ✞ ✎ ✞ ☞❚ ✘ ✎✠✂ ✈✂�✍✙

✛✂✏ ✕ ✐☎✆ ✂ ✎① ✌✕ ✠✂ ✈✂� ✍✙✒

②❯❱❲❳❨❩❬ ❭❪ ❯❱

❭ ❫ ❴❵ ❛❜ ❝ ❡❱❣ ❛❜
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✞♠✂☞✌✁✂ ✍✆✎ �✏✑✒ ✟✓☎✆✡ A1.2 ☎✆✝✒ ✥✂✆ ✡☞ ☞✔ �✕ ♠✂✆ ✖☎ ✖✝✗✡✂✘✂✆✝ ✕✂ ①✙✁✂✚✟✎✏ ✖☎

☞✂✆✄✂ ☞✔✒ ☞☎✆✝ ♠✂✆ ✖☎ ✟✓✂❣✄ ✖✝✗✡✂✑☛ ♠✛ ☞✙✜✢ ☞✔✝✣ ✘✄✤ ☞☎✆✝ ✜✚✍✆✎ ①✙✁✂✂✆✝ ✕✂ ✟✓✡✂✆① ✕✌✚✂ ✦✂�☞✑✣

✭✘✧✡✂✡ ★ ✍✆✎✩ ①✙✁✂✚✗✂✝✪ ✟✓☎✆✡ ☎✆✝ ✑✕ ✫☞✙✟♠  p(x) �♠✡✂ ①✡✂ ☞✔ ✘✂✔✌ ✫✄✂✡✂ ①✡✂ ☞✔ �✕

p(a) = 0 ✕✂ ✡☞ ♠❞✂✂✢✚✆ ✍✆✎ �✏✑ ✘✂✟✕✂✆ ✟✓✡✂✆① ✕✌✚✂ ☞✔ �✕ (x – a),  p(x) ✕✂ ✑✕

①✙✁✂✚✗✂✝✪ ☞✔✣ ✜✖✛ ✟✓✕✂✌✒ ①✙✁✂✚✗✂✝✪ ✟✓☎✆✡ ✍✆✎ �✍✏✂✆☎ (converse) ✍✆✎ �✏✑ ✡☞ �♠✡✂ ①✡✂

☞✔ �✕   (x – a),  p(x) ✕✂ ✑✕ ①✙✁✂✚✗✂✝✪ ☞✔ ✘✂✔✌ ✜✖✕✂ ✟✓✡✂✆① ✘✂✟✕✂✆ ✜✖ ✟�✌✕✬✟✚✂

(hypothesis) ✕✂✆ �✖✮ ✕✌✚✆ ✍✆✎ �✏✑ ✕✌✚✂ ☞✔ �✕  p(a) =0 ☞✔✣

✑✕ ✟✓☎✆✡ ✕✂✆ �✖✮ ✕✌✚✆ ✍✆✎ ✟✓✱☎ ☎✆✝✒ ✘✂✟ ✌✦✚✂✘✂✆✝ ✕✂ ✯✂✛ ✟✓✡✂✆① ✕✌ ✖✕✄✆ ☞✔✝✣

✞♠✂☞✌✁✂ ✍✆✎ �✏✑✒ ✡☞ �✖✮ ✕✌✚✆ ✍✆✎ �✏✑ �✕ ✑✕ �✰✂✯✂✙✥ ✍✆✎ ✕✂✆✁✂✂✆✝ ✕✂ ✡✂✆① 180°  ☞✂✆✄✂

☞✔✒ ☞☎ �✕✖✛ ✑✕ ✯✂✙✥✂ ✍✆✎ ✖☎✂✝✄✌ ✘✂✔✌ ✞✖ ✯✂✙✥✂ ✍✆✎ ✖✲☎✙✗✂ ❞✂✛✳✂✢ ✖✆ ☞✂✆✕✌ ✥✂✚✆ ✍✂✏✛

✑✕ ✌✆✗✂✂ ✗✂✛✝✦✄✆ ☞✔✝ ✘✂✔✌ ✖☎✂✝✄✌ ✌✆✗✂✂✘✂✆✝ ✍✆✎ ①✙✁✂✂✆✝ ✕✂ ✟✓✡✂✆① ✕✌✄✆ ☞✔✝✣

(iii) ✞✟✟�✠✂ ☎✆✝ ①�✁✂✄✛✡ ✕✴✂✚✂✆✝ ✕✂ ✑✕ ✞✠✂✌✂✆✠✂✌ (successive) ✘✚✙✱☎ ☞✂✆✄✂ ☞✔✣ ✞✟✟�✠✂ ✕✂

✟✓✐✡✆✕ ✕✴✂✚ ✞✟✟�✠✂ ✍✆✎ �✟✵✏✆ ✕✴✂✚ ✖✆✒ ✟☞✏✆ �✖✮ �✕✑ ①✑ ✟✓☎✆✡ ✖✆✒ ✑✕ ✘�✯✂①✶☞✛✄

✖✆ ✡✂ ✘✟✚✛ ✟�✌✕✬✟✚✂✘✂✆✝ ✖✆ ✄✂❧✕✕ ✷✟ ✖✆ �✚①�☎✄ ☞✂✆ ✥✂✄✂ ☞✔✣

(iv) ✑✕ ✄✂❧✕✕ ✷✟ ✖✆ ✖☞✛ ✱☎ ☎✆✝ �✍✸✡✂�✖✄ ①�✁✂✄✛✡ ✷✟ ✖✆ ✖✐✡ ✕✴✂✚✂✆✝ ✍✆✎ ✘✚✙✱☎ ✕✂

�✚✳✕✳✂✢ ✍☞✛ ☞✂✆✚✂ ✦✂�☞✑ �✥✖✆ ☞☎ �✖✮ ✕✌✚✂ ✦✂☞✄✆ ☞✔✝✒ ✘✴✂✂✢✄❢ ✡☞ ✍☞ ☞✂✆✚✂ ✦✂�☞✑ �✥✖✕✂

✟✓☎✆✡ ☎✆✝ ♠✂✍✂ �✕✡✂ ①✡✂ ☞✔✣

✜✚ ✘✍✡✍✂✆✝ ✕✂✆ ✖☎❜✚✆ ✍✆✎ �✏✑✒ ☞☎ ✟✓☎✆✡ A1.1 ✘✂✔✌ ✞✖✕✛ ✞✟✟�✠✂ ✕✂ �✍❞✏✆✳✂✁✂ ✕✌✆✝①✆✣ ✘✂✟

✘✧✡✂✡ ✈ ☎✆✝ ✜✖ ✟✓☎✆✡ ✕✂✆ ✟✹✺ ✦✙✍✆✎ ☞✔✝✣ ✟✌✸✄✙ ✟☞✏✆ ☞☎ ✻✡✂�☎�✄ ✕✛ ✞✟✟�✠✂✡✂✆✝ ✍✆✎ ✖✝✫✝✼ ☎✆✝ ✍✙✙✎✵

�✽✾✟✁✂✛ ♠✆✝①✆✣ ✟✓✂✡✤ ☞☎ ✟✓☎✆✡✂✆✝ ✕✂✆ �✖✮ ✕✌✚✆ ✍✆✎ �✏✑ ✘✂❣�✄✡✂✆✝ ✡✂ ✘✂✌✆✗✂✂ ✆✝ ✕✛ ✖☞✂✡✄✂ ✏✆✄✆ ☞✔✝ ✘✂✔✌

✡☞ ✑✕ ✘�✄ ☎☞✐✍✟❀✁✂✢ ✫✂✄ ☞✔✣ �✟✎✌ ✯✂✛✒ ✞✟✟�✠✂ ✍✆✎ ✟✓✐✡✆✕ ✕✴✂✚ ✕✂✆ ✍✆✎✍✏ ✄✍✢✎ ✕✛ ✖☞✂✡✄✂ ✖✆

▲✴✂✂�✟✄ ✕✌✚✂ ☞✂✆✄✂ ☞✔✣ ✟✓✂✡✤ ☞☎✚✆ �✍✿✂❧✴✂✡✂✆✝ ✕✂✆ ✡☞ ✕☞✄✆ ✖✙✚✂ ☞✔ �✕ ❁✍✆ ♠✂✆ ✕✂✆✁✂ ✫✌✂✫✌ ☞✔✝✒ ❂✡✂✆✝�✕

✘✂❣�✄ ☎✆✝ ✍✆ ✫✌✂✫✌ �♠✗✂✂✜✢ ✟✪✺✄✆ ☞✔✝❃ ✡✂ ❁✍☞ ✕✂✆✁✂ 90º   ✕✂ ☞✂✆①✂✒ ❂✡✂✆✝�✕ ♠✂✆ ✌✆✗✂✂✑✝☛ ✑✆✖✛ �♠✗✂✂✜✢ ✟✪✺✄✛

☞✔✝ ✥✔✖✆ ✍✆ ✑✕❄♠❀✖✌✆ ✟✌ ✏✝✫ ☞✝✔✣❃ ✘✄✤✒ ✥✂✆ ✍✙✎✵ ✯✂✛ ✘✂✟ ♠✆✗✂✄✆ ☞✔✝✒ ✞✖✖✆ ✼✂✆✗✂✂ ✚ ✗✂✂ ✥✂✜✑✣

✘✂✍✶✎�✄ A1.4 ✕✂✆ ✟✙✚✤ ✧✡✂✚ ✖✆ ♠✆�✗✂✑✣

✘✄✤ ✘✂✜✑ ✘✫ ☞☎ ✟✓☎✆✡ A1.1 ✏✆✝✣

❅❆❇❈❉ A1.1 : ❊❋ ●❍■❏■❑▼ ◆❖P ◗❘❙❚❋■❖❯■■❖❘ ❋■ ❱■❖❲❳P❨ 180°  ❩■❖❙■ ❩❬❭

❪❅❅❫❴❵ : �✰✂✯✂✙✥  ABC ✏✛�✥✑ ✭♠✆�✗✂✑ ✘✂✍✶✎�✄ A1.4✩

☞☎✆✝ ✡☞ �✖✮ ✕✌✚✂ ☞✔ �✕ ∠ ABC + ∠ BCA + ∠ CAB = 180° (1)
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✈☎ ✆✝ ✞ ✟✠ A1.4

BC ♦ ✡☛ ☞✌✂✍✄ ✎ ✏✑ ✎✡✒✂✂  DE  ✒✂ ❬✍ �✓ ✏ ✔✂ ✡  A  ☞✡ ❧✂ ✡ ✑✎ ✔✂✄ ❬ ❧ ✕✖ (2)

DE, BC  ♦ ✡☛ ☞✌✂ ✍✄✎ ❧ ✕ ✗✂ ✕✎  AB ✏✑ �✄✱ ✘✑ ✎✡✒✂✂ (transversal) ❧ ✕ ✖

✗✄ ✙ ✚  ∠ DAB ✗✂ ✕✎ ∠ ABC  ✏✑✂✍✄ ✎ ✑✂ ✡✁✂ ❧ ✕✍ ✖ ✛ ☞� ✜ ✏ ✗✢✱✂ ✱ ✣ ♦ ✡☛ ✤✥✌ ✡✱ ✣✦✧ ♦ ✡☛ ✗★✩☞✂ ✎✚ ✱ ✡ ✑✂ ✡✁ ✂

❝ ✎✂❝ ✎ ❧ ✕✍ ✖ ✗✪✂✂ ✘✄✫  ∠ DAB = ∠ ABC ❧ ✕✖ (3)

✛ ☞❬ ✤✥ ✑✂ ✎✚  ∠ CAE = ∠ ACB (4)

✛ ☞� ✜ ✏✚  ∠ ABC + ∠ BAC+ ∠ ACB = ∠ DAB +∠ BAC + ∠ CAE (5)

✤ ✎ ✐ ✄ ✩  ∠ DAB +∠ BAC + ∠ CAE = 180° ❧ ✕, ❉✱ ✂ ✡✍ � ✑ ✛ ★ ☞ ✡ ✏ ✑ ✬ ✔ ✩ ✑✂ ✡✁ ✂ (straight

angle) ❝ ★✄ ✂ ❧ ✕ ✖ (6)

✗✄ ✙ ✚  ∠ ABC + ∠ BAC+ ∠ ACB = 180° n (7)

✗❝ ❧✌ ✭✤✤ �✮✂ ✌ ✡✍ ✤✥✱ ✩ ❉✄ ✤✥✯✱ ✡ ✑ ✓✎✁✂ ✤ ✎ �✰✲✤ ✁✂ ❬ ✳ ✡✍① ✡✖

♣✴✵✶ 1 :  ❉✱✂ ✡✍� ✑ ❧ ✌✂ ✎ ✡ ✤✥✌ ✡✱ ✑✂ ☞✍❝ ✍✷ �✸✂ ✹✂ ✩✔ ♦ ✡☛ ✏✑ ① ✩✁ ✂ ☞✡ ❧ ✕✚ ✛☞�✜ ✏ ☞❝ ☞ ✡ ✤❧ ✜✡ ❧ ✌ ✏✑ �✸ ✂ ✹✂ ✩✔

✜✡✍① ✡✖

♣✴✵✶ 2 : ✱❧ ✏✑ ✌✩✒✱ �♦ ✓✂ ✎ ❧ ✕❀ ✗✍✄ ✘✺✂ ★✂✯ ✻✑ ✤✥✂ ✎✍� ✹✂ ✑ ✑✳✌ ✱✂ ✱❧ ☞✌✼ ✜ ✡★✂ � ✑ ✑✂ ✕★ ☞❬ ✤✥�✽✱✂

✗✤ ★✂ ✛ ✘ ✔✂ ✏ � ✔ ☞☞ ✡ ❧ ✌ ✤✥✌ ✡✱ � ☞✾ ✑✎ ☞♦ ✡✍ ☛✖ ✤ ✥✂✱✙ ✿✱✂�✌✄ ❬✱ ✭✤✤ � ✮✂✱ ✂ ✡✍ ✌ ✡✍ ✎✓ ★✂ ✑ ✎★✡ ✑ ❬

✗✂♦ ❁✱ ✑✄✂ ❧ ✂ ✡✄ ❬ ❧ ✕✖

♣✴ ✵✶ ❂ ❃✶❄✴ ❅ : ✛ ☞ ✄✪✱ ✑✂ ✤✥✱✂ ✡① ✑✎♦ ✡☛ � ✑ DE, BC ♦ ✡☛ ☞✌✂✍ ✄✎ ❧ ✕ ❆ ✗✤ ★❬ ✎✓★✂ ☞ ✡❇ ✗✂ ✕✎ ✤ ❧ ✜ ✡

� ☞✾ � ✑✏ ① ✏ ✤ ✥✌ ✡✱ ✣ ✦✧ ☞ ✡✚ ✔✂ ✡ ✱❧ ❧ ✕ � ✑ ✱ �✳ ✳✂ ✡ ☞✌✂✍✄ ✎ ✎✡✒✂✂ ✗✂ ✡✍ ✑✂ ✡ ✏✑ �✄✱ ✘✑ ✎✡ ✒✂✂ ✑✂✰ ✄ ❬ ❧✂ ✡✚

✄✂ ✡ ✏✑✂✍✄ ✎ ✑✂ ✡✁✂ ❝ ✎✂❝ ✎ ❧ ✂ ✡✄ ✡ ❧ ✕✍ ✚ ✱❧ ✂r ❧✌ ✱❧ � ★❈✑❈✂ ✘ � ★✑✂ ✜ ✜ ✡✄ ✡ ❧ ✕✍ � ✑ ∠ DAE = ∠ ABC ✗✂ ✕✎

∠ CAE = ∠ ACB ❧ ✕✖

♣✴✵✶ 5 :  ✱❧ ✂r ❧✌ � ★✻★� ✜� ✒✂ ✄ � ★①�✌✄ ✑ ✎★✡ ♦ ✡☛ � ✜✏ ✱ ❊� ❉✜❋ ♦ ✡☛ ✗� ✹✂①✥ ❧ ❬✄ ❆✳ ✡� ✒✂ ✏ ✗✢✱ ✂✱ ●❇

✑✂ ✤ ✥✱✂ ✡① ✑✎✄ ✡ ❧ ✕✍ ✚ ✔✂ ✡ ✱❧ ❧ ✕ ❞ ✱�✳ ❝ ✎✂❝ ✎✂ ✡✍ ✑✂ ✡ ❝ ✎✂❝ ✎✂ ✡✍ ✌ ✡✍ ✔✂ ✡❋ ❍✂ ✔✂ ✏✚ ✄✂ ✡ ✤ ❊✎✡ ❝ ✎✂❝ ✎ ❧✂ ✡✄✡ ❧ ✕✍ ✖■

∠ ABC + ∠ BAC+ ∠ ACB = ∠ DAB +∠ BAC + ∠ CAE

✗✪✂✂ ✘✄✫ �✸ ✂ ✹✂ ✩ ✔ ♦ ✡☛ ✗✍ ✄✙ ✑✂ ✡✁ ✂✂ ✡✍ ✑✂ ✱✂ ✡① ✏✑ ✬ ✔ ✩ ✎✡✒✂✂ ✤ ✎ ♦ ✡☛ ✑✂ ✡✁✂✂ ✡✡✍ ♦ ✡☛ ✱✂ ✡① ♦ ✡☛ ❝ ✎✂ ❝ ✎ ❧ ✂ ✡✄✂ ❧ ✕✖
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♣☞✌✍ 6 : ✡❀ �✎✏✂✂✑✆ ✒✆✓ �②✔ �✕ ∠ DAB +∠ BAC + ∠ CAE = 180° ❀❣✖ ❀☎ ✗✘✡✂✡ ✙ ✒✆✓

❥❣�✏✂✕ ✡✚✛☎ ✗�✜✂①✢❀✣✄ ✕✂ ✟✤✡✂✆① ✕❥✄✆ ❀❣✝✖ �✥✦✕✂ ✕✧✂✑ ✡❀ ❀❣ �✕ ✔✕ ★✥✚ ❥✆✏✂✂ ✟❥ ✒✆✓ ✕✂✆✁✂✂✆✝ ✕✂

✡✂✆① 180º  ❀✂✆✄✂ ❀❣✩

♣☞✌✍ 7 :  ✡❀ �✑✪✕✪✂✫ �✑✕✂②✑✆ ✒✆✓ �②✔ �✕ ∠ ABC + ∠ BAC + ∠ ACB = ∠ DAB +

∠ BAC + ∠ CAE = 180° ❀❣✖ ❀☎ ✡✬�✭②✮ ✒✆✓ ✗�✜✂①✢❀✣✄ ✕✂ ✟✤✡✂✆① ✕❥✄✆ ❀❣✝✖ ✥✂✆ ✡❀ ❀❣ ✯✒✆ ✒✰✄✚✔☛

✥✂✆ ✦☎✂✑ ✒✰✄✚ ✒✆✓ t❥✂t❥ ❀❣✝✖ ✔✕✱✎✬✦❥✆ ✒✆✓ t❥✂t❥ ❀✂✆✄✣ ❀❣✝✩ ✘✡✂✑ ✎✣�✥✔ �✕ ✲❥✁✂ ✳ ✞✦ ✟✤☎✆✡ ✴✂❥✂

�✕✡✂ ①✡✂ ✎✂✒✂ ❀❣✖ �✥✦✆ ❀☎✆✝ �✦❢ ✕❥✑✂ ❀❣✩

✗t ❀☎ �✒✈②✆✪✂✁✂ �✕✔ �t✑✂ ❀✣ ✟✤☎✆✡✂✆✝ A1.2 ✗✂❣❥ A1.3 ✕✂✆ �✦❢ ✕❥✆✝①✆✩

✐✵✶✷✸ A1.2 : ♥✹✺ ✻✼ ✽✾✹✿❁ ✻❂❃❄✹❅✹✺❂ ❆✹ ❇❈❉✹❊✽❋● ✻✼ ❍✹✺❁✹ ❍■❏

♠✐✐❑▲✍ :   ☎✂✑ ②✣�✥✔  x  ✗✂❣❥  y  ✕✂✆❞✫ ✎✂✆ ✦☎ ✟✤✂▼✄ ✦✝✏✡✂✔☛ ❀❣✝✩

❀☎ ✡❀ �✦❢ ✕❥✑✂ ✲✂❀✄✆ ❀❣✝ �✕ xy  ✦☎ ❀❣✩

✭✡✂✆✝�✕  x  ✗✂❣❥  y  ✦☎ ❀❣✝✖ ❞✦�②✔ ✡✆ ❧ ✦✆ ✜✂✂◆✡ ❀❣✝✩ ❞✦✣�②✔✖ x = 2m ✒✆✓ ♦✟ ☎✆✝✖ ✥❀✂☛  m ✕✂✆❞✫ ✟✤✂▼✄

✦✝✏✡✂ ❀❣ ✗✂❣❥ y = 2n ✒✆✓ ♦✟ ☎✆✝✖ ✥❀✂☛  n ✕✂✆❞✫ ✟✤✂▼✄ ✦✝✏✡✂ ❀❣✖ ❖✡✭✄ �✕✡✂ ✥✂ ✦✕✄✂ ❀❣✩

✄t  xy = 4 mn ❀❣ ✗✂❣❥ ✭✡✂✆✝�✕ 4 mn , 2  ✦✆ ✜✂✂◆✡ ❀❣✖ ❞✦�②✔  xy  ✜✂✣ ✎✂✆ ✦✆ ✜✂✂◆✡ ❀✂✆①✂✩

✗✄P✖ xy  ✦☎ ❀❣✩ n

✐✵✶✷✸ A1.3 : ◗❆❘❍❙❂ ❚✹❙ ❁❙❊ ❯✼✹❇❁ ✻✼ ✽✾✹✿❁ ✻❂❃❄✹❅✹✺ ❂ ❆✹ ❇❈❉✹❊✽❋● ❱❲ ✻✺ ❚✹✹❳❄ ❍✹✺❁✹ ❍■❏

♠✐✐❑▲✍ : ✕✂✆❞✫ ✜✂✣ ✄✣✑ ❨☎✂①✄ ✦☎ ✟✤✂▼✄ ✦✝✏✡✂ 2n, 2n + 2 ✗✂❣❥  2n + 4 ✒✆✓ ♦✟ ✕✣ ❀✂✆①✣✖ ✥❀✂☛

n ✕✂✆❞✫ ✟✤✂▼✄ ✦✝✏✡✂ ❀❣✩ ❀☎✆✝ ✡❀ �✦❢ ✕❥✑✂ ❀❣ �✕ ❞✑✕✂ ①✚✁✂✑✟✓② 2n(2n + 2)(2n + 4) 16  ✦✆

✜✂✂◆✡ ❀❣✩

✗t, 2n(2n + 2)(2n + 4) = 2n × 2(n +1) × 2(n + 2)

= 2 × 2 × 2n(n + 1)(n + 2) = 8n(n + 1)(n + 2)

✗t ❀☎✂❥✆ ✦✂☎✑✆ ✎✂✆ �✰✧✂�✄✡✂☛ ❀❣✝P ✡✂ ✄✂✆ n  ✦☎ ❀❣ ✡✂ �✒✪✂☎ ❀❣✩ ✗✂❞✔ ❀☎ ✟✤❩✡✆✕ �✰✧✂�✄ ✕✣ ✥✂☛✲

✕❥✆✝✩

☎✂✑ ②✣�✥✔  n  ✦☎ ❀❣✩ ✄t ❀☎  n = 2m �②✏✂ ✦✕✄✆ ❀❣✝✖ ✥❀✂☛  m  ✕✂✆❞✫ ✟✤✂▼✄ ✦✝✏✡✂ ❀❣✩

✦✂✧✂ ❀✣✖ ✄t 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2) = 16m(2m + 1)(2m + 2)

✗✄P✖ 2n(2n + 2)(2n + 4), 16  ✦✆ ✜✂✂◆✡ ❀❣✩

✗t✖ ☎✂✑ ②✣�✥✔  n  �✒✪✂☎ ❀❣✩ ✄t  n + 1 ✦☎ ❀✂✆①✂ ✗✂❣❥ ❀☎ n + 1  = 2r  �②✏✂ ✦✕✄✆ ❀❣✝✖ ✥❀✂☛ r

✕✂✆❞✫ ✟✤✂▼✄ ✦✝✏✡✂ ❀❣✩

✄t 2n(2n + 2)(2n + 4) = 8n(n + 1)(n + 2)

= 8(2r – 1) × 2r × (2r + 1)

= 16r(2r – 1)(2r + 1)

✗✄P✖ 2n(2n + 2)(2n + 4), 16 ✦✆ ✜✂✂◆✡ ❀❣✩
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✈✄☎✆ ✝✂✞✟✂✞✠ �✡☛✂�✄☞✂✞✠ ✌✞ ✠✆ ✍✌✟✞ ☞✍ ✝✎✂✂✏ �✝☞✂ ✍✑ �✒ �✒✓✍✔ ✕✂✔ ✄✔✟ ✖✌✂①✄ ✗✌ ✗✠✘☞✂✈✂✞✠ ✒✂

①✙✁✂✟✚✛✜ ✢✣ ✗✞ ✕✂✂✤☞ ✍✂✞✄✂ ✍✑✥ n

①�✁✂✄✦✂✞✠ ✟✞ �✒✗ ✚✧✒✂★ ✚�★✁✂✂✌✂✞✠ ✒✔ ✘✂✂✞✩ ✒✔ ✍✑ ✈✂✑★ �✒✗ ✚✧✒✂★ ✈✂✑✚✪✂�★✒ ✝✫✬✭ ✮✚✚�✯✂☞✂✰

�✜✘✂✔ ①❢✏ ✍✑✠ ❢✟✱✞✛ ✈✠✄★ ✚★ ✱✙✙✛✲ �✳✴✚✁✂✔ ✝✞✄✞ ✍✙✵✆ ✍✌ ❢✗ ✈✶☞✂☞ ✒✂✞ ☞✍✔✠ ✗✌✂✴✄ ✒★✄✞ ✍✑✠✥ ✩✑✗✂

�✒ ✷✚★ ✸✄✂☞✂ ①☞✂ ✍✑✆ ✚✧✹☞✞✒ ✮✚✚�✯✂ ✒✂ ✵✒ ✌✙✘☞ ✈✠✄✦✂✏✟✂✹✌✒ �✱✪✂★ ✺✒✕✂✔✻✒✕✂✔ ✵✒ ✗✞

✈�✶✂✒✼ ✍✂✞✄✂ ✍✑✥ ①�✁✂✄✦✂✞✠ ✒✔ ✽✪✄✟✻�✱�✾ ✈✂✑★ ✚�★✁✂✂✌✂✞✠ ✒✂ ✚✄✂ ✜①✂✟✞ ✌✞✠ ✈✠✄✦✂✏✟ ✱✞✠✛✝✧ �✸✠✝✙ ✒✂✌

✒★✄✂ ✍✑✥ ✚✧✂☞☎ ✚✧✌✞☞ ✒✔ ✮✚✚�✯✂ ①�✁✂✄✦✂✞✠ ✱✞✛ ✌�✡✄❞✒ ✌✞✠ ✈✚✟✞ ✈✂✚ ✈✂✟✞ ✜①✄✔ ✍✑✥ ✗✍✔ ✍✜ ☞✂

✮✚✚�✯✂ ✚✧✂✴✄ ✒★✟✞ ✗✞ ✚✍✜✞ �✱�✕✂✓✟ �✪✠✄✟✻�✱�✾☞✂✞✠ ✈✂✑★ ✄✱✏✛ ✈✂✑★ ✮✝✂✍★✁✂✂✞✠ ✱✞✛ ✗✂☛✂ ①�✁✂✄✦ ✚✧✂☞☎

✚✧☞✂✞① ✒★✄✂ ★✍✄✂ ✍✑✥ ✗✩✏✟✂✹✌✒ ✚✧✂✱✡☛✂✂ ✱✞✛ ✝✸ ✩✂✟✞ ✱✞✛ ✸✂✝ ✍✔ ✗✕✂✔ ✄✒✂✞✐ ✒✂✞ ✵✒ ✗✂☛✂ ✜✞✒★ ✮�✪✄

✮✚✚�✯✂ ✚✧✡✄✙✄ ✒✔ ✩✂✄✔ ✍✑✥

☞✍✂✰ ☞✍ ✮❀✜✞✘✂ ✒★ ✝✞✟✂ ✈✂✱✎☞✒ ✍✑ �✒ ✈✚✟✞ ✒☛✂✟✂✞✠

✄✒ ✚✍✙✰✪✟✞ ✱✞✛ �✜✵✆ ✕✂✂★✄ ✱✞✛ ✌✍✂✟ ①�✁✂✄✦ r✔�✟✱✂✗

★✂✌✂✟✙✩✟ ✟✞ ✮❥✪ ✡✄★ ✱✞✛ ✈✠✄✦✂✏✟ ✒✂ ✚✧☞✂✞① �✒☞✂ ☛✂✂✆ �✩✟✱✞✛

✗✠✸✠✾ ✌✞✠ ✮✟✒✂ ☞✍ ✝✂✱✂ ☛✂✂ �✒ ✱✞ ✗✹☞ ✍✑✠✥ ❢✟✌✞✠ ✗✞ ✈✟✞✒

✩✂✞ ✗✹☞ �✗t ✍✂✞ ①✵ ✍✑✠ ✱✞ ✗✙✚�★�✪✄ ✚✧✌✞☞ ✍✂✞ ①✵ ✍✑✠✥ ✩✂✞ ✈✕✂✔

✄✒ �✗t ✟✍✔✠ ✍✂✞ ✚✂✵ ✍✑✠ ✮✟✌✞✠ ✗✞ ✒✙✲ ✝✂✱✂✞✠ ✺✒✠✩✞✿✪★✼ ✒✂✞

�✗t ✒★✟✞ ✺☞✂ ✈✗✹☞ �✗t ✒★✟✞✼ ✌✞✠ ✈✂✩ ✕✂✔ ✚❁★✞ �✱✎✱ ✱✞✛

①�✁✂✄✦ ✜①✞ ✍✙✵ ✍✑✠✥

❂❃❄❅❆❇❈❉ A1.4

1. �✟❊✟�✜�✘✂✄ ✒☛✂✟✂✞✠ ✒✂✞ ✈✗✹☞ �✗t ✒★✟✞ ✱✞✛ �✜✵ ✚✧✹☞✙✝✂✍★✁✂ ✦✂✄ ✒✔�✩✵✥

(i) ☞�✝ ✝✂✞ �❋✂✕✂✙✩✂✞✠ ✱✞✛ ✗✠①✄ ✒✂✞✁✂ ✸★✂✸★ ✍✂✞✠✆ ✄✂✞ �❋✂✕✂✙✩ ✗✱✂✐①✗✌ ✍✂✞✄✞ ✍✑✠✥

(ii) ✱✍ ✪✄✙✕✂✙✏✩✆ �✩✗✒✔ ✗✕✂✔ ✕✂✙✩✂✵✰ ✸★✂✸★ ✍✑✠ ✵✒ ✱①✏ ✍✂✞✄✂ ✍✑✥

(iii) ✱✍ ✪✄✙✕✂✙✏✩✆ �✩✗✱✞✛ ✗✕✂✔ ✒✂✞✁✂ ✸★✂✸★ ✍✑✠✆ ✵✒ ✱①✏ ✍✂✞✄✂ ✍✑✥

(iv) ☞�✝  a  ✈✂✑★  b  ✚❁✁✂✂✐✒ ✍✑✠✆ ✄✂✞ ❛ ❜● ●+  = a + b ✍✑✥

(v) 2n2 + 11  ✵✒ ✈✕✂✂✤☞ ✗✠✘☞✂ ✍✑✆ ✩✍✂✰  n  ✚❁✁✂✏ ✗✠✘☞✂ ✍✑✥

(vi)  ✗✕✂✔ ✾✟✂✹✌✒ ✚❁✁✂✂✐✒✂✞✠ n  ✱✞✛ �✜✵  n2 – n + 41  ✵✒ ✈✕✂✂✤☞ ✗✠✘☞✂ ✍✑✥

2. ✈✂✚ ✈✚✟✞ ✚✗✠✝ ✒✔ ✮✚✚�✯✂ ✜✔�✩✵ ✈✂✑★ ✷✚★ ✪✽✪✄ ✒✔ ①❢✏ �✱�✾☞✂✞✠✆ ✺✈✠✄✏✦✂✟✂✹✌✒

✚✧✂★�❊✕✂✒ ✒✝✌ ✿☞✂ ✍✑✆ ✿☞✂ �✝☞✂ ✍✙✈✂ ✍✑✆ ✿☞✂ �✟①�✌✄ �✒☞✂ ①☞✂ ✍✑✆ �✒✟ ✚✧✌✞☞✂✞✠ ✈✂✑★

✈�✕✂①✫✍✔✄✂✞✠ ✒✂ ✚✧☞✂✞① �✒☞✂ ①☞✂ ✍✑✆ ✈✂�✝ ✈✂�✝✼ ✱✞✛ ✈✟✙✗✂★ ❢✗✒✂ ✪★✁✂✎✂☎ �✱✎✜✞❞✂✁✂

✒✔�✩✵✥

❏❍■❑▲▼◆ ❖▼P▼❑◗❘❑
(1887–1920)

❙▼▲❚❯■❱ A1.5
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3. �❢☞ ✌✍�✎✏ �✌ ✑✂✆ �✒✓✂☎ ❢✝✔✡✂✕✂✆✝ ✌✂ ✡✂✆① ❢☎ ✖✂✆✄✂ ✖✗✘

4. �❢☞ ✌✍�✎✏ �✌ ✑✂✆ �✒✓✂☎ ❢✝✔✡✂✕✂✆✝ ✌✂ ①✙✁✂✚✟✛✜ �✒✓✂☎ ✖✂✆✄✂ ✖✗✘

5. �❢☞ ✌✍�✎✏ �✌ ✄✍✚ ✢☎✂①✄ ❢☎ ❢✝✔✡✂✕✂✆✝ ✌✂ ✡✂✆① ✣ ❢✆ ✤✂✂✥✡ ✖✂✆✄✂ ✖✗✘

6. �❢☞ ✌✍�✎✏ �✌ ✞❢ ✦✆✔✂✂ ✟✦ ✕�✟✦�☎✄ ✧✟ ❢✆ ✕✚✆✌ �★✝✑✙ ✖✂✆✄✆ ✖✗✝ �✎❢✌✂ ❢☎✍✌✦✁✂

 y = 2x  ✖✗✘

(❧✩✪✫✬✭ ✮ �★✝✑✙  (n, 2n) ✜✍�✎✏② ✎✖✂☛  n ✌✂✆❞✯ ✟✰✁✂✂✱✌ ✖✗✘ )

7. ✕✂✟✌✆ �☎✈✂ ✚✆ ✌✤✂✍ ✕✂✟✌✂✆ ✌✖✂ ✖✂✆①✂ �✌ ✕✂✟ ✕✟✚✆ ☎✚ ☎✆✝ ✏✌ ❢✝✔✡✂ ❢✂✆✲ ✜✍�✎✏ ✕✂✗✦

✞❢✒✆✛ ❢✂♠✂ �✒�✤✂✳✚ �✢✡✂✏☛ ✌✍�✎✏② ✕✂✗✦ ✄★ ✕✂✟✌✍ ☎✰✜ ❢✝✔✡✂ ✎✂✚✆ �★✚✂ ✖✍ ✞❢✚✆ ★✄✂

�✑✡✂ ✖✂✆①✂ �✌ ✒✖ ✒✂✴✄�✒✌ ❢✝✔✡✂ ✌✂✗✚✵❢✍ ♠✂✍✘ ✕✂✟✒✆✛ ✟✂❢ ✌✂✗✚✵❢✍ ❢✝✔✡✂ ★✲✍ ✖✗✘ ✡✖✂☛

✑✂✆ ✞✑✂✖✦✁✂ �✑✏ ①✏ ✖✗✝✘ �❢☞ ✌✍�✎✏ �✌ ✡✆ ✑✂✆✚✂✆✝ ✞✑✂✖✦✁✂ ❢♥✡ ✶✡✂✆✝ ✖✗✝✷

(i) ✏✌ ❢✝✔✡✂ ✜✍�✎✏② ✞❢✌✂ ✑✂✆ ①✙✚✂ ✌✍�✎✏② ✞❢☎✆✝ ✚✂✗ ✎✂✆�✸✹✏② ✕✟✚✍ ☎✰✜ ❢✝✔✡✂ ✎✂✆�✸✹✏✘

❞❢✆ ✄✍✚ ❢✆ ✤✂✂① ✑✍�✎✏✘ ✕✟✚✍ ☎✰✜ ❢✝✔✡✂ ✌✂✆ ❞❢☎✆✝ ❢✆ ❜✂✺✂❞✏✘ ✕✂✟✌✂ ✟�✦✁✂✂☎ ✻ ✖✗✘

(ii) ✌✂✆❞✯ ✤✂✍ ✄✍✚ ✕✝✌✂✆✝ ✒✂✜✍ ✏✌ ❢✝✔✡✂ ✜✍�✎✏ ✼✞✑✂✖✦✁✂ ✒✆✛ �✜✏ ✽✾✿ ✜✍�✎✏❀ ❞✚

✕✝✌✂✆✝ ✌✂✆ ✞❢✍ ✢☎ ☎✆✝ ✑✂✆★✂✦✂ �✜✔✂✌✦ ✏✌ ❁ ✕✝✌ ✒✂✜✍ ❢✝✔✡✂ ★✚✂❞✏ ✼✽✾✿✽✾✿❀✘

✕✂✟✌✍ ✚❞✯ ❢✝✔✡✂ ✻②❂❂ ✕✂✗✦ ❂❃ ❢✆ ✤✂✂✥✡ ✖✗✘

A1.6 ❄❅❆❅❇❈❅

❞❢ ✟�✦�❉✂✓✺ ☎✆✝② ✕✂✟✚✆ �✚❊✚�✜�✔✂✄ �★✝✑✙✕✂✆✝ ✌✂ ✕❋✡✡✚ �✌✡✂ ✖✗●

1. ①�✁✂✄ ☎✆✝ ✌✂✆❞✯ ✌♠✂✚ ✄★ ✴✒✍✌✂✡✯ ✖✂✆✄✂ ✖✗ ✎★�✌ ✡✖ ✌♠✂✚ ❢✑✗✒ ❢♥✡ ✖✂✆ ✡✂ ✕❢♥✡ ✖✂✆✘

2. ✡✖ ✑❉✂✂✯✚✆ ✒✆✛ �✜✏ �✌ ①�✁✂✄✍✡ ✌♠✂✚ ✕❢♥✡ ✖✗ ✏✌ ✟❍♥✡✙✑✂✖✦✁✂ ■✂✄ ✌✦ ✜✆✚✂ ✖✍ ✟✡✂✯❏✄ ✖✂✆✄✂

✖✗✘

3. ✕�✤✂①❑✖✍✄ ✒✆ ✌♠✂✚ ✖✗✝ �✎✳✖✆✝ ✞✟✟�✠✂ �★✚✂ ❢♥✡ ☎✂✚ �✜✡✂ ①✡✂ ✖✗✘

4. ✏✌ ✌✝✎✆✶✲✦ ✒✖ ✌♠✂✚ ✖✗ �✎❢✆ ✖☎ ✕✟✚✆ ①�✁✂✄✍✡ ✕✝✄■✂✯✚ ✒✆✛ ✕✂▲✂✦ ✟✦ ❢♥✡ ☎✂✚ ✜✆✄✆ ✖✗✝② ✟✦✳✄✙

�✎✳✖✆✝ ✖☎✆✝ ✕✤✂✍ �❢☞ ✌✦✚✂ ✖✗✘

5. ✞❢ ①�✁✂✄✍✡ ✌♠✂✚ ✌✂✆② �✎❢✌✍ ❢♥✡✄✂ ✴♠✂✂�✟✄ ✼✡✂ �❢☞❀ ✌✦ ✑✍ ①❞✯ ✖✗② ✟❍☎✆✡ ✌✖✂ ✎✂✄✂ ✖✗✘

6. ①�✁✂✄✍✡ ✌♠✂✚✂✆✝ ✌✂✆ �❢☞ ✌✦✚✆ ✌✂ ✏✌ ☎✙✔✡ ✄✂▼✌✌ ❢✂▲✚ �✚①☎�✚✌ ✄✒✯✛✁✂ ✖✗✘

7. ✞✟✟�✠✂ ①�✁✂✄✍✡ ✌♠✂✚✂✆✝ ✌✂ ✏✌ ✞✠✂✦✂✆✠✂✦ ✕✚✙✢☎ ✖✂✆✄✍ ✖✗✘ ✞✟✟�✠✂ ✌✂ ✟❍♥✡✆✌ ✌♠✂✚ ✟✖✜✆ ❢✆ ■✂✄

✌♠✂✚ ❢✆② ✡✂ ✟✖✜✆ �❢☞ �✌✏ ①✏ ✟❍☎✆✡ ❢✆② ✡✂ ✏✌ ✕�✤✂①❑✖✍✄ ❢✆② ✡✂ ✟�✦✌◆✟✚✂✕✂✆✝ ❢✆ ✄✂▼✌✌

✧✟ ❢✆ �✚①�☎✄ �✌✡✂ ✎✂✄✂ ✖✗✗✘
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✐�✁�✂✄☎✆ 2

①✝✞✟✠✡☛ ✝☞✌✍✟✎☞ ✏✟ ✑✝✒✓☛

A2.1 ❍✔✕✖✗✘✔

✈✙✚ ✚✛✙✜✢✣✤✙✥ ✥✦✙✙✈✙✧✢ ★✧ ✩✪✫ ✈✚✬✧ ✭✙✮✯✣✭✥ ✰✱✯ ★✧ ✰✲✳✴✪ ★✵✮✶✙✷✸ ✩✹ ✥✜✯✧ ✈✙✷ ✩✺✢✻ ✼✽✙✩✜✾✙
✭✧♦ ✣✹✷✫ ✈✙✚✬✧ ★✙✿✙✜✾✙ ❀✶✙✰ ✭✧♦ ✚✛❁✬ ★✢❂✢✣✿✯ ★❃❄✙ ✥✙ ✚✛✶✙✧✱ ✥✜✭✧♦ ✩✹ ✣✥✷ ✩✺✢✻ ✶✩ ★❃❄✙
❅✶✙ ★✵✪✥✜✾✙❆ ❀✶✙✰ ✈✙✺✜ ❇★★✧ ★✢❂✢✣✿✯ ✈❈✶ ✯✪✬ ✜✙✣❁✙✶✙✧✢ ✈❉✙✙❊✯❋ ✵❃✹✿✬✫ ❀✶✙✰●✽✜ ✈✙✺✜ ✈✭✣✿
✭✧♦ ❂✪■ ✥✙ ✷✥ ★✢❂✢✿ ✩✺✻ ✶✩ ★❃❄✙ ❏❑▲▼◆❖P ◗❘❑◆❙◗ ✶✙ ❑❚❯❱▼❲ (mathematical model) ✥✙
✷✥ ✼✽✙✩✜✾✙ ✩✺✻ ❏❑▲▼◆❖P ❑❚❯❱▼❲ ❅◗❘❑◆❙◗❆ ✷✥ ✱✣✾✙✯✪✶ ★✢❂✢✿ ✩✙✧✯✙ ✩✺ ✰✙✧ ✭✙✮✯✣✭✥ ✰✪✭✬ ★✧
✰✲✳✴✪ ✣✥★✪ ✣✮❉✙✣✯ ✥✪ t✶✙❳✶✙ ✥✜✯✙ ✩✺✻

✱✣✾✙✯✪✶ ✣✬✽❁✙✙✧❨ ✥✙ ✚✛✶✙✧✱ ✭✙✮✯✣✭✥ ✰✪✭✬ ★✧ ✰✲✳✴✪ ✈✬✧✥ ✣✮❉✙✣✯✶✙✧✢ ✥✙ ✩✹ ❩✙✯ ✥✜✬✧ ✵✧ ✢ ✣✥✶✙
✰✙✯✙ ✩✺✫ ✰✺★✧

⑨ ✼✚✱✛✩ ♠✙✧✳✴✬✙✻
⑨ ✵✙✬★❃✬ ✭✧♦ ✈✙✬✧ ✥✪ ✚✛✙✱✲✣❡✯ ✥✜✬✙✻
⑨ ✭✙✩✬✙✧✢ ★✧ ✩✙✧✬✧ ✭✙✹✧ ✚✛✽❃❬✙✾✙ ✥✙✧ ✣✬✶✢✣❄✙✯ ✥✜✬✙✻
⑨ ❂✳✴✧ ❁✙✩✜✙✧✢ ✵✧✢ ❝❭✺✣✚♦✥ ✰✙✵ ✥✙✧ ✥✵ ✥✜✬✙✻

❇★ ✈❜✶✙✶ ✵✧✢✫ ✩✵ ✈✙✚✥✙✧ ✱✣✾✙✯✪✶ ✣✬✽❁✙❊ ❂✬✙✬✧ ✭✧♦ ✚✛❪✵ ★✧✫ ✣✰★✧ ❏❑▲▼◆❖P ◗❘❑◆❙◗▲▼ ✶✙
❏❑▲▼◆❖P ❑❚❯❱▼❲❚ (mathematical modelling) ✥✩✙ ✰✙✯✙ ✩✺✫ ✚✣✜✣■✯ ✥✜✙✷✸✱✧✻ ✱✣✾✙✯✪✶ ✣✬✽❁✙❊✬
✵✧✢ ✩✵ ✭✙✮✯✣✭✥ ✰✪✭✬ ★✧ ✰✲✳✴✪ ✷✥ ★✵✮✶✙ ✹✧✯✧ ✩✺✢ ✈✙✺✜ ❇★✧ ✷✥ ✯✲❫✶ ✱✣✾✙✯✪✶ ★✵✮✶✙ ✭✧♦ ❴✚ ✵✧✢
✣✹❳✙✯✧ ✩✺✢✻ ✣✚♦✜ ✩✵ ✱✣✾✙✯✪✶ ★✵✮✶✙ ✥✙ ✩✹ ✥✜✯✧ ✩✺✢ ✈✙✺✜ ❇★✭✧♦ ✩✹ ✥✙ ✣✬✭❊■✬ ❅✥✪ t✶✙❳✶✙❆
✭✙✮✯✣✭✥ ✰✪✭✬ ★✧ ✰✲✳✴✪ ★✵✮✶✙ ✭✧♦ ✚✽✙✧✢ ✵✧✢ ✥✜✯✧ ✩✺✢✻ ❇★✭✧♦ ❂✙✽✫ ✩✵ ✽✧❳✙✯✧ ✩✺✢ ✣✥ ✶✩ ✩✹ ✭✙✮✯✣✭✥
✰✪✭✬ ★✧ ✰✲✳✴✪ ★✵✮✶✙ ✭✧♦ ★✢✽✤✙❊ ✵✧✢✫ ✣✥★ ★✪✵✙ ✯✥ ✵✙❈✶ ✩✺✻ ✈✯❵✫ ✱✣✾✙✯✪✶ ✣✬✽❁✙❊✬ ✵✧✢ ✹✙✱❃ ✩✙✧✬✧
✭✙✹✧ ♣❛❞❢ ✩✙✧✯✧ ✩✺✢❵ ❧❣❤❢❞❢ (formulation), ❥❦ (solution), ✣✬✭❊■✬ ❅♥q❢rq❢❆ (interpretation)

✈✙✺✜ s❢✉q✇❛❞❢ (validation)✻
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❧✍❧✎ ☛✏✑✎ ✏✒ ✓❧ ☛✔✕✒ ✡✂✎ ✑✎✖①✎ �✗❧✡✂ ☛✔✆✂✎① ✘✂☛ ✘✝✙✚✛✎✞ A2.2 ✒✎✖ ✟✂✥✞✜❧✒✢✆✂✘✂✎✖ ✡✂✎

✏✑ ✡☞✝✎ ✒✎✖ ✡☞✎✖①✎❣ ✆✏✂✣ ✏✒ ✤✙✦✛ ✟✂✥✞✜❧✒✢✆✂✘✂✎✖ ☛☞ ✌✌✂✠ ✡☞✎✖①✎ ✗✂✎ ✘✂☛✤✎✦ ✧✂☞✂ �☛✛✑☎ ✡★✂✂✘✂✎✖ ✒✎✖

✏✑ ✡☎ ①✩✠ ❧✒✢✆✂✘✂✎✖ ✤✎✦ ❧✒✂✝ ✏✪✖❣ ✍✂✞ ✒✎✖ ✌✑✡☞ ✘✂☛ ✆✏ ✞✎✫✂✎✖①✎ �✡ �✗✝ ✌☞✁✂✂✎✖ ✡✂ ☛✔✆✂✎① ✘✂☛✝✎

✟✂✥✞✜❧✒✢✆✂✘✂✎✖ ✡✂✎ ✏✑ ✡☞✝✎ ✒✎✖ �✡✆✂ ✏✪✬ ✓✝✒✎✖ ❧✎ ✤✙✦✛ ✌☞✁✂✂✎✖ ✡✂ ☛✔✆✂✎① ①�✁✂✄☎✆ �✝✞✟✂✠✝ ✒✎✖ ✭✂☎ �✡✆✂

✗✂✄✂ ✏✪❣

✘①✑✎ ✘✝✙✚✛✎✞ ✘✈✂✂✠✄✮ A2.3 ✒✎✖ ✏✒ ✤✙✦✛ ❧☞✑ �✝✞✟✂✂✎✯ (models) ☛☞ ✌✌✂✠ ✡☞✎✖①✎❣

✘✝✙✚✛✎✞ A 2.4 ✒✎✖ ✏✒ �✝✞✟✂✠✝ ✤✎✦ ❧✒①✔ ☛✔✕✒ (overall process) ✓❧✤✎✦ ✑✂✭✂ ✘✂✪☞ ✓❧✡☎ ✤✙✦✛

❧☎✒✂✘✂✎✖ ☛☞ ✌✌✂✠ ✡☞✎✖①✎❣

A2.2 ✰✱✲✳ ✴✵✶✷✱✸✱✹✺ ✻✱ ✼✽✾✿❀❁❂✱✹✻✾

✩❧ ✘✝✙✚✛✎✞ ✒✎✖✬ ✏✒ ✤✙✦✛ ✟✂✥✞✜❧✒✢✆✂✘✂✎✖ ☛☞ ✌✌✂✠ ✡☞✎✖①✎ ✗✂✎ ✓✝ ❧✒✢✆✂✘✂✎✖ ✤✎✦ ❧✒✂✝ ✏✪✖ �✗❜✏✎✖ ✘✂☛

�☛✛✑☎ ✡★✂✂✘✂✎✖ ✒✎✖ ✏✑ ✡☞ ✌✙✤✎✦ ✏✪✖❣ ✘✂✩❢ ✏✒ ❧✍❧✎ ☛✏✑✎ ✘✝✙✕✒✂✝✙☛✂✄☎ �✤✌☞✁✂ ❧✎ ❧✖✍✖�❃✄ ❢✡

❧✒✢✆✂ ✑✎✖❣

♠❄❅❆❇❈❅ 1 : ✒✪✖✝✎ ✘☛✝☎ ✡✂☞ ❧✎ 432 km ✡☎ ✞❉☞☎ ✄✆ ✡☎ ✘✂✪☞ ✩❧✒✎✖ ❊❋ ✑☎●☞ ☛✎●❍✂✎✑ ✑①✂❣ ✒✙■✎

✘☛✝☎ ✡✂☞ ❧✎ ✓❧ ✢✈✂✂✝ ✄✡ ✗✂✝✂ ✏✪ ✗✂✎ 180 km ✞❉☞ ✏✪❣ ✩❧✤✎✦ �✑❢ ✒✙■✎ �✡✄✝✎ ☛✎●❍✂✎✑ ✡☎

✘✂✤✟✆✡✄✂ ✏✂✎①☎❏

❆❑ : ✆✏✂✣ ✏✒ ✩❧ ❧✒✢✆✂ ✡✂✎ ✏✑ ✡☞✝✎ ✒✎✖ ☛✔✆✙▲✄ ✌☞✁✂✂✎✖ ✡✂ ✓▼✑✎✫✂ ✡☞✎✖①✎❣

♣❇❈❅ 1 : ◆❖P❅❈❅ :  ✏✒ ✗✂✝✄✎ ✏✪✖ �✡ ✏✒ �✗✄✝☎ ✘�❃✡ ✞❉☞☎ ✄✆ ✡☞✎✖①✎ ✓✄✝✎ ✏☎ ✘�❃✡ ☛✎●❍✂✎✑ ✡☎

✘✂✤✟✆✡✄✂ ✏✂✎✄☎ ✏✪✬ ✘✈✂✂✠✄✮ ☛✎●❍✂✎✑ ✡☎ ✒✂◗✂✂ ✄✆ ✡☎ ①✩✠ ✞❉☞☎ ✤✎✦ ✘✝✙✕✒✂✝✙☛✂✄☎ ✏✂✎①☎❣

432 km ✡☎ ✞❉☞☎ ✄✆ ✡☞✝✎ ✤✎✦ �✑❢ ✘✂✤✟✆✡ ☛✎●❍✂✎✑ ✡☎ ✒✂◗✂✂ = 48 ✑☎●☞

180 km ✡☎ ✞❉☞☎ ✄✆ ✡☞✝✎ ✤✎✦ �✑❢ ✘✂✤✟✆✡ ☛✎●❍✂✎✑ ✡☎ ✒✂◗✂✂ = ?

❘❙❈❅❚❯❱ ❲❈❅❳❨ : ✒✂✝ ✑☎�✗❢

x = ✒✎☞✎ ✧✂☞✂ ✄✆ ✡☎ ✗✂✝✎ ✤✂✑☎ ✞❉☞☎

y = ✒✎☞✎ �✑❢ ✘✂✤✟✆✡ ☛✎●❍✂✎✑ ✡☎ ✒✂◗✂✂

y , x  ✤✎✦ ✘✝✙✕✒✂✝✙☛✂✄☎ ✏✪❣

✘✄❩✬ y = kx, ✗✏✂✣  k  ❢✡ ✘✌☞ ✏✪❣

✒✪✖✬ ❊❋ ✑☎●☞ ☛✎●❍✂✎✑ ✒✎✖ 432 km ✡☎ ✞❉☞☎ ✄✆ ✡☞ ❧✡✄✂ ✏❉✣❣

✘✄❩✬ y = 48, x = 432

✩❧�✑❢✬ k =
48 1

432 9

y

x
❬ ❬
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❉☎✂✆✝�✞ y = kx ❣✟,

❜✠�✡☛ y =
1

9
x (1)

✠❧☞✞✌✁✂ ✍☎✂ ✠✎✏✂✑ ✍✒✑ ✓✂✔✕☎✞ ✖✆✗✘✂✆✡ ✞☞ ❧✂✏✂✂ ✓✂✟✌ ✄☎ ✞☞ ①❜✙ ✚✎✌☞ ✔✆✛ ✜☞✢ ✞✂ ✠✝✜✝✣

✜✄✂✄☞ ❣✟❝

♣✤✥✦ 2 : ✧★ : ❣❧✆✝ 180 km ✞☞ ✚✎✌☞ ✄☎ ✞✌✩✆ ✔✆✛ �✡☛ ✓✂✔✕☎✞ ✖✆✗✘✂✆✡ ✞☞ ❧✂✏✂✂ ✪✂✄ ✞✌✩☞

❣✟❝ ✓✄✫ ❣❧✆✝  y  ✞✂ ❧✂✩ ✪✂✄ ✞✌✩✂ ❣✟❞ ✬✜�✞ x = 180 ❣✟❝ ✠❧☞✞✌✁✂ ✍✒✑ ❧✆✝ x = 180 ✌❥✂✩✆ ✖✌❞ ❣❧✆✝

☎❣ ✖❀✂✭✄ ❣✂✆✄✂ ❣✟✫

y =
180

20
9

✮

♣✤✥✦ 3 : ❢✯✰✱♣✯ ✲✳✴✦✵✴✦✶ : ❉☎✂✆✝�✞  y = 20 ❣✟,  ❜✠�✡☛ 180 km ✞☞ ✚✎✌☞ ✄☎ ✞✌✩✆ ✔✆✛ �✡☛

❣❧✆✝ ✷✸ ✡☞✗✌ ✖✆✗✘✂✆✡ ✞☞ ✓✂✔✕☎✞✄✂ ❣✂✆①☞❝

❉☎✂ ☎❣ ✜✂✄ ✓✂✖✞☞ ✠❧✹ ❧✆✝ ✓✂❜✙ ❣✟ ☎✂ ✩❣☞✝ �✞ ✠✺✂☞ �✻✼✂�✄☎✂✆✝ ❧✆✝ ✠✎✏✂ ✍✒✑ ✞✂✆ ✡✂①✎ ✩❣☞✝

�✞☎✂ ✬✂ ✠✞✄✂✽ ✾✚✂❣✌✁✂ ✔✆✛ �✡☛❞ ❧✂✩ ✡☞�✬☛ �✞ 432 km ✔✂✡✂ ❧✂①✙ ✖❣✂✿❁✂✆✝ ❧✆✝ ❣✂✆✞✌ ❣✟ ✓✂✟✌

180 km ✔✂✡✂ ❧✂①✙ ✠❧✄✡ ❧✟✚✂✩ ❧✆✝ ❣✟❝ ✖❣✂✿❁☞ ❧✂①✙ ✠✆ ✄✂✆ ✞✂✌ ❧✆✝ ✖✆✗✘✂✆✡ ✞☞ ❥✂✖✄ ✞♦❂ ✄✆✬ ✚✌ ✠✆

❣✂✆①☞❞ ✖✌❃✄♦ 180 km ✔✂✡✆ ❧✂①✙ ✠✆ ✞✂✌ ❧✆✝ ✖✆✗✘✂✆✡ ✞☞ ❥✂✖✄ ❜✠ ✚✌ ✠✆ ✩❣☞✝ ❣✂✆①☞❞ ✓�✖✄♦ ✣☞❧☞ ✚✌

✠✆ ❣✂✆①☞❝ ✓✄✫ ☎❣ ✠✎✏✂ ✄✺✂☞ ✡✂①✎ ❣✂✆✄✂ ❣✟ ✬✜�✞ ✔✆ ✠✺✂☞ �✻✼✂�✄☎✂❄ ✬✂✆ ✾✠ ✚✌ ✞✂✆ ✖❀✺✂✂�✔✄ ✞✌✄☞

❣✟✝ �✬✠✠✆ ✚✂✆✩✂✆✝ ☎✂✏✂✂✓✂✆✝ ❧✆✝ ✖✆✗✘✂✆✡ ✞☞ ❥✂✖✄ ✚✌ ✠❧✂✩ ❣✂✆❝ ☎✂❞ ☎�✚ �✻✼✂�✄☎✂✆✝ ❧✆✝ ✓✝✄✌ ❣✂✆❞ ✄✂✆ ✞✂✌ ✔✆✛

�✡☛ ✓✂✔✕☎✞ ✖✆✗✘✂✆✡ ✞☞ ❧✂✏✂✂ ✖✌ ❜✠ ✓✝✄✌ ✞✂ ✖❀✺✂✂✔ ✜❣♦✄ ✞❧ ❣✂✆①✂❝ ✔✆✛✔✡ ☛✆✠☞ �✻✼✂�✄ ❧✆✝ ❣☞

✖✆✗✘✂✆✡ ✞☞ ❥✂✖✄ ✄☎ ✞☞ ①❜✙ ✚✎✌☞ ✔✆✛ ✓✩♦✐❧✂✩♦✖✂✄☞ ❣✂✆①☞❝ ✠❧✻☎✂ ❣✡ ✞✌✄✆ ✠❧☎❞ ❣❧ ❜✠✆ ❧✂✩ ✞✌

✢✡✄✆ ❣✟✝❞ ✓✼✂✂✙✄❅ ❜✠✆ ❣❧ ✖�✌✞❆✖�✡✄ ✞✌ ✡✆✄✆ ❣✟✝❝

♠❇✦✧✤✥✦ 2 : ❧✂✩ ✡☞�✬☛ ✠♦✣☞✌ ✩✆  8% ✞☞ ✠✂✣✂✌✁✂ ✔✂❈❊✂✞ ❋☎✂✬ ✚✌ ✠✆ ✒●✸✸✸ ❍ �✩✔✆✕✂ �✞☛ ❣✟✝❝

�✩✔✆✕✂ ✠✆ ✾✠✆ ✬✂✆ ✣✩✌✂�✕✂ �❧✡✄☞ ❣✟ ✾✠✠✆ ✔❣ ☛✞ ✔✂■✕✂① ❧✕✂☞✩❞ �✬✠✞☞ ✞☞❧✄ 19000 ❍ ❣✟❞

❥✂✌☞✚✩✂ ✢✂❣✄✂ ❣✟❝ ✜✄✂❜☛ �✞ ✔❣ �✞✄✩☞ ✓✔�✣ ✔✆✛ �✡☛ 15000 ❍ �✩✔✆✕✂ ✞✌✆ �✬✠✠✆ �✞ ✔✂■✕✂①

❧✕✂☞✩ ❥✂✌☞✚✩✆ ✔✆✛ �✡☛ ✾✠✆ ✖☎✂✙✭✄ ✣✩✌✂�✕✂ ✖❀✂✭✄ ❣✂✆ ✬✂☛✽

✧★ : ♣✤✥✦ 1 : ❏❑▲✴✦ ▼✦ ❏◆❖✦✥✦ : ☎❣✂❄ ❣❧✆✝ ❧✎✡✣✩ ✓✂✟✌ ❋☎✂✬P✚✌ ✪✂✄ ❣✟❝ ❋☎✂✬ ✔❣ ✣✩✌✂�✕✂ ❣✟

✬✂✆ �✞ ✔✂■✕✂① ❧✕✂☞✩ ❥✂✌☞✚✩✆ ✔✆✛ �✡☛ ✓✂✔✕☎✞ 15000 ❍ ✠✆ ✓�✄�✌❉✄ ✣✩✌✂�✕✂ ❣✟❝ ❣❧✆✝ ✔❊✂✂✆◗ ✞☞

✠✝❥☎✂ ✪✂✄ ✞✌✩☞ ❣✟❝

❘❢✥✦❙❚✴ ✰✥✦✱✯ : ✠✂✣✂✌✁✂ ❋☎✂✬ ✞✂ ✠✎✏✂   I = 
P

100

nr
  ❣✟❞

✬❣✂❄ P = ❧✎✡✣✩
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n = ♦✍✂✂ ✎✏ ✡☎ ✑ ✒✓✆✂

r % = ❈✆ ✂ ✔✕ ✞ ☞

I = ✈✖✔✄ ❈✆ ✂ ✔

✆❣✂ → ❡✗ ✘ ✙ ✝ = 15000 ★

✑ ❧✙☎ ☞ ✚✂ ☞✂ ♦✂✛ ✟✂ ① ❡✟✂ ☎✝ ✓✂ ☞☎✞ ✝✎ ♦✎✜ �✘✢ ✈✂ ♦✟✆ ✡ ✙✝ = 19000 ★

✈✄ ✣ ✤ ✈✖✔✄ �✡ ✆✂ ✔✂ ✝✎ ♦✂ ✘✂ ❈✆✂ ✔ = 19000 – 15000 ★

= 4000 ★

♦✍✂✂ ✎✏ ✡☎ ♦❣ ✑ ✒✓✆✂ �✔✑ ❡✎✒ 15000 ★ ✡☎ ☞✂ �✟✂ ✔ ❡✂ ✡☎ ①❞ ✠ ❣✥ = n

8%  ✡☎ ✞ ☞ ☛ ☞ n  ♦✍✂✂ ✎✏ ❡✎✒ 15000 ★ ☛☞ ❈✆✂ ✔  = I

✄r ✤ I =
15000× × 8

100

n

✈✄ ✣ ✤ I = 1200 n (1)

♠ ☛☞✂ ✎✦✄ ✑ ✎ ♦✍✂✂ ✎✏ ✡☎ ✑ ✒✓✆✂ ✈✂ ✥☞ ❈✆✂ ✔ ♦ ✎✜ r☎✌ ✡✂ ✑ ✒r ✒✙ ☛✧✂ ✩✄ ❣✂ ✎ ✔✂✄✂ ❣ ✥✤ ✔r �✡ 8%  ✡☎ ♦✂ ✖✍✂✡

✞ ☞ ☛ ☞ 15000 ★  �✝♦ ✎✟✂ �✡✢ ①✢ ❣✂ ✎✒❢

❣❡✎✒ ♦❣ ✈♦ �✙ ✪✂✄ ✡ ☞✝✂ ❣ ✥ �✔✑ ❡✎✒ ✈✖✔✄ ❈✆✂✔  4000 ★ ❣✥❢ ✑ ❡☎✡ ☞✁✂ ✫✬✭ ❡✎✒ I = 4000 ☞✓✂ ✝✎

☛☞ ✤ ❣ ❡✎✒ ✆ ❣ ☛✧✂ ✩✄ ❣✂ ✎✄✂ ❣ ✥✣

4000 = 1200 n (2)

♣✮✯✰ 2 : ✱✲✳✴✰ ✵✰ ✶✷ : ✑ ❡☎✡ ☞✁✂ ✫ ✸✭ ✡✂ ❣ ✘ ✡ ☞✝✎ ☛☞✤ ❣ ❡✎✒ ✆ ❣ ☛✧✂ ✩✄ ❣✂ ✎✄✂ ❣✥✣

n =
4000 1

3
1200 3

✹

♣✮✯✰ 3 : ✺ ✻✼✽♣✻ : ✦✆ ✂ ✎✒�✡  n = 
1

3
3

  ✈✂ ✥☞ ✢✡ ♦✍✂ ✠ ✡ ✂ �✄ ❣✂❞ ✠ ✾ ❡❣☎✝ ✎ ❣✂ ✎✄ ✎ ❣✥✒ ✤ ❞ ✑ �✘✢ ✿ ♦✍✂ ✠ ✈✂ ✥☞

✾ ❡❣☎ ✝✎ r✂ ✞ ✑ ❧✙☎☞ ♦✂✛ ✟✂ ① ❡✟✂☎ ✝ ✓✂ ☞☎ ✞ ✑ ✡✄✂ ❣ ✥❢

✦✆ ✂ ✈✂ ☛ ♠ ✝ ☛�☞✡ ❉ ☛✝✂ ✈✂ ✎✒ ✡✂ ✈✝❧❡✂ ✝ ✘ ①✂ ✑✡✄ ✎ ❣ ✥✒✤ �✔❀❣ ✎✒ ✈✂ ☛✡ ✂ ✎ ❁ ☛☞ ♦ ✎✜ ♠ ✞✂ ❣☞✁✂ ❡✎✒ ✡ ☞✝✂

❣ ✥❂ ❣ ❡ ✆ ❣✂→ ✆ ❣ ❡✂ ✝ ✘ ✎✄ ✎ ❣ ✥✒ �✡ ♠✑ ✈♦ �✙ ❡✎✒ ❃✂☎ ❈✆ ✂ ✔✕ ✞☞ ♦ ❣☎ r ✝☎ ☞❣✎ ①☎ �✔✑ ❡✎✒ ❣ ❡ ❈✆✂ ✔

☛�☞✡ �✘✄ ✡ ☞✄ ✎ ❣✥✒✤ ✈❀✆ ✐✂✂ ✑ ✗❄✂  I = 
P

100

nr
 ✘✂ ①✗ ✝❣☎ ✒ ❣✂ ✎①✂ ❢ ❣❡✝✎ ✆ ❣ ❃✂☎ ❡✂ ✝ �✘✆ ✂ ❣ ✥ �✡ ♠✑ ✑ ❡✆

✄✡ ♦✂✛ ✟✂ ① ❡✟✂☎ ✝ ✡☎ ✡☎ ❡✄ ❡✎✒ ✡✂ ✎❞ ✠ ♦❅ �❆ ✝❣☎ ✒ ❣✂ ✎✄☎ ✤ ✔r ✄✡ �✡ ✑ ❧✙☎ ☞ ✈✂ ♦ ✟✆✡ ✙ ✝☞✂ �✟✂ ✢✡ �❄ ✂✄

✝❣☎ ✒ ✡ ☞ ✘✎✄✂ ❢
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♠☎✆✝✞✟✆ 3 : ✱✠ ✡✂☛☞✌✍✎✂☛☞ ✱✠ ✏✑✒ ✡☛✓ ✔✕✖✗✘✙✖✂✚ (upstream) ✥✂✠✌✛ ✏✑✒ ✖☛✜ �✠✏✂✌☛ ✎✢☛ ✑✂☛ ✏①✌✂☛✓

✖☛✜ ✎✒♦ ✠✒ ✑✣✌✒ ✤✦ ✧✂✓☞☛ ✡☛✓ ✄★ ✠✌✄✒ ✚✩✪ ★✚✒ ✑✣✌✒ ✖✚ ✫✏✬✘✙✖✂✚ (downstream) ✘✂✭♦ ✧✂✓☞☛ ✡☛✓ ✄★

✠✌✄✒ ✚✩✪ ★�✑ ❞✂✌✂ ✠✒ ♦✂✮ ✯ km/h ✚✂☛✛ ✄✂☛ ✰✂✂✓✄ ✥✮ ✡☛✓ ✎✂☛☞ ✠✒ ♦✂✮ ✲✂✄ ✠✒�✥✱✪

✝❣ : ♣✞✟✆ 1 : ❧✳✴✆✟✆ : ✚✡☛✓ ✏✑✒ ✠✒ ❞✂✌✂ ✠✒ ♦✂✮ ✫✂✩✌ ✑✂☛ ✵✶✂✂✏✂☛✓ ✖☛✜ ✎✒♦ ✠✒ ✑✣✌✒ ✄★ ✠✌✏☛ ✠✂

✢✡★ ✲✂✄ ✚✩✪ ✚✡☛✓ ✰✂✂✓✄ ✥✮ ✡☛✓ ✎✂☛☞ ✠✒ ♦✂✮ ✲✂✄ ✠✌✏✒ ✚✩✪

✷✸✟✆✹✺✻ ✼✟✆✽✾ : ✡✂✏ ✮✒�✥✱ ✎✂☛☞ ✠✒ ♦✂✮  x km/h  ✚✩✛ �✮★✂ ①★✂ ✢✡★  t ✧✂✓☞✂ ✚✩ ✫✂✩✌ ✄★ ✠✒

✑✣✌✒ y km/h  ✚✩✪ ✄✎✛

y = tx (1)

✚✩✪ ✡✂✏ ✮✒�✥✱ ✑✂☛ ✵✶✂✂✏✂☛✓ ✖☛✜ ✎✒♦ ✠✒ ✑✣✌✒  d km ✚✩✪

✔✕✖✗✘✙✖✂✚ ✥✂✏☛ ✡☛✓ ✎✂☛☞ ✠✒ ✖✂✵✄�✖✠ ♦✂✮ =  ✎✂☛☞ ✠✒ ♦✂✮ – ❞✂✌✂ ✠✒ ♦✂✮✛

❉★✂☛✓�✠ ✎✂☛☞ ✏✑✒ ✖☛✜ ✘✙✖✂✚ ✖☛✜ �✖✿❀ ✥✂ ✌✚✒ ✚✩✪

✫✄✦ ✔✕✖✗✘✙✖✂✚ ✡☛✓✛ ✎✂☛☞ ✠✒ ♦✂✮ = (x – 2) km/h

★�✑ ★✚ ✔✕✖✗✘✙✖✂✚ ✑✂☛ ✏①✌✂☛✓ ✖☛✜ ✎✒♦ ✠✒ ✑✣✌✒ ✄★ ✠✌✏☛ ✡☛✓ ❁ ✧✂✓☞☛ ✮☛✄✒ ✚✂☛✛ ✄✂☛ ✢✡✒✠✌✁✂ ❂❃❄ ✢☛

✚✡☛✓ ★✚ ✘✙✂❅✄ ✚✂☛✄✂ ✚✩✦

d = 6(x – 2) (2)

✫✏✬✘✙✖✂✚ ✥✂✄☛ ✢✡★ ✎✂☛☞ ✠✒ ♦✂✮ ✡☛✓ ✏✑✒ ✠✒ ♦✂✮ ✥✂☛✈❆✏✒ ✚✂☛✄✒ ✚✩✪

✫✄✦ ✫✏✬✘✙✖✂✚ ✡☛✓✛ ✎✂☛☞ ✠✒ ♦✂✮ = (x + 2) km/h

✫✏✬✘✙✖✂✚ ❇✢✒ ✑✣✌✒ ✠✂☛ ✄★ ✠✌✏☛ ✡☛✓ ✎✂☛☞ ❈ ✧✂✓☞✂ ✮☛✄✒ ✚✩✪

✫✄✦✛ d = 5(x + 2) (3)

❂✯❄ ✫✂✩✌ ❂❊❄ ✢☛✛ ✚✡☛✓ ★✚ ✘✙✂❅✄ ✚✂☛✄✂ ✚✩✦

5(x + 2) = 6(x –2 ) (4)

♣✞✟✆ 2 : ✝❣ ❋✆✹ ●✞✾✆

✢✡✒✠✌✁✂ ❂❍❄ ✠✂☛ x ✡☛✓ ✚✮ ✠✌✏☛ ✘✌✛ ✚✡☛✓  x = 22  ✘✙✂❅✄ ✚✂☛✄✂ ✚✩✪

♣✞✟✆ 3 :  ✸✾✼✽♣✾

❉★✂☛✓�✠  x = 22 ✚✩, ❇✢�✮✱ ✰✂✂✓✄ ✥✮ ✡☛✓ ✡✂☛☞✌✍✎✂☛☞ ✠✒ ♦✂✮ ✯✯ km/h ✚✂☛①✒✪

✔✘✌ ✖☛✜ ➴✑✂✚✌✁✂ ✡☛✓✛ ✚✡ ✥✂✏✄☛ ✚✩✓ �✠ ✚✌ ✥①✚ ✏✑✒ ✠✒ ♦✂✮ ✢✡✂✏ ✏✚✒✓ ✚✂☛✄✒✪ �✠✏✂✌☛ ✖☛✜ �✏✠☞

★✚ ❞✒✌☛ ✘✙✖✂�✚✄ ✚✂☛✄✒ ✚✩ ✫✂✩✌ ✎✒♦ ❞✂✌✂ ✡☛✓ ✄☛✥ ✘✙✖✂�✚✄ ✚✂☛✄✒ ✚✩✪ ✎✂☛☞ �✠✏✂✌☛ ✢☛ ♦✮✏✂ ✘✙✂✌✓■✂ ✠✌✄✒

✚✩ ✫✂✩✌ ✏✑✒ ✠✒ ✎✒♦ ❞✂✌✂ ✠✒ ✫✂☛✌ ✥✂✄✒ ✚✩✪ ✥✎ ★✚ ①✓✄❏★ ✵✶✂✂✏ ✖☛✜ �✏✠☞ ✫✂ ✥✂✄✒ ✚✩✛ ✄✂☛ ❇✢✠✒

♦✂✮ �✠✏✂✌☛ ✠☛ �✏✠☞ ✫✂✄☛ ✚✬✱ ✠✡ ✚✂☛✄✒ ✥✂✄✒ ✚✩✪ ✫✄✦ ✎✒♦ ❞✂✌✂ ✡☛✓ ✎✂☛☞ ✠✒ ♦✂✮ ✫✂✩✌ �✠✏✂✌☛

✘✌ ✎✂☛☞ ✠✒ ♦✂✮ ✡☛✓ ✶✂✂☛✈❆✂ ✫✓✄✌ ✚✂☛✄✂ ✚✩✪ ❉★✂☛✓�✠ ★✚ �✠✏✂✌☛ ✖☛✜ �✏✠☞ ✎✚✬✄ ✠✡ ✢✡★ ✄✠ ✌✚✄✒
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❣✍✎ ✏✑�✒✓ ✝✞☎ ✡☎ ✌✂✒ ✡✂ ✆❣ ✔✕✄☞ ✖✗✘✖✒ ✙✂✂✗✚✛☎ ✔✖�✜ ✖✗✘ �✒✓ ❣☎ ☛✢✣✂✂�✖✄ ✡☞✄✂ ❣✍✤ ✔✄✥ ✝✞☎

✡☎ ✌✂✒ ❞✗✕ ❣❞ ✏✑ ✔✕✄☞ ✡☎ ✦☛✗✧✂✂ ✡☞ ✑✡✄✗ ❣✍✕✤ ★✂✗✩ ✡☎ ✌✂✒ ❞✗✕ ❣✪✓ ✙✂✂✗✚✛✗ ☛�☞✖✄✠✝ ✡☎ ✣✂☎ ❣❞

✦☛✗✧✂✂ ✡☞ ✑✡✄✗ ❣✍✕✤ ✑✂✙✂ ❣☎✎ ✝✞☎ ✡☎ ✌✂✒ ✖✗✘ ✔�✄�☞♠✄ ☛✂✝☎ ✫✬✒✭ ✔✂✍☞ ★✂✗✩ ✡☎ ✑✄❣ ✖✗✘ ★☎✌

✡✂ ✮✂✯✂✠✁✂ ✣✂☎ ★✂✗✩ ✡☎ ✖✂✰✄�✖✡ ✌✂✒ ✡✂✗ ☛✢✣✂✂�✖✄ ✡☞✗①✂✤ ✆❣✂✱ ✣✂☎ ❣❞ ✆❣ ❞✂✝ ✒✗✄✗ ❣✍✕ �✡ ✆❣ ☛✢✣✂✂✖

★❣✪✄ ✡❞ ❣✍✤

✔✄✥ ✆❣✂✱ ❣❞ ✆❣ ❞✂✝ ✒✗✄✗ ❣✍✕ �✡✥

1. ✝✞☎ ✡☎ ✌✂✒ ✔✂✍☞ ★✂✗✩ ✡☎ ✌✂✒ ☛✉☞✗ ✑❞✆ ✔✌☞ ★✝☎ ☞❣✄☎ ❣✍✤

2. ★✂✗✩ ✔✂✍☞ ☛✂✝☎ ✖✗✘ ★☎✌ ✡✂ ✮✂✯✂✠✁✂ ✔✂✍☞ ✖✂✆✪ ✖✗✘ ✡✂☞✁✂ ❣✂✗ ☞❣✂ ✮✂✯✂✠✁✂ ✦☛✗✧✂✁✂☎✆ ❣✍✤

➴☛☞ ✡☎ ①✏✠ ☛�☞✡✲☛✝✂✔✂✗✕ ✖✗✘ ✔✂✜✂☞ ☛☞✎ ❣❞✝✗ ✟✂✂✕✄ ✬✒ ❞✗✕ ★✂✗✩ ✡☎ ✌✂✒ ✳✂✄ ✡☎ ❣✍✤

✬✍✑✂ �✡ ➴☛☞ ✞☎ ①✏✠ ✟✂t✞✴✑❞✰✆✂✔✂✗✕ ❞✕✗ ❣❞✝✗ ✞✗✵✂✂ ❣✍ �✡ ✓✡ ✟✂t✞✴✑❞✰✆✂ ✡✂ ❣✒ ✡☞✝✗ ❞✗✕

✄☎✝ ✌☞✁✂ ✒✂①✉ ❣✂✗✄✗ ❣✍✕✤ ✆✗ ✌☞✁✂ �✝r✝�✒�✵✂✄ ❣✍✕ ✥

1. ❧✶✷✸✹✸ : ❣❞ ✑❞✰✆✂ ✡✂ �✖✟✒✗✯✂✁✂ ✡☞✄✗ ❣✍✕ ✔✂✍☞ ✞✗✵✂✄✗ ❣✍ ✕ �✡ ✑❞✰✆✂ ✖✗✘ ❣✒ ❞✗✕ ✡✂✍✝✴✡✂✍✝

✑✗ ✡✂☞✡✂✗✗✕ ✡✂ ✔�✜✡ ☛✢✣✂✂✖ ❣✍✤ ✆✗ ❧✺❧✻✼✽ ✾✸✿✾ (relevant factors) ✡❣✒✂✄✗ ❣✍✕✤ ❣❞✂☞✗

☛❣✒✗ ✦✞✂❣☞✁✂ ❞✗✕✎ ✑✪✑✕①✄ ✡✂☞✡ ✄✆ ✡☎ ①✏✠ ✞✉☞☎ ✔✂✍☞ ✵✂☛✄ �✡✆✂ ①✆✂ ☛✗✩✐✂✗✒ ❣✍✤ ❣❞✝✗ ❞✂①✠

✡☎ ✔✖✰✙✂✂✎ ✌✒✂✝✗ ✡☎ ✌✂✒ ✬✍✑✗ ✔❀✆ ✡✂☞✡✂✗✕ ✡☎ ✦☛✗✧✂✂ ✡☞ ✒☎ ❣✍✤ ✔❀✆✙✂✂ ✑❞✰✆✂ ✏✄✝☎

✡�❁✝ ❣✂✗ ✬✂✓①☎ �✡ ✏✑✗ ❣✒ ✡☞✝✂ ✔�✜✡ ✡�❁✝ ❣✂✗ ✬✂✓①✂✤ �✬✝ ✡✂☞✡✂✗✕ ✡☎ ❣❞ ✦☛✗✧✂✂

✡☞ ✞✗✄✗ ❣✍✕✎ ✦❀❣✗✕ ✈❧✻✼✽ ✾✸✿✾ (irrelevant factors) ✡❣✂ ✬✂✄✂ ❣✍✤

✄★ ❣❞ ✓✡ ✆✂ ✔�✜✡ ①�✁✂✄☎✆ ✑❞☎✡☞✁✂✂✗✕ ✖✗✘ ❂☛ ❞✗✕ ✑❞✰✆✂ ✡☎ ①�✁✂✄☎✆✄✥ ❃✆✂✵✆✂

✡☞✄✗ ❣✍✕✤

2. ❄❅ : ✖✪✘♦ ✦☛✆✪♠✄ �✖�✜✆✂✗✕ ✡☎ ✑❣✂✆✄✂ ✑✗ ✌☞✁✂ ❆ ❞✗✕ ☛✢✂❇✄ ①�✁✂✄☎✆ ✑❞☎✡☞✁✂✂✗✕ ✡✂✗ ❣✒

✡☞✖✗✘✎ ❣❞ ✑❞✰✆✂ ✡✂ ❣✒ ✳✂✄ ✡☞✄✗ ❣✍✕✤

3. ❢❈❉❊❋❈ : ❣❞ ✞✗✵✂✄✗ ❣✍✕ �✡ ✌☞✁✂ ● ❞✗✕ ☛✢✂❇✄ ❣✒ ✡✂ ✔✙✂✠ ❞✉✒ ✟✂t✞✴✑❞✰✆✂ ✖✗✘ ✑✕✞✣✂✠ ❞✗✕

♠✆✂ ❣✍✤

✆❣✂✱ ✔✂☛✖✗✘ �✒✓ ✖✪✘♦ ☛✢✟✝ �✞✓ ✬✂ ☞❣✗ ❣✍✕✤ ✏✝ ☛✢✟✝✂✗✕ ✖✗✘ �✒✓ ➴☛☞ ★✄✂✓ ①✓ ✄☎✝ ✌☞✁✂✂✗✕ ✡✂✗

✒✂①✉ ✡☞✖✗✘ ✟✂t✞✴✑❞✰✆✂✔✂✗✕ ✡✂✗ ❣✒ ✡☞✝✗ ❞✗✕ �✬✝ ✌☞✁✂✂✗✕ ✡✂ ☛✢✆✂✗① �✡✆✂ ✬✂✄✂ ❣✍✎ ✦❀❣✗✕ ✔✂☛✝✗ ✑❞②✂

❣✍ ✆✂ ✝❣☎✕✤ ✏✑✡☎ ✬✂✱✌ ✔✂☛ ✡☞ ✑✡✄✗ ❣✍✕✤

❍■❏❑▲▼◆❖ A2.1

✝☎✌✗ ✞☎ ①✏✠ ☛✢P✆✗✡ ✑❞✰✆✂ ❞✗✕ ✰☛✯✩ ❂☛ ✑✗ ★✄✂✏✓ �✡ ➴☛☞ �✞✓ ①✓ ✌☞✁✂✂✗✕ ❆✎ ● ✔✂✍☞ ◗ ✡✂✗ ✒✂①✉

✡☞✝✗ ❞✗✕ ✑✪✑✕①✄ ✔✂✍☞ ✔✑✕①✄ ✡✂✍✝✴✡✂✍✝ ✑✗ ✡✂☞✡ ❣✍✕✤

1. ❞✂✝ ✒☎�✬✓ ✓✡ ✖✕✘☛✝☎ ✡✂✗ ✖✪✘♦ ✑❞✆ ✖✗✘ �✒✓ ✓✡ ✖✕✘❇✆✉✩☞ ✡☎ ✔✂✖✟✆✡✄✂ ❣✍✤ ✖✕✘☛✝☎

✆✂ ✄✂✗ 2000 ❘  ☛✢�✄ ❞✂❣ ✡☎ ✞☞ ✑✗ ✖✕✘❇✆✉✩☞ �✡☞✂✓ ☛☞ ✒✗ ✑✡✄☎ ❣✍ ✆✂ 25000 ❘  ❞✗✕ ✓✡
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♦☎✆✝✞✟✠✡ ☛✂✡☞✌ ✍✎✄☞ ✏✑✒ ✞�✌ ♦☎✆✓✔☞ ✎✂✕ ✖☎✗☞ ✘♦�✙ ✄✎ ♦☎✆✝✞✟✠✡ ✎✂ ✓✚✞✂✕① ✎✡✔✂ ✏✑✛ ✄✂✕

♦☎✆✓✔☞ ✎✂✕ ✜✄✔✂ �✎✡✂✞✂ ✌✕✔✂ ✓✢✣✕①✂ �✎ ✜✍✍✕ ✍✤✄✂ ✄✂✕ ✞✏ ✏✂✕①✂ �✎ ♦✏ ♦☎✆✝✞✟✠✡ ☛✂✡☞✌ ✖✕✒

✜✍♦✕✆ �♦✓✡☞✄✛ ✞�✌ ♦☎✆✓✔☞ ✎✂✕ ❜✂✂✕✢✣✕ ✍✥✞✛ ✘❜✂✂✦✄✧ ♦✕✆♦✖ ★✎ ✥✏☞✔✕ ♦✕✆ �✖★ ✏☞ ♦☎✆✝✞✟✠✡

✎✂ ✓✚✞✂✕① ✎✡✔✂ ✏✑✛ ✄✂✕ ★✕✍☞ �✤❜✂�✄ ✥✕☎ �✎✡✂★ ✓✡ ♦☎✆✝✞✟✠✡ ✖✕✔✂ ✘�✙✎ ✍✤✄✂ ✓✢✣✕①✂✒ ❞✔

✥✏☞✔✂✕☎ ✎☞ ✍☎☛✞✂ ✗✄✂✜★ �❡✍♦✕✆ ✗✂✌ ♦☎✆✝✞✟✠✡ ✎✂✕ ☛✂✡☞✌✔✂ ✘�✙✎ ✍✤✄✂ ✓✢✣✕①✂✒

2. ✥✂✔ ✖☞�❡★ ★✎ ✎✂✡ ✤❜✂✂✔ A  ✍✕ ❧✖✔✂ ✓✚✂✡☎✩✂ ✎✡✄☞ ✏✑ ✘✂✑✡ ♦✏ ★✎ ✘✪✞ ✤❜✂✂✔  B ✎☞ ✘✂✕✡

✹✫ km/h ✎☞ ❧✂✖ ✍✕ ❡✂✄☞ ✏✑✒ ❞✍☞ ✍✥✞ ★✎ ✘✪✞ ✎✂✡ ✤❜✂✂✔ B ✍✕ ❧✖✔✂ ✓✚✂✡☎✩✂ ✎✡✄☞

✏✑ ✘✂✑✡ ♦✏  A  ✎☞ ✘✂✕✡ ✬✫ km/h ✎☞ ❧✂✖ ✍✕ ❡✂✄☞ ✏✑✒ ✞�✌  A  ✘✂✑✡ B  ♦✕✆ ✗☞❧ ✎☞ ✌✟✡☞

✶✫✫ km ✏✑✛ ✄✂✕ ✗✄✂✜★ �✎ �✎✄✔✕ ✍✥✞ ✗✂✌ ★✎ ✎✂✡ ✌✟✍✡☞ ✎✂✡ ✍✕ �✥✖✕①☞✒

3. ✓✐❜♦☞ ✍✕ ❧☎✌✚✥✂ ✖①✩✂① 384000 km ✎☞ ✌✟✡☞ ✓✡ ✏✑ ✘✂✑✡ ✓✐❜♦☞ ♦✕✆ ✓✚�✄ ✓�✡✭✥✂ ✎✡✔✕ ✎✂

✓❜✂ ✖①✩✂① ♦✐✮✂☞✞ ✏✑✒ ✞✏ ✥✂✔✎✡ �✎ ❧☎✌✚✥✂ ✓✐❜♦☞ ✎☞ ✓�✡✭✥✂ ✯✹ ✰✂☎✠✕ ✥✕☎ ✓✟✡✂ ✎✡✄✂ ✏✑✛

✗✄✂✜★ �✎ �✎✍ ❧✂✖ ✍✕ ❧☎✌✚✥✂ ✓✐❜♦☞ ✎☞ ✓�✡✭✥✂ ✎✡✕①✂✒ (✱ = 3.14 ✖☞�❡★ )

4. ★✎ ✓�✡♦✂✡ ❞✔ ✥✏☞✔✂✕☎ ✥✕☎✛ �❡✔✥✕☎ ♦✏ ♦✂✠✡ ✏☞✠✡ ✎✂ ✓✚✞✂✕① ✔✏☞☎ ✎✡✄✂✛ �✗❡✖☞ ♦✕✆ �✖★

✘✂✑✍✄✔ ✶✫✫✫ ✈ ✩✂✲①✄✂✔ ✎✡✄✂ ✏✑✒ �❡✔ ✥✏☞✔✂✕☎ ✥✕☎ ♦✏ ♦✂✠✡ ✏☞✠✡ ✎✂ ✓✚✞✂✕① ✎✡✄✂ ✏✑✛ ❞✔

✥✏☞✔✂✕☎ ✥✕☎ �✗❡✖☞ ✎✂ ✘✂✑✍✄ �✗✖ ✶✯✹✫ ✈ ✘✂✄✂ ✏✑✒ ♦✂✠✡ ✏☞✠✡ ✎✂ ✓✚✞✂✕① ✎✡✔✕ ✎☞ ✖✂①✄

8 ✈ ✓✚�✄ ✰✂☎✠✂ ✏✑✒ ★✎ �✌✔ ✥✕☎ ♦✂✠✡ ✏☞✠✡ ✎✂ ✓✚✞✂✕① �❡✄✔✕ ✘✂✑✍✄ ✰✂☎✠✂✕☎ ♦✕✆ �✖★ �✎✞✂ ❡✂✄✂

✏✑ ❞✍✕ ❣✂✄ ✎☞�❡★✒

A2.3 ✳✴✵✷ ✸✺✻✼✽✾✿ ✺❀❁❂✼❃

✘✩✂☞ ✄✎ ✘✓✔☞ ❧❧✂✦ ✥✕☎ ✏✥✔✕ ✎✂✕✜✦ ✔✜✦ ✗✂✄ ✔✏☞☎ ✎✏☞ ✏✑✒ ✜✍ ✘✔✲❄❅✕✌ ✥✕☎✛ ✏✥ ✓✏✖✕ ✗✄✂★ ①★ ❧✡✁✂✂✕☎

✥✕☎ ★✎ ✘✂✑✡ ❧✡✁✂ ✗❆✣✂ ✌✕☎①✕✒ ✜✍ ❧✡✁✂ ✎✂✕ ❇❈❉❊❋●❍❈ (validation) ✎✏✂ ❡✂✄✂ ✏✑✒ ✥✂✪✞✎✡✁✂ ✎✂

✘❜✂✦ ■✞✂ ✏✑❏ ✘✂✜★ ✏✥ ✌✕☛✂✕☎ �✎ ✜✍✎✂ ✘❜✂✦ ■✞✂ ✏✑✒ ♦✂✤✄�♦✎ ❡☞♦✔ ✍✕ ❡✲✢✣☞ �✤❜✂�✄ ✥✕☎✛ ✏✥ ❞✍

�✔✌❢✂✦ ✎✂✕ ✤♦☞✎✂✡ ✔✏☞☎ ✎✡ ✍✎✄✕ �❡✍✍✕ ✓✚✂✝✄ ❞✮✂✡ ♦✂✤✄�♦✎✄✂ ✍✕ ✥✕✖ ✔✏☞☎ ☛✂✂✄✂ ✏✂✕✒ ♦✂✤✄�♦✎✄✂

♦✕✆ �♦✈❑ ❞✮✂✡ ✎☞ ❡✂▲❧ ✎✡✔✕ ✘✂✑✡ ✞�✌ ✘✂♦❢✞✎ ✏✂✕ ✄✂✕✛ ①�✁✂✄☞✞ ♦✁✂✦✔ ✥✕☎ ✘✂✓�✡♦✄✦✔ ✎✡✔✕ ♦✕✆ ✜✍

✓✚✭✥ ✎✂✕ ▼◆❖P◗❘❙◆ ✎✏✂ ❡✂✄✂ ✏✑✒

✞✏ �✔✌❢✂✦✔ ✎✂ ★✎ ✘�✄ ✥✏❚♦✓✟✁✂✦ ❧✡✁✂ ✏✑✒ ✜✍ ✘✔✲❄❅✕✌ ✥✕☎✛ ✏✥ ✘✂✓✎✂✕ ✜✍ ❧✡✁✂ ✍✕ ✓�✡�❧✄

✎✡✂★▲①✕✒

✜✍ ✍☎✌✩✂✦ ✥✕☎ ✘✂✜★ ✓✏✖✕ ✏✥ ★✎ ❞✌✂✏✡✁✂ ✖✕☎✛ ❡✏✂▲ ✏✥✕☎ ✥✂✪✞✎✡✁✂ ♦✕✆ ✗✂✌ ✘✓✔✕ �✔✌❢✂✦ ✎✂

✘✂✓�✡♦✄✦✔ (modification) ✎✡✔✕ ✎☞ ✘✂♦❢✞✎✄✂ ✔✏☞☎ ✏✂✕✄☞✒

♠❯❈❱●❍❈ 4 :  ✥✂✔ ✖☞�❡★ ✘✂✓♦✕✆ ✓✂✍ ❲ ✥☞✠✡ ✖☎✗✂ ✘✂✑✡ ❳ ✥☞✠✡ ❧✂✑✢✣✂ ★✎ ✎✥✡✂ ✏✑✒ ✘✂✓ ✜✍

✎✥✡✕ ♦✕✆ ✓✆❢✂✦ ✓✡ ✬✫ cm ✎☞ ✩✂✲❡✂ ♦✂✖☞ ♦①✂✦✎✂✡ ✥✂✕❡✂✜✎ ✠✂✜✖✂✕☎ ✎✂✕ ✖①♦✂✔✂ ❧✂✏✄✕ ✏✑☎✒ ✜✍♦✕✆ �✖★

�✎✄✔☞ ✠✂✜✖✂✕☎ ✎☞ ✘✂♦❢✞✎✄✂ ✏✂✕①☞❏ ★✎ ①�✁✂✄☞✞ �✔✌❢✂✦ ✗✔✂✎✡ ✜✍✕ ✏✖ ✎☞�❡★✒
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❣✍ : ❧✎✏✑✒✑ : ❜✓ ✓✔✕✆✂ ✡✂✖ ✗✘ ✡☞✝✖ ✙✖✚ �✘✛✜ ✗✔✖ ✢ ✡✔☞✖ ✡✂ ✣✂✖✤✂☛✚✘ ✥✂✦☞ ✛✡ ✧✂❜✘ ✡✂

✣✂✖✤✂☛✚✘ ✘✖✝✂ ✗✂✖✄✂ ✗✦④ ✧✂❜✘ ✡☎ ✛✡ ★✂✩✪✂ ✡☎ ✘✢✫✂❜✠ ✬✭✮ ✔☎✧☞ ✗✦④ ✯✆✂✖ ✢�✡ ✡✔☞✖ ✡☎ ✘✢✫✂❜✠

✻ ✔☎✧☞ ✗✦✜ ❜✓�✘✛ ✡✔☞✖ ✡☎ ✘✢✫✂❜✠ ✡✖ ✥✝✩�✞✟✂ ✛✡ ☛✢�✯✄ ✔✖✢ 
6

0.3
 = 20  ✧✂❜✘✖✢ ✘①✂❜✠ ✪✂ ✓✡✄☎

✗✢✦ ✰✞✖�✱✂✛ ✥✂✙✲✚�✄ A2.1✳④

✈✴✵✶✷✸✹ A 2.1

✯✆✂✖✢�✡ ✡✔☞✖ ✡☎ ✌✂✦❉✺✂❜✠ ✼ ✔☎✧☞ ✗✦✜ ✥✂✦☞  
5

0.3
 = 16.67 ✗✦✜  ✥✄✽✜ ✛✡ ✕✄✢★✂ ✔✖✢ ✗✔ ✾✻ ✧✂❜✘✖✢

✘①✂ ✓✡✄✖ ✗✦✢④ ✯✆✂✖✢�✡  16 × 0.3 = 4.8 ✗✦,  ❜✓�✘✛ ✌✂✦❉✺✂❜✠ ✡✖ ✥✝✩�✞✟✂ 5 – 4.8 = 0.2  ✔☎✧☞ ✕❡✂✂✝

☛☞ ✧✂❜✘✖✢ ✝✗☎✢ ✘①☎ ✗✂✖✢①☎④ ❜✓ ★✂✂① ✔✖✢ ✰✱✂✂✘☎ ✕❡✂✂✝ ✔✖✢✳ ✓✂❜✪ ✙✖✚ ✥✝✩✓✂☞ ✧✂❜✘✂✖✢ ✡✂✖ ✡✂✧✡☞ ✘①✂✝✂

✗✂✖①✂④ ✧✂❜✘ ✓✖ �✫✝✂ ✿✙✖✚ ☛✚✟✂✠ ✡☎ ✌✂✦❉✺✂❜✠ ✬✭❀ ✔☎✧☞ ✗✦✜ ✪✂✖ ✧✂❜✘ ✡☎ ✘✢✫✂❜✠ 0.3 m  ✙✖✚ ✥✂♦✂✖ ✓✖

✥�❁✡ ✗✦④ ✥✄✽✜ ✗✔ ✛✡ ✧✂❜✘ ✡✂✖ ✞✂✖ ✫☞✂✫☞❂✫☞✂✫☞ ✥✂❁✖ ★✂✂①✂✖✢ ✔✖✢ ✝✗☎✢ ✫✂❃✧ ✓✡✄✖ ✥✂✦☞ ✟✂✖❄✂ ★✂✂①

✡✂✖ ✿✡✝✖ ✙✖✚ �✘✛ ✞✂✖✝✂✖✢ ✥✂❁✖ ★✂✂①✂✖✢ ✡✂ ☛❞✆✂✖① ✝✗☎✢ ✡☞ ✓✡✄✖④

❅❆✒✑❇❈❊ ❋✒✑●❍:

✥✂✙✟✆✡ ✧✂❜✘✂✖✢ ✡☎ ✙✩✚✘ ✓✢✱✆✂ = ✰✘✢✫✂❜✠ ✡✖ ✥✝✩�✞✟✂ ✧✂❜✘✂✖✢ ✡☎ ✓✢✱✆✂ × ✌✂✦❉✺✂❜✠ ✔✖✢ ✧✂❜✘✂✖✢ ✡☎

✓✢✱✆✂✳ + �✫✝✂ ✿✙✖✚ ✗✩✛ ✣✂✖✤✂ ☛☞ ✧✂❜✘✂✖✢ ✡☎ ✓✢✱✆✂ (1)

❣✍ : ✪✦✓✂ �✡ ✗✔ t☛☞ ✡✗ ✌✩✙✖✚ ✗✦✢ �✡ ✘✢✫✂❜✠ ✙✖✚ ✥✝✩�✞✟✂ ✧✂❜✘✂✖✢ ✡☎ ✓✢✱✆✂ ❀✬ ✗✦ ✥✂✦☞ ✌✂✦❉✺✂❜✠

✡✖ ✥✝✩�✞✟✂ ✧✂❜✘✂✖✢ ✡☎ ✓✢✱✆✂ ✾✻ ✗✦④ ✥✢�✄✔ ☛✢�✯✄ ✙✖✚ �✘✛✜ ✗✔✖✢ ❀✬ ✥✂✦☞ ✧✂❜✘✂✖✢ ✡☎ ✥✂✙✟✆✡✄✂ ✗✂✖①☎④

❜✝ ✔✂✝✂✖✢ ✡✂✖ ✰✾✳ ✔✢✖ ☛❞�✄✕❡✂✂�☛✄ ✡☞✝✖ ☛☞✜ ✗✔✖✢ ✆✗ ☛❞✂■✄ ✗✂✖✄✂ ✗✦✽

(20 × 16) + 20 = 320 + 20 = 340

❆❍❋●❢❍ : ☛✚✟✂✠ ☛☞ ✘①✂✝✖ ✙✖✚ �✘✛ ✮✐✬ ✧✂❜✘✂✖✢ ✡☎ ✥✂✙✟✆✡✄✂ ✗✂✖①☎④

  

 

4.8 m

❏❑▲▼◆❏❑▲▼ ❖P◗❘P❙❚ ❯P▲P

❱❲P ❳❨P ❩P❙❬P
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❡☎✆✝✞✟✠☎ : ❖✡✂☛☞✂�✌✍ ✎✏☛✑ ✒✓✔ ✕✂✖✍✂ �✒✗✘✂✏ ✕✂✖✙✔ ☛✚✛✜ ✕✂✢✌ ✣✂✤✥ ✒✂✓① ✙✍✄✂ ☞✢✦ ✧✡✂✔✓�✍ ✙✂✤✎

☛✔✛ ✕✑✚✙✂✌ ✍✂✣✄✔ ✙✒✡ ✣✂✤✥✔✓ ✣♦✣★✖♦✛✣ ①✤✩ ✪✂✏✓✫ ✕✂✖✍✂ �✒✗✘✂✏ ✤✙ ✍✂✒ ✒✔✓ �✍✄✑✂ ☛✚✛✬✂✥ ☞✢ ✭✙

✖✌ ☞✏ ✣✂✤✥✂✔✓ ✍✏ ✙✓✐✡✂ �✑✮✂✩✌ ✍✌✔①✏✫ ✖✌✯✄✚✦ ✤✙☛✔✛ �✥✰ ✙✒✏✍✌✁✂ ✱✲✳ ✍✂ ✕✂✖�✌☛✄✩✑ ✍✌✑✔ ✍✏

✕✂☛✬✡✍✄✂ ✑☞✏✓ ☞✢✫ ✤✙✙✔ ☞✒✔✓ ✰✍ ✗✪✂♦✥ ✕✑✚✒✂✑ (rough estimate) �✒✥ ✎✂✄✂ ☞✢ �✍ �✍✄✑✏ ✣✂✤✥✂✔✓

✍✏ ✕✂☛✬✡✍✄✂ ☞✂✔①✏✫ ✕✄❞✦ ✡☞✂✴ ☞✒ ✵✍ ✙✍✄✔ ☞✢✓✫

✕✂✤✰ ✕✈ ☞✒ ✰✍ ✕✯✡ �✗✪✂�✄ ✥✔✓✫

♠✶☎✷✟✠☎ 5 : ☛✸✂✩ ✹✺✺✺ ✒✔✓ ✙✓✡✚✧✄ ✌✂✸✣✻ ☛✔✛ ✲✼✲ ✙✽✗✡ ✽✔✬✂✂✔✓ ✑✔ ✰✍ ✾✂✂✔✸✂✁✂✂ ✖✌ ☞✗✄✂✿✂✌ �✍✰✫ ✕✖✑✏

✾✂✂✔✸✂✁✂✂ ✒✔✓ ✡✔ ✙✮✂✏ ✽✔✬✂✦ ☛✸✂✩ ✹✺✲❄ ✄✍ ☛✚✛✜ �☛✍✂✙ ✥✿✡ ✖❀✂❁✄ ✍✌✑✔ ✖✌ ✙☞✒✄ ✪✂✔✫ ✤✑ ✥✿✡✂✔✓ ✍✂✔

❢❂❃❅❢❆❇❂ ❢❈❉❊❋ ❃●❇ ✍☞✂ ✎✂✄✂ ☞✢✫ ✤✑✒✔✓ ✙✔ ✰✍ ✥✿✡ ❍✥① ✙✒✂✑✄✂ ✍✂✔ ✈■❏✂✑✂ ☞✢✫ ✡☞ ✥✿✡ ✖❀✂❁✄

✍✌ �✥✡✂ ①✡✂ ☞✢ �✍ ✑☞✏✓✦ ✤✙✍✂ ✰✍ ✙♦❑✍ ✖❀✂✪✂�✒✍✦ ✒✂▲✡�✒✍ ✕✂✢✌ ✄▼✄✏✡✍ (tertiary) �✬✂✿✂✂

✒✔✓ ✥◆❏�✍✡✂✔✓ ✕✂✢✌ ✥◆❏✍✂✔✓ ✍✂ ✕✑✚✖✂✄ ☞✢✫ ✮✂✂✌✄ ✒✔✓✦ ✎✂✔ �✍ ✾✂✂✔✸✂✁✂✂ ✖✌ ☞✗✄✂✿✂✌ ✍✌✑✔ ☛✂✥✂ ✰✍ ✙✽✗✡

✽✔✬✂ ☞✢✦ ✤✙ ✕✑✚✖✂✄ ✒✔✓ ☛▼�♥ ☞✚✤✩ ☞✢✫ ✭✑ ✥◆❏�✍✡✂✔✓ ☛✔✛ ✖❀�✄✬✂✄ ✕✂✓✍◆❏✔✦ �✎✯☞✂✔✓✑✔ �☛P✂✥✡ ✒✔✓ ✖❀☛✔✬✂ �✥✡✂

☞✢✦ ✙✂✌✁✂✏ A 2.1 ✒✔✓ �✽✰ ①✰ ☞✢✓✫

❧☎✟✠☎◗ A2.1

❘❙☎❚ ✉☎❡☎❯✞✉

❱% ❡❲❯❳

1991-92 41.9

1992-93 42.6

1993-94 42.7

1994-95 42.9

1995-96 43.1

1996-97 43.2

1997-98 43.5

1998-99 43.5

1999-2000 43.6*

2000-01 43.7*

2001-02 44.1*

❧❨☎❲❩ : ❬❊❭❢●❊❉ ❪❊❫❉❴❵❅❛ ❈❅❜ ❝❅❣❛ ❢❬❊●❊❊ ❢❈❤❊❊❥ ❤❊❊❦♣ ❋❦❉❊❦

* ❜♣❊♣❊ q❭ ❢❉ ❪❊❫❉❴❵❅ ❪❆❫❢♣❂ q❭r



①�✁✂✄☎✆ �✝✞✟✂✠✝ ✡✂ ☛�☞✌✆ 371

File Name : C:\Computer Station\Math-IX (Hindi)\Appendix\Appendix-2 PM65

❜✝ ✍✂✎✡✏✑✂✒✎ ✡✂ ☛✓✆✂✒① ✡☞✔✒✕✖ ①�✁✂✄☎✆ ✗☛ ✘✒✎ ✔✙ ✞☞ ✚✄✂❜✛ �✜✢ ✍✝✣☛✂✄ ☛☞ ☛✓✂✤✂�✘✡ �✔✥✂✦✆✂✒ ✎

✘✒✎ ❡✂✄☎✠ ✡☎ ①❜✠ ✦✏✑�✡✆✂✒✎ ✡☎ ✢✎✧✆✂ ✚★✑ ☞✙☎ ✙✩✪ ✫✢ ✔✬✂✠ ✡✂ ❡✂☎ ✍✝✣✘✂✝ ✦①✂❜✛ ✜✚�✡ ❡✂✄☎✠ ✡☎

①❜✠ ✦✏✑�✡✆✂✒✎ ✡☎ ✢✎✧✆✂ 50%  ✄✡ ☛✙✣r✌ ✜✂✛①☎✪

❣✭ : ✍✂❜✛ ☛✙✦✒ ✙✘ ❜✢ ✢✘✈✆✂ ✡✂✒ ✛✡ ①�✁✂✄☎✆ ✢✘✈✆✂ ✘✒✎ ✚✞✦ ✞✒✎✪

♣✮✯✰ 1 : ❧✱✲✰✯✰  : ✳✴✵✶✴✷ A2.1 ✘✒✎ ✔✬✂✠ ✸✹✹✸✺✹✻✖ ✸✹✹✻✺✹✼ ✍✂�✞ ✔✒✕ ✝✂✘✂✎✡✝ �✞✛ ①✛ ✙✩✎✪ ✽✆✂✒✎�✡

�✔✥✂✤✂☎✠ ✟✂✩�❢✂✡ ✔✬✂✠ ✔✒✕ ☛✓✂☞✎❡✂ ✘✒✎ ☛✓✔✒✟✂ ✦✒✄✒ ✙✩✎✖ ❜✢�✦✛ ✙✘ ✔✬✂✂✒✾ ✡✂✒ ✸✹✹✸✖ ✸✹✹✻ ✍✂�✞ ✦✒ ✢✡✄✒

✙✩✎✪ ✍✂❜✛ ✙✘ ✆✙ ✘✂✝ ✦✒✎ �✡ ☛✓✂✤✂�✘✡ �✔✥✂✦✆✂✒✎ ✘✒✎ ☛✓✔✒✟✂ ✦✒✝✒ ✔✂✦☎ ✦✏✑�✡✆✂✒✎ ✔✒✕ ☛✓�✄✟✂✄ ✘✒✎ ✫✢☎

✞☞ ✢✒ ✔♥�✿ ✙✂✒✄☎ ☞✙✄☎ ✙✩ ✜✩✢✂ �✡ ✢✂☞✁✂☎ A2.1 ✘✒✎ �✞✆✂ ①✆✂ ✙✩✪ ✍✄❀ �✔�✟✂✬❁ ✔✬✂✠ ✡✂ ✘✙❂✔ ✝✙☎✎

✙✩✖ ✍�☛✄✣ ✔✬✂✂✒✾ ✡☎ ✢✎✧✆✂ ✡✂ ✘✙❂✔ ✙✩ ❃❜✢☎ ☛✓✡✂☞ ✡☎ �✈✤✂�✄ ✄✚ ✤✂☎ ✜✚�✡ 8% ✡☎ ✞☞ ✢✒ ✄☎✝

✔✬✂✂✒✾ ✔✒✕ �✦✛ 15000 ❄  ✡✂ ✢✂❞✂☞✁✂ ❅✆✂✜ ❆✂✄ �✡✆✂ ✤✂✂✪ ✆✙✂r ❜✢ ✚✂✄ ✡✂ ✡✂✒❜✠ ✘✙❂✔ ✝✙☎✎ ✙✩ �✡

✄☎✝ ✔✬✂✠ ✡☎ ✍✔�❞ ✸✹✹✹ ✢✒ ✻❇❇✼ ✙✩ ✆✂ ✻❇❇✸ ✢✒ ✻❇❇❈ ✙✩ ❃✘✙❂✔☛❉✁✂✠ ✙✩ ✔✬✂✂✒✾ ✘✒✎ ❅✆✂✜ ✞☞ ✡✂

✙✂✒✝✂❊✪ ✆✙✂r ❡✂☎✖ ✙✘ ✆✙ ✞✒✧✂✎✒①✒ �✡ ✸✹✹✸ ✔✒✕ ✚✂✞ ✝✂✘✂✎✡✝ ✘✒✎ �✡✢ ☛✓✡✂☞ ✔♥�✿ ✙✣❜✠ ✙✩✪ ✛✒✢✂ ✙✘ ✸✹✹✻

✔✒✕ ✚✂✞ ✚☎✄ ①✛ ✔✬✂✂✒ ✾ ✡☎ ✢✎✧✆✂ ✍✂✩☞ ✢✎①✄ ✝✂✘✂✎✡✝ ✡☎ ✄✣✦✝✂ ♦✂☞✂ ✡☞✒✎①✒✪ ✍✂❜✛ ✙✘ ✸✹✹✸ ✡✂✒ ❇ ✔✂r

✔✬✂✠ ✘✂✝ ✦✒✎ ✍✂✩☞ ✸✹✹✻ ✔✒✕ �✦✛ ✸ �✦✧✂✒✎✖ ✽✆✂✒✎�✡ ✸✹✹✸ ✔✒✕ ✚✂✞ ✸✹✹✻ ✄✡ ✸ ✔✬✂✠ �✝✡✦ ①✆✂ ✙✩✪

❜✢☎ ☛✓✡✂☞✖ ✸✹✹✼ ✔✒✕ �✦✛ ✻✖ ✸✹✹❈ ✔✒✕ �✦✛ ✼ ✍✂�✞ �✦✧✂✒✎①✒✪ ✍✄❀✖ ✍✚ ✢✂☞✁✂☎ A2.1✖ ✢✂☞✁✂☎ A

2.2 ✔✒✕ ✢✘✂✝ �✞✧✂✂❜✠ ☛✏✑✒①☎✪

❧✰✮✯✰❋ A2.2

●❍✰■
✉✰❏✰❑▲✉

( % ❏▼❑ )

0 41.9

1 42.6

2 42.7

3 42.9

4 43.1

5 43.2

6 43.5

7 43.5

8 43.6

9 43.7

10 44.1
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✉✂☎✂✆✝✉ ☎ ✞✆ ✟ ✠✡ ☛ ☞✌�✍ ✉ ✎✏ ✞ ✑✂✒✁ ✂✎ ☎ ✞✆ ✓✎ ① ✡ ☛ ✟ ✔✕

❧✖ ✗✘✖ ✙ A2.3

♦✚✖ ✛ ✜✖ ✢✖ ✣✤ ✜ ♦✥✦✧

(% ✢ ❡ ✣ )

0 41.9 0

1 42.6 0.7

2 42.7 0.1

3 42.9 0.2

4 43.1 0.2

5 43.2 0.1

6 43.5 0.3

7 43.5 0

8 43.6 0.1

9 43.7 0.1

10 44.1 0.4

✶★★✶ ✑✞ ✶★ ★✩ ✄✝ ✝ ✎ ✪✝ ☞✫✂ ☛ ✝ ✎ ✬☞�✭ ☎ ✞✆ ✉✂☎✂✆ ✝✉ 41.9%  ✑✞ ✮✯✰✝✒  42.6% ✄✝ ✟ ✂ ✞

① ✱✂✲ ✬✳✂ ✂ ☛✄✴ ✉✂ ☎✂ ✆✝✉ ☎ ✞✆  0.7%  ✝✎ ☞✌�✍ ✟ ✠✡ ☛ ✟✔✲ ✓❞✑✒ ✞ ☞✫✂ ☛ ☞ ✞✵ ✬✆✄ ☎ ✞✆✷ ✡✑☎ ✞✆  0.1% ✝✎ ☞✌�✍ ✟ ✠ ✡☛ ✟ ✔

✬✳✂✂☛✄✴ ✱✟ 42.6% ✑✞ ✮✯✰✝✒  42.7%  ✟✂ ✞ ① ✱✂ ✟✔✲ ❣✸✒ ✝✎ ✑✂✒✁✂✎ ✑✞✷ ✟☎ ☞ ✫✂✂ ✞✹ ✝✎ ✑✆ ✺✱✂ ✬✂✔✒ ✸✻�✄✼✂✄

☎ ✞✆ ✝✂ ✞✡ ☛ �✉�✼ ✏✄ ✑✆✮✆✭ ✸✻✂ ✽✄ ✉✟✎✆ ✝✒ ✑✝✄ ✞✲ ✸✒ ✾✄ ✠ ☞✌�✍ ✬✸�✒ ☞✄✎ ☛ ✮ ✉✎ ✒✟ ✄✎ ✟✔✲ ☞ ✞✵ ☞✿ ✸✟ ✿✞ ☞ ✫✂ ☛

☎✆ ✞ ✬✂✔ ✒ ✓✑ ☞✞✆ ☞ ✫✂ ☛ ☎ ✞✆ ✬�✭✝ ☞✌�✍ ✟ ✠✡ ☛ ✟ ✔✲ ✡✉ ☎✂✉✂ ✞✆ ✝✂ ☎✂ ❀ ✱ ✱✟ ✟ ✔✕

0.7 0.1 0.2 0.2 0.1 0.3 0 0.1 0.1 0.4

10

❁ ❁ ❁ ❁ ❁ ❁ ❁ ❁ ❁
 = 0.22

✬✂ ✡✪ ✟ ☎ ✱✟ ☎✂✉ ✿ ✞✆ �✝ ✉✂☎✂✆✝✉ ☎ ✞✆ ✬✸�✒ ☞✄✎ ☛ ✈ ✸ ✑✞ (steadily) ❂❃✩✩ ✸✻�✄✼✂ ✄ ✝✎ ✓✒ ✑ ✞

☞✌�✍ ✟✂ ✞ ✒✟ ✎ ✟✔✲

❄✦✘✖ ❅✙ ❆ ♦✘✖ ✛ ✜ : ✟☎✉ ✞ ✱✟ ☎✂✉ � ✿ ✱✂ ✟ ✔ �✝ ✉✂ ☎✂✆✝✉ ☎ ✞✆  0.22%  ✸✻�✄ ☞ ✫✂ ☛ ✝ ✎ ✓✒ ✑ ✞ ✬✸�✒ ☞✄✎ ☛ ✈ ✸

✑✞ ☞✌�✍ ✟ ✂ ✞ ✒ ✟✎ ✟✔✲

✬✄✕✷ ✸✟ ✿ ✞ ☞ ✫✂ ☛ ☎ ✞✆ ✉✂☎✂✆ ✝✉ ✸✻�✄✼✂✄ (EP) = 41.9 + 0.22

✓❞✑✒ ✞ ☞ ✫✂ ☛ ☎ ✞✆✷ EP = 41.9 + 0.22 + 0.22 = 41.9 + 2 × 0.22

✄✎ ✑✒ ✞ ☞✫✂ ☛ ☎ ✞✆✷ EP = 41.9 + 0.22 + 0.22 + 0.22 = 41.9 + 3 × 0.22

✬✄ ✕✷  n ☞✞✆ ☞ ✫✂ ☛ ☎ ✞✆ ✉✂☎✂✆✝✉ ✸✻�✄✼✂✄ = 41.9 + 0.22n, t✟ ✂ ❇  n > 1 ✟ ✔✲ (1)
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✈✍✎ ✏✑✒✓✒ ✔✕✂✂✒✖ ✡☎ ✔✏ ✗✓✘✆✂ ✙✂☎ ✚✂✄ ✡☞✝☎ ✏✛ �✜✗✑✒✓ ✝✂✑✂✓✡✝  50% ☛✏✐✢✌ ✜✂✣①✂✤ ✈✄✥ ✏✑✒✓

�✝❢✝�✦�✘✂✄ ✗✑☎✡☞✁✂ ✗✒ n  ✡✂ ✑✂✝ ✚✂✄ ✡☞✝✂ ✏✛✥

50 = 41.9 + 0.22n (2)

♣✧★✩ 2 : ❣✪ :  n  ✔✒♦ �✦✣ ✫✬✭ ✡✂✒ ✏✦ ✡☞✝✒ ☛☞✎ ✏✑✒✓ ✆✏ ☛✮✂✯✄ ✏✂✒✄✂ ✏✛✥

n =
50 – 41.9 8.1

36.8
0 22 0 22

✰ ✰

♣✧★✩ 3 : ✱✲✳✴♣✲ : ❉✆✂✓✒�✡ ✔✕✂✂✒✖ ✡☎ ✗✓✘✆✂ ✣✡ ☛✵✁✂✂✖✡☎✆ ✑✂✝ ✏✛✎ ✶✗�✦✣ ✏✑ ✈①✦✂ ✷✸✌ ☛✵✁✂✂ ✖✡

✹✺ ✦✒✓①✒✤ ✈✄✥✎ 1991 + 37 = 2028  ✑✒✓ ✝✂✑✂✓✡✝ ☛✮�✄✟✂✄ 50% ✏✂✒ ✜✂✣①✂✤

✟✂✻✞✼✗✑✽✆✂ ✡✂✒ ✄✂✒ ☛✮✂✆✥ ✏✑ ✆✏☎✓ ✄✡ ✏✦ ✡☞✄✒ ✏✛✓✤ ✦✒�✡✝✎ ✌✵✢�✡ ✏✑ ✔✂✽✄�✔✡ ✜☎✔✝ ✗✒

✜✐t✾☎ �✽✿✂�✄ ☛☞ ✈❀✆✆✝ ✡☞ ☞✏✒ ✏✛✓✎ ✶✗�✦✣ ✏✑✒✓ ✆✏ ✞✒✘✂✝✂ ✏✂✒①✂ �✡ �✡✗ ✗☎✑✂ ✄✡ ✆✏ ✑✂✝

✔✂✽✄�✔✡ �✽✿✂�✄ ✗✒ ✑✒✦ ✘✂✂✄✂ ✏✛✤

♣✧★✩ 4 :  ❡✩❁❂❃✧★✩ : ✈✂✶✣ ✏✑ ✆✏ ✞✒✘✂✒✓ �✡ ✗✵❄✂ ✫✬✭ ✔✂✽✄�✔✡✄✂ ✗✒ ✑✒✦ ✘✂✂✄✂ ✏✛ �✡ ✝✏☎✓✤ ✈✂✶✣

✏✑ ✗✵❄✂ ✫✬✭ ✡✂ ☛✮✆✂✒① ✡☞✔✒♦ ✚✂✄ ✔✕✂✂✒✖ ✔✒♦ ✑✂✝ ✚✂✄ ✡☞✒✓ ✈✂✛☞ ✈✓✄☞ ✚✂✄ ✡☞✔✒♦✎ ✚✂✄ ✑✂✝✂✒✓ ✔✒♦ ✗✂✿✂

✶✝✡☎ ✄✐✦✝✂ ✡☞✒✓✤ ✗✂☞✁✂☎ A2.4 ✑✒✓ ✆✒ ✑✂✝ �✞✣ ①✣ ✏✛✓✤

❧✩✧★✩❅ A2.4

✳❆✩✴ ✲✩❡✩✉❃✲ ❇❈❊ ❋✩✧✩ ✱●❍ ■❍ ❡✩✲ ❏✉r✧

(% ❡❑✉ ) (% ❡❑✉ ) (% ❡❑✉ )

0 41.9 41.90 0

1 42.6 42.12 0.48

2 42.7 42.34 0.36

3 42.9 42.56 0.34

4 43.1 42.78 0.32

5 43.2 43.00 0.20

6 43.5 43.22 0.28

7 43.5 43.44 0.06

8 43.6 43.66 –0.06

9 43.7 43.88 –0.18

10 44.1 44.10 0.00

✜✛✗✂ �✡ ✈✂☛ ✞✒✘✂ ✗✡✄✒ ✏✛✓ �✡ ✗✵❄✂ ✫✬✭ ▲✂☞✂ �✞✣ ①✣ ✔✐♦▼ ✑✂✝ ✔✂✽✄�✔✡ ✑✂✝ ✗✒ ✦①✙✂①

0.3% ✗✒ 0.5% ✄✡ ✡✑ ✏✛✓✤ ✶✗✗✒ ✦①✙✂① ✹ ✗✒ ◆ ✔✕✂✂✒✖ ✡✂ ✈✓✄☞ ✈✂ ✗✡✄✂ ✏✛✎ ❉✆✂✒✓�✡ ✔✂✽✄✔ ✑✒✓

☛✮�✄ ✔✕✂✠ ✔❖�P  1%  ✗✒ 2% ✄✡ ✏✛✤ ✶✄✝✂ ✈✓✄☞ ✽✔☎✡✂✆✠ ✏✂✒ ✗✡✄✂ ✏✛ ✈✂✛☞ ✏✑ ✆✏☎✓ ◗✡ ✗✡✄✒ ✏✛✓✤

✶✗ �✽✿✂�✄ ✑✒✓✎ ✏✑✂☞✂ ①�✁✂✄☎✆ �✝✞✟✂✠ ✫✬✭ ✏✛✤
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❡✂☎ ✆✝�✞✟ �✠ ✡☛ ☞✂✌�✍ ✠✂✎✏✝ ✑✒✓✝ ☛✔ ✕✂✔✖ ☛❡✗✘ ✙✚ �☎✛✜✂✢ ❡✗✘ ✚✌✣✂✖ ✆✂☎✂ ☛✔✤ ✄✑ ☛❡✗✘

♣✖✁✂ ✥ ✎✖ ✎✌☎✦ ✆✂✔✍✠✖ ✞✂☎✂ ☛✂✗①✂✧ ✎✌☎✦ ✚★☞✂✁✂ ✠✖☎✂ ☛✂✗①✂ ✕✂✔✖ ✚❡✝✠✖✁✂ ✩✥✪ ✠✂✗ ✑✛✆☎✂ ☛✂✗①✂✤

✕✂✙✟ ☛❡ ✙✚✗ ✠✖✗✘✘✤

✫✬✭✮ 1 : ✐✯✰✱✲✳✴✮✭✮ : ☛❡ ✡☛✂❣ ✵✂✝ ✡☛ ❡✂☎ ✆✗✘①✗ �✠ ☎✂❡✂✠✘☎ ✎✶�✄✜✂✄ ✷✗✏ ❡✂☎✂✗✘ ❡✗✘ ✕✎�✖✷✄✝✢ ✸✎ ✚✗

0.22% ✠✝ ✷❞�✹ ☛✂✗ ✖☛✝ ☛✔✤ ✎✖✺✄✌ ✡☛✂❣ ✕✑ ☛❡ ☞✂✌�✍ ✠✂✗ ✠❡ ✠✖☎✗ ✷✗✏ �✆✟ ✟✠ ✚✘✜✂✌�✹ ①✌✁✂✠

(correction factor) ✠✂ ✎✶✡✂✗① ✠✖✗✘①✗✤ ✙✚✷✗✏ �✆✟ ☛❡ ✚✵✂✝ ☞✂✌�✍✡✂✗✘ ✠✂ ❡✂✻✡ ✼✂✄ ✠✖✄✗ ☛✔✘✤ ❡✂✻✡

✡☛ ☛✔✦

0.48 0.36 0.34 0.32 0.2 0.28 0.06 – 0.06 – 0.18 0

10

✽ ✽ ✽ ✽ ✽ ✽ ✽
 = 0.18

☛❡ ☞✂✌�✍✡✂✗✘ ✠✂ ❡✂✻✡ ✆✗✄✗ ☛✔✘ ✕✂✔✖ ✙✚ ❡✂☎ ✚✗ ✕✎☎✗ ☞✂✌�✍ ✠✂✗ ✚✘✜✂✌✹ ✠✖✄✗ ☛✔✘✤

✲❧✾✮✮✿❀❁❂ ❃❀✭✮❂❄❅ ❆✭✮❇✰ : ✕✂✙✟ ✕✑ ☛❡ ✩✥✪ ❡✗✘ �✛✟ ①✟ ☎✂❡✂✘✠☎ ✎✶�✄✜✂✄ ✷✗✏ �✆✟ ✕✎☎✗ ✚★☞✂ ❡✗✘

☞✂✌�✍✡✂✗✘ ✠✂ ❡✂✻✡ ✞✂✗✒✓ ✛✗✘✤ ✕✄✦✧ ☛❡✂✖✂ ✚✘✜✂✂✗�✣✄ ✚★☞✂ ✡☛ ☛✂✗ ✞✂✟①✂✦

n✷✗✘ ✷♦✂✢ ❡✗✘ ✎✶�✄✜✂✄ ☎✂❡✂✘✠☎ = 41.9 + 0.22n + 0.18 = 42.08 + 0.22n, ✞☛✂❣ n > 1 (3)

☛❡ ✕✎☎✗ ✚❡✝✠✖✁✂ ✩❈✪ ❡✗✘ ✵✂✝ ❉✎✡✌❊✄✸✎ ✚✗ ✕✂✎�✖✷✄✢☎ ✠✖✗✘①✗✤ n ❡✗✘ ☛❡✂✖✂ ☎✡✂ ✚❡✝✠✖✁✂ ✡☛

☛✂✗①✂✦

50 = 42.08 + 0.22n  (4)

✫✬✭✮ 2 : ✐❀✬❆❋❂❂ ●❍ : n  ✷✗✏ �✆✟ ✚❡✝✠✖✁✂ ✩■✪ ✠✂✗ ☛✆ ✠✖☎✗ ✎✖✧ ☛❡✗✘ ✡☛ ✎✶✂❏✄ ☛✂✗✄✂ ☛✔✦

n =
50 – 42.08 7.92

36
0.22 0.22

❑ ❑

✫✬✭✮ 3 : ❀✰❆❇✫✰ : ❊✡✂✗✘�✠  n = 36 ☛✔,  ✙✚�✆✟ ✷♦✂✢ 1991 + 36 = 2027  ❡✗✘ ✎✶✂▲✂�❡✠ �✷▼✂✆✡✂✗✘ ❡✗✘

✆✒✓�✠✡✂✗✘ ✠✂ ☎✂❡✂✘✠☎ 50% ✄✠ ✎☛✌❣♣ ✞✂✟①✂✤

✫✬✭✮ 4 : ◆✮❖❅P✬✭✮ : ✕✂✙✟ ☛❡ ✎✌☎✦ ✚★☞✂ ✩■✪ ✠✝ ✚☛✂✡✄✂ ✚✗ ✎✶✂❏✄ ❡✂☎✂✗✘ ✠✝ ✄✌✆☎✂ ✷✂✈✄�✷✠

❡✂☎✂✗✘ ✚✗ ✠✖✗✘✤ ✚✂✖✁✂✝ A 2.5 ❡✗✘ ❡✂☎✂✗✘ ✠✝ ✡☛ ✄✌✆☎✂ ✛✝ ①✙✢ ☛✔✤
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❧✍✎✏✍✑ A2.5

♦✒✍✓ ✉✍✔✍✕✖✉ (2) ⑥✍✎✍ ✔✍✉✍❡✕ ♦❡✗ ✭✘✙ ⑥✍✎✍ ✔✍✉✍❡✕ ♦❡✗

(% ✔❡✕ ) ❢✚✛ ✜✛ ❝✑✢ ✖✍ ❢✚✛ ✜✛ ❝✑✢ ✖✍

✔✍✉ ✈✕✣✎ ✔✍✉ ✈✕✣✎

0 41.9 41.90 0 41.9 0

1 42.6 42.12 0.48 42.3 0.3

2 42.7 42.34 0.36 42.52 0.18

3 42.9 42.56 0.34 42.74 0.16

4 43.1 42.78 0.32 42.96 0.14

5 43.2 43.00 0.2 43.18 0.02

6 43.5 43.22 0.28 43.4 0.1

7 43.5 43.44 0.06 43.62 – 0.12

8 43.6 43.66 – 0.06 43.84 – 0.24

9 43.7 43.88 – 0.18 44.06 – 0.36

10 44.1 44.10 0 44.28 – 0.18

t✤✥✂ �✡ ✦✂☛ ✞✧★✂ ✥✡✄✧ ✩✤✪ �✡ ✫✬✮ ✥✧ ☛✯✂✰✄ ✱✂✝✂✧✪ ✡☎ ✄✲✳✝✂ ✱✧✪ ✫✴✮ ✥✧ ☛✯✂✰✄ ✦✝✧✡ ✱✂✝

✵✂✶✄�✵✡ ✱✂✝ ✵✧✷ ✦�✸✡ �✝✡✹ ✩✤✪✺ ✻✥ �✶✼✂�✄ ✱✧✪ ✽✂✲�✹✆✂✧✪ ✡✂ ✱✂✾✆ ✿ ✩✤✺

✩✱ ✦☛✝✧ ☛✯❣✱ ✡✂✧ ✆✩☎✪ ☞✂✧✡ ✞✧ ✪①✧✺ ✦✄❀❁ ✥✱☎✡☞✁✂ ✫✴✮ ✩✱✂☞✂ ①�✁✂✄☎✆ ✵✁✂✠✝ ✩✤ t✂✧ �✡ ✵❂✂✂✧❃

✦✂✤☞ ✵✲✷✳ ✝✂✱✂✪✡✝ ✱✧✪ ✳❄❅�✡✆✂✧✪ ✵✧✷ ☛✯�✄✟✂✄ ✝✂✱✂✪✡✝ ✵✧✷ ❆☎✌ ✡✂ ①�✁✂✄☎✆ ✥✪❆✪✸ ✶✼✂✂�☛✄ ✡☞✄✂ ✩✤✺

✩✱✝✧ ❇✡ ①�✁✂✄☎✆ �✝✞✟✂✠ ✡✂ �✝✱✂✠✁✂ �✡✆✂ ✩✤❁ t✂✧ ✵❈�❉ ✡☎ ❊✆✂★✆✂ ✡☞✄✂ ✩✤✺

♦❋ ●❍■✔❏ ❢❑❧✖✍ ❋✔✉❡ ▲●✎ ✖✑ ❢▼◆✍❢✣ ✔❡✕ ✈✉❖❧✎✏✍ ❢✖P✍ ❋◗❏ ❘❧❡ ✜❢✏✍✣✑P ❢✉✚❙✍✓✉

(mathematical modelling) ✖❋✍ ❑✍✣✍ ❋◗❚

✩✱✝✧ ❯☛✳❱✸ ①�✁✂✄☎✆ ✥✂✸✝✂✧✪ ✥✧ ❇✡ ①�✁✂✄☎✆ �✝✞✟✂✠ ✡✂ �✝✱✂✠✁✂ ✡☞✝✧ ✡✂ ☛✯✆✂✥ �✡✆✂ ✩✤✺

❯☛✳❱✸ ✦✂✪✡❄❅✂✧✪ ✥✧ ☛✯✂①✲�♠✄✆✂❲ ✡☞✝✧ ✵✧✷ ❯❳✂✱ ①�✁✂✄☎✆ ✥✂✸✝ ❨✂☎ ❯☛✳❱✸ ✩✤✪✺ ☛☞❩✄✲ ✵✧ ✻✥ ☛✂❬❭✆❣✱

✵✧✷ ✦✾✆✆✝ ❪✂✧✽✂ ✥✧ ❆✂✩☞ ✩✤✪✺ ✻✥ �✝✞✟✂✠ ✡✂✧ ❆✝✂✝✧ ✡✂ ✩✱✂☞✂ ❯❫✧✟✆ ✦✂☛✡✂✧ �✝✞✟✂✠✝ ☛✯❣✱ ✥✧ ☛�☞�✌✄

✡☞✂✝✂ ✩✤❁ ✝ �✡ ✻✥ ✌☞✁✂ ☛☞ ☛�☞✟✂✲❉ ☛✯✂①✲�♠✄✆✂❲ (accurate predictions) ✡☞✝✂✺

✦✂☛ ✦❨✂☎ ✄✡ ✡☎ ①✻✠ ✌✌✂✠ ✡✂✧ �✡✄✝✂ ✥✱❴ ☛✂❇ ✩✤✪ ✻✥✵✧✷ �✳❇ ✩✱ ✌✂✩✧✪①✧ �✡ ✦✂☛ ✵✂✶✄�✵✡

t☎✵✝ ✥✧ t✲❄❅☎ ✵✲✷❵ �✶✼✂�✄✆✂✧✪ ✡✂ �✝✞✟✂✠✝ ✡☞✧ ✪✺ ✆✩✂❲ ✦✂☛✵✧✷ �✳❇ ❇✡ ☛✯✟✝✂✵✳☎ ✞☎ t✂ ☞✩☎ ✩✤✺
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✐☎✆✝✞✟✠✡ A2.2

1. ✈✂☛☞✌�✍✎ ✏✂☛☞✂☛✌ ✑☛✌ ✒✓✔☛ ✕✖✖ ✑✗✘✙ ✎✗ ✚✂✛✜✢ ✣✂✤✥ ✦✤✧★ ✦✛ ✄✓ ✔☛ ✩✪✁✂★ ✍✚✎ ✍✂✫☛ ✪✂☞✂☛✌ ✎✂ ✔✑✬

✫✗✉☛ ✎✗ ✔✂✙✁✂✗ ✑☛✌ �✚✬✂ ①✬✂ ✦✛✭ ✪✮✂✂☛✯ ✈✂✛✙ ✔✑✬✂☛✌ ✔☛ ✔✌✓✌�✰✄ ✱✎ ①�✁✂✄✗✬ �✫✚✣✂★ ✓✫✂✧✱✭ ✧✔✎✂

✍✲✬✂☛① ✈①☞☛ ✈✂☛☞✌�✍✎ ✑☛✌ ☞①✫☛ ✪✂☞☛ ✔✑✬ ✎✂ ✈✂✎☞✫ ✎✙✫☛ ✑☛✌ ✎✗�✒✱✳

❧✴✵✶✴✷ A  2.6

♦✸✴✹ ❧✺✻ ✼❧✽♦✾✿❀✴✽✾ ✺✽✾❁

1964 52.01

1968 52.03

1972 51.08

1976 49.28

1980 48.88

1984 48.83

1988 48.65

1992 48.83

1996 48.25

2000 49.11

2004 49.41

A2.4 ❢✝❂✆✞❃✝ ✐☎❄❅❆ ❇❈✟❉❊ ✠✞❋✞ ●✞❍■ ❇❈❏✡ ❈✡❅✞❑▲

✈✂✧✱ ✈✓ ✦✑ ①�✁✂✄✗✬ �✫✚✣✂★✫ ✪☛▼ ◆✫ ✍✦☞✤✈✂☛✌ ✍✙ �✪✉✂✙ ✎✙✄☛ ✦✤✱❖ �✒P✦☛✌ ✦✑✫☛ ✍✲✩✄✤✄ ◆✚✂✦✙✁✂✂☛✌ ✑☛✌

�✚✏✂✂✬✂ ✦✛❖ ✈✍✫✗ ✉✉✂★ ✬✦✗✌ ✔✑✂◗✄ ✎✙☛✌✭ �✍❘☞☛ ✈✫✤❙❘☛✚✂☛✌ ✎✗ ✍❚✮❯❱✂❲�✑ ✔☛❖ ✈✓ ✦✑ ✧✔ �✩❳✂�✄ ✑☛✌

✈✂ ①✱ ✦✛✌ �✎ ✦✑ �✫✚✣✂★✫ ✑☛✌ ✍✲✬✤❨✄ ✦✂☛✫☛ ✪✂☞☛ ✉✙✁✂✂☛✌ ✎✂ ✱✎ ✔✌�❩✂◗✄ ✍�✙✚❚✣✬ ✚☛ ✔✪☛✌▼✭

♣✵✶✴ 1 : ❧❬❭✴✶✴ : ✈✫✤❙❘☛✚ A 2.2 ✪☛▼ ◆✚✂✦✙✁✂ ❪ ✪☛▼ ✔❲❫✂✁✂ ✉✙✁✂ ✈✂✛✙ A 2.3 ✑☛✌ ✉❴✉✄ �✫✚✣✂★

✪☛▼ ✔❲❫✂✁✂ ✉✙✁✂ ✪☛▼ ✓✗✉ ✪☛▼ ✈✌✄✙ ✎✗ ✈✂☛✙ ✈✂✍✫☛ ✈✪✣✬ ❵✬✂✫ �✚✬✂ ✦✂☛①✂✭ ◆✚✂✦✙✁✂ ❪ ✑☛✌ ✔❱✂✗ ✔❲✉✫✂✱❛

✄✤✙✌✄ ◆✍✬✂☛①✗ ✥✍ ✑☛✌ ✦✛✌✭ ✍✙P✄✤ A 2.3 ✑☛✌ �✚✱ ①✱ �✫✚✣✂★ ✑☛✌ ✱☛✔✂ ✫✦✗✌ ✦✛✭ ✔✂❳✂ ✦✗❖ ✱✎ ①�✁✂✄✗✬ ✪✁✂★✫

✍✲✂◗✄ ✎✙✫☛ ✑☛✌ ✪✤▼❘ ✔✑✬ ❱✂✗ ☞①✂ ❳✂✂✭ ✦✑✫☛ ✈✍✫☛ ✍✦☞☛ ✔❲❫✂ ✎✗ ✒✂❛✉ ✎✗ ✦✛❖ �✒✔✑☛✌ ✍✂✬✂ �✎ ✬✦

◆✄✫✂ ◆♠✂✑ ✫✦✗✌ ✦✛❖ �✒✄✫✂ �✎ ✚❲✔✙✂ ❳✂✂✭ ❜✬✂✍✎ ✥✍ ✑☛✌❖ ✬✦ ✍✲✂✬✳ ✔❝✬ ✦✂☛✄✂ ✦✛✭ ✈❳✂✂★✄❞ ◆✔ �✩❳✂�✄

✑☛✌ ✒✓�✎ ✦✑ ✪✂✩✄�✪✎ ✒✗✪✫ ✔☛ ✒✤✜✢✗ �✩❳✂�✄✬✂☛✌ ✎✂ �✫✚✣✂★✫ ✎✙✫☛ ✎✂ ✍✲✬✂✔ ✎✙ ✙✦☛ ✦✂☛✄☛ ✦✛✌❖ ✧✔✑☛✌

✍✲✂✬✳ ✍✦☞☛ �✫✚✣✂★ ✎✂☛ ✔✌✣✂✂☛�✰✄ ✎✙✫☛ ✎✗ ✈✂✪✣✬✎✄✂ ✦✂☛✄✗ ✦✛✭ ✒✓ ✦✑ ✪✂✩✄�✪✎ ✒✗✪✫ ✔☛ ✒✤✜✢✗
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❧✍✎✆ ✂ ❣✏ ✡ ☞ ☞❣✑ ❣✂ ✑✄✑ ❣✒✓✔ ✄✂✑ ❧✕ ✖✂✁✂ ✡ ☞✝✑ ✍✑ ✓ ✡✂ ☛✗☎ ❧ ✍✆ ✏ ① ❧✡✄✂ ❣ ✒✘ ✙ ✞✂ ❣ ☞✁✂ ✚✑✗ �✏ ✛ ✔ ✜✆✕ ✢ ✝

✚✑✗ ✄☎ ✝ ①�✄♦ �✝✆ ✍✔ ✣✂ ✑ �✡ ①�✄ ✚✑✗ ①�✁ ✂✄☎✆ ✚✁ ✂ ✠✝ ❣✒✓✔ ✚✑✗ ✡✤✂ ✝ ❧☞✏ ✄✂ ❧✑ �✞✛ ✣✂ ❧✡✄✑ ❣ ✒✓✘ ☛☞✜✄ ✥

❜✝ �✝✆ ✍✂✑ ✓ ✄✡ ☛❣ ✥✦✌ ✝✑ ✚✑✗ �✏ ✛ ✙ ❧✑ ✡✂ ☛✗☎ ✍✂ ✖✂✂ ✍✑ ✓ ✧✂ ✓✡ ★✩✂✑ ✓ ✡✂ ✧✪✆✆ ✝ ✡ ☞✝✂ ☛★✩✂ ✤✂✂ ✧✂ ✒☞ ✙ ✝ ✡✂✆✂✑ ✫

✡☎ ✧✂✑ ☞ ✪ ✆✂ ✝ ✞✑ ✝✂ ☛★✩✂ ✤✂✂ ✣✂ ✑ �✡ ✙ ❧ ✚✑✗ ☛✕ ✚ ✠ ✚✑✗ ✚ ✒❞✂ �✝✡ ✂✑ ✓ ✝✑ �✡✛ ✤✂✑✘

❧✕ ✖✂✁ ✂ ✍✑ ✓ �✝✬ ✝�✏ �✭✂✄ ✄☎ ✝ ✌ ☞✁✂ ✏ ✂ ①✕ ✡ ☞✝✑ ❣✂✑✄✑ ❣ ✒✓✮

(i) ✯ ✰✱✲✳ ✴✳ ✴ ✵✳ ✶ : ☛✐✂✆ ✮ ❧ ✍✎✆✂ ✡ ✂ ✡✤✂ ✝ ✎✤✂ ✕✏ ✷☛ ❧✑ �✞✆ ✂ ✣✂✄✂ ❣ ✒✘ ✙ ✞✂ ❣ ☞✁✂ ✚✑✗ �✏ ✛ ✔

❣ ✍✂ ☞✂ ✎✤ ✂✕✏ ✏ ✸✆ ✄✂ ✑ ✆ ❣ ❧ ✥�✝�✟✌✄ ✡ ☞ ✝✂ ❣ ✒ �✡ ✏ ★✩✡✂✑ ✓ ✧✂ ✒☞ ✏ ★✩ �✡ ✆✂✑ ✓ ✚✑ ✗ ✝✂ ✍✂ ✓✡ ✝ ✹ ☞✂✹ ☞

❣ ✒✓✘ ❜ ❧✡✂ ✧✤✂ ✠ ✆ ❣ ❣✂✑ ❧✡✄✂ ❣ ✒ �✡ �✚✺✂✏ ✆ ✣✂ ✝✑ ✚✂ ✏✑ ✧✂✆ ✥ ✚✑✗ ✏ ★✩✡✂✑ ✓ ✡☎ ✚ ✥✗✏ ❧✓ ✭✆ ✂

✡✂  50%  ✧✂ ✒☞ �✚✺✂✏ ✆ ✣✂ ✝✑ ✚✂✏ ☎ ✧✂✆ ✥ ✡ ☎ ✏ ★✩ �✡ ✆✂✑ ✓ ✡☎ ✚✥✗✏ ❧ ✓✭✆✂ ✡✂ 50% ✝✂ ✍✂ ✓�✡✄

❣✂✑ ✝☎ ✌✂ �❣✛✘ ✛✡ ✧✜✆ �✚�✻ ✆ ❣ ❣ ✒ �✡ ✆ ❣ ❧✥�✝�✟✌✄ �✡✆ ✂ ✣✂✆ �✡ �✚✺ ✂✏✆ ✣✂ ✝✑ ✚✂✏ ✑

✹ ❝✌ ✂✑ ✓ ✍✑ ✓ ❧✑ 50% ✏ ★✩ �✡✆✂✦ ❣✒✓✘ ❣✍✝✑ ✧☛✝☎ ❧✍✎✆ ✂ ✍✑ ✓ ✞✕ ❧☞✑ ✞②�✼✢✡ ✂✑✁ ✂ ✡✂✑ ✧☛ ✝✂✆✂ ❣✒✘

(ii) ✯✽✯✾ ✿❀ ✴✳ ❁✴ ✳ ❂✾ ✴✳ ❂ ❃❄❅✳ ✶✶✳  : ☛❣✏✑ ✆ ❣ �✝✁✂ ✠✆ ✏ ☎ �✣✛ �✡ ❣ ✍✂ ☞☎ ❧✍✎✆✂ ✍✑ ✓ ✡✂ ✒✝♦✡ ✂ ✒✝

❧☎ ☞✂ �✟✂✆ ✂✦ ✧✂ ✒☞ ❧ ✓✹ ✓✻ ✍❣ ❆✚ ☛✕✁ ✂ ✠ ❣ ✒✓ ✧✂ ✒☞ ✡✂ ✒✝♦ ✡✂ ✒✝ ✍❣ ❆✚ ☛✕✁ ✂ ✠ ✝❣☎ ✓ ❣ ✒✓✔ �✣ ✝✡☎ ✙ ☛✑✸✂✂ ✡☎ ✣✂

❧✡✄☎ ❣✒✘ ✙ ✞✂ ❣☞✁ ✂ ✚✑✗ �✏✛ ✔ ☛✐✂✤✂ �✍✡ �✚✺✂✏ ✆✂✑ ✓ ✍✑ ✓ ✝✂ ✍✂ ✓✡ ✝ ❧✓✹ ✓✻☎ ❣✍✂ ☞☎ ❧✍✎✆✂ ✍✑ ✓ �☛❇✏ ✑

✚ ✼✂ ✠ ✍✑ ✓ ✝✂ ✍✂ ✓�✡✄ ✏ ★✩ �✡✆ ✂✑ ✓ ✡ ✂ ☛✐ �✄ ✟✂✄ ❜❧ ✚ ✼✂ ✠ ✝✂ ✍✂ ✓�✡✄ ✏ ★✩ �✡✆✂✑ ✓ ✡☎ ❧ ✓✭✆✂ ✡✂✑ ☛✐❈✂✂ �✚✄

✡ ☞ ❧✡✄✂ ❣ ✒✘ ✛✑ ❧✂ ❜ ❧�✏✛ ❣ ✒ �✡ �✚✺✂✏ ✆ ✍✑ ✓ ✣✒❧✑♦ ✣✒❧✑ ✧✂ ✒☞ ✏ ★✩ �✡✆ ✂✦ ✝✂ ✍✂ ✓�✡✄ ❣✂✑✄☎ ✣✂✄☎

❣ ✒✓ ✚ ✒❧✑♦ ✚ ✒❧✑ ✙ ✝✚✑✗ ✍✂✄✂♦ �☛✄✂ ✧✝✥❈ ✂ ✚ ✡ ☞✝✑ ✏ ①✑ ✓①✑ �✡ ✚✑ ✧☛✝☎ ✏ ★✩ �✡✆ ✂✑ ✓ ✡ ✂✑ ❈✂ ☎ �✚✺ ✂✏ ✆

✍✑ ✓ ❈ ✂✄☎✠ ✡ ☞✂✛ ✓✘ ☛ ☞✜✄ ✥✔ ❣ ✍✝✑ ❜ ❧ ✡ ✂ ☞✡ ✡ ☎ ✙ ☛✑ ✸✂✂ ✡ ☞ ✞☎ ❣✒ ✔ ❡✆✂✑ ✓�✡ ✛✡ �✝�✟✌✄ ☛✐ �✄ ✟✂✄

❧✑ ✧�✻✡ ✝✂ ✍✂ ✓✡ ✝ ❣✂✑ ✣✂ ✝✑ ✚✑✗ ✹✂ ✞ ❣☎ ✆ ❣ ✍❣ ❆✚ ☛✕✁ ✂ ✠ ❣✂ ✑ ❧✡✄✂ ❣✒✘ ❧✂✤✂ ❣☎ ✔ ❜ ❧ ✡✂ ☞✡

✡✂✑ ✹ ❉✩ ✂ ✞✑ ✝✑ ✚✑✗ ✹✂ ✞ �✝✞✟✂ ✠ ✧✂ ✒☞ ✧�✻✡ ✣�✢✏ ❣✂✑ ❧✡✄✂ ❣ ✒✘

(iii) ✿❊ ❋✳ ❀● ✲ ❍❋✳ ■ ✶ : ✧✂ ❜✛ ✧✹ ❣ ✍ ✆ ❣ ✍✂ ✝ ✏✑ ✓ �✡ ❣ ✍✑ ✓ ✆ ❣ ✎☛✼✢ ❣✂✑ ①✆✂ ❣✒ �✡ ❧ ✍✎✆✂ ❡✆ ✂

❣ ✒ ✧✂ ✒☞ ❜ ❧✡ ✂ ✡✂ ✒✝♦ ❧✂ ☛❣✏ ✕ ✧✜✆ ☛❣✏ ✥✧✂✑ ✓ ❧✑ ✧�✻✡ ❧ ✥❧✓①✄ ❣✒✘ ✄✹ ❣✍✑ ✓ ✛✡ ❧ ✍☎✡ ☞✁✂ ✔

✛✡ ✧✂✏ ✑ ✭✂ ✆ ✂ ✧✜✆ ✙ ☛✆ ✥❡✄ ①�✁✂ ✄☎✆ ✚✁ ✂ ✠✝ ✚✑ ✗ ✷☛ ✍✑ ✓ �✝�❣✄ ☛❣✏ ✥✧✂✑ ✓ ✚✑✗ ✹ ☎✌ ✡✂ ❧✓✹ ✓✻

❞✂✄ ✡ ☞ ✝✂ ❣✂✑ ✄✂ ❣ ✒✘ ✆ �✞ ✆ ❣ ✛✡ ❧ ✍☎✡ ☞✁ ✂ ❣✒ ✔ ✄✂ ✑ ❣✍✂ ☞✑ ①�✁ ✂✄☎✆ ❧ ✍☎✡ ☞✁ ✂ ✍✑ ✓ ☛✐ ❆✆ ✑✡

✍❣❆✚ ☛✕✁ ✂ ✠ ☛ ❣✏ ✕ ✡✂✑ ✛✡ ✌ ☞ ❧✑ �✝✷�☛✄ ✡ ☞✝✂ ✌ ✂ �❣✛✘

❅❁❋✳ 2 :  ❄❏ ❑✳❀ ✴ ❁✶✳ : ①�✁✂✄☎✆ ❧✕ ✖✂✁ ✂ ❧✑ ❣✏ ☛✐✂ ▲✄ ✝❣☎✓ ❣✂✑✄✂✘ ❣ ✍✑ ✓ ❧ ✍✎✆✂ ✚✑✗ ❜❧ ①�✁ ✂✄☎✆ ✄ ✥▼✆

✡✂✑ ❣✏ ✡ ☞✝✂ ❣✂✑ ✄✂ ❣ ✒✘ ✆ ❣☎ ✚ ❣ ✎✤✂✏ ❣ ✒ ✣❣✂✦ ❣✍✂ ☞✂ ①�✁ ✂✄☎✆ ❞✂ ✝ ✙ ☛✆✂ ✑ ①☎ �❧◆ ❣✂ ✑✄✂ ❣ ✒✘

❅❁❋✳ 3 : ❄❏ ✴ ✳ ❊ ✶❍■ ❅ ✶ : ①�✁ ✂✄☎✆ ❣✏ �✝✞✟✂ ✠ ✚✑✗ ✌ ☞✂✑ ✓ ✚✑✗ ✚ ✥✗ ❇ ✍✂ ✝ ❣✂✑✄✑ ❣ ✒✓✘ ❣ ✍✑ ✓ ✚✂ ✎✄ �✚✡ ✣☎ ✚ ✝

❧✑ ✣✥★✩☎ ❧✍✎✆ ✂ ✡✂ ✑ ☛✥✝✮ ✏✑ ✝✂ ❣✂✑ ①✂ ✧✂ ✒☞ ✆ ❣ ✞✑ ✭✂ ✝✂ ❣✂✑ ①✂ �✡ ❧✍✎✆ ✂ ✍✑ ✓ ❜ ✝ ✍✂ ✝✂ ✑ ✓ ✡✂ ❡✆✂ ✧✤ ✂ ✠ ❣ ✒✘

❅❁❋✳ 4 : ❄❏ ✴ ✳ ✰✳ ❖✲✴ ❁❋✳ : ✣✒❧✂ �✡ ❣ ✍✝✑ A 2.3 ✍✑ ✓ ✆ ❣ ✞✑ ✭✂ ✂ �✡ ❣✏ ❞✂✄ ✡ ☞✝✑ ✚✑✗ ✹✂ ✞✔ ❣ ✍✑ ✓

✆ ❣ ✞✑ ✭✂ ✝✂ ❣✂✑ ①✂ �✡ ❣✏ ✚✂ ✎✄ �✚✡✄✂ ❧✑ ✍✑✏ ✭✂✂✄✂ ❣ ✒ �✡ ✝❣☎ ✓✘ ✆ �✞ ✆ ❣ ✍✑✏ ✭✂✂✄✂ ❣✒✔ ✄✂✑ ①�✁✂✄☎✆

�✝✞✟✂ ✠ ✎✚☎✡✂✆ ✠ ❣✂✑✄✂ ❣ ✒✘ ✆ �✞ ①�✁ ✂✄☎✆ ❣✏ ✍✑✏ ✝❣☎ ✓ ✭✂✂✄✂ ✔ ✄✂✑ ❣ ✍✑ ✓ ❧✕ ✖✂✁ ✂ ✌ ☞✁✂ ☛ ☞ ☛✥✝✮ ✧✂ ✣✂✛✦ ✧✂ ✒☞

❣ ✍ ✧☛✝✑ �✝✞✟✂ ✠ ✍✑ ✓ ❧ ✥✻✂ ☞ ✏ ✂ ✝✑ ✡✂ ☛✐✆✂ ❧ ✡ ☞✑ ✓✘
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✐☎✆✝ ✞ ✟✠ ✡☛ ☞✌✁ ✂ ✝ ✟✍ ✎✂ ✏✑✒☛✝ ✓✔✂✕✂ ✟✍ ✖✂ ✟ ✗ ✘ ✖✌ ✙ ✟ ✕✂✚✌ ①�✁ ✂✄✛ ✔ �✙ ✑✎✂ ✜✙ ✞ ✟✠ ✢✛☞ ✣ ✖ ✢✤✥✂

✕✍✄✌ ✗ ✂ ✟✄✂ ✗ ✚✈ �✙ ✑✎✂ ✜✙ ✝ ✟✍ ✔✗ ✣ ✖ ✕�✄ ✝✗ ✦✞ ✐ ✧✁ ✂ ✜ ☞✌✁ ✂ ✗✚ ★✂ ✟ � ✖ ✎✂ ✏✑ ✒☛✝ ✓✔✂✕✂ ✟✍ ✝ ✟✍ ✙✗ ✛✍ ✗ ✂ ✟✄✂ ✗ ✚✈

✗ ✂❣✩ ✔✗ ☛✍ ✪✂✞ ✗ ✚ � ✖ ✞ ✂ ✓✄�✞ ✖ ★✛✞ ✙ ☛ ✟ ★✫ ✤✥✛ � ✓✬✂�✄ ✔✂ ✟✍ ✝ ✟✍ ✗✝ ✟✍ ✕✐✙ ✟ ✭ ✮✂✌ ✖✂ ✝✂ ✯✔ ✖✌✁ ✂ ✖✌✙ ✟ ✖✛

✕✂✞ ✎✔✖✄✂ ✙✗ ✛✍ ✗ ✂ ✟✄✛ ✰✔✂ ✟✍� ✖ ☛✝ ✓✔✂ ☛ ✌ ✘ ✗ ✚ ✕✂ ✚✌ ✗ ✝ ✟✍ ☛✛ ✱✟ ☛✗ ✛ ✗ ✘ ✐ ☎✂✲✄ ✗✂ ✟ ★ ✂✄✂ ✗ ✚✈ ✕✙✫✳✴ ✟✑

A2.3  ✝ ✟✍ � ✘✣ ① ✣ �✙ ✑✎✂ ✜ ✝ ✟✍ ✣ ✟☛✂ ✗✛ ✬✂✂✈

✗✝✙ ✟ ✭☛ ✆✝ ✖✂ ☛✍� ✵✂✲✄ �✞✞ ✌✁ ✂ �✑✔✂ ✗✚ �★☛✝ ✟✍ ✙✛ ☞✟ ✑✛ ① ✡✜ ✕✂✞ ✶✠�✄ A 2.2 ✝ ✟✍ ①�✁ ✂✄✛✔ �✙ ✑✎✂ ✜✙

✞ ✟✠ ☞✌✁✂ ✘✂① ✧ � ✖✣ ①✣ ✗✚✍✈ ✝✂ ✯✔✖✌✁✂ ☞✌✁✂ ☛ ✟ ☛ ✧♦✂✁✂ ☞✌✁✂ ✖✛ ✕✂ ✟✌ ★✂✙ ✟ ✖✂ ✟ ❢✷✸✹✺ ❢✻✼ ✼✽ ✾ ☛ ✟ �✑✿✂✂ ✔✂

① ✔✂ ✗✚✈ ✣ ✟☛ ✂ ✡☛ � ✘✣ � ✖✔✂ ① ✔✂ ✗✚ � ✖ ✗ ✂ ✟ ☛ ✖✄✂ ✗ ✚ ✡☛ ☞✌✁ ✂ ✖✂ ✟ ✐ ✫✙❀ ✘✂ ① ✧ ✖✌✙✂ ✕✂✞ ✎✔✖ ✙ ✪✂✛

✗✂ ✟✈

❁❂ ❃❄❅❆❇  A 2.2

✕✢✩ ✰✔✂ ✟✍� ✖ ✕✂✐✙ ✟ ①�✁✂✄✛ ✔ �✙ ✑✎✂ ✜✙ ☛ ✟ ☛✍ ✢✍� ✱✄ ☞✌✁ ✂✂ ✟✍ ✖✂ ✕❈ ✔✔✙ ✖✌ � ✘ ✔✂ ✗ ✚✩ ✡☛� ✘✣ ✕✂ ✡✣

✗ ✝ ✡☛✞ ✟✠ ✞ ✫ ✠✴ ✐ ✗ ✘✫✕✂ ✟✍ ✐✌ ☞ ☞✂ ✜ ✖✌ ✘ ✟✍✈

①�✁✂✄✛ ✔ �✙ ✑✎✂ ✜✙ ✖✂ ✭ ❉✟ ✎✔ ✞✂ ✓✄�✞ ✖ ★① ✄ ☛ ✟ ★✫ ✤✥ ✛ ☛ ✝ ✓✔✂ ✞ ✟✠ ✢✂✌ ✟ ✝ ✟✍✩ ✭ ☛ ✟ ①�✁ ✂✄✛ ✔ ☛✝ ✓✔✂

✝ ✟✍ ❡✐✂✍✄�✌✄ ✖✌✞ ✟✠ ✞ ✫✠✴ ✭✐ ✔✂ ✟①✛ ☛ ✧☞✙✂✣❣ ✐☎✂✲✄ ✖✌✙✂ ✗ ✚✈ ✔✗ �✞ ✎✂ ✟❊✂ ❡✐ ☛ ✟ ✄ ✢ ✭✐ ✔✂ ✟①✛ ✗ ✂ ✟✄✂ ✗✚ ★ ✢� ✖

☛✛ ✱ ✟ ✐☎ ✟✵✂✁ ✂ ✖✌ ✞ ✟✠ ✔✂ ✐☎ ✔✂ ✟① ✖✌✙ ✟ ★ ✚☛ ✟ ✕ ✯✔ ☛✂ ✱✙✂ ✟✍ ☛ ✟ ☛ ✧☞✙✂ ✐☎✂✲✄ ✖✌✙✂ ✔✂ ✄✂ ✟ ☛✍✪✂ ✞ ✙ ✗ ✂ ✟ ✔✂ ✢✗ ✫✄

✿✂ ☞✛ ✜✘✂ ✗ ✂ ✟✈

✕✂✐ ✖✂ ✟ ✔✗ ★ ✂✙ ✖✌ ✪✂✛ ✕✂ ✎☞ ✔✜ ✗✂ ✟ ☛ ✖✄✂ ✗ ✚ � ✖ ✗✝ ✟✍ ①�✁ ✂✄✛✔ �✙ ✑✎✂ ✜✙ ✖✂ ✐☎ ✔✂ ✟① ✰✔✂ ✟✍ ✖✌ ✙✂

☞✂�✗✣♣ ✕✂ ✡✣ ✗✝ �✙ ✑✎✂ ✜✙ ✞ ✟✠ ✘✂✪✂ ✐✌ ✞✫ ✠✴ ☞☞✂ ✜ ✖✌ ✟✍✈ ✝✂✙ ✘✛�★✣ ✗ ✝ ✄✂★✝✗ ✘ ✐✌ ✝✬✂✫✌ ✂ �✌✐ ✠✂ ✡✙✌✛

✞ ✟✠ �✞ ☛★ ✜✙ ✞ ✟✠ ☛✍ ✵✂✂✌ ✖ ✐☎ ✪✂✂✞ ✐✌ ✕ ❈✔ ✔✙ ✖✌✙✂ ☞✂✗✄ ✟ ✗✚✍✈ ✗✝ ✄✂ ★✝✗ ✘ ✐ ✌ ☛ ✛✱ ✟ ✐☎ ✔✂ ✟① ✙✗ ✛✍ ✖✌✙✂

☞✂✗ ✟✍① ✟✩ ✰✔✂ ✟✍� ✖ ✣ ✟☛✂ ✖✌✙✂ ☛✫✌� ✵✂✄ ✙✗✛✍ ✗ ✂ ✟①✂✈ ✞✂ ✓✄✞ ✝✟✍✩ ✗ ✝ ✡☛ ☛ ✍ ✢✍ ✱ ✝✟✍ ✄✂★✝✗ ✘ ✖✂ ✣ ✖ ✴✂ ✟❋✂

✝✂● ✤✘ ✘ ✟ ☛ ✖✄ ✟ ✗ ✚✍✈ ✐✌ ✯✄✫ ✡☛ ✞ ✟✠ � ✘✣ ✗✝ ✟✍ �✞ � ✎✂ ❊❋ ☛✫�✞ ✱✂✕✂ ✟✍ ✖✛ ✕✂✞ ✎✔✖✄✂ ✗ ✂ ✟ ☛ ✖✄✛ ✗✚✩ ★ ✂ ✟� ✖

✖✂✐ ✠✛ ✿✂ ☞✛✜ ✘✛ ✗ ✂ ✟ ☛ ✖✄✛ ✗ ✚✈ ✔✗ ✛ ✞ ✗ ✓✬ ✂ ✘ ✗ ✚ ★✗ ✂❣ ①�✁ ✂✄✛ ✔ �✙ ✑✎✂ ✜✙ ✖✂✐ ✠✛ ✭✐ ✔✂ ✟①✛ �☛ ❞ ✗ ✂ ✟ ☛ ✖✄✂

✗✚✈

✝✂ ✙ ✘✛�★✣ ✗ ✝ ✔✗ ❍✂ ✄ ✖✌✙✂ ☞✂✗✄ ✟ ✗ ✚✍ � ✖ ■ ☛✂ ✘ ✢✂ ✑ � ✖✄✙ ✟ ✐☎✂✬ ✂�✝ ✖ �✞ ❏✂ ✘ ✔✂ ✟✍ ✖✛

✕✂✞ ✎✔✖✄✂ ✗ ✂ ✟①✛✈ ✄ ✢ ✗ ✝ ✣ ✖ ①�✁ ✂✄✛ ✔ �✙ ✑✎✂ ✜ ✖✂ ✐ ☎ ✔✂ ✟① ✖✌ ✞ ✟✠✩ ✔✗ ☛✝ ✓✔✂ ✗ ✘ ✖✌ ☛ ✖✄ ✟ ✗✚✍✈ ✡☛✛

✐☎ ✖✂✌✩ ✞ ✟✠✞ ✘ �✙ ✑✎✂ ✜✙ ✖✌✞ ✟✠ ✞ ✚ ❍✂�✙ ✖✂ ✟✍ ✙ ✟ ✕✙ ✟✖ ✐�✌ ❑✂ ❋✙✂ ✕✂ ✟✍ ✖✛ ▲ ✔✂ ✿✔✂ ✖✛ ✗ ✚✈
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✈✝✍✎✏✑✞ A2.4 ✥✑✒ ✈✂☛✝✑ ✆✓ ✞✑✔✂✂ ✓✕ �✡ ✖✗✂✥ �✘�✙✆✂✑✒ ✡✂✑ ✚✂①✛ ✡☞✘✑✜ ✞✛✢☞✑ ✖✞✂✓☞✁✂ ✥✑✒ ✓✥

✖✗✂☞ ✥✑✒ ✢✍✙✂☞ ✚✂✝✑ ✡✂ ☛♠✆✂✢ ✡☞ ✢✡✄✑ ✣✂✑✤ ✚✑�✡✝ ✓✥ ✘✓☎✒ ✦✡ ①✧★ ✩✆✂✑✒�✡ ✓✥✂☞✑ ☛✂✢ ✡✂✑✪✠ ①�✁✂✄☎✆

✢✂✙✝ ✖☛✚❧✙ ✝✓☎✒ ✓✕✤ ✧✑✢☎ �✫✣✂�✄ ✘✂✫✄�✘✡ ✬☎✘✝ ✥✑✒ ✭✂☎ ✓✂✑ ✢✡✄☎ ✓✕✤ ☛♠✂✆✮ ✓✥✑✒ ✢�✯✝✡✰ ✖✗✂☞✂✑✒

✢✑ ✓☎ ✢✒✄✍✱✰ ✓✂✑ ✬✂✝✂ ☛✲✳✄✂ ✓✕★ ✩✆✂✑✒�✡ ①�✁✂✄☎✆ ✢✂✙✝ ✖☛✚❧✙ ✝✓☎✒ ✓✂✑✄✑ ✓✕✒✤ ✖✞✂✓☞✁✂ ✘✑✜ �✚✧★ ✥✂✕✢✥

✘✑✜ �✝✞✟✂✠✝ ✥✑✒ ☛♠✆✍✩✄ �✝✞✟✂✠ ✢✥☎✡☞✁✂ ✪✄✝✑ ✬�✰✚ ✓✂✑✄✑ ✓✕✒ �✡ ✆✣✂✂ �✫✣✂�✄ ✓✚ ♦✂✄ ✡☞✝✑ ✘✑✜ ①�✁✂✄☎✆

✢✂✙✝ ✖☛✚❧✙ ✝✓☎✒ ✓✕✒✤

✈✂☛ ✈✂✟✌✆✠ ✡☞ ✢✡✄✑ ✓✕✒ �✡ �✡✢ ✢☎✥✂ ✄✡ ✓✥✑✒ ✈☛✝✑ �✝✞✟✂✠ ✥✑✒ ✢✍✙✂☞ ✚✂✝✂ ✌✂�✓✧✤ ✪✢✥✑✒

✢✍✙✂☞ ✚✂✝✑ ✘✑✜ �✚✧★ ☛♠✂✆✮ ✓✥✑✒ ✈✯✆ ✡✂☞✡✂✑✑✒ ✡✂✑ ✭✂☎ ✴✆✂✝ ✥✑✒ ☞✔✂✝✑ ✡☎ ✈✂✘✟✆✡✄✂ ✓✂✑✄☎ ✓✕✤ ✬✵ ✓✥

✧✑✢✂ ✡☞✄✑ ✓✕✒★ ✄✵ ✓✥ ✈☛✝✑ ①�✁✂✄☎✆ ✢✥☎✡☞✁✂✂✑✒ ✥✑✒ ✈✂✕☞ ✌☞ ✵✶✳✂ ✞✑✄✑ ✓✕✒✤ ✄✵ ✓✥✑✒ ✧✡ ✈�✄ ✬�✰✚

�✝✞✟✂✠ ☛♠✂❢✄ ✓✂✑ ✢✡✄✂ ✓✕★ �✬✢✡✂ ☛♠✆✂✑① ✡☞✝✂ ✡�✷✝ ✓✂✑①✂✤ �✝✞✟✂✠ ✪✄✝✂ ✢☞✚ ✓✂✑✝✂ ✌✂�✓✧ �✡ ✖✢✡✂

☛♠✆✂✑① �✡✆✂ ✬✂ ✢✘✑✜✤ ✧✡ ✖✗✂✥ �✝✞✟✂✠ ✞✂✑ ✡✂☞✡✂✑✒ ✡✂✑ ✢✒✄✍�✚✄ ✡☞✄✂ ✓✕✮

1. ☛�☞✟✂✍✐✄✂ (accuracy), ✈✣✂✂✠✄✸ ✆✓ ✘✂✫✄�✘✡✄✂ ✢✑ �✡✄✝✂ �✝✡✰ ✓✕✤

2. ☛♠✆✂✑① ✡☎ ✢☞✚✄✂

✖✞✂✓☞✁✂ ✘✑✜ �✚✧★ ✯✆✛✰✝ ✘✑✜ ①�✄ ✘✑✜ �✝✆✥ ✡✂☛✜☎ ✢☞✚★ ☛☞✯✄✍ ✪✄✝✑ ✟✂�✩✄✟✂✂✚☎ ✓✕✒ �✡ ✪✢✢✑

✈✝✑✡ ✭✂✂✕�✄✡ �✫✣✂�✄✆✂✑✒ ✡✂ �✝✞✟✂✠✝ �✡✆✂ ✬✂ ✢✡✄✂ ✓✕✤

✈✄✮★ ✩✆✂ ①�✁✂✄☎✆ �✝✞✟✂✠✝ ✢✭✂☎ ✢✥✫✆✂✈✂✑✒ ✡✂ ✖✗✂☞ ✓✕★ �✵✹✘✍✜✚ ✝✓☎✒✺ ✪✢✡☎ ✈☛✝☎ ✢☎✥✂✧✻ ✓✕✒✤

✈✄✮ ✆✓ ✵✂✄ ✓✥✑✒ ✈☛✝✑ ✥�✫✄✱✡ ✥✑✒ ☞✔✂✝✂ ✌✂�✓✧ �✡ ✼✽✾✿❀❁ ✘✂✫✄�✘✡ ✬☎✘✝ ✢✑ ✬✍✲✳☎ ❂❃❄❅❀

❞❀ ❆❇❈❆❉ ❊❞ ❂❋❉●❞❋❍❀ ✓✕ ✈✂✕☞ ✆✑ ✞✂✑✝✂✑✒ ✢✥✂✝ ✝✓☎✒ ✓✂✑✄✑✤ ✆✓ ✵✓✍✄ ✘✍✜✏ ✖✢ ✈✒✄☞ ✡✑ ✢✥✂✝ ✓✕

✬✂✑ �✡✢☎ ✞✑✟✂ ✡✑ ✭✂✂✕�✄✡ ✚t✂✁✂✂✑✒ ✡✂✑ ✞✟✂✂✠✝✑ ✘✂✚✑ ✥✂✝�✌■✂ ✈✂✕☞ ✫✘✆✒ ✖✢ ✞✑✟✂ ✥✑✒ ✓✂✑✄✂ ✓✕✤ ✪✢ ✥✂✝�✌■✂

✢✑ ✓✥ ✢✥✍✞♠ ✄✚ ✢✑ ✧✡ ✫✣✂✂✝ ✡☎ ❏✻✌✂✪✠ ✄✂✑ ♦✂✄ ✡☞ ✢✡✄✑ ✓✕✒ ☛☞✯✄✍ ✓✥ ✆✓✂✻ ✘✑✜ ✚✂✑①✂✑✒ ✘✑✜ ✈�✭✂✚t✂✁✂✂✑✒

✘✑✜ ✵✂☞✑ ✥✑✒ ✘✍✜✏ ♦✂✄ ✝✓☎✒ ✡☞ ✢✡✄✑✤ ✈✄✮ ✓✥✑✒ �✝✞✟✂✠ ✡✂ ☛♠✆✂✑① ✘✑✜✘✚ ✖❑✑✟✆ ✡✂✑ ✴✆✂✝ ✥✑✒ ☞✔✂✡☞

✡☞✝✂ ✌✂�✓✧ ✈✂✕☞ ✆✓ ✭✂☎ ✴✆✂✝ ☞✔✂✝✂ ✓✂✑✄✂ ✓✕ �✡ ✪✢✡✂ �✝✥✂✠✁✂ ✡☞✄✑ ✢✥✆ ✓✥✝✑ �✡✝▲�✡✝ ✡✂☞✡✂✑✒

✡☎ ✖☛✑t✂✂ ✡☞ ✞☎ ✓✕✤ ✓✥✑✒ �✝✞✟✂✠ ✡✂ ☛♠✆✂✑① ✘✑✜✘✚ ✚✂①✛ ✓✂✑✝✑ ✘✂✚☎ ✢☎✥✂✈✂✑✒ ✘✑✜ ✈✒✞☞ ✓☎ ✡☞✝☎ ✌✂�✓✧✤

✈✂①✑ ✡☎ ✡t✂✂✈✂✑✒ ✥✑✒ ✓✥ ✪✢ ☛✓✚✛ ☛☞ ✘✍✜✏ �✘✫✄✂☞ ✢✑ ✌✌✂✠ ✡☞✑✒①✑✤

▼◆❖P◗❘❙❚ A 2.3

1. ✈✂☛✘✜☎ ☛✂✷✸✆ ☛✍✫✄✡ ✥✑✒ ✞☎ ①✪✠ ✟✂❧✞▲✢✥✫✆✂✈✂✑✒ ✡✂✑ ✓✚ ✡☞✝✑ ✥✑✒ ✈✂✕☞ ①�✁✂✄☎✆ �✝✞✟✂✠✝ ✘✑✜

☛♠❯✥ ✥✑✒ ✩✆✂ ✈✒✄☞ ✓✕❱

2. ✥✂✝ ✚☎�✬✧ ✈✂☛ ✌✂✕☞✂✓✑ ☛☞ ✔✂✲✳✑ ✘✂✓✝✂✑✒ ✘✑✜ ☛♠✄☎t✂✂▲✡✂✚ ✡✂✑ ✡✥▲✢✑▲✡✥ ✡☞✝✂ ✌✂✓✄✑ ✓✕✒✤

�✝❲✝�✚�✔✂✄ ✡✂☞✡✂✑✒ ✥✑✒ ✡✂✕✝▲✢✑ ✡✂☞✡ ✥✓❳✘☛✛✁✂✠ ✓✕✒ ✈✂✕☞ ✡✂✕✝▲✢✑ ✡✂☞✡ ✥✓❳✘☛✛✁✂✠ ✝✓☎✒ ✓✕✒❱

(i) ☛✑✰❨✂✑✚ ✡☎ ✡☎✥✄✤



380 ①�✁✂✄

File Name : C:\Computer Station\Math-IX (Hindi)\Appendix\Appendix-2 PM65

(ii) ♦☎ ✆✝ �✞✟✟✠ ✡✂✝ ☛☞①✌☛☞① ✟✍✎✏✂✠✑ ✟✠ ☛✂✒✠ ♦✂☞✠ ♦✂☎✒ ✡✂✓✝✂☎✠ ✔✝ ✔☎✕✖✡✄✠ ☎✓✑✗

(iii) ✟✂❧�✏☞ ☛✂✓✝ �✝✘✙✂✂ ☛✂�✆ ✞✓✟✚ ✛✚✜✚ ①�✄ ✟✠ ✡☞✒✠ ♦✂☞✠ ♦✂☎✒✂✠✑ ☛✂✓✝ ✏✂✝ ✄✢✂✂ ✜✂✠✣✝

✟✂❧�✏☞ ✞✓✟✚ ✄✠✞ ①�✄ ✟✠ ✡☞✒✠ ♦✂☞✠ ♦✂☎✒✂✠✑ ✏✂ ☛✒✕✔✂✄✗

A 2.5 ✤✥✦✥✧★✥

❧✟ ✔�✝�✙✂❜✣ ✜✠✑✩ ☛✂✔✒✠ �✒✪✒�☞�✫✂✄ �✬✭✆✕☛✂✠✑ ✏✂ ☛✮✯✯✒ �✏✯✂ ☎✓✰

1. ✙✂✱✆✌✟✜✲✯✂☛✂✠✑ ✏✂✠ ☎☞ ✏✝✒✠ ✜✠✑ ✔✳✯✕✘✄ ✡✝✁✂✂✠✑ ✏✂ ✔✕✒�♦✴☞✂✠✏✒ ✏✝✒✂✗

2. ♦✕✵✶ ①�✁✂✄✚✯ �✒✆✙✂✂✠✷ ✏✂ �✒✜✂✴✁✂ ✏✝✒✂✗

3. ①�✁✂✄✚✯ �✒✆✙✂✴✒ ✜✠✑ ✔✳✯✕✘✄ ✒✚✡✠ ✬✂✸✘✟ ✜✠✑ �✆✹ ①✹ ✡✝✁✂✂✠✑ ✔✝ ✡✡✂✴✰

1. ✺✻✼✽✾✽ ✿

(i) ✟✜✲✯✂ ✏✂ ✏✢✂✒ �☞✫✂✒✂

(ii) ✟✕✟✑①✄ ✏✂✝✏✂✠✑ ✏✂✠ ✔☎✡✂✒✒✂

(iii) ①�✁✂✄✚✯ ♦✁✂✴✒

2. ❣❀ ❁✽❂ ❃❄❅✽

3. ❆✽❇❂❈❆❃ ❉❊❂ ✺❋ ❉●❍■❏ ✺❑❇▲✽ ❆❋▼ ✺◆❖P✽◗ ❑❋◆ ❣❀ ❃✽ ❈❅❆◗❘❅

4. ▲❣ ❖❋❙✽❅✽ ❈❃ ❈❃✺ ✺❏❑✽ ❂❃ ❈❅❖❚✽◗ ❯❱▲▲❅ ❃❏ ❉✽ ❄❣❏

✺❑❇▲✽ ❃✽ ❲❃ ❳❨✽❑ ❈❅❩❬✾✽ ❣❭❪

4. ①�✁✂✄✚✯ �✒✆✙✂✴✒ ✏✂ ❫❴✠✙✯✩ ☞✂❵✂ ☛✂✓✝ ✟✚✜✂✹✖✗






















































